MATH 116 — PRACTICE FOR ExXAM 3
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NAME:  SOLUTIONS

INSTRUCTOR: SECTION NUMBER:

1. This exam has 7 questions. Note that the problems are not of equal difficulty, so you may want to skip
over and return to a problem on which you are stuck.

2. Do not separate the pages of the exam. If any pages do become separated, write your name on them
and point them out to your instructor when you hand in the exam.

3. Please read the instructions for each individual exercise carefully. One of the skills being tested on
this exam is your ability to interpret questions, so instructors will not answer questions about exam
problems during the exam.

4. Show an appropriate amount of work (including appropriate explanation) for each exercise so that the
graders can see not only the answer but also how you obtained it. Include units in your answers where
appropriate.

5. You may use any calculator except a TI-92 (or other calculator with a full alphanumeric keypad).
However, you must show work for any calculation which we have learned how to do in this course. You
are also allowed two sides of a 3" x 5" note card.

6. If you use graphs or tables to obtain an answer, be certain to include an explanation and sketch of the
graph, and to write out the entries of the table that you use.

7. You must use the methods learned in this course to solve all problems.

Semester | Exam | Problem | Name Points | Score
Winter 2012 3 9 10
Winter 2014 3 3 10
Fall 2014 3 2 6
Fall 2014 3 12 chicken coop 8
Fall 2015 3 2 8
Winter 2017 3 10 8
Fall 2017 3 6 8
Total 58

Recommended time (based on points): 70 minutes
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9. [10 points| A second way to approximate the function
F(z) = / V1 + 9t4dt.
0

is by using its Taylor polynomials.
a. [2 points] Find the first three nonzero terms in the Taylor series for the function

v1+ w about u = 0.

Solution:

1 1
v1+u%1+§u—gu2

b. [2 points] Find the first three nonzero terms in the Taylor series for v/1 4 9¢* about
t=0.

Solution: Let u = 9t* then

9 81
\/1+9t4%1+§t4—§t8

c. [2 points] Find the first three nonzero terms in the Taylor series for F'(x) about
x=0.

Solution: N 9 o1 9
F(x) ~ 1+ =t — —8dt = b — =g
(z) /0 Tt T3 ST

d. [2 points] For which values of z do you expect the Taylor series for F'(x) about
x = 0 to converge? Justify your answer.

Solution: ~ We substituted v = 9t into the Binomial series. The interval of
convergence for the Binomial series is —1 < u < 1. Then we expect the series to
converge for 0 < 9z% < 1. Hence the Taylor series for F/(z) about x = 0 converges
: 1 1

if ~73 << ek

e. [2 points] Use the fifth degree Taylor polynomial for F'(x) about x = 0 to approxi-
mate the value of F(3).

Solution: Ps(z) =z + 53° then F (3) =~ P5 (3) =1+ & (%)5 = 0.528

University of Michigan Department of Mathematics Winter, 2012 Math 116 Exam 3 Problem 9 Solution
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3. [10 points] For each of the following questions circle the correct answer.

[e.e]
a. [2 points] What is the value of the series Z

cos(2)

b. [2 points] What is the value of the series

1sin(2)

sin(2) — 2

(_1)n22n )
o n! ’
cos(4) e
& 2271(_1)71
; (2n+1)! !
sin(2) (sin(2) — 2)

c. [2 points] Suppose that 1+ = — %x2 + %x?’ is the 3rd degree Taylor polynomial for a
function f(z). Which of the following pictures could be a graph of f(z)?

N —

i i iz
1 2 3

f(x)
3r

N coh

/

IV s

14
—ol

-3+

d. [2 points] What is the Taylor series of 2ze”” centered at x = 07

& 21;271—1
Z n!
n=1

x +

is the interval of convergence of the series?

[—10,0)

University of Michigan Department of Mathematics

(—10,0)

(0, 10] [—10,0]

e. [2 points] The radius of convergence of the Taylor series Z s
n=1

o0 —
2x2n 1
Z n!

n=0

is R = 5. What
+5

[0, 10)

Winter, 2014 Math 116 Exam 3 Problem 3 Solution



Math 116 / Final (December 12, 2014) page 4

2. [6 points] Let f(z) = ze~*".
a. [4 points] Find the Taylor series of f(z) centered at x = 0. Be sure to include the first 3
nonzero terms and the general term.

Solution:  We can use the Taylor series of e¥ to find the Taylor series for e=e’ by

substituting y = —x2.

X 2\n 232 _2\n
= n 2! n!

Therefore the Taylor series of ze " is

00
—1)" 2n+1 5 —1)" 2n+1
xe‘xzzz( )’z —r—ad+ +( J'@ +
‘ n! 2! n!
n=

b. [2 points] Find £19)(0).

(15)
Solution: ~We know that £ 1155!(0) will appear as the coefficient of the degree 15 term
of the Taylor series. Using part (a), we see that the degree 15 term has coefficient _7—,1

Therefore
—15!

= —259, 459, 200

f19(0) =

3. [3 points|] Determine the exact value of the infinite series

Solution: Notice that this is the Taylor series for ¥ applied to y = —2. Therefore, the series

has exact value e~ 2.

University of Michigan Department of Mathematics Fall, 2014 Math 116 Exam 3 Problem 2 Solution
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12. [8 points|] Franklin, your friendly new neighbor, is building a large chicken sanctuary. You
decide to help Franklin build a special chicken coop with volume (in cubic km) given by the

integral
1
/ xy/1 — cos(x2) dz.
0

This integral is difficult to evaluate precisely, so you decide to use the methods you’ve learned
this semester to help out Franklin. Your friend and president-elect, Kazilla, stops by to give
you a hand. She suggests finding the 4th degree Taylor polynomial, Ps(x), for the function
1 — cos(z?) near z = 0.

a. [4 points] Find Py(x).

Solution: We can use the Taylor series expansion for cos(z?)

00
—_1)" 2n 2 —_1)" 2n
Cos(y)zzuzl_yi_k..._ku_k...

= (2n)! 2! (2n)!
i o —1)" 1,2 2n CL’2 2 1) ..’L‘2 2n
cos(xQ)ZnZ:%( 2275)') =1—(2!) +-~+( 2275)|) + -
Therefore
z? x?
P4:1—(1—§):§

b. [4 points] Substitute Py(z) for 1 —cos(x?) in the integral and compute the resulting integral
by hand, showing all of your work.

/01 x\/ Py(x)dz = /01 $\/§
-
1;4
42
1
4/2

Solution:

3
V2
1

=0

University of Michigan Department of Mathematics Fall, 2014 Math 116 Exam 3 Problem 12 (chicken coop) Solution
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2. [8 points] Let f(x) = 22®. The first two derivatives of f are given below.

fl(a) =
(=)

a. [4 points] Find the 2nd degree Taylor polynomial Py(z) of f centered at x = 1.

(1+Inz)z>®

2
20271 4 4(1 + Inx)%2®

Solution: Using the formula for Taylor polynomials,

Py = 1)+ L0 @ 1)+ Ty

=142z —1)+3(x—1)32

Py(z) = 14+2(z—1)+3(x—1)?
b. [4 points] Find
2 —1
lim .
z—1 3x — 3

Clearly show your reasoning. Your answer from part (a) may be helpful.

Solution:
2r _ _1)2 _
lim T 1 _ lim 14+2(z—1)4+3(x—-1) 1
z—1 3z — 3 r—1 3(1’ — 1)
2 _
_ lim +3(x—1)
r—1 3
2
3

University of Michigan Department of Mathematics Fall, 2015 Math 116 Exam 3 Problem 2 Solution
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10. [8 points] The Taylor series centered at « = 0 for a function F(x) converges to F(x) for all =
and is given below.

o 4n+1

Z(_1)n(2n) I(4n + 1)

n=0
a. [3 points] What is the value of F(19)(0)?

Make sure%)ur answer 1s exact You do not need to simplify.
x'0! . When You P'

F(x) = Z ) o by Toylor's Thescem. So
T Xm 'H.PM i F(con(
o1 B x"'

N=2€ inbe -Ku Serieg above 9% ,.+ so! (1)

(), \ . IOI ‘_I_Og_._' ‘
$° F ® (o) s. '(Wwer FA0) () = “

Fx) =

w
b. [3 pomts] Find Py(z), the 9th degree Taylor polynomial that approximates F'(x) near

- K
AP 2 - It o

University of Michigan Department of Mathematics Winter, 2017 Math 116 Exam 3 Problem 10 Solution
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6. [8 points]
Values of a function f and some of its T 0 s
derivatives are given in the table on the right. flz) | -6 2
Use this information to answer the questions (@) 6 9
that follow. <
f(z) —3
f’”(x) _1 0
f””(.fl?) 5 _9/2

a. [4 points] Fm(i‘a formul% for the Taylor polynomial of degree 4 for f about z = .

?q(x) = Z - "r)(n-'rr)“

= F@) + §Om)(v-m) +
= AW+ Lx-m) + 2 (x )ty 2 (g u-)’.,. —(x ok

£m (41 ,F"'(u) (x-r ,f_ﬂ“ g
2!

ax 2 (x-;) = 2(x-m) - %(t-‘ﬂ’)\'

x
b. [4 points] Find the first three nonzero terms of the Taylor series for / f(t?) dt about
0

x = 0.

Neo.r 0, £G) = F(o) + F'ee) (x-0) + E;-‘(%l (x-0)*
o~ + bx+ixt

X X a
S0 So Fet)dt X 5‘,-(, +0t + .'i-t'* Jt,&
-¢t+z+.‘+-ﬁ,t‘/,

-ex + sz- -,';ﬂ

University of Michigan Department of Mathematics Fall, 2017 Math 116 Exam 3 Problem 6 Solution




