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1 Rates

From previous courses, we know that derivatives represent rates of changes. So “rates” is nothing but the
usual derivative.

Let start with an example:

Example 1.1. A spherical snowball is melting. Its radius decreases at a constant rate of 2 cm per minute
from an initial value of 70 cm. How fast is the volume decreasing half an hour later?

The radius r starts at 70 cm and decreases at 2 cm/min. At time t minures since the start, we have

r = cm

The volume of a ball is given by V = 4

3
πr3. Hence

V = cm3

The rate at which the volume is changing at time t is

dV

dt
= cm3/min

After half an hour (t = 30 mins), we have

dV

dt
∣t=30= cm3/min

Thus, the rate at which the volume is increasing is half an hour later.

Alternative solution:
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2 Related Rates

Example 2.1. A spherical snowball is melting. Its radius decreases at a instant rate of 3 cm per minute
when the radius is 20cm. How fast is the volume decreasing at that instant?

Similiarily, we have

V =
V ′ =

Thus, the rate at which the volume is increasing is at that instant.

One more example,

Example 2.2. A 3-meter ladder stands against a high wall. The foot of the ladder moves outward at a
constant speed of 0.1 meter/sec. When the foot is 1 meter from the wall, how fast is the top of the ladder
falling? What about when the foot is 2 meters from the wall?
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6. [12 points] Walking through Nichols Arboretum, you see a squirrel running down the trunk
of a tree. The trunk of the tree is perfectly straight and makes a right angle with the ground.
You stop 20 feet away from the tree and lie down on the ground to watch the squirrel. Suppose
h(t) is the distance in feet between the squirrel and the ground, and θ(t) is the angle in radians
between the ground and your line of sight to the squirrel, with t being the amount of time in
seconds since you stopped to watch the squirrel.

θ(t)

h(t)

20 feet

a. [3 points] Write an equation relating h(t) and θ(t). (Hint: Use the tangent function.)

b. [5 points] If θ(t) is decreasing at 1/5 of a radian per second when θ(t) = π/3, how fast is
the squirrel moving at that time?

c. [4 points] For the last second before the squirrel reaches the ground, it is moving at a
constant speed of 20 feet per second. Suppose θ′(t) = −3/4 at some point during this last
second. How high is the squirrel at this time?

University of Michigan Department of Mathematics Fall, 2013 Math 115 Exam 3 Problem 6 (squirrel)
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4. [12 points]

Having taken care of Sebastian and sent Erin into the hands of
the Illumisqati, King Roderick is pleased that his plan is pro-
ceeding well. Our wicked villain decides to relax with a hand-
made chocolate before he heads to his farmhouse. The process
of making the chocolate involves pouring molten chocolate into a
mould. The mould is a cone with height 60 mm and base radius
20 mm. Roderick places the mould on the ground and begins
pouring the chocolate through the apex of the cone. A diagram
of the situation is shown on the right.

60

20

g

Chocolate poured in here

In case they are helpful, recall the following formulas for a cone of radius r and height h:
Volume = 1

3
πr2h and Surface Area = πr(r +

√

h2 + r2).

a. [6 points] Let g be the depth of the chocolate, in mm, as shown in the diagram above.
What is the value of g when Roderick has poured a total of 20,000 mm3 of chocolate into
the mould? Show your work carefully, and make sure your answer is accurate to at least

two decimal places.

Answer: g ≈

b. [6 points] How fast is the depth of the chocolate in the mould (g in the diagram above)
changing when Roderick has already poured 20,000 mm3 of chocolate into the mould if he
is pouring at a rate of 5,000 mm3 per second at this time? Show your work carefully and

make sure your answer is accurate to at least two decimal places. Be sure to include units.

Answer:

University of Michigan Department of Mathematics Winter, 2015 Math 115 Exam 3 Problem 4 (chocolate cone)
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5. [9 points]

During the annual Srebmun Foyoj kickball game, Lar Getni
kicks the ball and runs from home plate to first base, while
Evita Vired runs from first base to second base.

Let x be the distance between Lar and first base, y be the
distance between Evita and first base, and z be the distance
between Lar and Evita, as shown in the diagram on the right.
Note that the bases are arranged in a square and that the
distance between consecutive bases is 90 feet.

x

y

Lar

Evita

z

Home plate

First
base

Second base

Third
base

90 ft

At the moment when Lar is halfway from home plate to first base, Evita is two thirds of the
way from first base to second base. At this moment, Lar is running at a speed of 32 ft/s, and
Evita is running at a speed of 36 ft/s. The questions below all refer to this moment.

Throughout this problem, remember to show your work clearly, and include units in your

answers.

a. [5 points] At the moment when Lar is halfway to first base, at what rate is the distance
between Lar and Evita changing? Is the distance increasing or decreasing?

Answer: The distance is (circle one) increasing decreasing

at a rate of .

b. [4 points] At the moment when Lar is halfway to first base, at what rate is the area of
the right triangle formed by Lar, Evita, and first base changing? Is the area increasing
or decreasing?

Answer: The area is (circle one) increasing decreasing

at a rate of .

University of Michigan Department of Mathematics Fall, 2015 Math 115 Exam 3 Problem 5 (baseball)
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3. [8 points] A man, who is 28 feet away from a 30 foot tall street lamp, is sinking into
quicksand. (See diagram below.) At the moment when 6 feet of him are above the ground, his
height above the ground is shrinking at a rate of 2 feet/second.

Street lamp (30 feet tall)

28 feet

Man

Shadow

Throughout this problem, remember to show your work clearly, and include units in your

answers.

a. [3 points] How long will the man’s shadow (shown in bold in the diagram above) be at
the moment when 6 feet of him are above the ground?

Answer:

b. [5 points] At what rate is the length of the man’s shadow changing at the moment 6 feet
of him are above the ground? Is his shadow growing or shrinking at that moment?

Answer: The man’s shadow is (circle one) growing shrinking

at a rate of .

University of Michigan Department of Mathematics Winter, 2016 Math 115 Exam 3 Problem 3 (shadow)
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4. [7 points] Casey is making a documentary about the wildlife that lives in a local cave. She found a
spider of a new species climbing down along the ceiling of the cave (as shown in the diagram
below). Here

• x is the spider’s distance to the right, in ft, of the camera

• y is the height, in ft, of the spider from the ground

• θ is the angle, in radians, made by the ground and the line joining Casey’s camera and the
spider.

The camera is following the spider as it walks
along the ceiling of the cave. Find the rate

at which the angle θ is changing when the
following conditions hold:

• The spider is 10 ft above the ground.

• The spider’s distance to the right of the
camera is increasing at 0.4 feet per sec-
ond.

• The spider’s height is decreasing at a rate
of 0.2 feet per second.

• The angle θ =
π

6
radians.

Use the equation

tan(θ) =
y

x
.

satisfied by the variables x, y and θ to find your answer. Include units. Show all your work.

Answer:

University of Michigan Department of Mathematics Fall, 2018 Math 115 Exam 3 Problem 4 (spider)
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4. [10 points]

a. [5 points]

Sam is pouring concrete into a hole in the shape of
a triangular prism. The hole is 4 meters wide, 4
meters long, and 6 meters deep at its deepest point.
A partially filled hole with the correct dimensions is
shown to the right.

Sam is looking down into the hole and observes that
the rectangular top surface of the concrete is growing
at a rate of 0.8 meters squared per minute. Find the
rate at which the depth of the concrete is growing.
Include units.

4
4

6

Answer:

b. [5 points]

Donna is pouring concrete into a different hole, which is in the shape
of a horn as shown to the right. When the concrete has been poured
to a depth of h meters and its surface has radius r, the volume of
the poured concrete is given by

V =
π

7
r2h.

When the depth of the concrete that has been poured is 0.8 meters,
the radius of its surface is 0.5 meters, the radius is growing at a rate
of 5 meters per hour, and the volume is growing at a rate of 2 cubic
meters per hour. How fast is the depth changing? Include units.

h

r

Answer:

© 2019 Univ. of Michigan Dept. of Mathematics (Creative Commons
  By−NC−SA license) Winter, 2019 Math 115 Exam 3 Problem 4 (concrete)
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7. [10 points] Clarissa is driving a truck of showpigs,
heading due north away from an intersection, while
her photographer’s van is due east of the intersec-
tion and driving due west, as shown to the right.

For time t measured in seconds after noon, let c(t)
be the speed of Clarissa’s truck, and let p(t) be the
speed of the photographer’s van, both measured in
meters per second (m/s). Graphs of c(t) and p(t)
are shown below.

Clarissa’s truck

photographer’s van
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t

y
y = c(t)
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At t = 20, Clarissa is 1000 meters from the intersection, and her photographer’s van is 2400 meters
from the intersection. Throughout this problem, be sure your work is clear.

a. [5 points] At t = 20, is the distance between the two vehicles increasing or decreasing? At
what rate?

Answer: increasing decreasing at a rate of: m/s

b. [2 points] How far from the intersection is the photographer’s van at t = 35?

Answer: meters

c. [3 points] What is the distance, in meters, between the two vehicles at t = 35?

Answer: meters

© 2019 Univ. of Michigan Dept. of Mathematics (Creative Commons
  By−NC−SA license) Fall, 2019 Math 115 Exam 3 Problem 7 (showpigs)
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