Notes on Classical Teichmiiller Theory

Bradley Zykoski

Contents

I Bl T Dif e

I1.1 'The case ot a single vector space| . . . . .

12 Holomorphic Quadratic Differentials|

2.1 The Schwarzian derivative at a point| . . .
B2 Tho S on doan .

2.3 Moduli of projective structures| . . . . . .

[3__The Bers Embedding|

- uasi-Fuchsian representations| . . . . . .

3.2 eBersmapg . ... ... ... .. ...
3.3 Difterentiating the Bers maps| . . . . . . .

|A_Notation for Complex Manifolds|

.1 Definitions for general complex manifolds|

[IB Remarks on the definition of Mod(5)|

|C Computing the dimension of QD(X) with Riemann-Roch|

[C.1 Serre Duality and Riemann-Roch| . . . . .

ID A perspective on the Weil-Petersson metric|

[References]

1 Beltrami Differentials

21
21
24
25

25
25
27

28

29
30
30

32

33

One of the key principles of the classical approach to Teichmiiller theory is that
you can measure how much an orientation-preserving homeomorphism of Rie-
mann surfaces differs from being a biholomorphism at a point by looking at how
much it deforms circles in the tangent space at that point. Therefore, we should



be able to say how different two complex structures on the same surface are by
taking this measurement in the case of the identity map.

We will see that a Beltrami differential is precisely this sort of “measure-
ment.” Then the latter claim says that we should guess that the moduli space
of complex structures that can be put on a Riemann surface X is the space of
Beltrami differentials on X, or perhaps some quotient thereof.

We first analyze the situation in a single tangent space. Given a map
f + X = Y of Riemann surfaces, f is holomorphic at a point p € X if
Dfy: (TkX)p — (TRY ) #(p) exists and is equivariant with respect to the almost-
complex structures Jx and Jy. That is:

DprJX = Jy ODfp.

Remark 1.1. Throughout this section, all almost-complex vector spaces V are
assumed to be 2-dimensional over R, with orientation induced by the almost
complex structure Jy . A

Consider the following simple fact.

Lemma 1.2. Let A:V — W be a linear map of almost-complex vector spaces
(V,Jv), (W, Jw). Then there exist unique linear maps A’ : V. — W and A" :
V — W, where A’ is equivariant with respect to the almost-complex structures,
and A" is anti-equivariant (i.e. A" o Jy = —Jw o A”), such that

A=A+ A".
Proof. Existence follows from setting

A’:%(AfJWvoJV), AH:%(AJrJWoAOJ\/).
Uniqueness follows from solving for A’ and A” in the equations
AoJy=JwoA —JyoA” JyoA=JyoA + JyoA".
O

In terms of the notation from Lemma f: X — Y is holomorphic at p if
and only if D f}) = 0. We adopt the notation

af,=Df., df,=Df,

so that B
f:X =Y is holomorphic at p <= 9f, =0.

It should be clear that if you write the equation O fp = 0 down in coordinates,

; of _
then you get the equation 3z = 0.



1.1 The case of a single vector space

Let us consider the setting of almost-complex vector spaces for a bit. A linear
map A : V — W of almost-complex vector spaces (V, Jy ), (W, Jw) is equivari-
ant with respect to the almost-complex structures if and only if A” = 0. When
A" # 0, can we write down some measurement that tells us how much the map
A fails to be equivariant? The first obvious candidate for such a measurement
is the number ||A”|| (this involves choosing a norm || - ||). If we insist that the
“measurement” be more than just a number (we like data that can be pulled-
back, etc.), then the next obvious candidate is A” itself. If we further insist
that we be able to compare the “non-equivariance” of maps A : V. — W and
B :V — U with different codomains, then we must think a little more.

It is also reasonable to restrict the scope of our discussion slightly: instead
of considering arbitrary maps A : V. — W, we only consider those that are
orientation-preserving isomorphisms. This is a fairly reasonable restriction if
our goal is to measure how different a map is from being equivariant with re-
spect to the almost-complex structures; maps that are not orientation-preserving
are very non-equivariant! If A is orientation-preserving, then both A and A’ are
necessarily invertible. Furthermore, since (A’)~! is equivariant, it is also rea-
sonable to say that composing any map B with (A")~! gives us a map that fails
to be equivariant no more and no less than B. With this in mind, it should be
reasonable to say that instead of measuring the non-equivariance of A: V — W
with the map A” : V. — W it’s just as good to compose with (A’)~1, so that we
measure non-equivariance with an endomorphism (A’)~% o A” of V. This solves
the problem of not being able to compare the non-equivariance of A : V. — W
and B : V — U, since now (4’)~' o A” and (B’)~! o B” both lie in Endg(V).
We now have what seems to be a rather acceptable measurement.

Definition 1.3 (Beltrami forms). Given an orientation-preserving map A :
V — W of almost-complex vector spaces, the Beltrami form of A is the map

w(A) = (Ao A” € Endg(V).

Note that this map anti-commutes with Jy,. Using the notation of Lemma

below, that lemma shows that ||u(A4)| = Ll < 1. Therefore we define the space

of all Beltrami forms on V as follows. .
Bel(V) = {1 € Endg(V) | Jy o = —po Jy, |l < 1}.
Under the usual complex manifold structure on
{p € Endg(V) | Jyou=—pody}={uecEndg(C) | 3ceC, u(z) =cz} =2C,
the space Bel(V) is biholomorphic to the unit disk D. A

Lemma 1.4 (Exercise 4.8.5 of [Hub06]). Let A : V — W be a linear map of
almost-complex vector spaces. By choosing bases for V. and W, we may suppose



without loss of generality that (V,Jy) = (W,Jw) = (C,i). Then there are
a,b € C with A'(z) = az and A”(z) = bz. Then we have

AL _ ol + 10 0
det A |a| — ||

It clearly follows from that
(i) A is invertible if and only if |a| # |b|,
(ii) A preserves orientation if |a| > |b| and reverses orientation if |a| < |b|.

Proof. We can compute the operator norm using any inner product, so let us
endow C with the standard inner product on R2. By the singular-value decom-
position, we may write A = SDT, where S,T € SO(2) and D is diagonal. Let
[A1| > |A2| be the eigenvalues of D. Then

A2 %M
det A )\1 )\2 )\2 '

Therefore we will be done if we can show that A1 = |a| + |b| and Ay = |a] — |b].
Note that |A1] = max{||Av|| | v € V} while |A2| = min{||Av| | v € V}.

It is easy to see that || Av|| is maximized when v makes an angle of 3 (argb—
arg a) with the real axis, and A rotates such v by arg a and then scales the result
by |a| 4+ |b]. It is also clear that ||Av|| is minimized when v makes an angle of
%(argb —arga) + 5 with the real axis, and A rotates such v by arga and then
scales the result by |a| — |b|. This completes the proof. O

As one always likes to do in mathematics, we can now pose the following
inverse problem: given p € Bel(V), how do we find an orientation-preserving
A:V = W with u(A) = p?

Definition 1.5 (The Beltrami equation). Given an almost-complex vector
space V and pu € Bel(V), an orientation-preserving map A : V. — W into
some other almost-complex vector space W satisfies the Beltrami equation for
wif
n(A) = p.
A
Example 1.6 (Solving the Beltrami equation on C). Any u € Bel(C) is of the

form pu(z) = ¢z for c € C, |¢| < 1. Then the map A : C — C, z — z+ ¢Z satisfies
the Beltrami equation for pu:

A=z AR =E=p(), (A) " oA")() = ul2).

Solutions to the Beltrami equation are unique up to postcomposition with an
isomorphism C — C that commutes with ¢ (i.e. multiplication by a scalar in
C*): Given two solutions A, B to the Beltrami equation for u, we have A(z) =



a1z + a2z and B(z) = b1z + baz with as/a; = ba/by = c. It is straightforward

to see that .

-1
B = o= ¢

—biz + sz)

and so

1

(Ao B7Y)(2) = 7|b2|2 STNE

((GQBQ — algl)z =+ (a1b2 — agbl)f) .

We are done if we can show that the coefficient of Z above is equal to 0. Dividing
by a; # 0, we have

1
—(albg — agbl) = b2 — %bl

ay ay
by
=by— —b
2 by 1
:0'

We conclude that p: GLT(2,R) — Bel(C), A — pu(A) descends to a diffeomor-
phism
GL(1,C)\GL"(2,R) = SO(2)\SL(2,R) £ Bel(C) = D.

A

Theorem 1.7 (Geometric interpretation of the Beltrami equation). Let V' be an
almost-complex vector space, and let p € Bel(V)). Then p has real and opposite
eigenvalues. Let E be an ellipse in V whose major azis is the eigenspace for the
positive eigenvalue of p and whose ratio of major axis to minor axis is }J—F‘IZ‘I
Then A : V. — W solves the Beltrami equation for p if and only if A maps FE
to a circle in F.

Proof. Again we choose coordinates so that, without loss of generality, V =
W = C. Then p(z) = ¢z for ¢ € C, |¢| < 1. Therefore p has eigenvalues |¢| and
—|c|, whose eigenspaces are the lines making angles of %argc and % argc + 3,
respectively, with the real axis. By Example A solves the Beltrami equation
for p if and only if A(z) = a(z + ¢Z) for some a € C*. By the proof of Lemma
we see that A acts on the |c|-eigenspace by rotation by arg « and scaling by
|| (1 +]¢|), and A acts on the —|c|-eigenspace by rotation by arg « and scaling
by |a|(1 —|c|). Therefore A takes E to a circle. Conversely, any map taking E
to a circle must be of the form z — a(z + ¢Z) for some a € C*, and so we are
done. O

The last thing we need to talk about in the “infinitesimal” world of one
almost-complex vector space at a time is the pullback of Beltrami forms. One
might expect that since p € Bel(V) is a map V' — V, we might be able to
pull back p along some orientation-preserving isomorphism ¢ : W — V via

* —1
W EZE W) =W 5V E vV Z - W). This does not work. If p*j is defined



in this way, then it is not a Beltrami form: If x4 € Bel(C) and ¢ : C — C are
given by u(z) = ¢z and ¢(z) = az + bz, then we have

(o touop)(z) = m (—2Im(abe)z + c(b* — @°)z) .

In order for (¢! o uo ) to be a Beltrami form, the coefficient of z above must
vanish. But this means that abc is real, which is of course not always the case
for arbitrary a, b.

Another attempt at defining the pullback of a Beltrami form is the following.
Since every almost-complex vector space V is isomorphic to C as an almost-
complex vector space, Example shows that the Beltrami equation for pu €
Bel(V') always has a set of solutions A : V' — U for any almost-complex vector
space U. For any orientation-preserving isomorphism A : V — U,

[A] = {(B,W) | W an almost-complex vector space, B : V = W orientation-preserving, u(B) = u(A)}.

That is, [A] is the collection of all solutions to the Beltrami equation for u(A).
Then there is a one-to-one correspondence of Bel(V') with the set of all [A], given
by 1 = u(A) + [A]. This correspondence presents us with another natural-
looking definition of pullback: just precompose the solution A to the Beltrami
equation for p with the map ¢. Given [A] +» p € Bel(V) and an orientation-
preserving isomorphism ¢ : W — V, it seems natural to define p*[A] = [A o ¢].
Therefore, for p = u(A), we define p*u = @*(u(A)) = p(d o). In words,
©*u € Bel(W) is the unique Beltrami form such that if A solves the Beltrami
equation for p, then Ao ¢ solves the Beltrami equation for ¢*pu. This turns out
to be the correct definition of pullback.

Definition 1.8 (Pullback of a Beltrami form). Let V' and W be almost-complex
vector spaces, and let ¢ : W — V be an orientation-preserving isomorphism.
We define the pullback ¢* : Bel(V) — Bel(W) along ¢ by

0" (1(A)) = p(Ao ).
A

Theorem 1.9 (Biholomorphicity of the pullback). Let V' and W be almost-
complex vector spaces, and let ¢ : W — V' be an orientation-preserving isomor-
phism. Then ¢* : Bel(V) — Bel(W) is a biholomorphism with respect to the
usual complex manifold structures on Bel(V) and Bel(W).

Proof. Tt suffices to consider the case V.= W = C. Let u € Bel(C) and
¢ : C — C be given by p(z) = ¢z and ¢(z) = az + bz. Then p = p(A) for
A:C — C given by A(z) = z+ cz. We have (Ao ¢)(2) = (a+cb)z + (b+ ca)z.
Recall that we have a biholomorphism Bel(C) = D given by (u(z) = ¢z) > c.
Since

b+ ca_

—~Z
a-+cb

*

e u(z) = p(Aop) =

)



we conclude that under the identification Bel(C) = D, the pullback ¢* is the
conformal automorphism
b+ ca
— =
a+cbh
of D. O

1.2 The case of a Riemann surface

We return to the problem of measuring how much an orientation-preserving
homeomorphism f : X — Y of Riemann surfaces differs from being a biholomor-
phism. As the preceding discussion suggests, we would like to use infinitesimal
data. Of course, that requires f to have some well-defined notion of deriva-
tive. Therefore we must make a restriction on f beyond being an orientation-
preserving homeomorphism. We will see that the following definition suits our
needs perfectly.

Definition 1.10 (Definition 4.1.1 of [Hub06]). Let U,V C C be open, let K > 1,
and let k = (K —1)/(K+1), A homeomorphism f : U — V is K -quasiconformal
if its distributional partial derivatives are locally L? functions and satisfy

o 19/
0z| ~ |0z

almost everywhere. A map is quasiconformal if it is a K-quasiconformal home-
omorphism for some K. A

Note that the inequality in the above definition can be restated as
lu(Dfp)| <k fora.e. peU.

Note also that k is defined so that K is a global upper bound on the ratio of
major axis to minor axis of the ellipses D f,(S') for p € U (see Theorem [1.7)).
As the preceding discussion suggests, we will use p(Df,) as our measurement
of how much f differs from being a biholomorphism. Therefore we may think of
a quasiconformal map as a function that differs from being a biholomorphism
by a bounded amount. We summarize a variety of results about quasiconformal
maps as follows. See [Hub06] or [IT92] for proofs of all of the claims the following
proposition entails.

Proposition 1.11. There is a well-defined category Q whose objects are Rie-
mann surfaces and whose morphisms are homeomorphisms between Riemann
surfaces that are quasiconformal when written in local coordinates. This cate-
gory is in fact a groupoid.

We call morphisms f : X — Y in Q quasiconformal maps of Riemann surfaces.
Note that (D f,) is well-defined at every p € X, since any change of coordinates
h:U — U on an open set U is holomorphic, and hence u(Df,) = pu(D(f o h),).
For the sake of easy bookkeeping, we would like to organize all of the Beltrami
forms p(Df,) into one object. We therefore give the following definition.



Definition 1.12. Let X be a Riemann surface. An L° R-linear bundle map
oo TrX — TrX satisfying po Jx = —Jx o p and ||pllec < 1 is called a
Beltrami differential on X. The space of all Beltrami differentials on X is
denoted Bel(X), and has the structure of a Banach manifold: it is the open unit
ball in the complex Banach space of L R-linear bundle maps p : Tg X — TrX
satisfying po Jx = —Jx o p.

For a quasiconformal map f : X — Y of Riemann surfaces, let u(f) € Bel(X)
be given by p(f), = p(Dfp) at every p € X. JAN

It is convenient to identify Bel(X) with the space of L> sections of T*X ®¢
T X that are essentially bounded by 1. We describe this identification as follows.
Fix a point p € X. Choosing a system of coordinates, we have the form dz :
(TcX)p — C given by 8% — 1 and a% — —i. By restriction of scalars, we have
an induced R-linear map dz : (IrX), — C given by % — 1 and a% — —i. Note
that dz : (TrX), — C is anti-equivariant with respect to the almost-complex
structures ((TrX),, Jx) and (C,4). Since (TgX), and C are both 1-complex-
dimensional, every R-linear map (TgX), — C that is anti-equivariant with
respect to the almost-complex structures is of the form c¢dz for ¢ € C.

Globally, this means that the complex line bundle whose fiber at a point p
is the space of anti-equivariant R-linear maps (Tr X ), — C is isomorphic to the
bundle T* X (one must check that the transition maps are the right ones, but this
is easy). Therefore the bundle B whose fiber at a point p is the space of R-linear
maps i, : (TrX), — (ITrX), satisfying p, 0 Jx = —Jx o, is isomorphic to the
bundle T*X @c Tr X. By Appendix[A.1] we have an isomorphism Tp X =2 T X of
complex vector bundles, and so B = T*X ®@¢ TX. Since, by definition, Bel(X)
is the space of L* sections of B that are essentially bounded by 1, we conclude
that Bel(X) can also be identified with the space of L™ sections of T* X ®c T X
that are essentially bounded by 1. This means that in local coordinates on a
coordinate chart U C X, any p € Bel(X) may be written as

0
w(z) = py(2)dz ® 5.0 MU e L*=(U,C).
We adopt the notation
E g
dz 0z’

so that we can more succinctly write p = MU%. We will interchangeably think
of a Beltrami differential as a bundle map and as a section of T*X ®¢ TX.

Again we have the inverse problem: given p € Bel(X), how do we find a
quasiconformal f : X — Y with u(f) = p? This is the Beltrami equation for
1. We first answer this question locally. The answer is exactly what you would
guess after seeing Example [I.6]

Theorem 1.13 (Measurable Riemann mapping theorem, version 1). Let U be
an open subset of C, and let u € Bel(U). Then there exists a quasiconformal
map f : U — C such that u(f) = p. Every other quasiconformal g : U — C
satisfying p(g) = w is of the form g = ho f, where h: f(U) — C is an injective
analytic map (i.e. a biholomorphism onto its image).



Proof. See [Hub06], Theorem 4.6.1. O

Now, let X be a Riemann surface, p € Bel(X), and let {U,}o be a covering
of X by coordinate charts. Then by Theorem for each a, there exists a
quasiconformal map f, : U, — C satisfying u(f) = v, . On the intersections
U, NUg, there is an injective analytic map h : fo(Uy N Ug) — C such that
fs = ho fo. That is to say, the transition function fz o (fo)~' is analytic.
Therefore we have a new complex structure {(Ua, fa)}a on X. Denote by X,
the topological surface X endowed with this new complex structure. Note that
X, indeed depends only on p: any other choice of solution g, the the Beltrami
equation for p on U, is of the form g o f, for ¢ : fo(Uy) — C injective and
analytic. Since ¢ is a biholomorphism onto its image, using g, instead of f,
gives the same complex structure X,,.

Note that this setup also produces for us a quasiconformal map f : X —
X, of Riemann surfaces, simply by letting f be the identity map X — X on
the underlying topological surface. Observe that when we write f down in
coordinates on U,, we simply get f = f,. Therefore u(f) = p. Furthermore, if
g : X — X, is another quasiconformal map of Riemann surfaces with u(g) = p,
then Theorem m gives us that g o f~! is holomorphic, and hence g = h o
f, where h : X,, — X, is a biholomorphism. We summarize the preceding
discussion as follows.

Theorem 1.14 (Measurable Riemann mapping theorem, version 2). Let X be
a Riemann surface, and let p € Bel(X). Then there exists a unique Riemann
surface X,, (up to biholomorphism) and a quasiconformal map f : X — X,, such
that u(f) = p. Every other quasiconformal g : X — X,, satisfying p(g) = p is
of the form g = ho f, where h is a conformal automorphism of the Riemann
surface X,,.

Finally, the notion of pullback of a Beltrami form induces a notion of pullback
for Beltrami differentials.

Definition 1.15 (Pullback of a Beltrami differential). Let X and Y be Riemann
surfaces, and let f : Y — X be a quasiconformal map. We define the pullback
f* :Bel(X) — Bel(Y) along f by
[ (u(g)) = mlg o f)-
A

Theorem 1.16 (Biholomorphicity of the pullback). Let X and Y be Riemann
surfaces, and let f :' Y — X be a quasiconformal map. Then f* : Bel(X) —

Bel(Y) is a biholomorphism with respect to the complex Banach manifold struc-
tures on Bel(X) and Bel(Y).

Proof. Similar to the proof of Theorem See [Hub06], Proposition 4.8.17.



1.3 Moduli of Riemann surfaces

The measurable Riemann mapping theorem (Theorem tells us that we
should guess that the moduli space of all Riemann surfaces quasiconformally
equivalent to a given Riemann surface X is Bel(X), or perhaps a quotient of
Bel(X). (Recall that by Proposition admitting a quasiconformal map
X — Y is an equivalence relation.) This makes more precise the informal
discussion at the beginning of this section. In the rest of this section, all Riemann
surfaces will be assumed to be compact.

So far, we have been discussing Riemann surfaces in generality, but the
assumption that our surfaces are compact will imply that the resulting moduli
space depends only on the topological type of the chosen surface, not on its
complex structure. To be precise, we have the following theorem.

Theorem 1.17. If two compact Riemann surfaces X andY are homeomorphic,
then they are quasiconformally equivalent.

Proof. By the classification of compact surfaces, any two surfaces that are home-
omorphic are also diffeomorphic by some diffeomorphism f : X — Y. Every
compact surface has an orientation-reversing involution, and so we may as-
sume that f is orientation-preserving. Orientation-preserving diffeomorphisms
of compact Riemann surfaces are clearly quasiconformal: if f : X — Y is such
a diffeomorphism, then the function X — R given by p — |u(Df,)| is bounded
because X is compact. O

Theorem says that for each g > 0, there is a connected component Q,
of the groupoid Q consisting of all Riemann surfaces of genus g. Note that given
any closed oriented smooth surface S of genus g, there exists for each X € Q,
an atlas of charts on S compatible with the smooth structure and orientation
on S that induces a complex structure biholomorphic to X. Moreover, given
any Riemann surface Y, a map S — Y is quasiconformal with respect to one
such atlas of charts if and only if it is quasiconformal with respect to every such
atlas; we call any such map quasiconformal. Indeed, if we think of Y as having
S as its underlying smooth manifold, then we have the following definition.

Definition 1.18. Let S be a closed oriented smooth surface. We say a map
f S — S is quasiconformal if there exist atlases of charts {Uy}a, {Vs}s on
S that define complex structures on .S compatible with the smooth structure
and orientation on S such that f is quasiconformal with respect to the induced
complex structures. Denote by QC(S) the topological group of all such maps,
topologized with the compact-open topology.

Let QC,y(S) denote the subgroup of QC(S) of quasiconformal homeomor-
phisms ¢ : S — S that are homotopic to the identity Id : S — S. Note that
QC,(9) is a normal subgroup of QC(S).

The mapping class group Mod(S) is the quotient QC(S)/ QCy(S). Note
that Mod(S) is a discrete group. See Appendix [Bf for further remarks on the
definition of Mod(S). A

10



We can consider a smooth oriented surface S of genus g to be representative
of Q4. In the following definition, we fix a collection of such representatives.

Definition 1.19. Let S, denote some fixed closed smooth surface of genus
g > 0 with some fixed orientation. Let ST, denote the same smooth surface
endowed with the opposite orientation. Note that there exists an orientation-
preserving diffeomorphism S, — S,, but no such diffeomorphism is homotopic
to the identity map of the underlying smooth surface. A

The following proposition makes more precise the claim that S, is “repre-
sentative” of Q.

Proposition 1.20. Let ., denote the groupoid whose only object is Sy (so 7,
is a group in the categorical sense), and whose set of morphisms is QC(Sy).
Then 7, and Q4 are equivalent categories.

Proof. Succinctly, this holds because .7, is isomorphic to each subcategory
(X, Autg, (X)) of Q,, and since Q, is a groupoid, each such subcategory is
a skeleton for Q4. We give a full proof below.

For each X € Q, choose an atlas of charts {UZX }, on Sy compatible with
the smooth structure and orientation on S, such that there is a biholomor-
phism f¥ : X — S, from X to S, endowed with this atlas. Define a functor
F: Q4 — &, on objects by F(X) =S4, and on morphisms by

Flo: X =Y)=fYopo (f) L

Define a functor G : ./, — Q, by picking an arbitrary ¥ € Q,, and defining
G(Sy) =Y, and

Q(w:Sg%Sg)Z(fY)AO?ﬁofya Vi € QC(S,).

The composition F o G is in fact equal to the identity functor on S;. We define
a natural isomorphism 7 : G o F = Idg, by setting

nx = () o fY iGoF(X)=Y = X.
This is obviously a natural isomorphism, and so we are done. O

To reflect the fact that our moduli space depends only on the topology of
our surface, we define a space of Beltrami differentials for .Sj,.

Definition 1.21. Let Bel(S,) denote the space of all equivalence classes of pairs
(¢ : Sy = X, ), where ¢ is a quasiconformal map from S, to a Riemann surface
X, and p € Bel(X). Two pairs (¢1 : Sg = X1, 1) and (2 : Sy = Xo, p2)
are equivalent if po = (¢1 0 5 1)* 1. We denote the equivalence class of a pair
(¢, 1) by [, 1] A

Remark 1.22. It is not hard to see that any quasiconformal map ¢ : Sg — X
from S to a Riemann surface X induces a bijection

©* : Bel(X) — Bel(S,)
w= o, pl,

11



and so Bel(S;) admits the structure of a complex Banach manifold biholomor-
phic to Bel(X) for any Riemann surface X € Q,. A

Our guess that the moduli space M, of closed Riemann surfaces of genus g
is a quotient of Bel(S,) is correct. In fact, it is the quotient by a group action.
The group QC(S,) acts on Bel(S,) on the right in a straightforward way: given
f € QC(Sy) and [p, u] € Bel(S,), we have

[osulf = po foul.
We can therefore make the following definitions.

Definition 1.23 (Teichmiiller space and moduli space). The Teichmdiiller space
of S, is the space Teich(S,) = Bel(S,)/ QCy(Sy) with the quotient topology,
and the moduli space of Sy is the space M, = Bel(S,)/ QC(Sy) = Teich(S;)/ Mod(Sy)
with the quotient topology. A

Remark 1.24. Note that M, is the quotient of Teich(S,) by a discrete group.
Though the action of Mod(S,) on Teich(Sy) is not free, it is a theorem of Fricke
that this action is properly discontinuous. We will later see that Teich(S,) is
a finite-dimensional contractible manifold. Along with Fricke’s theorem, this
implies that Teich(S,) is the orbifold universal cover of M. A

While Definition [T.23] is concise and clean and showcases the relationship
between Bel(Sy), Teich(S,), and My, it would be preferable to have more direct
descriptions of the points of Teich(S,) and M, than simply as orbits of elements
of Bel(Sy) under a group action. We give these descriptions now. First observe
that if [¢ : § — X,pu] € Bel(Sy), then if we let g : X — X,, be such that
p(g) = p, then [p, u] =[gop: S = X,,,0]. Therefore every element of Bel(S,)
can be written in the form [¢p : § — Y, 0].

Proposition 1.25. Two elements [p1 : S — X1,0],[p2 : S = X5,0] € Bel(Sy)
lie in the same orbit of QCy(Sy) if and only if there exists a biholomorphism
7 Xo — X1 such that j o o is homotopic to .

Proof. Suppose [p1,0] and [p2,0] lie in the same orbit, so that there exists some
quasiconformal f : S; — S, homotopic to the identity such that [pq o f,0] =
[¢2,0]. By definition, this equality means that (¢ 0 fo <p51)*0 = 0, which is to
say that j == @10 fop, : Xo — X is a biholomorphism. Since f is homotopic
to the identity, j o ¢2 is homotopic to ;.

Now suppose there exists such a j. Letting f := (pl_l 0 j o 9, we see that

[90170]'f: [90270]' O
Corollary 1.26.

{¢: 8, = X | X a Riemann surface, ¢ quasiconformal}

Teich(S,) = .
eich(Sy) (p1: 8 = X1) ~ (p2: Sy =& X2) <= Th: Xy — X; a biholomorphism with h o @9 =~ ¢q
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One also often sees Teich(S,) and Mod(S,) defined not in terms of quasi-
conformal maps, but in terms of orientation-preserving diffeomorphisms. By
Corollary we have Mod(S,) = moDiff  (S,). Furthermore, Lemma tells
us that every homotopy class of quasiconformal maps has a representative that
is an orientation-preserving diffeomorphism, and hence we have the following.

Corollary 1.27.

{¢: Sy = X | X a Riemann surface, ¢ an orientation-preserving diffeomorphism}
(p1: 8y = X1) ~ (p2: Sy = X3) <= 3h: Xy — X; a biholomorphism with ko ¢y ~ ¢

Teich(Sy) =

Finally, we obtain a characterization of M, that makes no reference to gen-
eral quasiconformal or smooth maps, only to biholomorphisms.

Proposition 1.28. Two elements [p1 : S — X1,0],[p2 : S = X5,0] € Bel(S,)
lie in the same orbit of QC(Sy) if and only if X1 is biholomorphic to Xs.

Proof. Suppose [p1,0] and [p2,0] lie in the same orbit, so that there exists some
quasiconformal f : S, — S, such that [p1 o f,0] = [p2,0]. By definition, this
equality means that (@10 fop,!)*0 = 0, which is to say that j := o0 fop, " :
X5 — X7 is a biholomorphism.

Now suppose there exists a biholomorphism j : Xo — X;. Letting f =
@1 0] oy, we see that [p1,0].f = [pa,0]. O

Corollary 1.29.

M. — {X a Riemann surface | X has genus g}
9 X ~Y <= X is biholomorphic to Y’

Corollaries and are usually given as the definitions of Teich(S)
and M,. Note that these definitions do not immediately induce a topology on
either space, but our Definition [I.23] does. There is another common definition
of Teichmiiller space in terms of representations of m(S,) that also induces
a topology; see Theorem That approach to Teichmiiller theory is very
important, but to pursue it now would mean putting complex analysis on hold
for a while, so we will not go down that route at the moment.

2 Holomorphic Quadratic Differentials

Just as we came up with certain tensors (Beltrami differentials) that measured
the difference between two complex structures in the last section, in this section
we will come up with tensors (holomorphic quadratic differentials) that measure
the difference between two projective structures.

Definition 2.1 (Projective structure). Let S be a topological surface. A pro-
jective structure on S is a system of coordinate charts {(U,, o : Uy — CPY)},
such that the coordinate transition functions are Mobius transformations, i.e.
s o pa' € PSLy(C). (Note that, technically, ¢z o ¢ ' is only defined on

13



the image of ¢,, but if it is expressible as a fractional linear transformation,
then it extends to all of CP!, and so there is nothing wrong with writing
¢35 @t € PSLy(C))

We call a surface endowed with a complex projective structure a complex
projective surface. A

2.1 The Schwarzian derivative at a point

Just as a Beltrami differential measures how much a quasiconformal map dif-
fers from a biholomorphism, a Schwarzian derivative measures how much a
holomorphic map differs from a Mobius transformation. We first give some
linear-algebraic preliminaries.

Definition 2.2. Just as a linear map V. — W of vector spaces may be de-
fined as a mapping given by homogeneous linear polynomials in every system
of coordinates (i.e. choice of basis), a degree k map (quadratic map, cubic map,
etc.) V — W of vector spaces is a mapping given by homogeneous degree k
polynomials in every system of coordinates. Let Homk(V, W) denote the vector
space of degree k maps V' — W. Let F denote the field over which the vector
space V is defined; elements of Hom" (V, F) are called degree k forms (quadratic
forms, cubic forms, etc.) A

Example 2.3. The map T : R? — R? given by T'(z,y) = (22° — 232, 10y?)
is a cubic map of vector spaces: If we precompose T with an invertible linear
transformation (i.e. a change of coordinates) A = (gl a2), the result is still
given by homogeneous cubic polynomials

To A(x,y) = (2(ar1x + a2y)® — (ar1x + asy)(asz + agy)?, 10(asz + agy)?).

Similarly, if we postcompose T with a change of coordinates B = (lg; Zi), the
result is still given by homogeneous cubic polynomials

BoT(z,y) = (b1(22® — 2y”) + b2(10y%), b3(22° — 2y®) + bs(10y%)).
A

Remark 2.4. Observe that Hom"”(V, W) is isomorphic to Sym*(V*) @ W via
the natural isomorphism defined on simple tensors by

Sym”*(V*) @ W = Hom"(V, W)

k
(a1 o) @ w — (’u»—) (Hai(”)> w).
i=1

Note that in the case k = 1, this is just the ordinary isomorphism Hom(V, W) =
Ve Ww. A

Lemma 2.5. Let V be a I-dimensional vector space over a field F', and let
k.t € N with k > (. Then there is an isomorphism ¥ : Hom*~“(V,F) —
Hom" (V, V&) given by

o (v (,O(U)’L)@Z) .

14



Proof. By Remark it is clear that the vector spaces Homk_e(V, F) and
Homk(V, V®€) are 1-dimensional. Therefore, since the map ¥ is nonzero, it is
an isomorphism. O

The following lemma is an elementary fact about differential topology, though
not one that is often found in textbooks. It is a special case of Principle 2.3.1
in [Hub06], which is given as an exercise in that text. The proof of the gen-
eral principle is the same as the proof of the following lemma, but with more
bookkeeping.

Lemma 2.6. Let X and Y be Riemann surfaces, letp € X, andlet f : X —Y
be a holomorphic function. Let ¢ : U — C be a coordinate chart about p, and
Y V. — C be a coordinate chart about f(p), so that o(p) = ¥(f(p)) = 0.
Suppose that the Taylor series of 1 o f o @™ has no terms of degree less than
k for some k > 1. Then the same is true for any other choices of coordinate
charts. Furthermore, if %zk + -+ is this Taylor series, then

ZLXTgfsz::(:—)CZZZBcjféI}&QY
P *

2 apz®

1s a degree k map D’;f 1 T, X — Ty)Y of vector spaces that depends only on
f, not on the choices of coordinate charts.

Remark 2.7. Observe that in Lemma the map D}, f is just the ordinary
derivative Df = f, : T,X — Ty(;)Y. The map D¥f can be thought of as the
kth derivative of f at p. Then Lemma [2.6] states that the kth derivative of f at
p is independent of the choice of coordinates when f vanishes to degree k—1 (cf.
the Hessian of a scalar-valued function on a manifold, which is only independent
of coordinates at critical points of the function). A

Proof. Let ¢’ : U' — C, ¢’ : V! — C be other choices of coordinate charts with
©'(p) = ' (f(p)) = 0. For ease of notation, let g :== 1o fopt:U)— V),
let @ := o ()1 : ' (UNU") = p(UNU’), and let ¥ ==’ op= L : p(VNV') —
Y (VN V’'). Then %2zF + ... is the Taylor series for g about 0; let

2
@z:m%z”, \Pz:mﬁ—nz"
n! n!
n=1 n=1

be the Taylor series for ® and ¥ about 0. Note that by our assumptions, these
Taylor series indeed do not have any degree zero terms. Now, the Taylor series
for ' o fo (¢')"t = Wogo®d about 0 is

- 6n = am = Qy 4 "\"
\POQOQ(Z):ZH ZW ik
n=1 m=k (=1

k
ago
_B kk' L 2% + higher degree terms.
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This proves the claim that f has trivial Taylor coefficients of order less than k
in every system of coordinates.

The map D’; f is certainly a well-defined degree k map of vector spaces; the
question is whether it is independent of the choices of coordinate charts. We
see that the coordinate charts ', 1)’ give us the degree k map

(DEf-T,X ;:v T,C=C — C=T,C ff TrpY
z Blako/fzk.

We must show that (D)% f is in fact the same map as D f. To see this, we
use the coordinate transition maps ® and ¥ to write (D’ )’Ij f in the coordinates
given by ¢ and -

a1 PLo(D)E fo(pl) ™" vt
c 2, 7 C C

k

_ 1 Nk _
2 —— a] 'z —— Bragal (o7 12) = fragz® —— Bt (Braz®) = ap2".

The above map is ¢, o (D') f o (¢,)!, and we see that it is indeed equal to
Py © D’Tff o (p.)~L. Since @, and 1), are invertible, we conclude that (D’)’;f =
DEf. 0

The key ingredient in the definition of the Schwarzian derivative is the fact
that every meromorphic function with nonvanishing first derivative can be ap-
proximated to second order by a Mobius transformation.

Lemma 2.8. Let U C CP! be open, let f : U — CP! be a holomorphic function
with Df # 0 everywhere, and let zg € U. Then there is a unique A € PSLy(C)

with %’;’;‘ (20) = ‘32{(20) forall0 <k <2.

Proof. Since PSLy(C) acts transitively on CP! by biholomorphisms, we may
assume without loss of generality that U contains 0, that zg = 0, and that
f(0) = 0. Then if ) 9%2" is the Taylor series for f about 0, the map

alz

Alz) = 1—(a2/2a1)z

is the desired Mobius transformation. O

We are now in the position to define the Schwarzian derivative of a holomor-
phic map f : X — Y of complex projective surfaces, where D f is assumed to
be nontrivial everywhere. Let {(Ua, 9o : Uy — CP1)}, denote the projective
structure on X, and let {(Vj,15 : V3 — CP')}5 denote the projective structure
onY. Let p € X, let (U, ¢) be one of the charts (Uy, ¢o) about p, and let (V, )
be one of the charts (V3,13) about f(p). Suppose that ¥(f(p)) = 0. Then
let Afp ot p(U) = CP! be the unique Méobius transformation approximating
o fop ! tosecond order at 0.
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Since ¥(f(p)) = 0, the difference (o f o™ ') — Ay, o,y is well-defined in
a neighborhood of 0 in p(U). Let us suppose that U is small enough that this
difference is well-defined on all of (U). If (U’,¢’) is some other coordinate
chart about p, then the coordinate transition map B = o (¢’)~! is a Mobius
transformation, and so Ay, oy = Afp e 0 B. Therefore

(o fo()™) = Appprw = (o for™) = Appeu)o(pole)™).

Similarly, if (V’, ') is some other coordinate chart about f(p) with ¢/'(f(p)) = 0,
then

W ofoe™) = Appew =@ o ™o ((Wofop™) = Asrpeu)
Therefore the function

(f—A),: U=V

(f = Ap(x) = (o fop ™) = Apppu)op(z)), VzeU

is well-defined independent of the choice of coordinate functions ¢ and 1. Since
the Taylor series of the function (f — A), has no terms of degree less than 2,
Lemma [2.6] tells us that there is a well-defined cubic map

Dy(f = A)p: T, X = Typ)Y-
Postcomposing with D f~! gives us a cubic map
Df ' o Dy(f — A)y: T,X = T,X,
and hence by Lemma (with £ = 3 and ¢ = 1) a quadratic form
S(f)p: TpX — C.

Definition 2.9. Let f: X — Y be a holomorphic map of complex projective
surfaces, where D f is nontrivial everywhere. Then the quadratic form S(f), is
called the Schwarzian derivative of f at p € X. A

2.2 The Schwarzian derivative as a tensor

Just as we were able to fit together all of the p(f), into an L section pu(f)
of T*X ®c TX for a quasiconformal map f, we are able to fit together all
of the S(f), into a holomorphic section S(f) of Sym*(T*X) = T*X ®c T*X
(note that this equality holds because X is 1-dimensional as a complex man-
ifold). By Remark Sym?(T*X) = Hom?*(T*X, F), and so holomorphic
sections of Sym?(T*X) are called holomorphic quadratic differentials on X.
Since Sym? (T*X) is a holomorphic vector bundle, it makes sense to drop the
qualifier “holomorphic” and just call these sections quadratic differentials on X.
Let QD(X) denote the vector space of all quadratic differentials on X. It is a
consequence of the Riemann-Roch theorem that when X is a closed Riemann
surface of genus g, we have dim¢ QD (X) = 3g — 3; see Appendix
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Lemma 2.10. Let f : X — Y be a holomorphic map of complex projective
surfaces, where D f is nontrivial everywhere. Then the section S(f) : p+— S(f)p
of Sym?(T*X) is holomorphic, and hence S(f) is a quadratic differential.

Proof. First, a proof sketch: Looking at the formula in Lemma 2.8 we see
that all the Taylor coefficients of the M&bius transformation that approximates
f depend holomorphically (indeed, rationally) on the Taylor coefficients of f,
which themselves vary holomorphically in p. Therefore S(f) is a holomorphic
map.

Explicitly, let ¢ : U — CP! and ¢ : U — CP! be coordinate charts around p
and f(p), respectively, such that ¢(p) = ¥(p(p)) = 0. If ) 922" is the Taylor
series for g == 1o fop™! abo?ut 0, then the formula in Lemma gives us that

Af () = a1z + ag2” + 4%23 + - --. Therefore, we have

Di(f—A)y: T,X =T,C=C—C=T,C b TrpY
Px *

2
ag a2 3

=6 — — =2
i (6 4a1>z’

and hence

foloDi(f—A)p:T,,X%TO(C:(C—MC:T()(C%TPX
6 (a3 a3 3
ZHa1<6 4a1>z
2
_ (%_3<a2> )Za
a1 2 ay

Therefore, in the local coordinate w given by ¢, the section S(f) : X —
Sym?(T*X) has the formula

S(f) = 86;% (w) _ § ( g;% (w) ) ’ duw?.

Few) 2\ gh(w)

Since g is holomorphic, this formula shows that S(f) is also holmorphic. O

Once again, we have an inverse problem: given ¢ € QD(X), how do we find
a holomorphic f : X — Y with S(f) = ¢7 This is the Schwarzian differential
equation for q. We will first answer this question locally.

Theorem 2.11 (Solving the Schwarzian equation, version 1). Let U be a simply-
connected open subset of CP, and let ¢ € QD(U). Then there exists a holo-
morphic map f : U — CP! (i.e. a meromorphic function on U) such that
S(f) = q. Every other holomorphic g : U — CP' satisfying S(g) = q is of the
form g = Ao f, where A € PSLy(C).

Proof. See [Hub06], Proposition 6.3.7. O
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Similarly to our discussion after version 1 of the measurable Riemann map-
ping theorem (Theorem , we can patch together local solutions of the
Schwarzian differential equation on a Riemann surface to get a global solu-
tion.

Let X be a Riemann surface with projective structure {(U,, @ : Uy —
CP!)},, where each U, is simply-connected, and let ¢ € QD(X). Then by The-
orem E for each a, there exists a holomorphic map f, : U, — CP! satisfying
S(fa) = qlu, . For each intersection U, N Upg, there is a Mdbius transformation
Aqnp € PSLy(C) such that fg = Aygo fo. That is to say, the transition function
faol( fa)~! is a Mobius transformation. Therefore we have a new projective
structure {(Ua, fa)}a on X. Denote by X, the topological surface X endowed
with this new projective structure. Note that X, indeed depends only on ¢: any
other choice of solution g, to the Schwarzian differential equation for ¢ on U,
is of the form B o f, for B € PSLy(C) a Mobius transformation. Since B is a
Mobius transformation, using g, instead of f, gives the same Riemann surface
X, with projective structure.

Note that this setup also produces for us a biholomorphism f : X — X, of
Riemann surfaces with projective structure, simply by letting f be the identity
map X — X on the underlying topological surface. Observe that when we
write f down in coordinates on U,, we simply get f = f,. Therefore S(f) = q.
Furthermore, if g : X — X, is another holomorphic map with S(g) = ¢, then
Theorem gives us that g o f~! is a Mobius transformation, and hence
g = ho f, where h : X, = X, is an automorphism of the projective structure
on X, (i.e. a biholomorphism X, — X, that is fractional-linear when written
in local coordinates).

Note that the preceding discussion mirrors exactly the discussion after ver-
sion 1 of the measurable Riemann mapping theorem. We summarize this dis-
cussion as follows.

Theorem 2.12 (Solving the Schwarzian equation, version 2). Let X be a com-
plex projective surface, and let ¢ € QD(X). Then there exists a unique complex
projective surface X, (up to isomorphism of complex projective surfaces) and
a biholomorphism f : X — X, such that S(f) = q. FEvery other biholomor-
phism g : X — X, satisfying S(g) = q is of the form g = ho f, where h is an
automorphism of the projective structure on X.

Remark 2.13. By the uniformization theorem, the group of projective auto-
morphisms of a complex projective surface X is isomorphic to the group of
biholomorphisms of X.

This section is meant to mirror §1.2] and so we should discuss the pullback

of quadratic differentials. It seems there is nothing special to say here. Since
a quadratic differential ¢ on Y is a holomorphic section of T*Y ®¢ T*Y, we
already have a notion of pullback of ¢ along a holomorphic map f : X = Y
given by

[Hla®p)=fa® f*B.
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However, there is more than meets the eye. Whereas we had (by definition)
f*u(g) = u(go f), one can see that f*S(g) # S(go f). Instead, given holo-
morphic maps f: X — Y and g : Y — Z of complex projective surfaces, we
have

f75(g) = S(go f)—S(f) (2)
Equation [2|is called the cocycle condition.

2.3 Moduli of projective structures
For a far more in-depth look at moduli of projective structures, see [Dum09].

Definition 2.14. The set MProj(S,) of marked projective structures is the
collection of all equivalence classes of orientation-preserving diffeomorphisms
¢ Sy = X from S; to a complex projective surface X, where two maps
p1: 8y = X1 and g : S — Xy are equivalent if there is an isomorphism
h: X5 — X, of projective structures such that h o 5 is homotopic to ;. The
equivalence class of a map ¢ is denoted [¢], and is called an marked projective
structure on S.

Since every isomorphism of projective structures is a biholomorphism, it fol-
lows from Corollary that we have a surjection 7 : MProj(S,) — Teich(Sy)
given by weakening the equivalence relation from requiring that i be an isomor-
phism of projective structures to requiring that h merely be some biholomor-
phism.

Remark 2.15. Note that, generically, given two closed Riemann surfaces X and
Y, there exists at most one biholomorphism X — Y. Therefore, the question
of whether two complex projective surfaces X and Y are isomorphic is usually
just the question “Are X and Y biholomorphic, and if so, does the unique
biholomorphism respect the given projective structures?”

Lemma 2.16. For every 7 = [p : S, — X| € Teich(S,), the fiber m=1(7) is an
affine space modeled on QD(X), where

[W:Sy = Y]+g=1[fov: S, =Yy, []en (1), q€QD(Y)=QDX),

where f Y — Y, is the unique holomorphic map with S(f) = q such that there
is a biholomorphism h : Y4 — X such that ho f is homotopic to .

Proof. Given ¢ € QD(Y'), Theorem tells us that there exists a biholomor-
phism f:Y — Y, with S(f) = ¢. By Remark and the biholomorphicity of
automorphisms of projective structure, we can always choose f so that there is
a biholomorism b : Y, — X such that ho f is homotopic to ¢. Therefore [¢)] + ¢
is well-defined for every ¢ € 7=1(7) and every q € QD(X).

To see that [¢)] — [¢] + ¢ is indeed a group action, note first that we obvi-
ously have [¢] + 0 = [¢)]. Now, given ¢,r € QD(X), let f: Y — Y, be the map
associated to ¢, and let g : Y, — (Y}), be the map associated to 7. The cocycle
condition (2) implies that ¢g+7 = S(go f), and hence ([¢)]+q)+r = [¢]+ (¢+7).
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Therefore [1)] — [] +¢ is indeed a group action of QD(X) on 7~ 1(7). That this
group action is free and transitive is another consequence of Theorem [2.12] [

In Theorem we will see that Teich(Sy) is a complex manifold whose holo-
morphic tangent space at [¢ : S; — X] is canonically identified with QD(X).
Therefore, any global section of 7 induces a bijection MProj(S,) — T Teich(S,)
that, for each [p : S — X] € Teich(S,), is equivariant with respect to the
QD(X) action on the fiber over [ : Sg — X|. When g > 2, there is a preferred
section of 7 called the Fuchsian section. Given a Riemann surface X of genus
g > 2, the uniformization theorem states that there is a locally biholomorphic
covering map H? — X obtained by taking the quotient of H? by a Fuchsian
group. This covering endows X with the projective structure whose coordinate
maps U — H2 C CP' are precisely the local sections of the covering. Let Xruchs
denote the surface X endowed with this projective structure.

Definition 2.17. The Fuchsian section of m : MProj(S,) — Teich(Sy) is the

map

OFuchs : Teich(Sy) — MProj(.S,)
[90 : SS] - X} = [QD : Sg — XFuchs]-

To complete the analogy between projective structures and complex struc-
tures, note that Mod(S,) acts on MProj(Sy) in the same way as it acts on
Teich(S,), and so we can similarly form the quotient MProj(S,)/ Mod(Sy), the
space of unmarked projective structures.

3 The Bers Embedding

The stories of sections |l| and [2| appear to run parallel to each other, but in
fact they intersect. Their point of intersection is the Bers embedding theorem.
This gives Teich(Sy) the structure of a complex manifold whose tangent space
at [p : Sy — X] is naturally identified with a quotient of Bel(X'), and whose
cotangent space at [¢ : Sy — X] is naturally identified with QD(X).

A very clean exposition of the material of this section can be found in
[McMO00]. From now on, we will be assuming g > 2.

3.1 Quasi-Fuchsian representations

Recall that a Fuchsian representation of a surface group is a discrete and faith-
ful representation m(Sy) — PSLy(R). The space DF(m1(Sy), PSL2(R)) of all
such representations is a subspace of Hom(m1(S,), PSLa(R)), and hence inher-
its the subspace topology from this Hom space, which is naturally endowed
with the compact-open topology. The group PSLy(R) acts on representations
p € Hom(m(Sg), PSL2(R)) by conjugation:

p(7)A=A"p(1)A  AePSLy(R), v € m(Sy).
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Note that DF (71 (S,), PSLa2(R)) is preserved by this action; let Fuchs(.S,) denote
the quotient of DF(m(S,), PSLa(R)) by this action. The following theorem is
essentially a fancy version of the classical uniformization theorem.

Theorem 3.1. There is a homeomorphism Fuchs(S,) = Teich(S).

Partial proof. We will only define the map Teich(S,) — Fuchs(S,) that turns
out to be a homeomorphism. Given [p : S; — X| € Teich(Sy), choose a uni-

versal covering map 7 : S; — S, and a locally biholomorphic universal covering
map 7’ : H? — X (the existence of 7’ is the content of the uniformization theo-
rem). Let ¢ : §g — H? be a lift of ¢. For any deck transformation - : gg — §g
for m, the map poyo@ ! : H? — H? is a deck transformation for 7/, and hence
is an element of PSLa(R). Now define

[+ Teich(S,) — Fuchs(Sy)
[l = [y Foyo ™.

The map f does not depend on any of the choices we have made, and is the
desired homeomorphism. O

Since PSLy(R) C PSLy(C), we can make the following definition.

Definition 3.2. A representation 1 : m(Sy;) — PSL2(C) is quasi-Fuchsian if
there exists a quasiconformal map f : CP* — CP! and a Fuchsian representation
p: m(Sg) = PSLy(R) such that

n(y)=fop(y)oft,  Vyem(S,).

The group PSL2(C) acts on Hom(m (S,), PSL2(C)) by conjugation just as above,
and the space of all quasi-Fuchsian representations of m(S,) is naturally a
subspace of this Hom space, just as above. Denote by QFuchs(S,) the quotient
of the space of quasi-Fuchsian representations of m;(Sy) by this action. A

Lemma 3.3. Let A € PSLy(C) and p € Bel(CPY). If A*p = p, then for every
quasiconformal f : CP' — CP' satisfying the Beltrami equation for u, we have
foAo f~!t € PSLy(C).

Proof. For 0 € Bel(CP!), we have
(Fodo f 0= (F1) A F0= (5 A= (5 u=0.
Therefore f o Ao f~! is a holomorphic homeomorphism CP* — CP!. O
Similarly to Theorem [3.1] we have

Theorem 3.4 (Bers’ Simultaneous Uniformization). There is a homeomor-

phism QFuchs(S,) = Teich(S,) x Teich(Sy).
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Recall that ST] denotes the same underlying smooth surface as Sy, endowed
with the opposite orientation. Of course, there is only one equivalence class of
genus g surfaces up to orientation-preserving diffeomorphism, but we will find
it more convenient to use Si_q in some places rather than S,. Similarly, given a
Riemann surface X, we denote by X the underlying topological surface of X,
endowed with the opposite complex structure (and hence opposite oreintation);
if J : Tp X — TrX defines the complex structure for X, then —J : Tp X — Tp X
defines the complex structure for X. We can also describe X as follows: if
7 : H? — X is a locally biholomorphic covering with deck transformation group
I' € PSLy(R), then we have a commutative diagram

7 =2
H2 2% [{

oL
x M, X

where Id : X — X is the identity map on the underlying topological surface,
and 7: H- — X is the quotient of " by T

Fix some orientation-preserving diffeomorphism ¢g : S — X from S to a
Riemann surface X, and fix a locally biholomorphic covering 7 : H? — X. The
map o induces an identification ¢ : Bel(X) = Bel(S,). Any u € Bel(X) lifts
to some fi = m*pu € Bel(H?) that is invariant under the deck transformation
group I' C PSLy(R); given any deck transformation v € I', we have v*1 = (7 o
v)*u = 7" = . The map ¢q is also an orientation-preserving diffeomorphism
Sy, — X, and hence also induces an identification ¢ : Bel(X) = Bel(S,).
Letting @ be as in the above diagram, we can also lift any v € Bel(X) to

~ =2 Lo .
some U = 7v € Bel(H") that is invariant under I'. We can therefore define

(11,7) € Bel(CP!) by
(7.7) o, if z € H?
JU)y =4 —
. v, ifze Hz.
Note that this definition depends on the choice of g and the choice of 7.

Definition 3.5. Fix some orientation-preserving diffeomorphism ¢g : Sy — X
from Sy to a Riemann surface X, and fix a universal covering map 7 : H* —
X. Given pu € Bel(S,), v € Bel(S,), let f,, : CP! — CP' be the unique
quasiconformal map with Beltrami differential (ogu, pgv) that fixes 0, 1, and
0. Noteﬂ that o and 7 induce an identification m (Sy) = m1(X) = Deck(w) C
PSLy(R). We define the quasi-Fuchsian representation p,, ,, by
pu,u('}/) = fupoyo ;;11’ Vv € 7T'1(51,7)'

By Lemma Pu,v is a well-defined quasi-Fuchsian representation.

A

! Actually, different choices of basepoints in Sg, X, and H? will induce different identifica-
tions 71 (Sg) = Deck(m). However, all of these identifications differ only by postcomposition
by an inner automorphism of PSL2(C), and so no matter which basepoints we choose, pu,.
will define the same point of QFuchs(Sy).
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Partial proof of Theorem[34) Let ®s, : Bel(S,) — Teich(S,) and @ : Bel(Sy) —

Teich(S;) be the quotient maps. Fix some orientation-preserving diffeomor-
phism ¢¢ : S; — X from S, to a Riemann surface X, and fix a universal
covering map 7 : H?2 — X, and define the map

QF : Bel(Sy) x Bel(Sy) — QFuchs(S,)
(1, V) = [P

The proof is completed by showing that QF factors through &g x (Dg, and

that the induced map QF : Teich(Sy) x Teich(Sy) is a homeomorphism. For a
proof of part of this, see [Hub06]. O

Notice that we have a “diagonal” inclusion, which can be written as either
Teich(S,) < Teich(S,) x Teich(S,)
T (1,7)
or
Fuchs(Sy) — QFuchs(S,)
PP,

where 7 denotes, for 7 = [p : Sy — X] € Teich(S,), the element
= Il © Id, e
[Sg — Sg — X — X| € Teich(S,).

Equivalently, for 7 = [u], we have T = [z].

Given (u,v) € Bel(Sy) x Bel(Sy), the universal covering

Fu (B2) = Fru (H2)/ pp (m1(Sy))
defines a projective structure on the Riemann surface X = f,, , (H?)/p,... (71(Sy)).
This projective structure depends only on the point (7,k) = ®5, x @g(u, v) €
Teich(S,) x Teich(S,) (see [Hub06]), and so we denote it by o, (7, k) € 7~ 1(1) C

MProj(Sy). Similarly, we define o (7, k) € MProj(S,) via the universal covering
fW,(EQ) — fuyl,(ﬁz)/pw,(m (Sy)). Finally, observe that opuens(T) = 0 (7, 7).

3.2 The Bers maps

Recall that, by Lemma the difference between two projective structures in
71 ([p: Sy — X]) can be seen as an element of QD(X).

Definition 3.6 (Bers projection and Bers embedding). Let S be a closed,
oriented surface. Let ®g : Bel(S) — Teich(S) be the quotient map, and let
k=[Y:S — Y] e Teich(S). We define the Bers projection (based at k)

U, : Bel(S) — QD(Y)
[‘pa /’L] = UH((I’S([QO7 M])? K) - O'K(E’ H)'
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Clearly U, factors through ®g : Bel(S) — Teich(S), and hence descends to a
map ¥, : Teich(S) — QD(Y'), which we call the Bers embedding (based at k).
As shorthand we will call these maps the Bers maps. A

Analyticity of U, is fairly straightforward, and we also have the following
lemma.

Lemma 3.7. The Bers embedding is injective.
Proof. See propositions 9.8-9.10 of [Wri]. O

The following lemma is crucial for Theorem [3.9] and can be seen as the point
at which the stories of §I] and §2] intersect.

Lemma 3.8 (Ahlfors-Weill). Let By/5(0) € QD(Y') be the ball of radius 1/2
about 0 in QD(Y'). This ball lies in the image of U,., and there exists a holo-
morphic section o : By2(0) — Bel(S) of V.

Proof. See Theorem 6.3.10 of [Hub06]. O

Theorem 3.9 (Teichmiiller spaces are complex manifolds). About each 7 €
Teich(S) there is an open set U, C Teich(S) such that {(U:, ¥=)} reTeich(s) 5 a
system of coordinate charts endowing Teich(S) with the structure of a complex
(39 — 3)-dimensional manifold.

Proof. See pages 265-266 of [Hub06]. O
As a consequence of Theorem we have

Theorem 3.10. Given T = [p : S — X] € Teich(S), the holomorphic cotangent
space T} Teich(S) is canonically isomorphic to QD(X), and the holomorphic
tangent space T, Teich(S) is canonically isomorphic to bel(S)/bely(S), where
bel(S) is the tangent space at 0 to Bel(S), and bely(S) C bel(S) is the linear
subspace of differentials p € bel(S) satisfying [ pg =0 for every ¢ € QD(X).

3.3 Differentiating the Bers maps
(Forthcoming)

A Notation for Complex Manifolds

A.1 Definitions for general complex manifolds

Let M be a complex manifold of real dimension 2n. Any coordinates we use are
assumed to be given by some coordinate chart in the atlas that determines the
complex structure on M. Throughout these notes, if V' is a vector space/bundle,
we denote by V* its linear dual, not its complex conjugate.
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e Given any vector bundle F — M, we denote by I'(E) the space of smooth
sections of . Unfortunately, we also often use the letter “I'” to denote a
Fuchsian group, although it should always be clear in each context which
use of the letter is meant.

e TR M is the tangent bundle to M as a real 2n-manifold. It is a real rank 2n

: ) o o ) :
vector bundle with an R-basis Bar 0 Ben Byr o0 By, b every point.

It has a natural almost-complex structure given by

Ju e 9 — 9
0 N 0
at every point. Therefore the fibers of Tgx M admit the structure of an
n-dimensional complex vector space with C-basis aa . 82 where the

complex scalar multiplication is given by (a + bi)v :== av + bJ X( ). In this
way, Tk M can also be viewed as a complex rank n vector bundle.

o TEM = (IxM)* is the cotangent bundle to M as a real 2n-manifold. It
is a real rank 2n vector bundle with an R-basis dz1,...,dx,,dy1,...,dy,
at every point. It has a natural almost-complex structure given by

Jyp s dxy = dxzg o Jy = —dy;
dy; — dy; o Jyy = dx;

at every point. Therefore the fibers of Ty M admit the structure of an
n-dimensional complex vector space with C-basis dz1, ..., dx,, where the
complex scalar multiplication is given by (a + bi)e = ap + bJ ;. In this
way, Tg M can also be viewed as a complex rank n vector bundle. Note
that it is the complex dual bundle to the complex vector bundle Tr M.

o TcM = TrM ®g C is the complexified tangent bundle to M It is a
complex rank 2n vector bundle with a C-basis ai . aa A

’ 3?!1 > Oyn
at every point.

o TXM = (TcM)* = T M ®g C is the complexified cotangent bundle to M.
It is a complex rank 2n vector bundle with a C-basis dx1, . .., dx,,dy1, .. ., dy,
at every point.

e T'M is the holomorphic tangent bundle to M. It is a complex rank n

sub-vector bundle of Te M with a C-basis 3%1 = %(8%1 —ia%l), ceey 3%,1 =
%(ag —i%) at every point. The fiber of T M at a point is the eigenspace

of i for the complex-linear extension Jy; @g C of Jy;. As a complex vector
bundle, T'M is isomorphic to Tg M via the isomorphism that at every fiber
takes % to %.
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e T'M is the anti-holomorphic tangent bundle to M. It is a complex rank n

sub-vector bundle of Tz M with a C-basis % = %(8%1 —i—iaiyl), cey 8; =
%(% —H’%) at every point. The fiber of T M at a point is the eigenspace

of —¢ for the complex-linear extension Jy; ®g C of Jy,.

e T*M is the holomorphic cotangent bundle to M. It is a complex rank n
sub-vector bundle of T M with a C-basis dz = dxq1 + idyy, ... ,dz, =
dx, + idy, at every point. The fiber of T*M at a point is the eigenspace
of ¢ for the complex-linear extension J}; ®g C of J,;. As a complex vector
bundle, T*M is isomorphic to Tz M via the isomorphism that at every
fiber takes dz; to dx;.

e T*M is the anti-holomorphic cotangent bundle to M. It is a complex rank
n sub-vector bundle of T M with a C-basis dzy == dx1 — idyi,...,dz, =
dx,, — idy, at every point. The fiber of T*M at a point is the eigenspace
of —i for the complex-linear extension J3; ®r C of J},.

o /\k Tg M is the kth alternating power of Ty M. It is a real rank (25) quo-
tient vector bundle of (Tj M)®* with an R-basis {dzi, A+ Adxi, biy<...<iy
at every point. Smooth sections of /\k TR M are called real differential
k-forms, and nowhere-vanishing smooth sections of /\2" TgM are called
volume forms.

e Sym"(T; M) is the kth symmetric power of T M. Tt is a real rank (”Jr,’:*l)
quotient vector bundle of (T3 M)®* with an R-basis

{dat -y Vi o=k

at every point. When k = 2, for p € M and v,w € (TrM),, we have
dadb(v,w) = %(da(v)db(w) + da(w)db(v)) for a,b among the z;,y;. A
section g of Sym?(TiM) is called a Riemannian metric if the bilinear
form g,(-,-) is positive definite at every point p € M.

. /\k T¢M is the kth alternating power of TZM. It is a complex rank
(2kn) quotient vector bundle of (TEM)@”C with an C-basis {dz;, A--- A
dzr;, }i, <...<i, at every point.

e Sym"” (TEM) is the kth symmetric power of TEM. It is a complex rank
(n-&-/]z_l) quotient vector bundle of (T M)®* with a C-basis

{da - daiy Vi sogin—k

at every point.

A.2 Definitions for Riemann surfaces

Let X be a complex manifold of dimension 1, called a Riemann surface.
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e The canonical bundle of X is T*X, sometimes denoted K, and has C-
basis dz at every point. Holomorphic sections w € T'(K) are called abelian
differentials. Note that K* = T X, with C-basis % at every point.

e K? = K ®c K = Sym*(K) C Sym*(TX). Holomorphic sections g €
['(K?) are called holomorphic quadratic differentials.

e We have an inclusion A\? TEX — (TEX)®% given by a A B — (a® B —
B ® ). We also have an inclusion Sym?(T¢X) < (TxX)®? given by
af — %(a@,@”rﬁ@a). Then

dz ® dz = (dz + idy) ® (dz — idy)
= da’+dy* —2idrAdy
— N——

Riemannian metric Volume form

=dzdzZ — dz N dZ.

B Remarks on the definition of Mod(.S)

When the genus of X is at least 2, there is an even stronger formulation of
Theorem [L17

Theorem B.1. If S and S’ are closed surfaces of genus at least 2, then any
homotopy equivalence S — S’ is homotopic to a diffeomorphism.

Proof. See Section 8.3.2 of [FM12]. O

One often sees the mapping class group defined in terms of diffeomorphisms,
rather than in terms of quasiconformal maps. The following lemma and its
corollary tell us that these definitions are equivalent. Furthermore, Theorem
tells us the same for homeomorphisms.

Lemma B.2. Every quasiconformal map ¢ : S; — X is homotopic to an
orientation-preserving diffeomorphism 1 : S — X.

Proof. For g > 2, the claim follows from Theorem [B:I} For g = 0, the claim
follows from the fact that m2(Sp) = Z. For g = 1, it follows from Theorem 2.5 of
Farb-Margalit that every homeomorphism S; — 57 is homotopic to a special-
linear map with integral coefficients, which is clearly an orientation-preserving
diffeomorphism. O

Corollary B.3. Let Diff+(Sg) denote the group of orientation-preserving dif-
feomorphisms S, — S,, and let Diff§ (S,) denote the subgroup of Diff ™ (S,) of
diffeomorphisms that are homotopic to the identity map. Then the inclusion
Diff*(S,) < QC(S,) induces an isomorphism

Diﬁ+(sg)/DiH(T(Sg) = QC(Sg)/QCO(Sg) = MOd(Sg)-
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Let us return to the case where g > 2. With respect to the compact-open
topology, Diffar(Sg) is the connected component of the identity in Diff+(Sg),
so that Diff*(S,)/Diff{ (S,) = meDiff*(S,). One way of seeing this is as a
consequence of the following two theorems. Let Homeo™(S,) denote the group
of orientation-preserving homeomorphisms S, with the compact-open topology.

Theorem B.4 (Theorem 1.12 of [FMI2]). Let ¢,7» € Homeo' (S,) be ho-
motopic functions. Then @ and 1 lie in the same connected component of
Homeo™ (S,).

Theorem B.5 (Theorem 1.2 of [Bol09]). The inclusion Diff*(S,) < Homeo™ (S,)
induces an isomorphism moDiff T (S,) = moHomeo™ (S,).

Corollary B.6. Let o, € Diff+(Sg) be homotopic functions. Then ¢ and
lie in the same connected component of Diff T (S,).

Proof. By Theorem [B:4] ¢ and ¢ lie in the same connected component of
Homeo™(S,). By Theorem ¢ and 1 therefore also lie in the same con-
nected component of Diff *(S,). O

I am not aware of any analogue to Corollary with Diff " (S,) replaced
with QC(S,), and I don’t know whether or not this is an open problem.

C Computing the dimension of QD(X) with Riemann-
Roch

Let S be a closed oriented surface. Let (2x denote the sheaf of holomorphic
1-forms on a Riemann surface X. Then we have the following theorem, which
is a consequence of Bers’ embedding theorem.

Theorem C.1. The holomorphic cotangent space to Teich(S) at the point
[p: S — X] is isomorphic to HO(X,Q%?).

We wish to compute the dimension of QD(X) = H°(X,Q%?). This will be
done by appealing to Serre duality and the Riemann-Roch theorem. We will
also give a computation by appealing to Theorem and the Fenchel-Nielsen
coordinates on Teich(S).

Theorem C.2. When g > 2, dim¢ H°(X,0Q%%) = 3g — 3.
We will see that Serre duality also gives the following theorem.

Theorem C.3. The holomorphic tangent space to Teich(S) at the point
[ :S — X] is isomorphic to H'(X,Q%71).

Note that Q;@fl is the sheaf of holomorphic vector fields on X. Note also
that H(X,0Q% ") is the space of all infinitesimal deformations of the complex
structure on X in the sense of Kodaira-Spencer. The Bers embedding identifies
the tangent space to Teich(S) at the point [p : S — X] with a quotient of the
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vector space bel(X) of L> global sections of Qx ® Qx® ! where Oy is the
space of antiholomorphic 1-forms on X. It is nontrivial, but not too difficult, to
show directly that these two descriptions of the tangent space to Teich(S) are
equivalent.

We will also concern ourselves with the space H(X, Qx) of global holomor-
phic 1-forms on X. These forms are of course of natural interest, and also admit
a very concrete interpretation in terms of translation surfaces, which are of par-
ticular contemporary interest. Serre duality will give the following theorem.

Theorem C.4. dim¢ H(X,Qx) =g.

This is a particular instance of Hodge symmetry, which indeed also follows
from Serre duality.

C.1 Serre Duality and Riemann-Roch

In this section we quote analytic versions of Serre duality and the Riemann-
Roch theorem. Denote by O(—) the sheaf of sections of a vector bundle, and
denote by ¢1(—) the first Chern class of a line bundle.

Theorem C.5 (Serre duality, Theorem A9.14 of [Hub06]). Let V' be a holo-
morphic vector bundle on a compact complex manifold X of dimension n, and
let V* be the dual vector bundle. Then

H*(X,0(V)) is dual to H"F(X,0(V*) @ Q™).

In particular, we will apply Serre duality in the following case. Let d be an
integer, and let X be a compact Riemann surface. Then

HY(X,0%% is dual to HO(X, Q5. (3)
Observe that Theorem now follows immediately from and Theorem |C.1

Theorem C.6 (Riemann-Roch, Theorem A10.0.1 of [Hub06]). Let L be a holo-
morphic line bundle on a compact Riemann surface X of genus g. Then

dime H*(X, O(L)) — dime H'(X,O(L)) = ¢1(L) +1 — g.

C.2 Dimension Counts

In order to apply the Riemann-Roch theorem, we must know how to compute the
relevant Chern classes. This computation is made by appealing to the following
two lemmas.

Lemma C.7 (Proposition A10.2.1 of [Hub06]). On a compact Riemann surface
X, let L be a holomorphic line bundle and let D be a Weil divisor such that
O(L) = O(D). Then c1(L) = deg(D).

Lemma C.8 (Proposition 1.14 of Chapter V of [Mir95]). Let X be a compact
Riemann surface. Then X has a canonical divisor of degree 2g — 2.
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It follows from the above lemmas that
a1 (5 = d(29 - 2). (4)
We can now prove Theorem [C.2}

First proof of Theorem[C.2 This proof appears as the proof of Proposition A10.3.2
in [Hub06]. Since ¢; (25 1) =2 —2g < 0, we have H(X,Q% ') = 0. By Serre
duality, H*(X, Q?}Q) = 0. Then Riemann-Roch gives

dime H(X,Q%?) — dime H*(X,0%%) = c1(Q%3) +1—¢g
dime H2(X, Q%% —0=2(2g-2)+1—g by @)
dime H(X,Q%?) = 39 — 3.
O

We can also prove Theorem be appealing to the Fenchel-Nielsen coordi-
nates on Teich(S).

Theorem C.9 (Fenchel-Nielsen coordinates). Let S be a closed topological sur-
face of genus g > 2. Then Teich(S) is diffeomorphic to R%976,

Second proof of Theorem[C-3. By Theorem|[C.9] the holomorphic cotangent space

to Teich(S) at any point [p : S — X] has real dimension 6g — 6, and hence com-

plex dimension 3g—3. By Theorem this space is isomorphic to H%(X, Q;@}Q).
O

We also remark that a heuristic dimension count of dim¢ H°(X, Q?}Z) can
be made by appealing to the fact that global sections of Q?}Q are in one-to-one
correspondence with planar polygons whose sides come in parallel pairs.

We can also now prove Theorem [C-4]

Proof of Theorem[C.j} This proof appears as the proof of Proposition A10.1.1
in [Hub06]. The short exact sequence of sheaves

0-C—->0x —=Qx =0

induces a long exact sequence in cohomology. Part of this long exact sequence
is the short exact sequence

0— H°(X,Qx) = HY(X,C) - H'(X,0x) — 0.

Serre duality gives that the left- and right-hand terms are dual, and hence

dime H(X,Qx) = % dime¢ H'(X,C) = g.
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D A perspective on the Weil-Petersson metric

In this section we construct the Weil-Petersson metric. Let X =2 H?2/T" be
a closed Riemann suface, and let Teich(X) be its Teichmiiller space. We will
present the Weil-Petersson metric on Teich(X) as an explicit isomorphism
T* Teich(X) = T Teich(X).

Note throughout that all the bundle isomorphisms we consider below are
constructions that work for any complex 1-manifold; they don’t just work be-
cause H? is contractible, so that all C*°-bundles of the same dimension are
vacuously isomorphic! In particular, these constructions descend naturally to
any quotient manifold of H2. We're really only working in H? because we want
to write down explicit coordinate representations of forms. Thus, we’re using
the upper half-plane model of H2.

Consider the hyperbolic metric ds? = y%(dx ®@dx+dy @ dy) € T'((TxH?)®?).
This is an everywhere nonvanishing section of (T3H?)®?, and hence spans a
line subbundle L < (T3H?)®2. Furthermore, ds® is a Riemannian metric, and
hence determines an isomorphism

TrH? < TEH?
o 0 1

1
= o —de, —dy,
ox’ dy  y? Y

dzx, "

and hence an isomorphism

(TRH2)®2 o (T§H2)®2
0,0
al’i 8217j

1
> Edﬂiz X dl‘j,

where we write 1 = x and o = y for simplicity. Under this isomorphism, we

have
0 1o} 0 0 )

ds? = — @t ® -
2 Or  Or 0Oy Oy

1
” (dx®dx+dy®dy)<—>y6<

The section yiﬁ (% ® % + 8% ® 3%) € I'((TgH?)®2) is also everywhere nonva-
nishing, and hence spans a line subbundle L' «— (TpH?)®2.

Now consider the line bundle L* = Homg (L, H? x R), and denote by 1z €
I'(L*) the form satisfying 515 (ds?) = 1 at every point of H?. We have an iso-

morphism L* = L’ taking ﬁ to % (% ® 6% + 6% ® 3%» which we shall also
denote by -15. This realizes 1> as a section of (TrH?)®? satisfying -15 (ds?) = 1
at every point of H2. Under the inclusion (TRH?)®? — (TcH?)®?, we write -5

in complex notation:
1 0 0 0 0 )

—_— 2 R — — —
ds? fm(z) (82 @ 0z * 0z © 0z

We now define the Weil-Petersson Riemannian metric on Teich(X). We de-
fine the metric via its induced isomorphism QD(X) = T* Teich(X) = T Teich(X) =
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bel(X)/belp(X). Given ¢ € QD(X), let us abuse notation and also write
¢ = fdz ® dz € QD(H?) for the lift of  to the universal cover H? of X. Then
consider

1 - 0 0 o 0

50— =71 ZOdE® L @~ +d70d7® — @ -

PO g = JIm()” (Z® R TR A Z®z~r®az>
Now, notice that the line subbundle H < (TZH?)®? spanned by ¢ @ 415 is
isomorphic to T*H?2 ® TH? via the isomorphism (dz ® dz ® % ® % +dz®dz®
% ® %) — 2dzZ ® %. (Note: it seems that it is sometimes conventional to
rather use --- — dzZ ® % so that p ® dSQ = fIm(z )2d§® a@ This is meant to
match the formal calculation fdz? - h;z} fIm(z)? £ = fIm(z)?%.) Under
this isomorphism, we have

o é = 2fIm(2)%dz ® % € bel(H?).

Note that ¢ € QD(H?) is I-equivariant by construction, as is ds?. Hence
? ® 7z € bel(H?) is also I-equivariant, and hence descends to a Beltrami
differential p, € bel(X). The map QD(X) — bel(X)/belo(X), ¢ — [uy] is
the isomorphism defining the Weil-Petersson metric. We remark that u, is also
called a harmonic Beltrami differential, and that the restriction of the map
QD(X) — bel(X), ¢ = py to B1(0) € QD(X) is precisely the Ahlfors-Weill
section o : B1(0) — Bel(X).
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