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Reaction kinetics, geospeedometry, and relaxation theory
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Abstract

This paper explores the application of homogeneous reaction kinetics to geospeedometry and to structural
relaxation theory. Numerical simulations of reaction kinetics during cooling for some first- and second-order
elementary reactions have been carried out to systematically examine the effects of kinetic parameters and cooling
histories on the final speciation. An analytical solution for a special case of first-order reaction A « B has also been
obtained. On the basis of both the analytical solution and the numerical simulation, the cooling rate (—dT/d¢) at
the apparent equilibrium temperature (7, obtained by measuring ‘quenched’ speciation) and the relaxation time
scale (7., the time for the departure from equilibrium to decrease to 1/¢ of the initial departure) at T,, can be
approximately related as follows:

2RT,,

max(Ef’ Eb) Tr(Tae)

T,

aec

(—dT/dt)lr=1, =

where R is the gas constant, and max(E;, E,) is the greater of E; and E,, which are the activation energies of the
forward and backward reactions. This approximation works well when the initial temperature (7) is high such that
7.(T,) is small compared to the cooling time scale. Using the above relation, the cooling rate at T, can be estimated
easily and the cooling history of a natural assemblage can be inferred if enough homogeneous reactions are
characterized.

Relaxation of homogeneous reactions during the quench of a silicate melt into a glass can be studied
quantitatively using the above method if the kinetic parameters are known. Melt—glass transitions probably involve
the quenching of many homogeneous reactions that may have different 7,. for a given quench rate, and are thus
complicated. Authors have previously discussed relaxation of a reaction during cooling using the idea of a melt—glass
transition. Because glass relaxation is complicated and the theory is still in its infancy, whereas reaction kinetics can
be understood and quantified, it may be more productive to study the relaxation of homogeneous reactions directly,
and to study glass relaxation using the concept of reaction kinetics instead.

1. Introduction pressure—time history of rocks using observed
mineral assemblages and compositions. Several

One of the basic aims of igneous and meta- geospeedometry methods based on diffusion have
morphic petrology is to infer the temperature— been developed. One involves diffusive loss of a

radiogenic nuclide [e.g., 1-4]. A second involves
cation exchange diffusion between two phases
[CL] [e.g., 5,6]. A third method uses exsolution of an
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originally homogeneous phase [e.g., 7-10]. A
fourth uses the homogenization of an originally
zoned crystal [e.g., 11,12]. Alternatively, homoge-
neous chemical reactions (i.e., reactions within a
homogeneous phase) may be considered [e.g.,
13-18].

Homogeneous reactions are not uncommon;
examples include (i) Fe-Mg exchange between
intracrystalline sites (order—disorder) [e.g., 13—
18], (ii) interconversion between H,O molecules
and OH groups in silicate melts/ glasses [e.g.,
19-21], (iii) "*O and 'O exchange between dif-
ferent oxygen sites, such as §'®Oqy and 8Oy,
in alunite [22,23] and 6'°Ogy and 80y, in

Table 1
Notation

apatite [O’Neil, pers. commun.], (iv) Al-Si or-
der—disorder in feldspars [24-26], and (v) inter-
conversion of Q,, species in silicate melts, such as
Q,+ Q,=2Q, (where Q, is a SiO, tetrahedron
with n bridging oxygens) [e.g., 27].

Homogeneous reactions have been previously
applied to geothermometry, such as internal ther-
mometry based 8§30 on different oxygen sites.
However, two conditions are required for this
approach: (i) equilibrium must be reached at the
formation (or peak) temperature, and (ii) the
cooling must be rapid enough for the speciation
to undergo no change during cooling. However,
in many cases the finally preserved speciation

A,B,C,D: Species in a reaction

[A): Concentration of species A; [A]p is [A] at £=0; [A]. is [A] at t=c0

Ag: Pre-exponential factor for K defined in (7)

Ay Pre-exponential factor for ks defined in (8a)

A Pre-exponential factor for &, defined in (8b)

Co: A conserved quantity during a reaction; defined differently for various second order
reactions, see (A1-9), (A1-12), (A1-15) and (A1-18); Co=[A]+[B] for Reaction (1)

Ey: Activation energy for the forward reaction

Ey: Activation energy for the backward reaction

K: Equilibrium constant of a reaction; K =kgks

kr: Forward reaction rate coefficient; kg is krat =0

kp: Backward reaction rate coefficient; kpg is kp at t=0

Q: An expression identical to X but used when equilibrium may not be reached

Qn: An SiQO4 tetrahedron with » bridging oxygens

q: quench (or cooling rate); g =-dT/dt at T=T,,

R: Gas constant; R =8.314 J K- mol'!

T: Temperature; T is the T at =0 and T.. is the T at t=co

Ta: Temperature at which the reaction begins to depart noticeably from equilibrium

T, ~ Temperature at which the reaction effectively stops

Tae: apparent equilibrium temperature, temperature obtained by calculating the
“equilibrium” temperature of the quenched speciation

t Time

£t Dummy variables in an integration

u: et

AH: Enthalpy of a reaction; AH = Ef—E)

n: a parameter defined in (19); Ngisnatt=0; N, isNatz=co

¥ Ef[Ep

I /K-

T Time scale in asymptotic or exponential cooling defined in (13a) or (13b)

Tt Time scale for k¢ to decrease during cooling, defined in (15)

Tkp: Time scale for k to decrease during cooling, defined similarly as Ty

1, Relaxation time scale defined in (9); 1,(Tge) is 1, at T=T,,; 7, (To)is 1, at T =Ty

T4 Cooling time scale defined in (14)

Reaction progress parameter; &g is § at t=0; &9=0; & is E at 1=00
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reflects a temperature that is not related to for-
mation or any other temperature of significance,
but is just an indicator of the cooling rate.

The evolution of species concentrations of a
homogeneous reaction as a function of tempera-
ture and cooling rates has been illustrated by
Ganguly [15] through numerical simulations. As a
phase cools, a homogeneous reaction in the phase
proceeds continuously and tries to maintain in-
stantaneous equilibrium. Since reaction rates de-
crease with temperature, it may be impossible to
maintain instantaneous equilibrium at lower tem-
peratures and several stages may be distinguished
based on the reaction rates. If the initial temper-
ature (7,; see Table 1 for symbols used in this
paper) is high enough, the homogeneous reaction
reaches equilibrium instantaneously. At some
lower temperature, however, the reaction rate is
not rapid enough to maintain equilibrium, so the
reaction begins to deviate noticeably from equi-
librium. This temperature is defined as 7 (devia-
tion temperature) here (Fig. 1). At a still lower
temperature, the reaction effectively stops and is
‘quenched’. Following Ganguly {15], this tempera-
ture is defined as T, (quench temperature). The
phase continues to cool until the final tempera-
ture (T) is reached, but no more reaction takes
place. The final speciation in the ‘quenched’
phase reflects an apparent equilibrium tempera-
ture (7,.) [15,17], which is defined to be the
temperature one obtains by calculating the ‘equi-
librium’ temperature of the quenched speciation.
The apparent equilibrium temperature is some-
times referred to as the closure temperature
[15,16], the fictive temperature [28], or the glass
transition temperature of the reaction [27]. I pro-
pose that we use ‘apparent equilibrium tempera-
ture’ for the temperature reflected by the pre-
served speciation of homogeneous reactions. The
closure temperature is best reserved for cases
when the phase becomes a closed system in het-
erogeneous reactions and diffusion. The glass
transition and the fictive temperatures are bor-
rowed from the glass science literature and are
best reserved for the melt—glass transition de-
fined by physical properties, such as viscosity,
heat capacity, etc. An instantaneous apparent
equilibrium temperature is hereafter defined as
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Fig. 1. Speciation of a homogeneous reaction during cooling
and explanation of Ty, T, and T,. This specific simulation is
for reaction A < B with k;=10%73000/7 apd k, =
107e =%.%0/7_(a) An exponential cooling history. (b) Compar-
ison of instantaneous phase temperature (actual temperature,
T and the instantaneous apparent equilibrium temperature,
T,.). Note change in time scale of the horizontal axis from
Fig. 1a to 1b. T; (~1070 K) is the temperature where T,
begins to deviate from actual T and T, (~870 K) is the T
where the instantaneous 7. ceases to change with time. T,
of the quenched speciation is 973.7 K. Three stages for the
reaction can be distinguished. In the first stage (from T, to
T,), the homogeneous reaction rate is so rapid that instanta-
neous equilibrium is maintained (i.e., departure from equilib-
rium is negligible) as the temperature decreases. In the sec-
ond stage (from T to T,), the reaction continues but instanta-
neous equilibrium is not maintained; departure from instanta-
neous equilibrium increases with time. In the third stage
(from T, to T,), effectively no reaction takes place.

the temperature one obtains by calculating the
equilibrium temperature from the instantaneous
speciation. Fig. 1 shows how Ty, T,. and T, can
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be obtained (Fig. 1b) for a given cooling history
(Fig. 1a) [15]. Note that T, is well defined but T}
and T, are not; the latter depend on how precise
measurements can be made and how ‘noticeably’
and ‘effectively’ are defined. Therefore, even
though T, and T are conceptually useful, they do
not contain important information and cannot be
used in any quantitative fashion. Note also that
T,. is neither the colloquial ‘last equilibrium tem-
perature’ (the last temperature where equilibrium
was maintained, which is T;) nor the temperature
at which the reaction stopped (which is T,).

In this paper, I discuss the kinetics of some
model homogeneous reactions during cooling.
First the basic ideas are reviewed. Then reaction
time scales at a constant experimental tempera-
ture are discussed. Then reactions during cooling
are simulated and an analytical solution for a
special case is obtained. Examination of the simu-
lation results leads to a simple approximation
relating the cooling rate and the apparent equi-
librium temperature. These results are then com-
pared with some previous publications and ap-
plied to geospeedometry and structural relax-
ation.

2. Reaction at constant temperature
The kinetics of several model reactions at con-

stant temperature are reviewed here to prepare
for a discussion on the kinetics of reactions dur-

Table 2

ing cooling. The following five model homoge-
neous elementary reactions are discussed:

AoB (1)
A+BoC+D (2)
A+Be2C (3)
A+BeC (4)

2A«C (5)

where A, B, C and D are chemical species. Be-
causc these are elementary reactions, the order
of the reaction can be determined by summing
the coefficients of reactants and products, respec-
tively. Both the forward and backward reactions
of (1) and the backward reactions of (4) and (5)
are first order. Both the forward and backward
reactions of (2) and (3) and the forward reactions
of (4) and (5) are second order. Even though all
second-order reactions require diffusion to bring
two molecules together so that they can react
[e.g., 29], for simplicity the reaction rates are
assumed not to be limited by diffusion (due to
either relatively high diffusion rates or high abun-
dance of at least one of the two species). Many
homogeneous reactions of geological interest may
be one of the above five types. For example, the
intracrystalline exchange of Fe and Mg between
the M1 and M2 sites of orthopyroxene is gener-
ally written as a type (2) reaction [13-18). The
interconversion between OH groups and H,O
molecules (H,0 + O < 20H) may be a type (3)

The reaction progress parameter, relaxation time scale, and concentration evolution

Concentration expressed by &
Reaction [Al [B] (8] [D]

T B g(‘)

1.AoB [Alo-§ [Blo+E  — —

2. A+BoC+D  [Alo-E  [Blo-§ [Clot (Dot

3. A+B=2C  [Alo-€  (Blo-f [Clo+2f —
4. A+B&C [Alo-§ [Blo-§ [Clov§  —

5.2AeC [Alo-2§ — [Clo+§ -

V{ATAHBLYp([CHD].0))

1/{kATAT+{Bloo}+ks)

V(2kA[AHAL)45)

(krtks) E = £ (1-e o))

n328=8=) _ e k. By

E.(E-E2)

VABl R 2k(CHCL)  n2GE=5=) _ g 4k, e~

E.(E-E2)
n2G=8=) e

Eu(6~82)

lngf.igg—:i'“;% =4kf(§°° —éz)t
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reaction (but see [21]). For elementary reactions
not limited by diffusion, the results from this
paper can be applied directly. (However, the re-
sults from this work may not be applicable to
diffusion-limited or complex overall reactions.
Whether a reaction is elementary must be deter-
mined from experiment [30].) Extension to more
complicated elementary reactions is, in principle,
straightforward. In the following discussion, Re-
action (1) is used as an example unless otherwise
stated. Parallel developments for other reactions
are given in the appendixes.

The concentration of a species, such as species
A, is expressed as [A]l. The initial concentration
of A is [A],. The concentration at ¢ = = is [A], (at
constant T, [A], is the equilibrium concentration.)
The reaction progress parameter, £, is used to
characterize the extent of reaction at constant
temperature. Initially £ =0. Table 2 shows how
the concentration of each species involved in a
reaction is related to £. The equilibrium constant
for a reaction is referred to as K (i.e., for Reac-
tion 1, K =[B]/[A] at equilibrium). (For simplic-
ity, non-ideality is ignored in this paper; i.ec.,
concentrations are assumed to be equal to activi-
ties. Non-ideality can be incorporated if it is
characterized.) Whether or not the equilibrium is
reached, the same expression is referred to as Q
(i.e., @ =[B]/[A] for Reaction 1). In other words,
K means equilibrium speciation and Q means
actual speciation. The forward reaction rate coef-
ficient is referred to as k;, the backward reaction
rate coefficient as k,. Since the reactions are
assumed to be elementary, the rate law for Reac-
tion (1) is

dé
a = kf[A] - kb[B]

=ky([Alo—€) — ko([Blo + €) (6)

The temperature dependences of K, k; and k,
(K = k;/k,) are assumed to follow

K=Ay e 2H/RT (7
ky=A, e F/RT (8a)
kb =Akb e_Eb/RT (8b)

where AH is the enthalpy for the reaction, E;
and E, are the activation energies for the for-
ward and backward reactions (AH =E;—E,),
and Ag, A, and A, are the respective pre-ex-
ponential factors (Ag=A, /Ay ). Ay, Ap, E¢
and Ey will be referred to as the kinetic parame-
ters of a reaction. The instantaneous apparent
equilibrium temperature is calculated by Q = A,
e AH/RTw (je,, it is the temperature at which the
actual speciation would be the equilibrium speci-
ation).

Relaxation is the process of approaching equi-
librium. The relaxation time scale at a constant T
for a reaction is referred to as r, and is defined
by the following (e.g., eq. 9.4 in [31)):

dé §—£.

r

)

where £, is the equilibrium value of the reaction
progress parameter. In general, , is not constant.
If 7, is constant, it is the time required for the
departure from equilibrium, |¢é—£&.|, to de-
crease to 1/e times the initial departure, | £, —
£.1. Eq. (9) can be rewritten as

B dt
T T dmlE—E|

The relaxation time scale at a constant tem-
perature for Reaction (1) is derived below. The
time scales for the other four model reactions are
discussed in Appendix 1 and given in Table 2.
Rewriting (6) yields
d¢

5 = ~ (ke + k)€ + k[ Alo— ky[B]o

= —(kstk,)(£- &) (10)

where &, = (kJ{Al, — k[Bl,)/(k;+ k). The re-
laxation time scale for Reaction (1) is obtained by
comparing (10) with (9):

.= 1/(ke+ ky) (11)

which is independent of the species concentra-
tions at a given temperature. This independence
is only true for first-order reactions, and is not
true for higher order elementary reactions (see
Appendix 1 and Table 2).

(%a)
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 The solution for the concentration evolution of
Reactions (1) is obtained by integrating (10)

E=£ (1 —e rrhory | (12)

(i.e., equilibrium is approached exponentially).
The solutions for Reactions (2) to (5) are dis-
cussed in Appendix 1 and given in Table 2.

3. Reaction during cooling

The kinetics of a reaction during cooling are
complicated because k; and k, decrease as a
phase cools. Even though the rate law for Reac-
tion (1) is still Eq. (6), k; and k, in (6) vary with
T according to (8a) and (8b) and T is a function
of time. The following two cooling functions [15]
are considered:

Asymptotic: T=T_+ (T, — Tm)/(l +t/7)
(13a)

Exponential: T =T, + (T,— T.,) ¢™*/" (13b)

where T, and T, are the initial and final temper-
atures, and 7 is a constant of time scale. Similar
to (9a), the cooling (or quench) time scale (7,) is
defined as

ar 14

T T dIn(T-1.) | (14)
For exponential cooling, 7, =7. For asymptotic
cooling, 7,=7+¢. When 7,>0 K, t > does
not literally mean ¢ — o, but just some large ¢
that is no less than the age of the phase (< 4.5
Ga). This is because the reaction rate at 7, > 0 K
is not zero; hence as t — o (> 10'% yrs), equilib-
rium would be reached at T,. However, no infi-
nite time is available in our solar system. When
T. is sufficiently low (such as 300 K), reaction
rates for many reactions of geological interest are
so low that no noticeable reaction would take
place in a duration that is the same as the age of
the phase (< 4.5 Ga). Under these conditions
t — o just means a large + at which T = T,

Two important time scales are those for k;
and k, to decrease during cooling. These time
scales (7, and 7, ) are defined in a manner

similar to (9a) and are intimately related to the
instantaneous cooling rate:

dt
f_ d ln(kf_kf|t=on)
_ (kf_kf|t=oo) RT2
k, E, dT/dt
RT? 15
E, dT/dt (15)

Tk

Il

The expression for 7, is similar, except that E;
is replaced by E, (this is also true for Egs. 16a,
16b and 17). In (15), T and dT /d¢ are the instan-
taneous temperature and cooling rate and vary
with time. The approximation is good when T, is
sufficiently low so that k;> k;[,_. (for a typical
activation energy of 250 kJ and a T, = 300 K, the
approximation is better than a 10~7 relative pre-
cision when T > 360 K). ‘

Given a cooling history, 7¢, and 7, can be
expressed explicitly. For the asymptotic cooling
case with T, = 0 K, the reaction rate coefficients
decrease exponentially with time:

ki=ke e/, where k;y=A, ¢~Et/RTo,
The = TRT,/E; (16a)

where kg, is the initial reaction rate coefficient. If
T, > 0 K, the expression for 7, is

_ (kf_kflt=00) RT2
Tt k, E, dT/dt
RT*(T,- T.)
T

=~

(16b)

For asymptotic cooling, 7, and 7, depend only
on activation energies and T, if T,, = 0, but they
also depend on T and T, if T_,>0. For the
exponential cooling case, 7, can be expressed as

RT?

‘zT——_Ef(T—Tw) (17)

Tk
Unlike the asymptotic cooling case, 7, and Thy
are independent of T, for exponential cooling.
Given dependence of k; and k, on T and
given T(t), Eq. (6) and similar differential equa-
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tions for other reactions can be solved, in general
numerically. A fourth-order Runge-Kutta
method with adaptive stepsize control [32] is used
to solve the reaction kinetics equations. The nu-
merical scheme is as follows: From the initial
condition, advance time by a given amount (which
is determined by the program so that a relative
precision of 107° is achieved). Calculate T at the
new time from the assumed cooling history, ei-
ther (13a) or (13b). Then calculate k; and k,

from (8a) and (8b) using the new 7. Using new
and old k; and k, values, new £ can be calcu-
lated by integrating (6) with the Runge-Kutta
method. Hence new species concentrations and
instantaneous apparent equilibrium temperature
can be calculated. This procedure is repeated
until T, or the final time is reached. The final T,_
can be obtained from the calculated final (or
‘quenched’) speciation. Using this scheme, for a
given homogeneous reaction in a phase, 7,, can

Table 3
Simulation resulits
Reaction Rate coefficients Cooling history Tae
Run#® Ay® Ap® EJR  EJ/R Type® Ty T (1) 12)  Tall) Ta(2)
yr.l oyl K K K K yr yr. K K
la 10° 107 30000 25000 E 1500 300 10° 9.49x10* 974 972
1c 10° 107 30000 25000 E 1100 300 10° 9.49x10* 974 972
le 10° 107 30000 25000 E 900 300 10° 9.8IxI0°@ 898 972 @
1g 10° 107 30000 25000 E 1200 100 105 9.38x10* 983 981
1k 10° 107 30000 25000 E 1200 600 10° 997x10° 951 951
1i 10° 107 30000 25000 A 1500 O 10° 9.64x10° 971 970
1j 10° 107 30000 25000 A 1100 0 105 9.65x10* 982 981
1k 10° 107 30000 25000 A 1100 300 10° 9.96x10* 966 966
i 10° 107 30000 25000 E 1500 300 100 97 1276 1274
im 10° 107 30000 25000 E 1500 300 108 929x107 778 776
1n 10° 107 42000 35000 E 1500 300 10° 9.44x10* 1369 1366
lo 10° 107 18000 15000 E 1500 300 10° 9.71x10* 576 576
1p 10° 107 30000 28000 E 1500 300 10° 92328 1004 1001
1s 108 10° 30000 24000 E 1500 300 10° 1.02x10° 1076 1077
1t 1000 10 12000 6000 E 1500 300 1000 1033 776 779
1u 1000 10 15000 10000 E 1500 300 10* 1.04x10* 968 971
2a 10 107 30000 25000 E 1500 300 100 95 1281 1278
2b 10° 107 30000 25000 E 1500 300 105 9.6x104 974 973
2c 10° 107 30000 25000 E 1500 300 108 9.7x107 785 784
24 10° 107 30000 25000 E 1500 300 108 9.7x107 778 777
3a 10° 107 30000 25000 E 1500 300 100 95 1281 1278
3b 10° 107 30000 25000 E 1500 300 105 9.6x10¢ 974 973
3¢ 10° 107 30000 25000 E 1500 300 108 9.7x107 785 784
4q 10° 107 30000 25000 E 1500 300 100 94 1278 1274
4b 10° 107 30000 25000 E 1500 300 105 9.4x10%4 969 967
4c 10° 107 30000 25000 E 1500 300 108 94x107 775 774
5a 10° 107 30000 25000 E 1500 300 100 95 1259 1256
5b 10° 107 30000 25000 E 1500 300 105 9.5x104 960 958
5¢ 10° 107 30000 25000 E 1500 300 108 9.5x107 771 770

All calculations assumed initial speciation to be that of equilibrium at T,. 7(1) is the given 7 for the simulation. 7(2) is the 7
recovered from (20) using 7,,(1). T,(1) is T, obtained from the simulation. 7,,(2) is T, obtained from (20). ® The number refers
to the type of reactions (i.e., Reactions (1) through (5), the letter identifies the simulation (#). For example, Run 1a means
simulation ‘a’ for Reaction (1). ® For second-order reactlons, Ay, and/or 4, are replaced by CyA,, and/or CoAy,. © Type of

cooling histories: E is exponential; A is asymptotic.
The initial speciation has been altered from Run 2c.

@ The condltlons for applymg (20) are not satlsﬁed (T, is not high enough). ©
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be obtained given a thermal history. By varying
the parameter 7 in the cooling function, the
calculated final speciation can be made to match
the observed speciation in a phase. In this way,
cooling rates can be obtained.

An analytical solution can be obtained for (6)
in the form of an integral (see Appendix 2). In
the special case of E;= 2E, (this is not meant to
be realistic but the analytical solution is useful to
check the numerical scheme and to illustrate
important features of the problem), and T =
T,/(1 + t/7), the analytical solution takes a sim-
ple form of error functions. The solution is de-
rived in Appendix 2 and is given below:

[A] = [A]p e~(n' =™

+ Cofmn,, e’ [erfc(n) — erfc(ng)]  (18)
where
1

— + e~ Bl +1/7)/(RTo) (19)
K

A, 7RT,

n= E,

The numerical integration was checked by and
found to produce results identical to those of (18)
to the precision specified for the Runge-Kutta
method (10~ relative).

4. Simulation results

Numerical simulations were carried out to ex-
amine how T,, depends on T, T,, initial species
concentration, the type of cooling history, the
cooling time scale, kinetic parameters of the reac-
tion, and the reaction type. The simulations dis-
cussed below start with initial speciation that is
the equilibrium speciation at the initial 7', unless
otherwise stated. It is expected that for a given
reaction the final speciation (ie., 7,.) depends
primarily on the cooling rate at T, if T, is high
enough. For different reactions, it is expected
that T, increases with decreasing 4, and A,
and increasing E; and E,. These expectations
have been confirmed by Ganguly [15]. Dingwell
and Webb also reached similar conclusions based
on relaxation theory [28]. In this study the de-
pendence of 7,, and the cooling rate at T=T,,

on other parameters is examined in more detail.
The goal of these simulations is to find a func-
tional relation between 7,, and other parameters.
The simulation results are summarized as follows:

(1) For exponential cooling, the final T, is
independent of T, as long as 7, is high enough
(Runs 1a and 1c in Table 3) [15]. For asymptotic
cooling, the final T,, is slightly dependent on T,
even when T, is high enough (Runs 1i and 1j in
Table 3). Since 7, and 7, are independent of T,
for exponential cooling but dependent on T, for
asymptotic cooling (Eqgs. 16 and 17), one may
guess from these simulation results that T, is
related to Tk, and Thy: This guess is confirmed by
simulations to be discussed subsequently and is
the basis for a functional relation between T,
and other parameters (see next section).

(2) The T,. depends slightly on T, (e.g., Runs
1g and 1h and 1j and 1k in Table 3), again
suggesting T, is related to 7, and 7 .

(3) For Reaction (1), the initial speciation does
not affect the final 7,, as long as 7, is high [15].
For other types of reactions, the initial speciation
has a small effect on 7,, (Runs 2c and 2d in
Table 3).

(4) The T,, depends weakly on the type of
cooling history (Runs 1c and 1k in Table 3) [15].

(5) For a given reaction, cooling time scale has
a major effect on the final T, [15].

(6) Activation energies for the forward and
backward reactions and the pre-exponential fac-
tors have a major effect on the final 7, [2].

(7) For Reaction (1), the overall concentration
level does not affect T,,. For second-order reac-
tions, the overall concentration level, such as the
value of [A]+[B]+[C]+[D] for Reaction (2),
affects T,.. This is because the rate coefficients
for second-order reactions have dimensions that
contain the dimension of concentrations. A way
to effectively compensate this dependence is to
use Cyk; and Cyk4, [13-18] which has the dimen-
sion of ¢~! (the same as the dimension of k; and
k, for first-order reactions) where C, is a con-
served concentration factor and is defined such
that the relaxation time scale for first- and sec-
ond-order reactions are comparable. The C, for
each second-order reaction is defined in Ap-
pendix 1. When those Cyk; and Cyk, are used
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for second-order reactions, T,, for second-order
reactions is similar (but not identical) to that for
Reaction (1) for the same temperature depend-
ence of reaction rate coefficients and same cool-
ing history (e.g., compare 1la, 2b, 3b, 4b and 5b in
Table 3).

5. Relationship between cooling rates and relax-
ation time scale

A general functional relation is sought to re-
late the kinetic and cooling parameters and the
final speciation based on the simulation results.
The simulation results show that all parameters
which affect 7, and 7, also affect T, suggest-
ing that T, is related to 7, and 7, . Further-
more, since 7, and 7, are the time scales for k;
and k, to decrease, one may intuitively think that
at T=T,, the time scale for the forward reaction
is roughly 7x,» and the time scale for the back-
ward reaction is roughly T, Hence, at T=T,
the relaxation time scale for the whole reaction is
roughly max('rkf, ka)’ the greater of Tk, and Thy
ie, 7(T,)=max(r,, 7). Appendix 2 shows
that this is approximately the case based on the
analytical solution for Reaction (1) with asymp-
totic cooling and when E;=2F,, T, =0 and 7,
> 1. Simulation results show that 7, = max(r,,
ka) is roughly applicable when E;=2E,. When
E;# 2E,, the following expression,
Tr(Tae) = maX(ka |T= Toer Tky, |T=Tu)

2 min( E;, Ey)

max( E;, E,) °
is found to hold approximately if 7, is high
enough so that 7.(7,) is much shorter compared
to 7, and 7, . (If T is not high enough, equilib-
rium is not reached even at the peak temperature
and the final speciation is expected to depend on
the initial speciation and the detailed cooling
history. Therefore, no simple relation is expected.)
Inserting approximation (15) into (20) yields
2 min( E;, E,)

(20)

Tr(Tae) = max( ka’ ka)

max( E¢, Ey)
2RT36 7’;5 (21)
max( E;, E,) ¢q

where g =(~dT/dt)| 7-r,. Therefore, the cool-
ing rate can be calculated from

2RT, T,

ae ae

q=
max(Ef’ Eb) 7'r(Tae)

(22)

Cooling rates at T,. can hence be calculated
easily from T, if the temperature dependence of
ks and ky is known. If 7(7,.) can be estimated
(e.g., by carrying out kinetics experiments at T =
T,.), g can be approximately estimated even if E;
and E, are not known. A reasonable estimate of
max(E;, E,)/R of 10,000-40,000 K (correspond-
ing to an activation energy of 83-333 kJ/mol)
yields an error of a factor of 4 in the calculated
cooling rate that can often be tolerated. Given
the type of the cooling history, such as the asymp-
totic or exponential cooling, the time constant (r)
in the expression can be estimated from the cool-
ing rate.

To evaluate the applicability of (20)-(22), Table
3 compares the given cooling time scale and that
recovered from (22). The relative precision in
retrieving cooling rates or the time constant in
(13a) and (13b) is < 20% when 7}, is high enough
for all five model reactions (Table 3). On the
other hand, given a cooling history, 7,, can be
calculated from (20) with an error of only a few
degrees Kelvin. Experimental calibrations of ho-
mogeneous reactions to retrieve 7,, normally have
an error of 5-10°C at high temperatures. Hence,
the errors caused by approximation (22) are
smaller than experimental uncertainties. Since 7,
depends strongly on T,., a small error in T,
(such as 10°C) causes a large error in 7, and
hence g (such as a factor of 2 to 3). On the other
hand, a relatively large error on g or 7, causes
only a small error in 7, [1,2]. Worked examples
for calculating g from 7, are given in Appendix
3.

6. Comparison with previous methods

Several research groups have developed nu-
merical schemes to relate cooling time scales to
the apparent equilibrium temperature of a homo-
geneous reaction. Seifert and Virgo [14] used the
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temperature~time-transformation method for in-
tracrystalline exchange of Fe and Mg. This treat-
ment was refined by Ganguly [15]. Both methods
are based on the direct application of the reac-
tion Kkinetics. Methods to treat reaction kinetics
based on glass transition theory have also been
proposed or used for the interconversion of H,O
and OH [28] and the interconversion of different
Q,, species [27], the merit of which will be dis-
cussed later.

In the temperature—time-transformation
method developed by Seifert and Virgo [14], an
initial speciation is given which corresponds to
speciation at a reasonable high temperature. The
time to reach the observed speciation (such as
concentration of Fe in the M1 site in orthopyrox-
ene) from the given initial speciation is calculated
at different temperatures. The results (T vs. ¢
required to reach the observed speciation) are
plotted on a T vs. log(t) diagram. A set of
cooling history curves (with different 7) are also
plotted on the same diagram. The cooling history
curve tangential to the curve of the observed
speciation is assumed to give the cooling history
of the sample. This method is approximate be-
cause it assumes that the time to reach the ob-
served speciation during cooling to a given tem-
perature is the same as that at the given constant
temperature [15]. In practice, it often recovers 7
to within a factor of 2 of the accurate 7. For
example, consider a second-order reaction of Fe—
Mg exchange between M1 and M2 sites in an
orthopyroxene crystal. T, = 540 K [17] given 7=
1x 108 yr, T, =300 and T,> 580 K (recall that
T, does not affect T,, as long as T, is high
enough). The 7 recovered from the tempera-
ture—time—transformation is 6.1 X 107 yr assum-
ing T, =740 K, and 7 X 107 yr assuming T, = 700
K. Eq. (20) in this paper is also an approximate
method. It is simpler and provides a better ap-
proximation than the temperature—time-trans-
formation method. For example, 7 recovered by
Eq. (20) is 9.1 X 107 yr, only 9% lower than the
given 7 of 1 x 10® yr.

1In the method developed by Ganguly [15], the
cooling history is divided into many small time
divisions. In each time division, the temperature
is assumed to be constant and the reaction

progress in that time division is calculated. The
method can be made to reach a given precision if
sufficiently small time steps are chosen. The dif-
ference between the Ganguly method and the
numerical method used in this work (fourth-order
Runge-Kuda with adaptive stepsize control) is
minor and technical. The scheme used in this
paper is a standard routine for solving ordinary
differential equations and is more general for
different reactions. Besides considering more
cases of reactions, a major goal of this work is to
find a functional relation between cooling rates
and T,, (and the kinetics of the reaction) from
the simulation results.

In summary, the temperature—time—transfor-
mation of Seifert and Virgo [14] is more compli-
cated and does not provide as good an approxi-
mation as Eq. (22). The difference between Gan-
guly’s method [15] and the algorithm here lies in
the numerical scheme. The simple Eq. (22) pro-
vides a fairly accurate approximation between
cooling rate and 7, as long as T, is high enough.
If the cooling history is complicated and if equi-
librium is not reached at the peak temperature,
the full numerical method must be used.

7. Application to geospeedometry

Obtaining cooling rates and cooling history by
using Eq. (22) is straightforward. Given a specific
reaction, the final speciation is directly measured
and hence T, is directly obtained if the equilib-
rium of the reaction is characterized. If the reac-
tion is elementary and the kinetics of the reaction
are characterized, g can be obtained using Eq.
(22). (If the reaction is not elementary, calculat-
ing g may require more complicated procedures.)
If there are several homogeneous reactions in
different phases which record different T,
dT/dt (and hence dt/dT) at several T can be
obtained. Integrating the d¢/dT vs. T curve, the
t vs. T history (i.e., the cooling history) can be
constructed, except for an integration constant
that must be determined independently (e.g., the
age of the rock at the peak temperature). A
major limitation in using this method is that at
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present only relatively few homogeneous reac-
tions have been studied. This limitation may soon
be overcome because more workers are now in-
terested in homogeneous reactions [e.g., 16-
18,21,23,27]. This paper provides a simple method
for the application of such data and hopefully will
stimulate more work in characterizing homoge-
neous reactions.

This geospeedometry method is similar to that
using cation exchange between two phases [5,6] in
that both determine only the cooling rates but
not the absolute age. The latter method requires
high-resolution of diffusion profiles (especially
near the rim of a mineral) which are fit to obtain
the y' parameter [5] and cooling rates. Therefore,
obtaining cooling history from homogeneous re-
actions is much simpler, and may have a brighter
future. The geospeedometry method using the
loss of radiogenic nuclides [1-4] has the advan-
tage of determining directly the age at 7 (the
closure temperature). 7, is then evaluated from
kinetic data and grain/domain sizes (from either
independent estimates or the age spectrum). From
several minerals, a T vs. ¢t (age) curve (i.e., cool-
ing history) can be obtained. The radiogenic sys-
tems give T vs. ¢ history while the reaction kinet-
ics method and other diffusion-based methods
give the differential property d7/d¢.

All methods of geospeedometry ultimately re-
quire experimental calibration of rates at differ-
ent temperatures, pressures and compositions.
Since many natural cooling processes are slow
(time scale of the order of millions of years) and
experiments can at most be carried out for years,
experimental data inevitably must be extrapo-
lated down to lower temperatures for application
to geological systems. The large extrapolation re-
quired is a serious limitation to all geospeedome-
ters. For diffusion-based techniques, the limita-
tion may be circumvented because diffusivities
can be determined from experimental profiles
much shorter than those in nature (and hence
requiring much less time to produce). For homo-
geneous reactions, the extrapolation poses a more
severe problem. However, cooling time scales for
volcanic eruptions are similar to experimental
time scales. Therefore, the geospeedometry
method can be calibrated very well to study ther-

mal histories of volcanic glasses and hence help
to understand volcanic eruptions.

8. Application to glass relaxation theory

Materials scientists have studied glass relax-
ation and sought a general relation for the struc-
tural relaxation time scale at a given experimental
temperature. Many empirical relations have been
proposed (e.g., egs. 9.26, 9.28, 10.10, 11.13, 11.16,
11.18, 11.24, 11.25 and 11.28 in [31]) and none is
perfect. What the expressions have in common is
the dependence of relaxation time on both the
experimental temperature and the apparent equi-
librium temperature (i.e., fictive temperature, us-
ing the terms of the glass scientists). From the
point of view of reaction kinetics, this section
discusses some of the difficulties in trying to
obtain a general expression for structural relax-
ation time scales.

It has been realized that structural relaxation
involves many separate processes (p. 135 in [31]),
i.e., structural relaxation involves many homoge-
neous reactions. For example, for a silicate glass,
the structural relaxation probably involves the
interconversion between bridging and non-bridg-
ing oxygens (O°+ 0? =20~ where O° is a
bridging oxygen, O%~ is a free oxygen ion and O~
is a non-bridging oxygen bonded to Si or Al),
interconversion of different @, species such as
0,+0,=20Q; [27], and interconversion of hy-
drous species such as H,O0+O=20H [19-
21,28], etc. To obtain an understanding of the
structural relaxation time scale (i.e., an overall
time scale for the relaxation of many reactions) it
is instructive to examine the relaxation time scale
of individual reactions.

(i) The relaxation time scale for Reaction (1) is
given by (11). The temperature dependence of
the relaxation time scale can be obtained by
combining (8) and (11):

eEv/RT

(23)

where T is experimental T. Reaction (1) is the
simplest chemical reaction and even in this sim-
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ple case 7, is a complicated function of experi-
mental 7. Only in a small temperature range or
when AH is small can (23) be reduced to a
simple exponential dependence of 1/T.

(ii) The relaxation time scale for Reaction (2)
is given in Table 2. Combining this scale and (8),
the temperature dependence of the relaxation
time scale for Reaction (2) is

7. =1/[ Ay, e 5/*([A] + [B].)
+4,, e75/F([C] + [D].)] (24)

For this second-order reaction, the relaxation
time scale depends on the experimental 7, the
instantaneous speciation (which determines the
instantaneous T,,.) and the equilibrium speciation
(which is related to the experimental tempera-
ture). The complicated dependence is also true
for Reaction (3)-(5) and is consistent with the
conclusion of materials scientists that the struc-
tural relaxation time scale depends both on the
experimental temperature and the instantaneous
fictive temperature [31] if structural relaxation
involves second-order chemical reactions. How-
ever, the functional form of the dependence is
complicated (even for this simple second-order
elementary reaction) through the dependence of
species concentration.

(iii) Density relaxation (fig. 9.4 in [31]) has
been found to have time scales depending on the
initial fictive temperature. This behavior was ex-
plained by a more open structure of the glass
when initial distribution reflects a higher T, [31].
However, it is not necessary to invoke such an
explanation because even a simple elementary
reaction may approach equilibrium from different
directions with different time scales. An example
is the reaction H,O + O = 20H, which may be a
type (3) reaction. Assuming that the reaction is
elementary, Fig. 2 plots —In(Q /K) vs. 4k t[water]
(where [water] is the total water content, which is
constant). When the initial distribution reflects a
T,. that is higher than the experimental T, equi-
librium is approached rapidly; when the initial
distribution reflects a T, that is lower than the
experimental T, equilibrium is approached slowly.
The behavior is the same as that observed for
density relaxation (compare Fig. 2 with fig. 9.4 in

6 T T L) T
H,0+0=20H

K=0.1, [water]=0.006

2 -
o~
X
Q 0 f-mmmmmmmmmmeooeos
S’
=
21 .
4 [High Tg, ]
_6 1 1 L ]
0 0.2 0.4 0.6 0.8 1

4kst [water]

Fig. 2. Calculated evolution of InQ vs. ¢ for the model
reaction H,O+ O = 20H assuming the reaction is elementary
(ignoring complexities discussed in [21]). Note that if Q is
initially greater than K (high T,.), equilibrium is reached over
a shorter time scale; if Q is initially smaller than X (low T,.),
equilibrium is reached over a longer time scale. This figure
has the same features as those in fig. 9.4 of Scherer [31].

[31]. The above discussion is not meant to imply
that the reaction H,0 + O = 20H controls den-
sity. The validity ‘of the above discussion is inde-
pendent of whether the reaction H,0 + O = 20H
is elementary. The calculation shows that if a
simple type (3) reaction controls the density vari-
ation, the behavior shown in fig. 9.4 of [31] is
expected. If more complicated reactions control
the density, they too may result in the behavior in
Fig. 9.4 of [31].

(iv) Some elementary homogeneous reactions
may be diffusion limited [29]. Some reactions may
not be elementary, and may have complicated
reaction paths [30]. In these cases, the relaxation
time scale of the reaction is even more complex.

Because structural relaxation likely involves
many reactions of different orders, of different
relaxation times scales, and of complicated reac-
tion mechanisms, the structural relaxation time
scale is a complicated issue and should in general
be a function of the experimental temperature,
overall composition and detailed speciation
(which is related to T,.). It is no wonder that the
search for a general theory of the structural relax-
ation time scale has not been very successful even
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though some empirical equations have been found
to work well under certain conditions [31].

9, Caveat in applying glass transition theory to
chemical reaction Kinetics

For a reaction, 7,, depends on the reaction
law and the kinetic parameters. Therefore, T,,
calculated from one reaction or process (such as
melt—glass transition) is likely to be different
from the T,, of another reaction or process, al-
though the glass transition temperature may pro-
vide a rough estimate for the T,. of a reaction.
Some authors have applied glass transition theory
to understand the kinetics of homogeneous reac-
tions such as H,O+ O=20H and Q,+Q,=
2Q, [e.g., 27,28]. This is helpful when the kinetics
of a reaction is overlooked or when kinetic data
are not available. The approach probably pro-
vides a first-order approximation for the rate of a
reaction but does not provide an accurate de-
scription of the kinetics.

Another problem associated with the applica-
tion of glass transition theory to reaction kinetics
is the proposed relationship between cooling rate
g and the relaxation time scale 7, of a reaction
(such as interconversion between H,O and OH).
Dingwell and Webb [28] proposed characterizing
the relation by

10"3Pa K

G @

where G, =~10Y%% Pa (and hence 10!'? Pa
K/G, =207 K). For rhyolite, they [28] ob-
tained G, =25 GPa based on the G, of silica
glass and the effect of Al and alkalies. Comparing
(a) with (22) yields

2RT,?
max(E, E) 1013+05K ~ 208K (b)
For rhyolite,
2RT,’
max( E;, Ey) ”

Clearly, (b) and (c) are not always the case, and
hence neither is (a) always the case. For a T,, of

8K (©)

850 K and E;/R ~ 30,000 K, the error in estimat-
ing 7, using (a) and G, =25 GPa can be esti-
mated from (c) to be a factor of 6 (the left side of
Eq. (c) has a value 6 times that of 8 K). An error
of a factor of 6 in 7, causes an error of 45°C in
T,. (using a rough exponential relation) which
may sometimes be tolerable. Dingwell and Webb’s
approach [28] also assumes that the mixing be-
tween OH, H,O and O species is ideal, which has
been shown to be slightly in error [20].

Melt-glass transitions probably involve the
quenching of many homogeneous reactions that
may have different T, for a given quench rate.
This is complicated. Structural relaxation theory
is still in its infancy. Reaction kinetics can be
understood in general and quantified in specific
cases when reaction rate coefficients are known.
When a reaction has not been characterized well,
it is useful to use glass relaxation theory to roughly
estimate the quench effects [28]. However, the
best way to characterize the equilibrium and ki-
netics of a reaction is through careful experimen-
tal study [e.g., 20,21].

Eq. (22) is based on simulations of five model
elementary reactions. It may also be applicable to
complicated elementary reactions and to struc-
tural relaxation which involves many reactions
(but the applicability must be shown by compar-
ing Eq. (22) with experimental data). If applica-
bility can be shown, the structural relaxation time
scale and the cooling rate can be related through
Eq. (22), which may provide a more accurate
description of the relaxation process than Eq. (a).

On the basis of the above discussion, it is more
productive to study the relaxation of homoge-
neous reactions directly and to study glass relax-
ation using the idea of reaction kinetics, instead
of the other way around.

10. Conclusions

This paper has examined in detail the kinetics
of homogeneous reactions during cooling and the
application to geospeedometry and structural re-
laxation theory. An analytical solution was ob-
tained in a simple case and in more general cases
the reaction progress during cooling requires nu-
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merical simulations. Simulations of the kinetics of
five model homogeneous elementary. reactions
have been carried out and the results have been
synthesized into a simple Eq. (22), which relates
cooling rate to the apparent equilibrium tempera-
ture (and the kinetic parameters of the reaction).
Therefore, given a well-characterized homoge-
neous elementary reaction and a measured speci-
ation, an apparent equilibrium temperature can
be calculated and the cooling rate at this temper-
ature can be estimated. By examining several
homogeneous reactions, the cooling history of a
rock can be obtained. This approach is conceptu-
ally and theoretically simple and does not require
sophisticated numerical schemes. The major task
is. to characterize the equilibrium and kinetics of
the homogeneous reactions. If enough homoge-
neous reactions can be characterized, inferring
cooling rates from their kinetics is easy, simple
and elegant. I hope that this work will encourage
a concentrated effort in understanding and char-
acterizing the kinetics of homogeneous reactions
in minerals, melts and glasses.

Some authors have discussed the kinetics of
some homogeneous reactions using the ideas of
melt—glass transition. Because melt—glass transi-
tion likely involves the relaxation of many reac-
tions their approach is not accurate, although it
may be helpful in cases when the reaction was
not characterized. The best way to understand
the equilibrium and Kkinetics of a reaction is
through careful experiment. It may be more pro-
ductive to study melt—glass transition using the
ideas of reaction kinetics, instead of the other
way around.
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Appendix 1: Relaxation time scale and concentration evolution at constant temperature

Reaction (2): A+ B C+D

Using the reaction progress parameter ¢, the rate equation is

d _
& k(AL ~ §)([Bls— ) ~ ky([Clo +€) (D] +£). (AL)
Expansion ‘of the right side of (A1-1) gives
d' .
_f = (k¢ _vkb)fz — {k¢([Alo + [Blo) + ko([Clo + [Dlo) }¢ + k¢ [Alo[Blo ~ &,[Clo[D]o (Al1-2)
The right side of (A1-2) is a quadratin with respect to £. The two £ values‘ that satisfy |
(k¢— k)£ — {ks([Alo + [Blo) + ku([Clo + [Dlo) }¢ + ks[Alo[B]o — k5 [C]o[D]; = 0 (A1-3)

are referred to as ¢, and &,, one of which is the equilibrium £ (i.e., £,). Let £, be £.. Using &, and &,,

(A1-2) can then be rewritten as
déyde= (k= k) (- &)(6— §2)
If we compare (A1-4) with (9), then
1

(kf_k,b)(fz _f)

T =

(Al-4)

(A1-5)
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&, — £ can be replaced by concentrations of the species in the following way Using the relation between
the sum of roots and coefficients of a quadratic,

k¢([Alo + [Blo) +k4([Clo + [D]o)

bt &= (k;— k) (A1-6)

The denominator in (Al-5) can be written as
k:([Alo + [Blo) + ku([Clo + [D]o
(kf“kb)(§2‘§)=(kf“kb) ([ ] +[ ])i ([ ] +[ ])—fw—g ’
(ks—ky)
=k¢([A]. + [B]) + k4([Cl.. + [D]) (A1-7)

Therefore

T, = . : (AL-8)

k¢([Al.+ [B]) +&y([C] + [D])

(A1-8) shows that 7, at a constant temperature depends on both the instantaneous and the equilibrium
distribution. This is true for other second-order reactions. For a rough estimate of 7, near equilibrium,
one may replace [B] and [D] in (A1-8) with [BL, and [D]..

The dimension of k; and k, for second-order reactions contains that of concentrations, which is
sometimes inconvenient. A way to circumvent this is to use Cyk, instead of k. [13-18]. For Reaction (2),
the quantity [A] + [B] + [C] + [D] is a conserved quantity (meaning that it is a constant during a reaction)
and may be used as C, [13-18]. In this paper, I define [A]+ [B]+[C]+[D]=2C, so that both
[A]l, +[B'] and [C'], +[D’] in the following equation are of order 1 quantities. Using this definition,
(A1-8) can be written as

1
"7 Coke([A). + [B]) + Coko([C']. + [D'])

where [A]=[Al/C,, [B']1=[Bl/C,, [C']=[C]l/C, and [D']=[D]/C, are ‘normalized’ concentrations;
i.e., they are fractions when the total [A']+[B'] + [C'] +[D’] is made to equal 2. (A1-9) is comparable
with (11) when Cyk; and Cyk, are used for second-order reactions (and k; and k, are used for
first-order reactions), which makes many numerical calculations comparable.

The concentration evolution can be obtained by integrating (A1-4):

G(6-&)
lnm—(kf ky)(6o— €)1 (A1-10)

T

(AL9)

Reaction (3): A+ B < 2C

The following derivations are not given in detail because they are similar to those of Reaction (2). The
rate equation for Reaction (3) is

d¢ .

— =k;([Alo— €)([Blo— ¢) — ky([Clo+28)° = (k¢ — 4k, ) (£ — £) (£~ £,) (Al1-11)
The relaxation time scale is

T 1 ! (Al1-12)

"7 ky([AL + [B]) + 2k, ([CL.+[C]) ~ Coky([AL. + [B]) +2Coko([C1. + [CT) .



388 Y. Zhang / Earth and Planetary Science Letters 122 (1994) 373-391

where [A] + [B] + [C] is a conserved quantity and is defined to be C, (not 2C,) so that both [A'], + [B']
and 2([C'], + [C']D are order 1 quantities.
The solution for the evolution of ¢ with time is

§2(§—§m) _ _ _ R
1nm—(kf dky) (€. — €Dt (A1-13)

Reaction (4): A+BeC

The rate equation is

dé¢

— =ks([Alo— £)([Blo— &) — ky([Clo+ £) =ke(£ - £)(£— &) (A1-14)
The relaxatlon time scale is

Ty = ! : (Al1-15)

ko([Al.+[B]) +ky  Cok([Al+[B]) + &y

where [A] + [B] + 2[C] is a conserved quantity and is defined to be 2C,, so that [A'], + [B'] is an order 1
quantity. The backward reaction is a first-order reaction and hence the rate coefficient is not multiplied
by a concentration factor.
The solution for the evolution of ¢ with time is
£(6— &)

e T e Al-16
ngm(g_gz) f(gco §2)t ( )

Reaction (5): 24 = C

The rate equation is

d
S k(AL ~ 26)? Ky ([Cla+ £) = Hhs(E — £)( — £5) (AL-17)

The relaxation time scale is thus

1 : 1
£ 2ki([A. +[A]) +ky,  2Ck([A] + [A]) + K,
where [A]+ 2[C] is a conserved quantity and is defined to be C, so that 2((A], +[A']) is an order 1

quantity.
The solution for the evolution of ¢ with time is

§2(§—§w)
22> Ak(£ — Al-19
Ne(E—g) il &) (A-19)

T (Al-18)

Appendix 2: Kinetics of Reaction (1) during cooling

Consider Reaction (1) with reaction rate coefficients given by (8a) and (8b). Let C, = [A] + [B] = [A],
+ [B], which is conserved in the reaction. Let T = T(¢). Then k;, k, and K are also functions of ¢.
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Reaction during cooling can be described by
d[A]/dt = —k(1)[A] + ky(£)[B] = — {k(2) +ko(2)}[A] + ky(£)C (A2-1)
subject to the initial condition that [A],_, = [Al,.
The general solution to ordinary differential equation (A2-1) is:

f Thde"y+ien (] ar”

[A]l= {[A]0+C f ky(t') e dt’} e~ flkdI k(e ar (A2-2)

Assuming T =T,/(1+t/7), k; is given by (16a) (and k, by a similar expression except for a different
activation energy). Carrying out the integration in (A2-2) gives

[T + ey (#)] 1 = kegri (1= €7/75) + kygre (1= €7/ (A23)
Insert (A2-3) into (A2-2) and let p=ky/ko=1/Ky, v=1 /7, =E¢/E,, and u=e ~*/™ (and
wW=e—"""%; hence U |y—0=1, U |y-w=0, and du/' = —udt/'rk) Then

(A1 = (LAl €5 hui £ oy, e hureTm) dut ) kst (A24)

u

The integration in (A2-4) can be expressed as an error function if y=2 (i.e., E,=AH, E;=2E, and
&, = 2T,)- Let ¥y =2 and let

n*= kg u+ p)’ = ki (e o+ ;1,)2 (A2-5)
then

1 lemo = 19" = keori (1 + )° (A2-6)
and

N |imm = ’flaoz = kfo"'kfl-’v2 (A2-7)
Note that n, <n <n,. It follows that

[A] = [A]y e~ + Cofmrn,, €7 [erfc(n) — erfe(no)] (A2-8)
Hence

[A). = [A], e~ ™"~ + CoVar 7, €™ [erfe(n,) — erfe(mo)] (A2-9)

(A2-8) shows how [A] evolves with time and (A2-9) shows what the final [A] is. If 7, is high,
erfc(n,) < erfe(n,,) and [Alye ~@mo*=m’ g negligible (i.e., [Al, does not affect the final speciation).
Under these conditions, (A2-9) becomes

[Al. = CoVmr ., €™ erfe(n.) (A2-10)
If > 1, then

[Al. = C,|1 L2 > Col1— — (A2-11)

o= - - +...|= -— -
| o2nt (202 (2n.2)° U 2

I now show that 7, (T,.) = max(r, , 7, ) = 7, . From (11),

1
Tr(Tae) = Af C_Ef/RT“+Ab e_Eb/RT:c (A2-12)
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Since A e —24H/RTa =[B], /[Al, (definition of T,,),

e_Eb/RTae = e_AH/RTac = —— A2-13a
Ak [Al. ( )
1 [Bl.\?
e-Ef/RTa =e_2AH/RTae= JE— A2'13b
Therefore,
' Ak [Al. [Al-
Ty Tae = =7 A2-14
(Tee) p { 1 [B]m}2+A 1 [Bl. 4 [Bl. G, ( )
| 4k [Al *Ag [Al.
Using (A2-11), [AL, /[Bl, = 27.” — 1. Therefore,
Ay 1 Ay Ag ko Tk :
T,) =~ —(2n.. - 1)|1- =~—29, = — = = A2-1
7 Te) Ab( T )( anz) 42" T A 2k, e (A2-15)

This ends the proof that 7, (T,,) = 7, = max(7, , 7, ).

Appendix 3: Worked examples of calculating cool-
ing rates from apparent equilibrium temperature

Example 1

If k;=10° (yr~1) e73%0/T and k, =107
(yr™1) e 72009/T for a first-order reaction A < B,
if T, calculated from measured speciation is
1000 K, calculate cooling rate q.

(i) From (11), 7(T,.) = 4302 yr. From the ap-
proximate equation (22), g = 0.0155 K/yr.

(i) Using full numerical simulation and an
asymptotic cooling history (T, = 300 K, T, = 1300
K), 7 is found to be 31592 yr. Therefore g =
0.0155 K/yr. Increasing T, decreases 7 but does
not change q.

(iii) Using full numerical simulation and an
exponential cooling history (7, =300 K and T, >
1200 K), 7 is found to be 47487 yr. Therefore
q=0.0147 K/ yr.

Example 2

Consider reaction Fe(M1) + Mg(M2) <
Fe(M?2) + Mg(M1) for sample MD94 of Skogby
[17). Cok;=0.655 h~! = 5829 yr~! at 650°C (note
that the definition of C; here is different from
that in [17] by a factor of 2). Assume E;= 260

kJ/mol. Then Cyk;=3 x 108e734273/T and
Cok, =4x108e=3370/T  The observed T, =
762°C. Find g ([17] gives g =19°C/min using
Ganguly’s method).

(1) From (22) and using the species concentra-
tion given by [17], g = 24°C/ min.

(i) Using full simulation and an asymptotic
cooling history, 7,=1200 K, 7,,=300 K, 7=
0.000051 yr, and g = 22°C/ min. Changing T, to
0 K gives 7=0.000078 yr and g = 22°C/min.
Increasing T, does not change q.

(iii) Using full simulation and an exponential
cooling history with T; = 1200 K and T, = 300 K,
7 =0.000065 yr and g = 22°C/ min.

The full simulation results are slightly different
from the result of Skogby [17], probably due to
the slightly different kinetic parameters that he
used or a lower precision in his calculations.
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