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1 Background

1.1 Complex Manifolds

Definition 1.1. A complex manifold of (complex) dimension n is a real 2n-dimensional smooth manifold
M with a maximal atlas of charts {¢y : M D Uy — U} € C"}rea, where A is some index set, such that the
coordinate transition functions are biholomorphisms.

Definition 1.2. A map f: M — N of complex manifolds of dimension m and n, respectively, is holomorphic
if for every p € M, there are charts ¢ : U — C™ about p and ¢ : V — C™ with V' D f(U) such that 1o fop~!
is holomorphic.

Definition 1.3. A holomorphic vector bundle is a vector bundle whose local trivializations are biholomor-
phisms.

Definition 1.4. Let M be a complex n-manifold. We fix the following notation:

e TrM is the tangent bundle to M as a real 2n-manifold. It is a real 2n-dimensional vector bundle with

: 9 9 9 9 :
an R-basis Dz D Tyl, ey m at every pOlnt.

o TeM = TrM ®g C is the complexified tangent bundle to M. It is a complex 2n-dimensional vector
bundle with a C-basis 8%1, R c/ 0

s Ban Dyr 0 By At every point. It contains TR M as the real 2n-
dimensional subbundle invariant pointwise under complex conjugation.

e T'M is the holomorphic tangent bundle to M. It is a complex n-dimensional sub-vector bundle of T M
with a C-basis 8%1 = %(8%1 — ia%l), cee 8§n = %(% — iﬁ) at every point. The bundle TM is a
holomorphic vector bundle.




1.2 Sheaves

In this section we follow the presentation of [4]. Let X be a topological space, and let Top(X) denote the
category of open sets of X, whose arrows U — V are containments U D V.

Definition 1.5. Let C be a subcategory (not necessarily full) of AbGrp (for example, Rings, Vecty,
C — Algebras). A sheaf of objects of C on a topological space X is a functor . : Top(X) — C satisfying
properties (i) and (ii) below. Let us write resyy == (U — V).

(i) (Gluing) If U = {J,¢; Ui, where I is some index set, then given o; € .#(U;) for each i, if
reSUi,UiﬁU]‘ g; = reSUj,UiﬁUjUi
for each i, j, then there is some o € .#(U) such that resy y,0 = o; for each i.

(ii) (Identity) If U = |J,c; Us, where I is some index set, and there are 0,0’ € .#(U) such that resy,y,0 =
resy,y, 0’ for each ¢, then o = o’.

Elements o of .#(U) are called sections of . over U, and the maps resy,y are called restriction maps, as
motivated by the example below. A homomorphism . — 7 of sheaves is simply a natural transformation
of functors ¥ = 7. We thus have a category Shc(X) of sheaves of objects of C on X, defined as a full
subcategory of CToP(X),

Example 1.6 (Sheaf of sections). Let m : E'— M be a holomorphic vector bundle. Then .z : Top(M) —
Vectc given by Sg(U) = {c : U — E | mo o = Idy, o holomorphic} is a sheaf of C-vector spaces. For
a section o € g (U), the section resy yo € Sg(V) is just the restriction o|y. In particular, © (U) =
S (U) is the set of all holomorphic vector fields on U, and Op (U) := .%prxc(U) is the set of all holomorphic
functions on U. In fact, Oy, is a sheaf of C-algebras.

Definition 1.7. Let X be a topological space, and let Z be a sheaf of rings over X. A sheaf . : Top(X) —
ADbGrp is called an Z-module if for every U € Top(X), there is an action Z(U) x .#(U) — .#(U) making
Z(U) a Z(U)-module, such that for every U D V, the diagram

Z(U) x S (U) — F(U)

resy,v Xresu,vl erSU,V

Z(V)x L (V) —— F(V)
commutes.

Note that ©p; is an Op-module. Indeed, for every holomorphic vector bundle £ — M, the sheaf ./ is
an Op-module. We will use this fact in §4.

Definition 1.8. Let X be a topological space and let . be any sheaf on X. Consider the full subcategory
Top(X), of Top(X) whose objects are open neighborhoods of z € X. Then Top(X), is a filtered category,
i.e. a functor out of Top(X), is a directed system. Let .7|pop(x), be the restriction of the functor . to
the subcategory Top(X),. Then we define the stalk of . at & € X to be the direct limit
o =M. | Top(x), -
By the universal property of direct limits, a homomorphism . — 7 of sheaves induces a morphism
S — I, of stalks at every point x € X.

Remark 1.9. Though much can be said of homological algebra with sheaves, suffice it to say that we call
a sequence 0 - #Z — . — .7 — 0 of sheaves (where 0 denotes the sheaf of functions to {0}) short ezact if
the induced sequence 0, — Z, — . — J, — 0, is short exact for every x € X, whenever our category is
such that the latter statement is meaningful.



1.3 Cech Cohomology

In this section, we loosely follow the presentation of [2]. The Wikipedia page on Cech cohomology is also a
good reference. Let X be a topological space, let R be a ring, and let . be a sheaf R-modules.

Definition 1.10. The category Cov(X) of open covers of X has as objects open covers of X, and has an
arrow U — V whenever V is a refinement of U. Note that since any two covers have a common refinement,
Cov(X) is a filtered category, i.e., a functor out of Cov(X) is a directed system.

The idea of Cech cohomology is that an open cover is somewhat like a triangulation. More precisely,
to every open cover U of X, there is an associated simplicial complex N (U) called the nerve of U whose
0-faces are members of U, whose 1-faces are nonempty binary intersections of members of U, whose 2-faces
are nonempty trinary intersections of members of U/, and so on. Of course, given an arbitrary open cover
U of X, the complex N (U) is not necessarily homotopy equivalent to X. One solution to this problem is
to develop a notion of a good open cover, i.e. one such that we do have N'({) =~ X. We discuss a different
approach: we will develop a notion of cohomology groups H*(U,.#) for open covers U with coefficients in
., and then we will take the direct limit of these groups along Cov(X). The idea is that as we refine a
cover further and further, its nerve will become a better and better approximation of X, even if it is not
necessarily ever homotopy equivalent to X.

Definition 1.11. Let U = {U;};er € Cov(X), and let k > 0. The set C*(U,.”) of k-cochains has as
elements collections {0y,...;, } of sections 0y,...;, € #(Uj,..q,,) for each ordered k-tuple (i1,...,4) of indices
such that U;,..;, = U;; N---NU;, # &, where {0,...;, } is required to be skew-symmetric in its indices:

Tiy1yiney = sign(s)oi iy s Vs € S.

Note that the formula
a{oil...ik} + b{Ti1-~~ik} = {aail...ik + bTil...ik}, a,be R
makes C*(U,.) into an R-module.
We make C*(U,.) into a cochain complex by defining the coboundary map
§:CFU,7) = CFT U, )
{Uil"'ik} = {le"'jk+1}7
where
k
Tii e = Z(_1)ZreSUJ'1"'je—ljé+1"'jk’Ujl"'jk+1 (Ujl”‘jfflj“l“‘j’““)'

=1

A simple computation verifies that J is indeed a coboundary map, so that we have a cochain complex
U, LU, S U, ) S

We define H*(U,.7) to be the kth cohomology group of this cochain complex.
We now must show that H*(—,.%) : Cov(X) — R — Mod is a well-defined functor. Then, the direct
limit
AYX, ) = lim H*(~,.7)
exists, because R — Mod is a cocomplete category. We will call this direct limit the k-th Cech cohomology
group of X with respect to 7.

Remark 1.12. Note that this construction is unnecessary for k£ = 0, since by the gluing andvidentity axioms
for sheaves, we have HO(U,.) = #(X) for any open cover U. Of course, this means that HY(X,.7) is the
limit of a constant functor, and so for every U we have H°(X,.”) = H'U, ) = 7 (X).



We have already defined the functor H*(—,.#) on the objects of Cov(X), and so we now define its action
on the arrows of Cov(X). Let V = {V;};cs be a refinement of Y = {U,};cr. Let f: J — I be any function
satisfying V; C Uy(;). We then define Hﬁ’)’j :CkU) — Ck(V) by

I8 ({0 1) = €051 60V (TG £Ge)) -
It is again a simple computation to show that Hﬁ’f,f descends to a map P{;’,f CHYU, ) — HU,.7).
Lemma 1.13 (Lemma 3.2 of [2]). The map P{;‘J is independent of the choice of f.
We therefore simply write PY for P\Z,{ s+ Then we define
H"U -V, ) = PY.

Therefore we have a well-defined functor H*(—,.#), and so the k-th Cech cohomology group of X with
respect to . is well-defined. Finally, we will require the following theorem in §4.

Theorem 1.14 (Theorem 3.7 of [2]). Given a short exact sequence 0 — % Loys 750 of sheaves on
a topological space X, we have a long exact sequence

H(X,%) - H(X,.7) —» H*(X,.7) AN HY (X, %) — -,

where the formula for the connecting homomorphism 6* is as expected from the ordinary Snake Lemma for
cohomology with constant coefficients:

" [r] = [6{a:}],
where 7 € 7 (X), and {U; }er is a fine enough cover that we have a cochain {o;} € C'{U}ier, ) satisfying
g(o;) =resx,u,(T), and [-] denotes the Cech cohomology class of a cocycle.

2 Definition of the Kodaira-Spencer Mapping

The goal of Kodaira-Spencer theory is to develop a notion of a family of complex manifolds that vary with
respect to some parameters wi, wa, . . ., Wy, and then to say what it means to infinitesimally vary the complex
manifolds in the direction of each %. In this section we more or less follow the presentations found in [2]

and [3].

2.1 Complex Analytic Families

Definition 2.1. A complex analytic family of compact complex manifolds, more concisely a complex analytic
family, is a proper holomorphic map = : M — B from a complex (m + n)-manifold M to a complex m-
manifold B such that:

(i) The derivative (drm), : T,M — Ty, B is surjective for every p € M.
(ii) The fiber 7=1(b) is connected for every b € B.

We call B the base or parameter space of the family, and any two fibers of 7 are called deformations of each
other. Since it loses us no generality, we will typically assume that B is connected and 7 is surjective.

Example 2.2 (Family of Elliptic Curves). Let H? = {z € C | Im(z) > 0}. The space H? x C has a Z?-action
given by (m,n).(1,z) = (1,z+m+n7). Obviously this action is by biholomorphisms and preserves fibers of
the coordinate projection 7 : H? x C — H?. Given any compact subset K C H? x C, we have

(miv?)erZ dist((7, 2), (m,n).(1,2)) = min({1} U {|7] | (7,2) € K}) >0,
(T:Z)GK



and so this Z2-action is free and properly discontinuous. Therefore the quotient space M = (H? x C)/Z? is
a complex 2-manifold, and the projection 7 descends to a map 7 : M — H? with compact fibers. We claim
that 7 : M — H? is a complex analytic family.

Since the Z2-action above is by biholomorphisms, 7 is a holomorphic map. Topologically, 7 : M — H?
is a trivial torus bundle over H?, and hence 7 is proper and satisfies (i) and (ii) above. Note that the fiber
7~ 1(7) is the elliptic curve determined by the lattice generated by 1 and 7. Indeed, this family of elliptic
curves is “universal” in some sense: H? is the Teichmiiller space of the torus, and this family is the universal
family of marked elliptic curves [IJ.

Remark 2.3. The fact that the family from Example is a smooth fiber bundle is not a coincidence.
Every complex analytic family is a smooth fiber bundle over its image ([2], Theorem 2.4). In particular,
if the total space M of the family is connected, then all the fibers are diffeomorphic to each other. It is
therefore only the complex manifold structure of the fibers that varies, not the diffeomorphism type.

2.2 Motivation for the Definition

Let 7 : M — B be a complex analytic family. Let ¢ : U — U’ € C™ be a coordinate chart for the
base B, so that for some by € B we have p(by) = (0,0,...,0). Since ¢ is a biholomorphism onto its
image, it is reasonable to abuse notation by referring to a point (wq,ws,...,wy,) of U, when we really
mean a point b € U so that ¢(b) = (w1, ws,...,w,). We will adopt this convention. Given an index
set A, let us fix a covering {Uy}rea of 7~1(U) by coordinate charts ¢y : Uy — U{ € C™™ so that the
first m coordinates of ¢y (p) are equal to ¢(m(p)). That is to say, there is some ¢} : Uy — C™ so that

ox = (pompy): Uy — C™ x C* = C™". As with points (w1, ws, ..., wy,) € U, we will abuse notation
by referring to a point (wy,ws, ..., Wm, 23,23, ..., %) of Uy, when we really mean a point x € Uy so that
(PA(I) = (’lUl,U)Q, cee ,wm,zf‘, Z%a RS ZQ)

Given Uy, U, such that Uy N U, # @, consider the coordinate transition function

A A A A L
f)‘ﬂ = (glu7g2u7"'7g'i\nuﬂflu7 2M7"'7f7i\l) : SO)\(U)\ ﬁUp.) — @M(UAQUH)

Since f* is a coordinate transition function, we have Pu = fM oy, In particular, for 1 <4 < n, we have
(recalling our abuse of notation):

B
z =

A
fi“(wl,wg,...,wm7zf‘,z§‘,...,22). (1)

Notice that ¢y and ¢, do not differ in the first m coordinates: we have gy = (pom,¢)) and ¢, = (pom, ¢),).

Therefore g? # =Tdc for each 1 <7 < m. Therefore, only the functions fi)‘” are interesting.

Let Fy = 771(0,0,...,0). As we vary, say, the first coordinate of (0,0,...,0), how does the complex
manifold structure of the fiber differ from the complex manifold structure of F,? For small enough w; € C,
notice that we have Fy N Uy # @ if and only if 771 (w1,0,...,0) N Uy # @, and Fy NU\NU, # @ if and
only if 771 (w1,0,...,0) N Uy N U, # @. Let A" C A be the set of X such that Fy N Uy # @. Then the
complex structures on Fy and 7~ (w1,0,...,0) are determined by the atlases of charts {¢x|r,nu, facar and
{@Alx=1(wo,0,...,00nU, Frear, respectively. If we had chosen a fine enough open cover, we would even have that
FonUy and 71 (wy,0,...,0) N U, are biholomorphic for each A € A’ (cf. §4.1(b) of [2]). Now we are in the
position to say: the difference between the complex structure on Fy and that on 7= (w1, 0,...,0) is entirely
encoded in the data of the transition functions f* for A, € A’. It is therefore reasonable to say that the

derivatives )
3ff\lt A A A e
L—(0,0,...,0,27,25,...,2,)

311)1
A ueN

give us first-order information about how the complex structures of the fibers of 7 vary as we walk from Fj
towards 7~ (w1, 0,...,0).



2.3 The Kodaira Spencer Mapping
We continue to use the notation laid out in the previous subsection.

Definition 2.4. The infinitesimal deformation of Fy in the wy direction is the 1-cochain of holomorphic
vector fields

{9@} € CH({Fo NUx}ren', Or,)

afM 9]
Z a'];k ..,0721\725\,..., ,f;)a # E@FO(FoﬂU)\ﬂU)

Lemma 2.5. The cochain {GE\IL)} is a cocycle.

Proof. Consider Uy, Ug, U, such that Fo NU,NUgNU, # @. We will consider the restriction of H&kv) to this
intersection, and we will everywhere elide the notation “res” for the restriction map of the sheaf ©p,. For
1 <1 < n, Equation gives us that

F7700,...,0, 28, ..., 20) = 2]
:ff”(o,...,o,zf,...,zﬁ)
= f7700,0,...,0, f1P(0,...,0,28, .., 25), o f25(0,...,0,25, ..., 29)).
As shorthand, let us write z° = (21,25, ...,2,), and let 0 be the zero vector in C™. Differentiating the first

and last parts of the above equation gives

af;” — . fﬁv s n af/%/ ~ 5 faB N
dwy 07 = 8wk( e )+§_:1 077 (0.27) G (02

This gives the following identity of holomorphic vector fields on Fy N U, NUg N U,.

a N ofes 0
g(k z%) BY. ay_Z
7”8ff”7/38 off 9
*111 8wk( ; )QJF; Do 0,2 )@
_ p(k) (k)
=0y +0ap-
Thus,
) k (k)| _ (k)
0= {of) -0+ 00} = s {01}
and so {9&?} is a cocycle, as desired. O

Let us denote by {9 k)] the Cech cohomology class determined by {G(k)}. A direct computation shows

that this cohomology class is independent of the choice of open covering {Uy}xrear used to define 9( ) (see
§4.2(a) of [2]). We now define the Kodaira-Spencer mapping.

Definition 2.6. The linear map
Po T()B — FIl(F(),GFO)

Zak— — Z [G(k)}

is called the Kodaira-Spencer mapping.



Of course, the point (0,0, ...,0) is not at all special in what we have done, it is merely convenient. We
therefore have for every b = (w,ws, ..., wy,) € U and F, = 7~1(b) a Kodaira-Spencer mapping

Po - TbB — ﬁl(Fb,@Fb)
m 9 m *)
>y L o @),

where

Ny d
THOEDY a{f)k (W1, Wa, .+ Wy 20, 20, .,zg)@ € Op, (F,NU\NU,).
=1 )

3 Local Triviality of Families

In this section, we mostly follow [2].

If [OE\IZ)(b)} really does represent first-order information about how the complex structures of the fibers

of 7 vary, then we might expect that [951;3(6)} —0forallbe Band 1 <k < m if and only if the family

m: M — B is in some sense “locally trivial.” In fact, this is not true in general, but is only true given an
additional assumption. We first formulate what it means to be locally trivial.

Definition 3.1. A complex analytic family 7 : M — B is called locally trivial if for every by € B, there is an
open neighborhood U of by and a biholomorphism ¢ : 7= 1(U) — 7~ 1(bg) x U taking 7~ (b) biholomorphically
onto = 1(bg) x {b} for every b € U.

It is obvious that for a family of the form F' x B — B, where F' is a complex n-manifold, we have

[0&’2(1))} =0forallbe B and 1 <k < m. Therefore [9(;;) (b)] =0forall b€ B and 1 < k < m whenever

m: M — B is a locally trivial family. To get the converse, we need an assumption on the dimensions of the
cohomology groups of the fibers of our family.

Theorem 3.2 (Theorem 4.6 of [2]). Let m : M — B be a complex analytic family with fibers F, = m=1(b).
If dim H'(Fy, ©F,) is independent of b, and if [Gf\?(b)} =0forallbe Band1l <k<m, thenm: M - B
is locally trivial.

We do have some a priori control on dim H'(Fy, ©,) though, thanks to the following theorem.

Theorem 3.3 (Theorem 4.4 of [2]). Let 7 : M — B be a complex analytic family with fibers Fy, = 7=1(b).
Then dim H(Fy, ©F,) is an upper semicontinuous function of b.

4 The Kodaira-Spencer Mapping as a Connecting Homomorphism

Though we have developed the Kodaira-Spencer mapping from the ground up in order to emphasize that
it is what one would intuitively expect an infinitesimal deformation of complex structure to look like, the
mapping also simply pops out of a completely natural short exact sequence of sheaves that arises from the
projection map m: M — B. Let m : M — B be a complex analytic family, let b € B, and let F, = 7= 1(b).
We have a fiberwise linear map (or, if you like, a vector bundle morphism covering the map F, — {b})

dm : TM‘FZ, — TyB
v = dr(v).
Lemma 4.1. The map dr : TMp, — T, B induces a short exact sequence of O, -modules
0= Or, = Sy, 4% TVB® Op, — 0,

where TyB @ OF, is the sheaf such that (T,B @ Op,)(U) = T, B ¢ Op, (U) for every U € Top(Fy).



Proof. Exactness at ©p,: We have T),F}, C T, M for every p € F}, so a germ of holomorphic vector fields at
p is at the same time a germ of sections of TM|p,.

Exactness at T, B ® Op,: We know by Remark @ that 7 : M — B is a fiber bundle, and so there is a
small enough neighborhood U C M about any p € F,, biholomorphic to some U’ x U” C C™ x C", so that
7|y is just projection onto the first m coordinates. Therefore we may express any germ of sections of T M|,
at p € Fp, as Z;nzl[ak]a%k + Z?:l[bk]a%i, where [ay], [b;] € OF, for each k,i. We have

dw(i +Zbk > ZaT;k® ar),

k=1

and hence (S|, )p LN (TyB ® O, ), is surjective for every p € Fj,.
Exactness at 7y . The above formula for dm shows that (©p,), is precisely the kernel of dr at every
pE Fy. O]

Remark 4.2. Since F, is compact, it follows from the Maximum Modulus Principle that Op, (Fp) = C.
Therefore, by Remark [1.12|, H°(F,, T,B ® O,) = T}, B.

By Theorem [I.14] we have a long exact sequence
- - (5* ~
HO(Fb,@Fb) — HO(Fb,fTMm) —TyB — Hl(Fb,@Fb) — e,

where for each 1 < k < m,

0 & 5
o Bl 0x € Frar, (FRNTN), dr(on) = 5

where {U)}xen’ is some satisfactory open covering of M as in §2.2. Note that oy is not guaranteed to be

unique, but certainly ( 0 )/\ =d(py") (i> works as a choice for oy. Then we have 6{o\} = {Tau},

Owp Owy,
where

Ty = 0x — Oy

(Ow, (D ofM 9 0
o <8wk (awk>u+z owy, az owy, u

We have therefore proved the following theorem (cf. e.g. Proposition 1 of [5] and its proof).

Theorem 4.3. Given a complex analytic family = : M — B, for each fiber 7=1(b) = Fy,, the Kodaira-Spencer
mapping py is the connecting homomorphism in the long exact sequence

HO(Fy,0p,) = H(Fy, Sy, ) = HY(Fy, T,B © Op,) = T,B ~ =% H'(F,,05,) —
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