
Limit Comparison Test of Improper Integrals

Section: 065
Instructor: Zhan Jiang

1 Definition

Sequences

A sequence is an infinite list of numbers s1, s2, ..., sn, ... We call s1 the first term, s2 the second term; sn is the
general term.

Examples:

(1) 1, 1, 1, 1, 1, ...

(2) 1, 4, 9, 16, 25, ....

(3) sn = n(n+1)
2

(4) sn = n+(−1)n

n

(5) 7
2 , 7

5 , 7
8 , 7

11 , 1
2 , 7

17 , ....

Q: Can you find a pattern for the 5th sequence above?

Defining Sequences Recursively

Sequences are defined recursively by giving an equation relating sn to previous terms and as many of the
first few terms as are needed to get started.

Examples:

Please give the first six terms of following sequences:

(a) sn = sn−1 + 3 for n > 1 and s1 = 4

(b) sn = 1
2 (sn−1 + sn−2) for n > 2 and s1 = 0, s2 = 1

Please give a recursive definition of the folloing sequences:

(a) 1, 3, 7, 15, 31, 63, ...

(b) 1, 4, 9, 16, 25, 36, ...

Convergence of Sequences

1



2 TEST YOURSELF

The sequence s1, s2, s3, ..., sn, ... has a limit L if sn is as close to L as we please whenever n is sufficiently large.
If such limit L exists, we say the sequence converges to its limit, written lim

n→∞
sn = L. If no such limit exists,

we say the sequence diverges.

Examples:

(1) The sequence sn = xn converges to 0 if |x| < 1 and diverges if |x| > 1

(2) The sequence sn = 1
np converges to 0 if p > 0

Convergence and Bounded Sequences

A sequence sn is bounded if there are two numbers K and M such that K ≤ sn ≤ M for all terms.

Proposition 1.1. All convergent sequences are bounded

However, the converse doesn’t hold: If we take sn = (−1)n, the sequence is bounded between −1 and 1, but
it diverges. We do have convergence if given some stronger conditions

Theorem 1.2 (Convergence of a Monotone, Bounded Sequence). If a sequence sn is bounded and monotone, it
converges.

Example:

The sequence sn = (1 + 1
n )n can be shown to be bounded and increasing, therefore the theorem above guar-

antees that the sequence has a limit, which we call e.

2 Test Yourself

Do following sequences converge or diverge? If a sequence converges, find its limit.

(1) 2n

(2) (0.2)n

(3) 3 + e−2n

(4) (−0.3)n

(5)
n
10

+
10
n

(6)
2n

3n

(7)
2n + 1

n

(8)
2n + (−1)n5
4n − (−1)n3

(9) cos(πn)
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