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1 Overview

My work falls in the area of higher Teichmüller theory. This is a body of mathematics which connects
to the theory of semisimple Lie groups and their representations, the differential and metric geometry
of non-positively curved spaces, hyperbolic dynamics, geometric group theory, geometric structures
on manifolds, and many other areas. Its breadth is one thing it shares with classical Teichmüller
theory, which studies complex structures, or equivalently, via uniformization, hyperbolic structures
on finite-type surfaces, and is a rich theory which can be fruitfully approached using tools and ideas
from complex analysis and hyperbolic geometry.

Teichmüller spaces may be described as spaces of representations of surface groups into PSL(2,R) ∼=
Isom+(H2) corresponding to holonomies of hyperbolic structures. These are all discrete and faithful
representations, and pick out a distinguished class of discrete subgroups—namely, the torsion-free
lattices—of PSL(2,R), a rank-one semisimple Lie group. The objects of study in higher Teichmüller
theory are certain discrete subgroups of higher-rank semisimple Lie groups, such as SL(n,R) for
n ≥ 3. Lattices are one class of discrete subgroups, about which there are strong structural results:
by the work of Margulis, Furstenberg, and others, irreducible higher-rank lattices are superrigid and
arithmetic.

A different class of discrete subgroups is given by the images of Anosov representations, also referred
to as Anosov subgroups. These were first introduced by Labourie [Lab06] and Guichard–Wienhard
[GW12], and subsequently re-characterized and studied by many others. For rank-one Lie groups, the
Anosov condition is equivalent to the more classical notion of convex cocompactness; more generally,
in higher rank, Anosov subgroups continue to have many of the good geometric and dynamical
properties enjoyed by convex cocompact subgroups in rank one.

One broad question of current interest is whether there is a corresponding higher-rank analogue
of geometric finiteness, i.e. convex cocompactness but allowing for certain controlled degenerate
ends with cusps or parabolics. In my thesis I propose an answer to this question, inspired by the
characterization of Anosov representations due to Bochi–Potrie–Sambarino that borrow from the
theory of dominated splittings in hyperbolic dynamics, and making use of the intrinsic geometry of
relatively hyperbolic groups. §2 elaborates on this. We briefly point out here that this notion includes
a notion of geometric finiteness in convex projective geometry developed by Crampon–Marquis
[CM14] as a class of examples, and in rank one is equivalent to geometric finiteness.

Just as there is a close relation between Teichmüller theory and hyperbolic structures on surfaces,
there are links between Anosov representations and geometric structures on manifolds. For in-
stance, Guichard–Wienhard [GW12] and Kapovich–Leeb–Porti [KLP18b] constructed domains of
discontinuity for many Anosov representations. More specifically and concretely, one of the primary
motivating examples of Anosov representations are Hitchin representations, which are obtained
by continuously deforming compositions of hyperbolic holonomies ρ : π1Σg → PSL(2,R) with the
irreducible representation PSL(2,R) → PSL(n,R). By work of Choi–Goldman [CG93], Hitchin
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representations into PSL(3,R) are holonomy representations of convex projective structures on closed
surfaces. More generally, holonomies of strictly convex projective structures on closed manifolds of
all dimensions are Anosov ([Ben04]; see also [GW12], Proposition 6.1.)

Indeed, convex projective geometry is an important source of examples in higher Teichmüller theory
and also a subject of interest in its own right. In §3 below, I describe some of my work in convex
projective geometry.

2 A notion of geometric finiteness in higher rank

2.1 Anosov representations

Given a semisimple Lie group G, a discrete subgroup Γ < G is called convex cocompact if it acts
cocompactly on some closed convex subset of the associated symmetric space. Examples include
uniform lattices in G, which act cocompactly on the whole symmetric space.

In rank-one semisimple Lie groups, such as PSL(2,R), or PSL(2,C) ∼= Isom+(H3), the convex
cocompact subgroups form a strictly larger class of discrete subgroups. They continue to coarsely
inherit the geometry of the symmetric space, meaning that orbit maps are quasi-isometric embeddings,
and are structurally stable, meaning that small perturbations of convex cocompact subgroups remain
convex cocompact. In higher rank, however, Kleiner–Leeb [KL06] and Quint [Qui05] proved that
Zariski-dense convex cocompact subgroups are virtually products of lattices and rank-one convex
cocompact subgroups.

A different and more flexible class of discrete subgroups is given by the notion of Anosov representations.
Here we give one of the newer equivalent definitions of an Anosov representation, due to Kapovich–
Leeb–Porti and reformulated by Bochi–Potrie–Sambarino:

Definition 2.1 ([KLP18a], [BPS19]). Let Γ be a finitely-generated group; fix a word metric on Γ.
We say a representation ρ : Γ→ SL(n,R) is Pi-Anosov for a given i between 1 and n− 1 if there
exist constants C, µ > 0 such that

σi
σi+1

(ρ(γ)) ≥ Ceµ|γ|

where σi(A) denotes the ith singular value of A, and | · | denotes word-length in Γ.

Using standard results from the representation theory of Lie groups, this definition may be extended
to replace SL(n,R) with other semisimple Lie groups G.

While the definition only assumes Γ is finitely-generated, it in fact follows from a result of [KLP18a]
(with an alternate proof in [BPS19]) that Γ must be word-hyperbolic.

When the target is a rank-one group, Anosov subgroups are precisely the convex cocompact subgroups;
in higher rank, Anosov representations continue to have good properties: they are discrete and
have finite kernel—in particular, Anosov representations of torsion-free groups are faithful—and are
structurally stable, and the associated orbit maps are quasi-isometric embeddings.

One may hope to generalize results, methods and intuitions for rank-one convex cocompact groups
—for example, convex cocompact Kleinian groups— to obtain insights about Anosov subgroups.

Furthermore, an Anosov representation ρ : Γ → G comes with good equivariant limit maps from
the Gromov boundary ∂Γ into suitable flag varieties—for P1-Anosov representations into SL(n,R),
projective space P(Rn) and its dual. Via these maps, the dynamics of ρ(Γ) acting on the limit
set—i.e. the image of the limit map in the flag variety—can be identified with the dynamics of the
natural Γ action on ∂Γ.
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2.2 Relatively dominated representations

One can ask whether there is a corresponding higher-rank analogue of geometric finiteness. Such a
notion furnishes an even larger class of discrete subgroups of semisimple Lie groups with interesting
geometry and dynamics; such “higher-rank geometrically finite subgroups” might also allow us to
study certain degenerations and limit points of Anosov representations.

We further note that there are natural classes of potentially novel examples. For instance there
are monodromy representations given by the second cohomology of families of K3 surfaces over
Riemann surfaces [Fil18] which appear to display behavior resembling Anosov representations, but
which naturally include unipotent parabolic elements—something that is not possible for an Anosov
representation, which must send infinite-order elements to proximal images.

In my thesis, I suggest one possible answer, which I call relatively dominated representations, based
on Definition 2.1. The name comes from the terminology of Bochi–Potrie–Sambarino, which used
the name “dominated representation” for their definition, because their arguments use the theory
of dominated splittings from hyperbolic dynamics. Remnants of this theory are still present in our
arguments, although not (yet) the full strength of the hyperbolic dynamics.

In parsing the definitions below, it can be useful to keep in mind the motivating example of the
isometry group of a complete hyperbolic 3-manifold with finite-volume cusps.

Definition 2.2 ([Zhu1]). Let Γ be a torsion-free group which is hyperbolic relative to a collection
P of finitely-generated subgroups. A representation ρ : Γ → PSL(d,R) is 1-almost dominated
relative to P if for all γ ∈ Γ, there exist constants C, µ > 0 such that

σ1

σ2
(ρ(γ)) ≥ Ceµ|γ|c (1)

Here | · |c = dc(id, ·) is a modified “cusped” word-length obtained by gluing combinatorial horoballs
H(P, S ∩ P ), which are coarse-geometric analogues of rank-one horoballs, to the Cayley graph
Cay(Γ, S) along all cosets of peripheral subgroups P ∈ P and considering the path metric dc on the
resulting metric graph, the cusped space X(Γ,P, S) (for precise definitions, see [GM08].)

Relatively almost-dominated representations are discrete and faithful, and send non-peripheral
elements to proximal images; moreover, associated orbit maps give relative quasi-isometric embeddings,
i.e. quasi-isometric embeddings of the Cayley graph with the metric from the cusped space.

A representation ρ which is 1-almost dominated relative to P is said to be 1-dominated relative
to P if in addition the image of ρ(P ) for each P ∈ P satisfies certain geometric and algebraic
conditions inspired by the properties of parabolic subgroups of geometrically finite subgroups in rank
one. Specifically, we require that each ρ(P ) has a well-defined associated peripheral flag and satisfies
a uniform gap summability condition, that the peripheral flags for distinct peripheral subgroups are
transverse, and that all the eigenvalues of ρ(η) for any η ∈ P are of norm 1.

Given a 1-relatively dominated representation, we can construct nice limit maps from the Bowditch
boundary ∂(Γ,P) of our relatively hyperbolic group which have many of the good properties of
Anosov boundary maps:

Theorem 2.3 ([Zhu1]). If ρ : Γ→ SL(d,R) is 1-dominated relative to P, then we have continuous
ρ(Γ)-equivariant compatible dynamics-preserving transverse maps

ξ : ∂(Γ,P)→ P(Rd) ξ∗ : ∂(Γ,P)→ P(Rd)∗.

We can also drop the assumption that our source group Γ is relatively hyperbolic, and prove that
the 1-relatively dominated condition, along with certain assumptions on a candidate collection P of
peripheral subgroups, necessarily entails relative hyperbolicity with respect to P:
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Given Γ a torsion-free finitely-generated group, we say a collection P of finitely-generated subgroups,
which we designate “peripheral”, satisfies (RH) if it is malnormal—i.e. for any γ ∈ Γ and any
P, P ′ ∈ P, γPγ−1 ∩ P ′ = 1 unless P = P ′ and γ ∈ P—, there exists ν > 0 such that for any
infinite-order non-peripheral element γ ∈ Γ, |γn|c ≥ ν|n|, and a certain local-to-global principle for
geodesic segments of the cusped space ending inside combinatorial horoballs is satisfied.

We remark that the construction of the cusped space X(Γ,P, S) does not require Γ to be hyperbolic
relative to P, and will produce a proper metric space whenever P is malnormal.

Theorem 2.4 ([Zhu1]). Let Γ be a finitely-generated group, P be a collection of subgroups satisfying
(RH), and ρ : Γ → SL(n,R) be a 1-dominated representation relative to P. Then Γ is hyperbolic
relative to P.

The proofs of Theorems 2.3 and 2.4 use Yaman’s relative version of the Bowditch criterion for
hyperbolicity in groups [Yam06] as augmented by Gerasimov [Ger09], what is essentially Benoist’s
limit set [Ben97] as a candidate compact metric space for the group to act on for Yaman’s criterion,
and an adapted version of a recent generalization of the Oseledets multiplicative ergodic theorem
([QTZ19], Theorem 1.2) which may be of independent interest.

In prior recent work [KL18], Kapovich and Leeb have suggested other possible analogues of geometric
finiteness in higher rank. Our notion is closely related to those proposed in [KL18]:

Theorem 2.5 ([Zhu1]). If ρ : Γ→ SL(d,R) 1-relatively dominated, then ρ(Γ) is relatively asymptot-
ically embedded in the sense of [KL18] with uniform regular peripheral subgroups.

Conversely, if ρ(Γ) is relatively asymptotically embedded with uniform regular and undistorted
peripherals, and the peripheral subgroups satisfy our uniform gap summability condition, then ρ :
Γ→ SL(d,R) is 1-relatively dominated.

The approach of Kapovich–Leeb uses the theory of symmetric spaces and has a rather different
flavor. These approaches should be complementary and, hopefully, may be fruitfully combined to
gain additional insight into the question of geometric finiteness in higher rank.

As a preliminary example: using the various equivalent notions of Kapovich–Leeb one may completely
characterize relatively-dominated representations into rank-one semisimple groups. In this setting,
the notion of relative domination—or any of the other equivalent notions of Kapovich–Leeb—are
equivalent to the classical notion of geometric finiteness in rank one.

2.3 Examples

First examples of relatively dominated representations include holonomies of geometrically-finite
hyperbolic manifolds and holonomies of strictly convex projective manifolds in the sense
of Crampon–Marquis [CM14]. We also remark that dominated representations in the sense of
Bochi–Potrie–Sambarino (equivalently, Anosov representations) are relatively dominated, relative to
P = ∅. Other examples, via the link with the work of Kapovich–Leeb, include Pappus–Schwartz
representations ([Sch93], see also [BLV18]) and positive representations in the sense of Fock–Goncharov
[FG06] with unipotent peripheral holonomy.

Some of these existing examples may be fruitfully studied from other perspectives. For instance, by
work of Tits and Vinberg, Coxeter groups admit reflection representations, which may be considered
as particular examples of properly convex projective holonomies; however, Coxeter groups also have
much more structure, and a variety of other tools and approaches can be used to study them.

A current project with Gye-Seon Lee and Ludovic Marquis involves describing complete criteria for
identifying which reflection group representations of Coxeter groups are relatively dominated; the
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following is a statement for which we have an outline of a proof:

Conjecture 2.6. Let WS be a Coxeter group which is hyperbolic relative to virtually nilpotent
standard Coxeter subgroups {WUi}

k
i=1, and let ρ : WS → PGL(d + 1,R) be a reflection group

representation. The following are equivalent:

1. ρ is 1-dominated relative to the WUi
;

2. for every i, the Cartan submatrix AUi
is of zero type, and satisfies an additional combinatorial

condition possibly also involving the polars, i.e. the −1-eigenspaces of the reflections ρ(S);

3. for every i, ρ (WUi
) (is unipotent and) has a unique attractive fixed point;

4. there exists a ρ(WS)-invariant strictly convex domain Ω′ ⊂ P(Rd+1) with C1 boundary

This may be seen as a relative counterpart to some of the results in a upcoming paper [Dan+], in
which Danciger–Guéritaud–Kassel–Lee–Marquis completely characterize Coxeter groups W admitting
convex cocompact representations (in the sense of [DGK17]) as reflection groups, and, for such W ,
characterize the set of convex cocompact representations of W as reflection groups.

2.4 Some future directions

Geometric finiteness in real projective geometry. Recent works of Danciger–Guéritaud–
Kassel and Zimmer have established a close connection between Anosov representations and convex
cocompactness in real projective geometry. Specifically, convex cocompact groups in the sense of
either [DGK17] or [Zim17] which are word-hyperbolic yield P1-Anosov representations; conversely,
given a P1-Anosov representation preserving a properly convex set in projective space, we can build
an associated convex cocompact action. Thus, even though we did not use the notion of convex
cocompactness in higher-rank symmetric spaces, which was too rigid for our purposes, there is still a
notion of convex cocompactness associated to Anosov representations, which can be used to obtain
geometric insight and build geometric arguments.

There should be a similar theory linking geometric finiteness in real projective geometry, as formulated
for example by Crampon–Marquis [CM14], with these new notions of geometric finiteness in higher
rank in some generality. There may well be some subtleties here—Crampon–Marquis already identify
two possible “good” notions of geometrically finite on convex projective geometry.

More speculatively: convex cocompact groups in the sense of [DGK17] which are not word-hyperbolic
constitute a larger class of discrete subgroups of PGL(n,R) that still have some sort of non-positively
curved geometry associated to them. It is possible that studying the Morse boundary [Cor17]—or
other boundaries of the group that similarly capture more targeted information than the Gromov
boundary or Bowditch boundary—may yield interesting limit maps in these cases.

Hausdorff dimension and critical exponents. Pozzetti–Sambarino–Wienhard [PSW19], Glorieux–
Monclair–Tholozan [GMT19] and Dey–Kapovich [DK19] have recently related the critical exponent
of certain Anosov representations and the Hausdorff dimensions of their limit sets, using Patterson-
Sullivan theory adapted to this setting.

These generalize a classical result of Sullivan [Sul79], which states that for any convex cocompact
subgroup Γ ≤ SO(1, n), the Hausdorff dimension of the limit set ΛΓ is equal to the critical exponent
δ(Γ). Canary–Taylor [CT94] proved a similar theorem for geometrically finite Kleinian groups.

It is possible that the work in [PSW19], [GMT19], and [DK19] may be generalized to the relative
setting to relate the critical exponent of certain classes of relatively dominated representations and
the Hausdorff dimensions of their limit sets; the Pozzetti–Sambarino–Wienhard approach, which
most directly uses singular value gaps and dominated splittings, looks potentially promising.
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3 Patterson–Sullivan theory in convex projective geometry

Given a closed hyperbolic n-manifold M and X = M̃ ∼= Hn, Sullivan in [Sul79] (following Patterson)
defined a π1M -quasi-invariant way of associating to every point x ∈ X a probability measure νx
on the visual boundary ∂X. These Patterson–Sullivan measures (νx)x∈X , in some sense, give the
proportion of elements of the orbit Γ ·x that go towards a given subset of ∂X. Sullivan also discovered
deep connections between the measures νx and harmonic analysis and the ergodic theory of the
geodesic flow on M .

Patterson–Sullivan theory, as it is now known, has subsequently been extended to many other
geometric settings which bear features of negative or non-positive curvature. For instance, Roblin
developed the theory in the setting of CAT(−1) geometry [Rob03].

Mickaël Crampon has extended Patterson–Sullivan theory to the setting of strictly convex projective
geometry, which is δ-hyperbolic but in general not even CAT(0) [Cra11]. More precisely, let Ω ⊂ P(Rn)
be a strictly convex domain, and let Γ < Aut(Ω) act geometrically finitely in the sense of [CM14].
Then we can define a critical exponent δ = δ(Γ) > 0, build a family of Patterson–Sullivan measures
(µx)x∈Ω on ∂Ω and a finite Bowen–Margulis–Sullivan measure mΓ, and establish classical results
from Patterson–Sullivan theory such as

Lemma 3.1 (Sullivan shadow lemma, [Cra11]). There exist uniform constants such that for all
γ ∈ Γ, shadows in ∂Ω of sufficiently large balls in Ω have µx-measure comparable to e−δ·dΩ(x,γx),
where—here and below—dΩ denotes the Hilbert metric on Ω.

I use this machinery to show that Roblin’s CAT(−1) ergodicity and equidistribution results from
[Rob03] also hold for geometrically finite strictly convex projective manifolds:

Theorem 3.2 ([Zhu2], Mixing). The Hilbert geodesic flow (gtΓ)t∈R on Ω/Γ is mixing with respect to
mΓ on the non-wandering set.

Theorem 3.3 ([Zhu2], Orbital equidistribution). For all x, y ∈ Ω,

δe−δt
∑
γ∈Γ

dΩ(x,γy)≤t

Dγy →
µx
‖mΓ‖

weakly in C(Ω̄)∗ (the weak*-dual to the space of continuous functions on Ω̄) as t→∞, where Dx denotes a
Dirac mass at x.

Theorem 3.4 ([Zhu2], Equidistribution of primitive closed orbits). Let GΓ(`) denote the set of
primitive closed geodesics of length at most `, and given g ∈ GΓ(`) let Dg denote the normalized
Lebesgue measure supported on g.

As `→ +∞,

δ`e−δ`
∑

g∈GΓ(`)

Dg →
mΓ

‖mΓ‖

weakly in Cb(SΩ/Γ)∗ (the weak*-dual to the space of bounded continuous functions on the unit tangent bundle).

These may also be interpreted as orbital counting results—see for instance [Sam15].
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Ann. Inst. Fourier (Grenoble) 64.6 (2014), pp. 2299–2377. doi: 10.5802/aif.2914.

[Cor17] Matthew Cordes. “Morse boundaries of proper geodesic metric spaces”. In: Groups Geom. Dyn.
11.4 (2017), pp. 1281–1306. doi: 10.4171/GGD/429.
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