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diagonal kinds of polynomials in several variables where the preimage points come from
subsets of the field rather than the entire field.
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[624] Considers polynomials whose value sets lie in a subfield.
[729] Studies value sets as they relate to Dembowski-Ostrom and planar polynomials.
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8.4 Exceptional polynomials

Michael E. Zieve, University of Michigan

8.4.1 Fundamental properties

8.4.1 Definition An exceptional polynomial over Fq is a polynomial f ∈ Fq[x] which is a permu-
tation polynomial on Fqm for infinitely many m.

8.4.2 Remark If f ∈ Fq[x] is exceptional over Fqk for some k, then f is exceptional over Fq.

8.4.3 Definition A polynomial F (x, y) ∈ Fq[x, y] is absolutely irreducible if it is irreducible in
F̄q[x, y], where F̄q is an algebraic closure of Fq.

8.4.4 Theorem [662] A polynomial f ∈ Fq[x] is exceptional over Fq if and only if every absolutely
irreducible factor of f(x)− f(y) in Fq[x, y] is a constant times x− y.

8.4.5 Corollary If f ∈ Fq[x] is exceptional, then there are integers 1 < e1 < e2 < · · · < ek such
that: f is exceptional over Fqn if and only if n is not divisible by any ei.

8.4.6 Corollary If f ∈ Fq[x] is exceptional, then there is an integer M > 1 such that f permutes
each field Fqm for which m is coprime to M .

8.4.7 Corollary For g, h ∈ Fq[x], the composition g ◦ h is exceptional if and only if both g and h
are exceptional.

8.4.8 Definition A polynomial f ∈ Fq[x] is indecomposable if it cannot be written as the compo-
sition f = g ◦ h of two nonlinear polynomials g, h ∈ Fq[x].
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8.4.9 Corollary A polynomial f ∈ Fq[x] is exceptional if and only if it is the composition of
indecomposable exceptional polynomials.

8.4.2 Indecomposable exceptional polynomials

8.4.10 Theorem [1117] Let f be an indecomposable exceptional polynomial over Fq of degree n,
and let p be the characteristic of Fq. Then either

1. n is coprime to p, or

2. n is a power of p, or

3. n = pr(pr−1)
2 where r > 1 is odd and p ∈ {2, 3}.

8.4.11 Theorem [1750, 2187] The indecomposable exceptional polynomials over Fq of degree co-
prime to q are precisely the polynomials of the form `1 ◦f ◦ `2 where `1, `2 ∈ Fq[x] are linear
and either

1. f(x) = ax+ b with a ∈ F∗q and b ∈ Fq, or

2. f(x) = xn where n is a prime which does not divide q − 1, or

3. f(x) = Dn(x, a) (a Dickson polynomial) where a ∈ F∗q and n is a prime which
does not divide q2 − 1.

8.4.12 Theorem [1368, 1370] The indecomposable exceptional polynomials over Fq of degree s(s−
1)/2, where s = pr > 3 and q = pm with p prime, are precisely the polynomials of the
form `1 ◦ f ◦ `2 where `1, `2 ∈ Fq[x] are linear, r > 1 is coprime to 2m, and f is one of the
following polynomials:

1. x−s T (axe)(s+1)/e where p = 2, T (x) = xs/2 + xs/4 + · · · + x, e | (s + 1), and
a ∈ F∗q ,

2.

(
T (x) + a

x

)s
·
(
T (x) +

T (x) + a

a+ 1
· T
( x(a2 + a)

(T (x) + a)2

))
where p = 2, a ∈ Fq \ F2,

and T (x) = xs/2 + xs/4 + · · ·+ x,

3. x(x2e − a)(s+1)/(4e)

(
(x2e − a)(s−1)/2 + a(s−1)/2

x2e

)(s+1)/(2e)

where p = 3, e
∣∣ s+1

4 ,

and a ∈ F∗q is an element whose image in F∗q/(F∗q)2e has even order.

8.4.13 Remark The proofs of Theorems 8.4.10 and 8.4.12 rely on the classification of finite simple
groups.

8.4.14 Theorem [1117, 1750] For prime p, the degree-p exceptional polynomials over Fpm are
precisely the polynomials `1 ◦f ◦`2 where `1, `2 ∈ Fpm [x] are linear and f(x) = x(x(p−1)/r−
a)r with r | (p− 1) and a ∈ Fpm such that ar(p

m−1)/(p−1) 6= 1.

8.4.15 Proposition [669, 835] Let L be a linearized polynomial (i.e., L(x) =
∑d
i=0 aix

pi with
ai ∈ Fpm), and let S(x) = xjH(x)k where H ∈ Fpm [x] satisfies L(x) = xjH(xk). Then S is
exceptional over Fpm if and only if S has no nonzero roots in Fpm .

8.4.16 Proposition [1365] Let s = pr where p is an odd prime. If a ∈ Fpm is not an (s − 1)-th
power, then

(xs − ax− a) · (xs − ax+ a)s +
(

(xs − ax+ a)2 + 4a2x
)(s+1)/2

2xs

is an indecomposable exceptional polynomial over Fpm .
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8.4.17 Proposition [1367] Let s = 2r. If a ∈ F2m is not an (s− 1)-th power, then

(xs + ax+ a)s+1

xs
·
(

xs + ax

xs + ax+ a
+ T

(
a2x

(xs + ax+ a)2

))
is an indecomposable exceptional polynomial over F2m , where T (x) = xs/2 + xs/4 + · · ·+ x.

8.4.18 Remark The previous three Propositions describe all known indecomposable exceptional
polynomials over Fpm of degree pr with r > 0, up to composing on both sides with linear
polynomials. It is expected that there are no further examples. Theorem 8.4.14 shows this
when r = 1, and [1367, 2121] show it under different hypotheses.

8.4.3 Exceptional polynomials and permutation polynomials

8.4.19 Theorem A permutation polynomial over Fq of degree at most q1/4 is exceptional over Fq.

8.4.20 Remark A weaker version of Theorem 8.4.19 was proved in [772]; the stated result is
obtained from the same proof by using the fact that an absolutely irreducible degree-d
bivariate polynomial over Fq has at least q + 1 − (d − 1)(d − 2)

√
q roots in Fq × Fq. For

proofs of this estimate, see [145, 1119, 1881]. A stronger (but false) version of this estimate
was stated in [1934], and [1219] deduced Theorem 8.4.19 from this false estimate. Finally,
[145] states a stronger version of Theorem 8.4.19, but the proof is flawed and when fixed it
yields Theorem 8.4.19.

8.4.21 Remark Up to composing with linears on both sides, the only known non-exceptional

permutation polynomials over Fq of degree less than
√
q are x10 +3x over F343 and (x+1)N+1

x
over F24r−1 , where r ≥ 3 and N = (4r + 2)/3.

8.4.22 Remark Heuristics predict that “at random” there would be no permutation polynomials
over Fq of degree less than q

2 log q .

8.4.23 Remark There are no known examples of non-exceptional permutation polynomials over
Fq of degree less than q

2 log q when q is prime.

8.4.24 Remark Nearly all known examples of permutation polynomials over Fq of degree less than
q

2 log q can be written as the restriction to Fq of a permutation π of an infinite algebraic

extension K of Fq, where π is induced by a rational function in the symbols σi(x), with σ
being a fixed automorphism of K. Such a permutation π may be viewed as an exceptional
rational function over the difference field (K,σ); see [698, 1907, 1908].

8.4.4 Miscellany

8.4.25 Theorem [540, 3068] Every permutation of Fq is induced by an exceptional polynomial.

8.4.26 Theorem [683, 1365, 1893] Exceptional polynomials over Fq have degree coprime to q − 1.

8.4.27 Remark Theorem 8.4.26 is called the Carlitz–Wan conjecture. It follows from Theo-
rems 8.4.10, 8.4.11, and 8.4.12. However, the known proofs of Theorems 8.4.10 and 8.4.12
rely on the classification of finite simple groups, whereas [683, 1365, 1893] present short
self-contained proofs of Theorem 8.4.26.

8.4.28 Theorem If f ∈ Z[x] is a permutation polynomial over Fp for infinitely many primes p,
then f is the composition of linear and Dickson polynomials.
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8.4.29 Remark Theorem 8.4.28 was proved in [2558] when f has prime degree. It was shown in
[2187] (confirming an assertion in [2558]) that the full Theorem 8.4.28 follows quickly from
the main lemma in [2558] together with a group-theoretic result from [2559]. A different
proof of Theorem 8.4.28 appears in [1106, 1931, 2824], which combines this group-theoretic
result with Weil’s bound on the number of Fq-rational points on a genus-g curve over Fq.

8.4.30 Remark Theorem 8.4.28 is called the Schur conjecture, although Schur did not pose this
conjecture. The paper [1106] made the incorrect assertion that Schur had conjectured The-
orem 8.4.28 in [2558], and this assertion has become widely accepted despite its falsehood.

8.4.31 Remark The concept of exceptionality can be extended to rational functions or more general
maps between varieties [1369]. In particular, many exceptional rational functions arise as
coordinate projections of isogenies of elliptic curves [1112, 1366, 2188].

8.4.5 Applications

8.4.32 Remark Exceptional polynomials were used in [2782] to produce families of hyperelliptic
curves whose Jacobians have an unusually large endomorphism ring. These curves were
used in [765] to realize certain groups PSL2(q) as Galois groups of extensions of certain
cyclotomic fields.

8.4.33 Remark Exceptional polynomials were used in [513, 2336] to produce curves whose Jacobian
is isogenous to a power of an elliptic curve, and in particular to produce maximal curves
(see Section 12.5).

8.4.34 Lemma [857] We have (x+ 1)N + xN + 1 = f(x2 + x) in F2[x], where N = 4r − 2r + 1 and

f(x) = T (x)2r+1/x2r with T (x) = x2r−1

+x2r−2

+ · · ·+x. This polynomial f(x) is obtained
from case 1 of Theorem 8.4.12 by putting a = 1 and e = 1.

8.4.35 Remark This result (together with exceptionality of f) has been used to produce new
examples of binary sequences with ideal autocorrelation [857], cyclic difference sets with
Singer parameters [859], almost perfect nonlinear functions [858], and bent functions [859,
3009]. See Sections 10.3, 14.6, 9.2, and 9.3, respectively.

8.4.36 Remark For further results about the polynomials f from Lemma 8.4.34, including formulas
for a polynomial inducing the inverse of the permutation induced by f on F2m , see [901].
These polynomials are shown to be exceptional in [691, 692, 859, 901, 3067].

8.4.37 Remark The polynomials in cases 1 and 3 of Theorem 8.4.12 have been used to produce
branched coverings of the projective line in positive characteristic whose Galois group is
either symplectic [9] or orthogonal [8].

See Also
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§8.1 For discussion of permutation polynomials in one variable.
§8.3 For value sets of polynomials.

[58], [1364] For Davenport pairs, which are pairs (f, g) of polynomials in Fq[x]
such that f(Fqm) = g(Fqm) for infinitely many m. This notion
generalizes exceptionality, since f ∈ Fq[x] is exceptional if and
only if (f, x) is a Davenport pair.

[691], [692], [3067] For the factorization of f(x)− f(y) where f(x) is a polynomial
from case 1 or 3 of Theorem 8.4.12.

[691], [1895], [2185] For the discovery of some of the polynomials in Theorem 8.4.12.
[835] For a thorough study of exceptional polynomials using only the

Hermite–Dickson criterion, and the discovery of the polynomials
in Theorem 8.4.11 and Proposition 8.4.15.
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an efficient algorithm for computing Gröbner bases of zero-dimensional ideals,
In Information Security and Cryptology—ICISC 2009, volume 5984 of Lecture
Notes in Comput. Sci., 87–100, Springer, Berlin, 2010. <773, 775>

[2110] M. S. E. Mohamed, J. Ding, J. Buchmann, and F. Werner, Algebraic attack on
the MQQ public key cryptosystem, In Eighth International Conference on
Cryptology and Network Security, volume 5888 of Lecture Notes in Comput.
Sci., 392–401, 2009. <767, 775>

[2111] M. S. E. Mohamed, W. S. A. E. Mohamed, J. Ding, and J. Buchmann, MXL2:
Solving polynomial equations over GF(2) using an improved mutant strategy,
In J. Buchmann and J. Ding, editors, PQCrypto, volume 5299 of Lecture Notes
in Comput. Sci., 203–215. Springer, 2008. <773, 775>

[2112] B. Mohar, Isoperimetric numbers of graphs, J. Combin. Theory, Ser. B 47 (1989)
274–291. <641, 650>

[2113] B. Mohar, A strengthening and a multipartite generalization of the Alon-Boppana-
Serre theorem, Proc. Amer. Math. Soc. 138 (2010) 3899–3909. <639, 640,
650>

[2114] M. Moisio, The moments of a Kloosterman sum and the weight distribution of a
Zetterberg-type binary cyclic code, IEEE Trans. Inform. Theory 53 (2007)
843–847. <151, 155>

[2115] M. Moisio, On the number of rational points on some families of Fermat curves
over finite fields, Finite Fields Appl. 13 (2007) 546–562. <202, 207>

[2116] M. Moisio, Kloosterman sums, elliptic curves, and irreducible polynomials with
prescribed trace and norm, Acta Arith. 132 (2008) 329–350. <71, 75, 263,
266>

[2117] M. Moisio, On the moments of Kloosterman sums and fibre products of Kloosterman
curves, Finite Fields Appl. 14 (2008) 515–531. <151, 155>

[2118] M. Moisio and K. Ranto, Elliptic curves and explicit enumeration of irreducible
polynomials with two coefficients prescribed, Finite Fields Appl. 14 (2008)
798–815. <75>

[2119] M. Moisio, K. Ranto, M. Rinta-Aho, and K. Väänänen, On the weight distribution
of cyclic codes with one or two zeros, Adv. Appl. Discrete Math. 3 (2009)
125–150. <148, 155>

[2120] M. Moisio and D. Wan, On Katz’s bound for the number of elements with given
trace and norm, J. Reine Angew. Math. 638 (2010) 69–74. <190, 195>
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Sér. A-B 281 (1975) Aii, A533–A535. <199, 200>

[2998] J. Wolfmann, The number of solutions of certain diagonal equations over finite
fields, J. Number Theory 42 (1992) 247–257. <202, 207>

[2999] J. Wolfmann, New results on diagonal equations over finite fields from cyclic codes,
In Finite Fields: Theory, Applications, and Algorithms, volume 168 of Con-
temp. Math., 387–395, Amer. Math. Soc., Providence, RI, 1994. <207>

[3000] J. Wolfmann, Some systems of diagonal equations over finite fields, Finite Fields
Appl. 4 (1998) 29–37. <207>

[3001] “Wolfram Research”, Wolfram Research: Mathematica, technical and scientific soft-
ware, http://www.wolfram.com/, as viewed in July, 2012. <45, 46>

[3002] W. K. Wootters and B. D. Fields, Optimal state-determination by mutually unbi-
ased measurements, Ann. Physics 191 (1989) 363–381. <826, 832>

[3003] H. Wu, Low complexity bit-parallel finite field arithmetic using polynomial basis, In
Proc. Cryptographic Hardware and Embedded Systems (CHES), volume 1717
of Lecture Notes Comput. Sci., 280–291, Springer, Berlin, 1999. <806, 815>

[3004] H. Wu, Bit-parallel finite field multiplier and squarer using polynomial basis, IEEE
Trans. Comput. 51 (2002) 750–758. <807, 815>

[3005] H. Wu, M. A. Hasan, and I. F. Blake, New low-complexity bit-parallel finite field
multipliers using weakly dual bases, IEEE Trans. Comput. 47 (1998) 1223–
1234. <814, 815>

[3006] H. Wu, M. A. Hasan, I. F. Blake, and S. Gao, Finite field multiplier using redundant
representation, IEEE Trans. Comput. 51 (2002) 1306–1316. <345, 357, 814,
815>

[3007] M. Wu, X. Yang, and C. Chan, A dynamic analysis of irs-pkr signaling in liver cells:
A discrete modeling approach, PLoS ONE 4 (2009) e8040. <816, 825>

[3008] P.-C. Wu, Random number generation with primitive pentanomials, ACM Trans.
Modeling and Computer Simulation 11 (2001) 346–351. <91, 92, 93>

[3009] Q. Xiang, Maximally nonlinear functions and bent functions, Des. Codes Cryptogr.
17 (1999) 211–218. <232, 233>

[3010] G. Xiao and S. Wei, Fast algorithms for determining the linear complexity of period
sequences., In Progress in Cryptology—INDOCRYPT 2002, volume 2551 of
Lecture Notes in Comput. Sci., 12–21, Springer, Berlin, 2002. <323, 331>

[3011] G. Xiao, S. Wei, K. Y. Lam, and K. Imamura, A fast algorithm for determining
the linear complexity of a sequence with period pn over GF(q), IEEE Trans.
Inform. Theory 46 (2000) 2203–2206. <323, 331>

[3012] G. Z. Xiao and J. L. Massey, A spectral characterization of correlation-immune
combining functions, IEEE Trans. Inform. Theory 34 (1988) 569–571. <240,
245>



1002 Handbook of Finite Fields

semifields, Finite Fields Appl. 15 (2009) 125–133. <275>

[3054] Z. Zha and X. Wang, New families of perfect nonlinear polynomial functions, J.
Algebra 322 (2009) 3912–3918. <275>

[3055] L. Zhang, Q. Huang, S. Lin, K. Abdel-Ghaffar, and I. Blake, Quasi-cyclic LDPC
codes: an algebraic construction, rank analysis, and codes on Latin squares,
IEEE Trans. Communications 58 (2010) 3126–3139. <710, 711>

[3056] Q. Zhang, Polynomial functions and permutation polynomials over some finite
commutative rings, J. Number Theory 105 (2004) 192–202. <222, 223, 225>

[3057] Z. Zhao and X. Cao, A note on the reducibility of binary affine polynomials, Des.
Codes Cryptogr. 57 (2010) 83–90. <65, 66>

[3058] G. Zhou and H. Michalik, Comments on ‘A new architecture for a parallel finite
field multiplier with low complexity based on composite field’, IEEE Trans.
Comput. 59 (2010) 1007–1008. <805, 806, 815>

[3059] K. Zhou, A remark on linear permutation polynomials, Finite Fields Appl. 14
(2008) 532–536. <209, 223>

[3060] G. Zhu and D. Wan, An asmptotic formula for counting subset sums over subgroups
of finite fields, Finite Fields Appl. 18 (2012) 192–209. <207>

[3061] H. J. Zhu, p-adic variation of L functions of one variable exponential sums. I, Amer.
J. Math. 125 (2003) 669–690. <478, 481>

[3062] H. J. Zhu, Asymptotic variation of L functions of one-variable exponential sums,
J. Reine Angew. Math. 572 (2004) 219–233. <478, 481>

[3063] H. J. Zhu, L-functions of exponential sums over one-dimensional affinoids: Newton
over Hodge, Int. Math. Res. Not. (2004) 1529–1550. <476, 478, 481>

[3064] N. Zierler, Linear recurring sequences, J. Soc. Indust. Appl. Math. 7 (1959) 31–48.
<306, 311>

[3065] N. Zierler, Primitive trinomials whose degree is a Mersenne exponent, Information
and Control 15 (1969) 67–69. <91, 93>

[3066] N. Zierler and W. H. Mills, Products of linear recurring sequences, J. Algebra 27
(1973) 147–157. <307, 311>

[3067] M. Zieve, Bivariate factorizations via Galois theory, with application to exceptional
polynomials, J. Algebra 210 (1998) 670–689. <232, 233>

[3068] M. E. Zieve, On a theorem of Carlitz, arXiv:0810.2834, 2008. <231, 233>

[3069] M. E. Zieve, Some families of permutation polynomials over finite fields, Int. J.
Number Theory 4 (2008) 851–857. <216, 217, 223>

[3070] M. E. Zieve, On some permutation polynomials over Fq of the form xrh(x(q−1)/d),
Proc. Amer. Math. Soc. 137 (2009) 2209–2216. <214, 216, 223>

[3071] M. E. Zieve, Classes of permutation polynomials based on cyclotomy and an additive
analogue, In Additive Number Theory, 355–361, Springer, 2010. <214, 217,
223>

[3072] P. Zimmermann, Avoiding adjustments in modular computations, 2012, preprint
available at http:www.loria.fr/~zimmerma/papers/norm.pdf. <348, 357>

[3073] T. Zink, Degeneration of Shimura surfaces and a problem in coding theory, In
Fundamentals of Computation Theory, volume 199 of Lecture Notes in Comput.
Sci., 503–511, Springer, Berlin, 1985. <457>

[3074] R. Zippel, Probabilistic algorithms for sparse polynomials, In EUROSAM ’79: Pro-
ceedings of the International Symposium on Symbolic and Algebraic Computa-
tion, number 72 in Lecture Notes in Comput. Sci., 216–226. Springer-Verlag,




