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Abstract

This paper considers kernel-based nonparametric estimation of panel models using local linear
least squares, when both the fixed individual effects and the time effects present. The marginal
effect is of the main interest. A within-group type nonparametric estimator is developed, where
the within transformation is based on locally weighted average. For nonparametric fixed-effects
models, it is shown that conventional within transformation or first difference render panel
nonparametric estimators biased and the bias does not degenerate even with large samples.
The proposed estimator, on the other hand, not only achieves the degenerating approximated
bias of the order h? but also has the approximated variance of the order 1/NTh?. The optimal
bandwidth parameter is also obtained to be of the order (NT)71/7. The new estimation is
applied to examine the nonlinear relationship between U.S. income and nitrogen oxide / sulfur

dioxide emissions (i.e., the environmental Kuznets curve).
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1 Introduction

Nonparametric specifications in panel data models are widely used in empirical studies. Since the non-
parametric estimation normally requires large number of observations, which is mostly the case of panel
data, it is desirable to use panel data in nonparametric analysis. It is true that, however, not much at-
tention has been given to theoretical analysis of nonparametric panel regression models, especially when
the regression models include unobserved heterogeneity (i.e., unobserved individual effects such as fixed
effects and random effects). See Lee (2007) for nonparametric or semiparametric panel literature allowing
for individual effects.

Fixed effect is the unique feature of panel data models and it is assumed in most of the empirical
panel regression models. Treating fixed effects, however, is not an easy problem in general; we need
to eliminate them before estimation, otherwise the estimation suffers the incidental parametric problems
(Neyman and Scott, 1948). In the context of the nonparametric regression with fixed effects, Ullah and Roy
(1998) proposed to use either the conventional within transformation or the first-differencing after linearly
approximate the (unknown) nonlinear panel regression. It was expected that such local linear estimators
based on the within transformation or the first-differencing would satisfy the standard properties of the
local polynomial estimators.

This paper shows that, unfortunately, such a conventional approach would not work in the panel
nonparametric regressions and it will produce biased and inconsistent estimates especially for the marginal
effects (i.e., the first derivative of the unknown form of the conditional expectation). As an alternative,
we propose a different type of within transformation (local within transformation), which only depends
on the local information of each observation using locally weighted averages. It is shown that the newly
proposed estimator is asymptotically unbiased and consistent as the standard local polynomial estimators.
More precisely, the proposed first-derivative estimator not only achieves the degenerating approximated
bias of the order h? but also has the approximated variance of the order 1/NTh?. The optimal bandwidth
parameter is also obtained to be of the order (NT)71/7.

The new estimation is applied to analyze the nonlinear relationship between emission and income
(i.e., the environmental Kuznets curve) using U.S. state-level panel data on nitrogen oxide and sulfur
dioxide emissions. The estimation results demonstrate inverted U-shaped relationship between emission
and income in general, which affirms the environmental Kuznets curve hypothesis: at some initial phases
of income, pollution level grows with income; but beyond some threshold level of income, pollution level
goes down with income.

This paper is organized as follows. Section 2 introduces the basic model and discusses why the stan-



dard within-transformed local linear estimation does not work. In Section 3, the locally weighted within
transformation is developed and a new local linear estimation is proposed. The statistical properties of
the newly proposed nonparametric estimator are also studied. In Section 4, the fixed-effects model is
generalized to include the fixed time effects and the modified local linear estimator is developed. In Sec-
tion 5, Monte Carlo experiments are conducted to compare the newly proposed nonparametric estimation
with the conventional panel nonparametric estimation. Section 6 presents the application and Section 7

concludes this paper with some remarks. All the mathematical proofs are collected in Appendix.

2 Standard Local Linear Estimation of Fixed-Effects Models

We consider a panel regression model given by

Yir = m(Tie) + p1; + Uiy (1)

fori =1,2,--- ,Nand t =1,2,---,T, where m : R — R is an unknown Borel measurable function and
w; is a fixed effect. The error term w;, is assumed to be independent and identically distributed (i.i.d.)
over ¢ and t. The regressor z;; satisfies strict exogeneity but it could be correlated with p,;. The main
interest is in the local marginal effect (i.e., the first derivative of m (-) for each x;;) and the local linear
estimation is considered in this paper. Assuming m is smooth enough, we can Taylor approximate m (-)

around z € X C R such that

yir =m(z) + (@i —x)m' (z) + p; +vi e (), (2)

where m’ (z) = dm (z) /dz and v; ; (z) = u;+ + R; + (x) with the remainder term given by?

for some & € X between z;; and =, and m” (z) = d*m (z) /dz?.
When the regression model includes fixed effects p;, we cannot avoid incidental parameter problem

(e.g., Neyman and Scott, 1948) as N increases and we cannot directly use the conventional approach in

2Note that this Lagrange form of the remainder term in (3) depends on the given value x; ; and is small if z; ; is close
to x as long as m'' (£) is bounded because the local approximation is made around ;. In other words, three values x; ¢,
z and £ are determined interdependently to make the local approximation (2) valid. Therefore, the remainder term in (3)
evaluated at a different observation x5 (j # ¢ or s # t) given £ and z (i.e., m” (§) (zj,s — z)2 /2) is not small in general,
even when m'/ (-) is bounded, since |z; s — x| does not need to be small for given x. This is, in fact, the main reason
that the conventional within transformation nor the first difference yield non-degenerating bias in nonparametric fixed-effect
regressions.



the local linear regression literature. We first need to eliminate fixed effects by the within transformation
(i.e., deviations from the individual sample average over time) or by the first-differencing transforma-
tion. Because of the possible nonlinearity in m (-), however, it is not straightforward to employ these
transformations directly on (1). Lee (2007) gives a comprehensive discussion about these two methods in
nonparametric fixed effects panel regression models.

On the other hand, if p; = 0 for all ¢ or it is assumed to be a random effect (i.e., no correlation between
w; and z; 4 is allowed), then m (z) and m’ (z) can be estimated by pooled local linear least squares kernel
estimation from (2) as Ruppert and Wand (1994). In this case, the remainder term R; ; (x) can be assumed
to be of a negligible order at each x by letting that m” () is bounded and (z;; — 2)? is small enough.

Therefore, we can simply let v; ; (z) = u;; with an asymptotically negligible error.

Once we rewrite the regression model as (2), even when i, is assumed to be a fixed effect, we can easily

eliminate the fixed effects y, either by employing the within transformation:?
Yit — i = (g — T )m' () + (vig (x) =75 (), (4)

where 7,. = (1/(T —1)) ZZ:LS# 7; s and similarly for 7, —and 9;.(z), or by employing the first-

differencing transformation:
Yit = Yip-1 = (@ig — Tig—1) M (2) + (vig (¥) — vig—1 (2)) - (5)

Since the original regressors x;; are strictly exogenous, if we can assume that the transformed regression
errors (i.e., (vi¢(x) —77;.(x)) in (4) and (v;s () —vis—1 (z)) in (5)) are close to the transformed wu;
(i.e., (usr —w;,.) and (u;4 — w;4—1), respectively), then the local linear estimator of m’(z) should be
approximately unbiased. It is important to note that, however, different from the conventional local linear
regression cases, we cannot assume that the transformed regression error terms in (4) and (5) are close to

the equivalently transformed w; ;. More precisely, the transformed regression error in (4) can be rewritten

as
1 1
Vi (2) = Vi, (2) = (uip = Wi,.) + 5m" (&) | (@i — ) — T—1 Y (@ie—2)? |,
s=1,s#t
in which we assume that m” () is bounded and |z;; — x| = o, (1) for given ¢ and ¢. However, the

leave-one-out average Z;F:l st (Tiys — 2)? /(T — 1) cannot be small even for large T because we need

enough amount of variation in {z;,} for the regression analysis to be valid and thus we cannot as-

3We take the leave-one-out average in (4), which will make our analysis much easier.



sume (z;s — «) is small for a given x uniformly over all ¢ and s # ¢. Therefore, it is impossible to let
(1/2)m” (¢) ((a:i’t —z)? - Zle,s# (zis—x)* ) (T — 1)) to be small enough for a given 2 and to be ne-
glected; we cannot assume that (v;; () — 7, ()) and (u; ¢ — W;,.) are close enough with an asymptotically
negligible error. Using a similar argument, the transformed regression error (v; ; (x) — v;¢—1 (2)) in (5) is
not close to (w;; — u; ¢—1) nor approximately orthogonal to the transformed regressors, either.
Apparently, the higher order remaining terms included in (v;+ () — 7, () and (vit (z) — v; -1 (2))
are not negligible and correlated with the transformed regressors (z;; — %;,.) and (x;+ — 2;+—1), respec-
tively. Therefore, the local linear estimator either in (4) or (5) is supposed to have a non-degenerating
endogeneity bias, even under very strong assumptions such as large 7', i.i.d. regression errors and strict
exogeneity. Unfortunately, such possible endogeneity problem is mostly ignored in empirical studies using
fixed-effects nonparametric models. To show this problem more rigorously, we first assume the following

conditions.

Assumptions (A1) u;; is i.i.d. with mean zero and variance 0 < 0 < oc.; it is independent of y;
and x;y for all i ant t. (A2) p,; is i.i.d. with mean zero and finite variance. (A3) x; 4 is i.i.d. with
density f (x) whose support X C R is bounded; for the points x in the interior of X, the density satisfies
0 < f(x) < 0o and twice continuously differentiable (i.e., f € C?) with bounded second order derivatives.
(A4) m : X — R is Borel measurable and (at least) twice continuously differentiable (i.e., m € C**° for
d > 0) with bounded derivatives. (Ab) The kernel function K is compactly supported, bounded, symmetric
and satisfies [ K (z)dz = 1, [2°K (2)dz # 0, [2*K (2)dz < 0o and [2*K?(2)dz < co. (A6) The
bandwidth parameter h satisfies h — 0 as N,T — oco. (A7) Nh — oo, Th — 0o and NTh?® — oo as
N, T — oo.

Note that the normalization condition Ep; = 0 in the assumption (A2) is required to identify m (-) from a
constant addition. But if the only interest is in the marginal effect, m/ (-), this condition is not needed for
the identification purposes. For the detailed discussions, see Lee (2007). The assumptions (A6) and (A7)
require both N and T are large but no specific condition over the limiting behavior of N/T is needed.
Conditions [ 2*K (z)dz < oo and NTh® — oo as N,T — oo are standard in local polynomial regressions

when the first order derivative is of the main interest. We, however, need [ 2*K?(z)dz < oo in addition.

From the transformed regression models in (4) and (5), we define the local linear estimators for m’ (x) =
B (z) as
_ X S (i = 7)) (i~ i) K (@i — )
= N 7T 2
2im1 21 (Tig = Ti)” K (2ig — )

Bwa (x) (6)



from (4) and
Zij\il Zle (@i — Tit—1) Wit — Yip—1) Kn (x50 — x)
S S (@ig — migm1)” K (w4 — )

from (5), where K}, (z;+ —x) = K ((z;; — x) /h). Based on assumptions (A1) to (A6), we can first derive

BFD (z) = (7)

that the local linear estimators EWG (z) and BFD (z) are biased even for interior points of X.

Theorem 1 Assume that (A1) to (A6) hold. For a fized element x in the interior of X,

B [Ben (o) - 5] x] = "D o0, (12),

where X ={Zit}, 1 .. ny—q.. p ond p;(v) =B (z;; — x)j < oo for j=1,2,3.

Remark 1

(a) Notice that the estimators in (6) and (7) are distinct from the standard local linear least squares
estimators since the constant term is not included. Therefore, we cannot get m (x) as a by-product.

We will briefly discuss how to obtain m (z) in Remark 3, Section 3.

(b) For J > 2, if m (-) is assumed to be J-times continuously differentiable at « with bounded derivatives,

we can further derive that

J

ot - 29 (8 e 3) g o,

Jj=2

B[ Bro 0 —A@)|X] = Z 0@ (e 8 4 o, o),

since p1; (z) are all bounded for j = 1,2,---,J + 1 under the condition (A3), where m0) (z) =
d’m (x) /dz’. The non-degenerating bias still remains irrespective of the smoothness of m (-) because

the main source of bias is the endogeneity problem, not the approximation error.

It can be easily seen that the non-degenerating biases in BWG () and B rp (z) are generated from the
transformations in (4) and (5), where the subtracting equations are not locally weighted while the original
regression equation (2) is a local approximation. More precisely, the transformed regression equations in
(4) and (5) are originally localized around some particular value z; ; without considering all other values

{Zis}, 44 Since the nonlinear function m () is linearly approximated about z; ;. Consequently, the distance



between z; s (for s # t) and x cannot be controlled by the fixed bandwidth parameter h (i.e., |2; s — x|
cannot be small enough uniformly over all i and s such that sup; ; |z; s — | < h) so that the transformed
remainder terms, (Ri,t () — ZST:LS# Ris(x)/ (T — 1)) and (R; ¢ (z) — R;4—1 (2)), cannot be negligible.
Notice that such a problem never happens in the conventional local polynomial regressions since they do
not involve transformations as in (4) and (5).

One remark is that the non-degenerating biases in Theorem 1 is different from the O (1/T) bias in
nonlinear fixed-effects models (e.g., Hahn and Newey, 2004). In parametric nonlinear cases, the noise
from fixed effect parameter estimates fi;’s diminishes as 7' — oo. On the other hand, even when T is
large, the biases of BWG (1) and B rp (+) in the nonparametric case do not disappear because of the non-
degenerating approximation errors. Again, such non-degenerating approximation biases are because we
locally approximate m (x) at given x;; but the local estimator involves the average of |z; s — x| for all ¢
and s # t., which apparently cannot degenerate in general even with large samples.

One intuitive remedy is subtracting locally weighted equations such that the transformed remainder
terms die out with the same speed as (x;+ — x) diminishes. We propose to eliminate the fixed effects in
(2) by taking the within transformation using locally weighted average about x. This new estimator is

introduced in the following section.?

3 Within Transformation using Locally Weighted Averages

Instead of taking the individual sample average over time as in (4), we consider the locally weighted

average of x; ; as

gi). (.T) = Z Wi, s (31‘) Li,s

s=1,s#t

for given x, where the local weight w; () is defined as®

Kh Tjs — X
wis (¥) = =7 ( ) (8)
ZT:Lr;&t Ky ('Ti,r - SC)

and thus w; s () > 0 and ZST:LS# w; s () =1 for any x. The kernel function K is the same kernel that

we will use in defining the local linear least squares later. We similarly define locally weighted averages

of y;; and v; 4 (x) as ¥;,. (z) = ZST:LS# wis (T) yis and 7. (z) = ZST:LS# wi.s (x) v s (), respectively,

4Unfortunately, it is hard to justify such idea in the first-differenced model since there is no averaging in the first-
differencing transformation.

5We explecitly note that we fix 4 for the local weight w; s () by denoting i (i.e., under-lined). This is a leave-one-
out version of the weight Kj (24,5 — x)/zzzl K}, (z;,» — ), which was initially proposed by Mukherjee (2002) without
developing asymptotic properties of (9).



where the local weights are determined by z;, as (8). Since Z?Zl st Wis (¥) p; = p; for all 4, if we

subtract such local averages from (2), we get

Yy (@) = @i, (2) B (x) + 074 (2),

where we let 3 (z) = m' (z), 2}, (z) = 2 — Z;,. (v) and similarly for y;, (z) and v}, (z). We define such a

transformation as the local within transformation. We then obtain the local linear estimator for m/ (z) as

SN STt (@) (2) K (2 — )

B =
@ Zz 121: 1( ¢ (@ ) K (zie — )

: 9)

which is the solution for the minimization problem given by

N T )
mﬁlnzz yzt ( )ﬂ) Ky (zip — ).

i=1 t=1

The following theorem shows that the new local weighted linear estimator B (2) has degenerating approxi-

mated bias and variance as N, T — oco. Note that, to prevent the denominator from being close to zero, we

could consider S5y S0 47, (2) v7, (2) Ko (i — ) / (S0 S0 (25, (2)) K (i — ) + N72T2)

instead of (9) as Fan (1992), but such modification will not change the main result in Theorem 2.

Theorem 2 Assume that (A1) to (A7) hold. For a fizved element x in the interior of X,

B[ -sw|x] = & (TULE (o) ), (10

Var [B(z) fﬂ(a:)’X} - ﬁ (ﬁ;) (ig) +op (Nll"h?') : (11)

where X ={Tit},_y . Nue1.. 70 B = [ZK (2)dz for j =24 and @, = [ 22K?(2)dz. If m is three-

times continuously differentiable with bounded third order derivatives, then the conditional bias becomes

-0l (G5 (55) 2 (e

where m'" (x) = d®m (z) /dx3, while the conditional variance remains the same.

Interestingly, even after the local within transformation, the asymptotic orders of the conditional bias and
the conditional variance are the same as the standard results in local polynomial estimation (e.g., Fan and

Gijbels, 1992; Ruppert and Wand, 1994). Since h — 0 and NTh? — oo are assumed as N, T — oo in (A6)



and (A7), both the conditional bias (10) and the conditional variance (11) are asymptotically negligible.

Similarly as the discussion in Fan (1992) and Ruppert and Wand (1994), the leading terms in (10) and
(11) do not depend on X, and they would play the role of unconditional bias and variance, respectively.
In other words, since both the bias and the variance vanish as N, T — oo, we have the consistency result
under appropriate conditions. The asymptotic normality could be also shown with asymptotic bias and
variance given by these expressions. In addition, since the results in Theorem 2 are very close to the
standard results in the local polynomial estimation (e.g., Fan and Gijbels, 1992) and the local polynomial
estimator is known to have no boundary problems, we expect that the orders of the bias and the variance

at the boundary points of X are still of h? and 1/NTh? as in (12) and (11), respectively.

Remark 2

(a) Recall that the standard results in the local polynomial estimation of the first order derivative gives

(5 (o) i (0] = . { (PHOLE) (50) 20 (B)h L ),

provided m" (x) < oo, and thus the conditional bias in (12) only differs by —h*m” (x) f' (z) ka/2f (z),

whose direction is determined by the sign of m” (z) f’ (). Apparently, this additional term is from
the local within transformation. But the local within transformation only introduces a new bias
term whose order is the same as the original. The variance still remains the same as the standard

cases but using NT as the total number of observations.

(b) For J > 2, if m (-) is assumed to be J-times continuously differentiable at = with bounded derivatives,

we can further derive that

J W @) ()
Zj>2 even j! ( f(z)

. )(nHZ mn])
E B(w)—ﬁ(x)’X]: +Zg>dodd i mJ) ((H >+0p 7) if Jiseven (J > 2),

ZJ71 Lj m(J)(a, (z Kjt2—K2Kj
j>2,even j!

+ 23‘123,“1(1 h%lm(” (z) (%) op (R771) if Jis odd (J > 3),

where m\9) (z) = d?m (z) /dz? and k; = [ 27K (z)dz < oo for all 4, while the variance remains the
same as (11). See the proof of Theorem 3 for the details. Different from the cases of BWG (z) and
B rp (), the main source of bias is the approximation error in B(x) and thus it diminishes as m (+)

gets smoother.

(¢) Notice that in Theorem 2, we do not assume any particular relative orders of magnitude between



N and T. Therefore, the approximated results hold as long as N — oo and T — oo, whether
N goes to infinity much faster than 7' or not. It thus implies that we can still use the locally-
within-transformed local linear estimator B(w) in (9) even when N is much larger than T as in the
conventional microeconomic panel data sets. The simulation results in Section 5 also show that B (x)

performs pretty well even under small T'.

(d) We could apply a similar idea to the first difference type approach such that

T
Z (Ayie — BAZi )" Ky (234 — @, T30-1 — @)

1t=1
N T
Doic 2oy Awi Ay Ky (250 — @401 — )
Y Y (A ) Ky (g — 3, 20421 — @)

N
Bla) = argmin
i=

b

where Az, s = @iy — Tip—1, AYir = Yir — Yir—1 and Ky, (20 — x, 25,1 — ) is a bivariate kernel
function satisfying some technical conditions (e.g., [ Ky (u,v) dv = K}, (u), [ vK}, (u,v) dv = 0). One
simple example is K}, (u,v) = Kyp, (u) Kop, (v) for some univariate kernels Ky, and Ks;. Though
taking kernel weight over (x;;—1 — x) is somewhat hard to justify (and it is why we do not consider
this type of estimator in this paper), such an estimator should work properly at least technically,
meaning that it has degenerating approximated conditional bias and variance similarly as in Theorem
2. But such first-difference-based approach is hard to be generalized for the model including both

fixed individual and time effects as discussed in the following section.

From (10) and (11), we can derive the approximated mean integrated square error of B (z) at an interior

point X as

s [peof ] =+ f (FQEE) s 5 (5) [ o0

for some weight function = (x) chosen to ensure that the integral converges. Then the optimal bandwidth

parameter h* can be obtained by minimizing (13):
n = (NT) V"¢, (14)

where
17

302¢, [ 7 (2) /f (z) dz
[k — K2 [ (m" () f' (2) / f (2))* 7 () do




Remark 3 One drawback of the estimator in (9) is that we cannot obtain m (z) directly from the local
linear estimation since all the constant terms are eliminated by the within transformation. When the

original function m is of the main interest, however, we can recover it approximately using the Riemann

sum:
. n(a)
m(z) = / m' (2)dz =~ 3 Z (xg — 1) (M (2x) +m (1)),
o k=1
where 2o < 71 < T2 <+ < Tpz)—1 < Tpe) < Tp(e)41 < -+ are sorted observations from the pooled

{xi¢} and x,,(;) = x. Therefore, m (x) can be obtained from

1 n(x)

M (2) % 5 Y (o = ane) (0 () + 0 (210))
k=1

4 Extension: Including Fixed Time Effects

In Section 3, we consider the case that a panel regression includes individual fixed effects only. Since we
are allowing for large T' as well as large N, however, it is more natural to consider both the time effects

and the individual effects at the same time. In this case, the regression model in (1) generalizes to

Yie = m(Tie) + p; + 7 + Uit

in which +, is the fixed time effect. The fixed time effect is useful to capture a common fluctuation across
i (e.g., a common macroeconomic fluctuation in the economy) and even some degree of cross sectional
dependence. Note that «, could be correlated with z;; and p;, but it is assumed to be independent of

u;,¢. More precisely, we modify the Assumption (A1) and (A2) as

Assumptions (Al’) u; is i.i.d. with mean zero and variance 0 < 0% < co.; it is independent of p;, v,

and x; ¢ for all i ant t. (A2') p,

; and v, are i.i.d. with mean zero and finite variance, respectively.

Even when the regression model includes the fixed time effects, we can apply the locally weighed
averages to get rid of both p,; and 7,. Similarly as (9), we suggest an estimator for the marginal effect of

m(z) as

@0

(o) = i1 Lo 215 () i (@) Ko (200 — )
- 2

s 15
SN Y (27 (2)) K (31 — @) 1)

10



where x7} (v) = @i+ — % (z) and the locally weighted average of ; ; is defined as®

T N N T
To@) = D0 wis@mst D wip@aie— Y Y wis (@), (16)
s=1,s#t J=1,j#i J=1,j7#i s=1,s#t
with
wis (2) = Kp (255 — )/ Zf:Lr;ét Ky (@, — )
wjt (@) = Kp (zje — )/ ZkN:L;wgi Ky (wg, — )
N T
wis (2) = K (25,6 = )/ Dpmy jopi 2ogmt rpe K (Thor — @)

and similarly for y;; (z). In comparison, the conventional within transformation (in the leave-one-out

form) for the linear regression model (e.g., Wallas and Hussain, 1969) is given by z,; — T = x;¢ —

—1 T —1 N —1 N T
(T —1) " Y st Tis — (N =1) 7305 i mie + (T = 1) (N = 1)) 7 32501 j2i Dos—1,5¢ Tjos and the

within estimator in this case can be defined as

EWH (z) = St e (#ig = ) (yie =) Kn (@i — 37),
SN ST (o -5 K (s — 2)

(17)

Obviously, we simply replace the sample averages in (17) by locally weighted averages to obtain (16).
Similarly as Theorem 2, we can also show that the new estimator (15) has degenerating approximated

bias and variance as N, T — oo.

Theorem 3 Assume that (A1’), (A2') and (A8) to (A7) hold. For a fized element = in the interior

~

X] and the conditional variance Var [B (x) — B (z)

o~
N

of X, the conditional bias E [[3 (z) = B ()

X] have

the same expressions as in Theorem 2.

Theorem 3 implies that adding fixed time effects does not effect the approximated bias and the variance
of the local weighted linear estimator, where both the fixed individual effects and the time effects are
eliminated by the local within transformation. Notice that the within transformations for the individual
effect and the time effect are based on the same form and thus the additional components containing local
weighted averages are equally dominated by the leading terms of the approximated bias and the approxi-

mated variance asymptotically. Using Theorem 3 and by minimizing the approximated mean integrated

5We can rewrite z}% (2) as z3% (z) = 24, — Z;V=1 Zzzl 745 (x) x4, using a new local weight 7; 5 (x) given by

— Kp (zj5 —x)/ Z}g’:“m Sy K (wh, —a) ifjF#iand s #t

s (@) = K, (zi,5 — :E)/ZEZLT#& Kp (x5 — ) ifj=tand s #¢
’ Kp (25,6 — )/ Dhe1 ks K (zh,: — @) ifj#Aiand s=t¢
0 ifj=diand s=t

In this case, we can see that w; s (x) = 7 s (x)1{j =1 and s #t}, wji(r) = mjs(x)1{j #4and s =t} and wj s (r) =
mjs(x)1{j #4and s # t}.

11



squares error of B(gc)7 we can further derive the optimal bandwidth parameter h** = O ((NT)_l/ 7),

which is the same as (14).

5 Simulations

We conduct a simulation study to illustrate the implementation of the newly proposed nonparametric
estimators B (x) and E(m) and to evaluate their finite sample performance. The simulation is based on
nonlinear panel models with fixed effects, y;; = m (z;4) + p1; + wie and y; 0 = m (z40) + f45 + Ve + Wi
(fori =1,--- N and t = 1,--- ,T), where the nonlinear function m is given by the sigmoid function:
m (z) = (1 + exp (—z))~". The nonlinear function m is thus smooth enough and it satisfies the technical
assumptions. Fixed effects u; and v, are randomly drawn from U (—0.5,0.5), respectively, so that each of
them has mean zero; z;; from A (1,2%); and u;; from N (0,1). Two sets of samples of (N, T) = (100, 10)
and (100, 50) were generated.

We estimate the first derivative of the unknown function, m’ (z) = exp (z) / (1 + exp ())?, using the
conventionally used within-transformed nonparametric estimator EWG () in (6), first-differenced non-
parametric estimator /3 rp (z) in (7) and the locally-within-transformed nonparametric estimator 3(:6) in
(9), which is newly proposed in this paper. We also take the empirical integration as discussed in Remark
3 to recover the original function m (). The Gaussian kernel is used and the bandwidth parameter is
chosen to satisfy h., = O ((NT)71/7> as in (14). The entire estimation procedure is repeated 500 times
(R = 500). The same set of simulation is also conducted for g(:r) in (15) and EWH (x) in (17).

The simulation results are summarized in Tables I, II, and Figures 1, 2. The integrated mean squared
errors (IMSE) and the integrated mean absolute errors (IMAE) are calculated over the entire support for
each estimate. For example, using the discrete expression of integration, the IMSE of m’ (x) is computed
as ij::’;_l {(1/R) PO (%, —af) (m/ (2f) —m/ (1:5))2} as in Lee (2007), where m/ (-) is any estimator
for m/ (z) and 27 <--- <% < ... < @Ry are sorted ;4 at the rth replication (r =1, , R). The IMAE
of m/ (x) is similarly obtained as Zé\g_l {(I/R) Zil (x;Jr1 - x?) |m/ (axg) —m/ (xg) | } Using the same
method, we also calculate the IMSE and the IMAE for m (x), which is obtained by empirical integration
of m' (z).

Tables I and II exhibit that the newly proposed estimators m' (z) = E(m) in (9) and i (x) = E(x) in
(15) outperform the conventional estimators. Even when T is very small (e.g., T' = 10 in this case), we can

see the smaller IMSE’s and IMAE’s of the first-derivative estimates 3 (z) and 3 (z) in comparison with

the conventional approaches. Even after the empirical integration, the IMSE’s and IMAE’s of m (z) and
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n () are noticeably smaller. We can also see that the overall curve fit of the new estimation method gets
better significantly as T increases (e.g., T'= 50 in this case). Though we do not present the case when T
is very large comparing to IV, we can expect that the performance of the new estimator should improve
with T'. One interesting finding is that as 7" gets larger the IMSE and the IMAE of the other conventional
estimators mostly increase, which shows that they are not consistent estimators. It also confirms that
My q (@), Mpp (x) and My, 5 (x) should not be used in nonparametric panel regression involving fixed

effects.

TABLE I: IMSE AND IMAE OF THE NONPARAMETRIC ESTIMATORS FOR FE MODEL?®

N=100 N =100 N=100 N =100

T =10 T =50 T =10 T = 50

IMSE m 0.1133 0.0757 M 3.4618 2.2499
My 0.1154 0.1095 mwe 40808 5.1940

My 0.1230 0.1270 Mpp  3.7559 4.9027

IMAE m 0.8954 0.7608 m 54391 43191
My 1.0588 1.1632 mwa  6.2451 7.6613

M, 11103 1.2555 Mpp  5.9450 7.3674

(* The FE model is Yix = M (xi,t) + p; + Ui ¢. The left two columns show IMSE and IMAE of the local
linear estimator for m’ (x), the right two columns show IMSE and IMAE of the estimators for m (.%') m’
and 170 are the new estimator proposed; m?/VG and My g are based on the within-transformation; T/T\L/FD and

Mpp are based on the first-difference.)

TABLE II: IMSE AND IMAE OF THE NONPARAMETRIC ESTIMATORS FOR FE+TE MODELP

N=100 N =100 N=100 N =100

T =10 T =50 T=10 T =50

IMSE o 0.1139 0.0729 M 3.6109 1.9591
Ty 01177 0.1129 T 4.2437 5.4542

IMAE m 0.8859 0.7716 mo 5.2210 4.1653
Py 1.0941 1.1883 Pwn  6.2528 7.9440

(> The FE4TE model is y; ¢ = m (@) + i + ¥4 + Uit The left two columns show IMSE and IMAE
of the local linear estimator for 1’ (l’), the right two columns show IMSE and IMAE of the estimators for

/

~ o~ ~/ ~
m (I) m and M are the new estimator proposed; My and My g are based on the Wallas-Hussain type

within-transformation.)
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FIGURE 1: AVERAGED ESTIMATES OF m’ (z) AND m (z) FOR FE MODEL®

(N,T) = (100,10) with Fixed-Effects Only
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B (I) =m/ (I) = % and M (l’) = are the true data generating functions. “New

1
1+exp(x)) 1+exp(—x)

Estimate” is the new local linear estimator B (:C) proposed in (9) whereas “WG Estimate” and “FD Estimate”
are the conventional local linear estimators BWG (:E) in (6) and BFD (.Z’) in (7), respectively. 77 (z) are

obtained by empirical integration as in Remark 3. All graphs are averaged estimates over 500 replications.)
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FIGURE 2: AVERAGED ESTIMATES OF m/ (z) AND m (z) FOR FE+TE mopELY

(N, T) = (100,10) with Both Fixed-Effects and Time-Effects
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Estimate” is the new local linear estimator 3 (1‘) in (15) whereas “WH Estimate” is the conventional local
linear estimators BWH (:E) in (17). m (:L‘) are obtained by empirical integration as in Remark 3. All graphs

are averaged estimates over 500 replications.)
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Figures 1 and 2 depict the averaged estimates over 500 replications. It clearly shows that the conven-
tional within-transformed first-differenced nonparametric estimator yield severely biased estimators for
m/ (z) and m (z). On the other hand, the new estimators ' (z) = 3 (z) and w (z) = E(m) have much
smaller bias even with very small T'; and the fit gets better as T increases. Such significant improvement

along T seems to related with the well known higher order bias in nonlinear fixed-effects models, which is

of the order 1/T (e.g., Hahn and Newey, 2004).

6 Empirical Application: Environmental Kuznets Curve

The environmental Kuznets curve (EKC) hypothesis suggests an inverted U-shape for the relationship
between emission and income. The hypothesis states that as income per capita rises, the level of pollution
rises at the initial phase of economic growth but it falls after some threshold level of income is achieved.
The empirical literature reports mixed results, however: the pollution-income relationship is found to be
inverted U-shaped (i.e., containing one turning point and thus it supports EKC hypothesis), N-shaped
(i.e., containing two turning points instead of one) or linear. Contrary to the inverted U-shape relationship,
the N-shaped relationship implies that the pollution-income relationship may go through a spiral, which
is worrisome for the policy makers. Consequently, a large body of empirical literature scrutinizes the
pollution-income relationship because of its important policy implications. For example, see Grossman
and Krueger (1995), List and Gallet (1999), Millimet et al. (2003), to name a few.

To identify the nonlinear relationship between income and pollution, the conventional approach is
to impose a priori parametric restriction: a quadratic or a cubic parametric function. In this section,
we instead employ nonparametric approach to allow for flexible functional forms of the relation between
income and pollution. We thus aim at examining the underlying relationship (viz., monotonic versus with
one or more turning points) in a data-driven manner. The use of flexible functional form is not new in
the EKC literature, in fact. For example, Taskin and Zaim (2000), Millimet et al. (2003), Bertinelli and
Strobl (2005), Azomahou et al. (2006) use Robinson (1988) type semiparametric estimation and study
if the EKC hypothesis could be supported. These works, however, show mixed results and even cannot
reject the linear relationship between income and pollution. Some of these papers use panel data but
treat country/state and time specific effects using dummy variables in the partially linear framework. As
we discussed in Theorem 1, therefore, such conventional estimators are biased and the results could be

misleading.

Following List and Gallet (1999) and Millimet et al. (2003), we also use the Sulphur Dioxides (SOz2)
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and the Nitrogen Oxides (NOy) data as measures of air pollution. It is obtained from US Environmental
Protection Agency’s (EPA) National Air Pollutant Emission Trend, 1900-1994 and it includes state-wise
yearly observations spanning from 1929 to 1994 (N = 48,7 = 66). A detailed description of the data can
be found in Millimet et al. (2003). Since the emission measurement methodologies differ between the
period 1929-1984 and 1984-1994, however, we treat them as two different sub-samples.”

We consider the standard EKC regression model given by

pollution; y = m (pcine; +) + p; + v, + Ui,

where pcinc; , is the real per capita income and pollution, ; is the per capita pollutant emissions (of either
S04 or NOy) of state i at year t. m (+) is an unknown function, whose shape is of the main interest. p, and
v, are state and time specific effects, respectively, which are assumed to be fixed-effects and could capture
the unmeasured effects. For example, the state specific effects u; could capture institutional particulars
like differences in state-level administrative rigidities in emission regulation, whereas the time specific
effects v, could capture changes in the pollution abatement technologies over time. Therefore, v, could

handle with some degree of cross sectional dependence, which is from the common time factor.

The estimation results are depicted in Figures 3, 4 and 5. For all the states combined, Figure 3 shows
m (z) whereas Figure 4 shows m/ (z). Note that the exact number and the location of the turning points
can be easily visualized in Figure 4 simply by finding 2’s at which m’ (z) is close to zero. For the large
sub-sample (Figures 3-(a) and 4-(a): years from 1929 to 1984), we find an N-shaped relationship with two
turning points, although such N-shapedness is more pronounced for SO than for NOy. Note that the
observations belonging to the upward rising part beyond the second turning point are mostly associated
with the states like Connecticut, California, Maryland, Massachusetts, New Jersey and New York. But
this range contains only few observations and we do not place much emphasis on them. For the small
sub-sample (Figures 3-(b) and 4-(b): years from 1985 to 1994, which are more recent periods), we find a
monotonically downward-sloping relation except for few observations (note that most of the m/ (z) values
remain negative) indicating that the pollutant emission decreases with an increase in income. Interestingly,

however, m (z) shows an inflection point (i.e., the slope of m’ () changes its sign): it first decreases sharply

"The emission measures for the period of 1929-1984 (T = 56) are based on “top-down approach” whereas the pollution
emission measures for the period 1985-94 (7' = 10) are based on “bottom-up” approach. Even under such a change in
measurement, it is known that this US state-level data is more reliable than the Global Environmental Monitoring System
(GEMS) data, which includes cross-country pollution data. Also note that year 1994 is the latest state level data available
from EPA to investigate EKC relationship. After 1994, data were collected only for the year 1999 and the year 1999 data are
not quite comparable to the rest of the sample. See List and Gallet (1999) and Millimet et al. (2003) for further discussions
about the data.
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(as M/ (z) falls with an increase in income) and then it decreases slowly (as M/ (z) increases with income,
though still remaining negative). At a relatively very high income level, m’ (x) comes close to zero; it
would be interesting to explore updated data (upon availability) to find out if it becomes positive and
it yields another turning point. Based on Figure 4-(a), we also find that SOy achieves the first turning
point at around the income level $7,000 and that it achieves the second turning point at around $16,000.
For NOy the first turning point is observed at around $13,000 and the second turning point is observed
around $16,800. As mentioned earlier, on the other hand, the smaller sub-sample in Figure 4-(b) shows

almost a monotonic relation except for only few observations for SO5.%

FIGURE 3: EKC ESTIMATION (7 (z)) FOR ENTIRE STATES

(a) Large Sample
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8Tt should be noted that the emission measurement criteria are significantly different for the two time periods: 1929-1984
and 1985-1994.
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FIGURE 4: EKC ESTIMATION (M (x)) FOR ENTIRE STATES
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From the results based on the large sub-sample of 1929-1984, we explore the pollution-income re-
lationships of each state, in order to examine which states display the EKC hypothesis in particular.’
Three distinct patterns are observed as far as the shape of the estimated functional relation is concerned.
The first group (shown in Figure 5-(a)) consists of 18 states such as Alabama, Arkansas, Georgia, Idaho,
Kentucky, Louisiana, Maine, Mississippi, Montana, New Mexico, North Carolina, North Dakota, South
Carolina, South Dakota, Tennessee, Utah, Vermont, and West Virginia. We can find a support for EKC
hypothesis (i.e., U-shapedness with one turning point) for SOy but not for NOy. We present the picture
for Utah as an example. The second group (shown in Figure 5-(b)) consists of 24 states like Arizona,

Colorado, Delaware, Florida, Illinois, lowa, Kansas, Maryland, Michigan, Minnesota, Missouri, Nebraska,

9 After running regression using all the states over the entire sub-sample, we isolate the estimates corresponding to the
observations in each state, and plot the estimated m (z) for every state.
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Nevada, New Hampshire, Ohio, Oklahoma, Oregon, Pennsylvania, Rhode Island, Texas, Virginia, Wash-
ington, Wisconsin, and Wyoming. We can find support for the EKC hypothesis for both pollutants for
this group. We present the picture for Washington as an example. Lastly, the third group (shown in
Figure 5-(c)) consists of 6 states like California, Connecticut, Massachusetts, Maryland, New Jersey and
New York. We present the picture for New Jersey as an example. The third group shows more than
one turning points (i.e., N-shapedness) for both pollutants and especially for SOy contradicting the EKC
hypothesis. As is depicted in Figures 3-(b) and 4-(b), however, such N-shapedness disappears when we
use the small sub-sample, which contains relatively recent time periods. This may look somewhat puzzling
but also note that such second turn could simply be understood as a tail behavior because only about 2%

of the observations fall in this range.

FIGURE 5: EKC ESTIMATION (7 (2)) FOR EACH STATE

(a) Group 1 - Utah

--—_ -.‘

.
005 -  m-hat-nox
: - > mm-hat-so2

'l
L d
0.01 t
0 T T T T T T
0 2000 4000 6000 8000 10000 12000 14000
peinc
(b) Group 2 - Washington
0.1
0.09 =
a " -y
0.08 ot L
) ]
n e oy
007 £ . - .,
- ] 3
. ]
0.06 u . LN
* .
4
o L 5 & m-hat-nox
0.05 PRd mm-hat-s02
* []
. ]
0.04 -
3 \
.
003
4
[ 4
0.02 < =
R
001
0

0 2000 4000 6000 8000 10000 12000 14000 16000 18000
peinc

20



(c) Group 3 - New Jersey
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7 Concluding Remarks

This paper proposes an alternative to the commonly used local linear kernel estimation of the marginal
effects in fixed-effects panel models based on the standard within transformation or the first difference.
Though such estimation is much used in empirical studies, it turns out to produce biased and inconsistent
estimators for the marginal effects. We analytically show that such bias is because the conventional within
transformation or the first difference generate sum of non-negligible distances between each observation
x;,s (s # t) and a fixed location z, which is introduced to approximate the unknown function locally about
a given observation value z; ;. To overcome such problem, we propose local within transformation, which
use locally weighted averages over time around the particular point z. The local linear kernel estimation
based on the local within transformation yields asymptotically unbiased and consistent estimator as for
the conventional local polynomial estimation.

In this paper, we only consider the simplest form of the nonparametric fixed-effects model given
by yit = m(ziy) + p; + v + uie. Despite its simplicity, it is enough to draw attentions from the
empirical researchers by presenting the problem of one of the commonly used estimator, and to explain
the main intuition behind the newly proposed estimator as an alternative. The application of this simple
nonparametric fixed-effects model, however, looks somewhat limited since we can only allow for a single
covariate x;; in the regression. As an extension of this paper, we can consider the cases that m (-) includes

multiple regressors or the regression is specified as partially linear.
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Appendix: Mathematical Proofs

We first define

Jabi/(um)aKb<uhx>f(u)du/(zh)“Kb(z)f(erzh)dz

for some a = 0,1,2,--- and b = 1,2. Then, we have the following lemma using the standard results from

kernel estimation.

Lemma A We assume that (i) the density f(x) satisfies 0 < f(x) < oo and twice continuously dif-
ferentiable with bounded second order derivatives for x in the interior of the support; (i) the kernel
function K is compactly supported, bounded, symmetric and satisfies fK(z) dz = 1, szK(z) dz # 0
and [2°K°(2)dz = A\gp < o0 for a = 0,1,2,--- and b = 1,2,---; (i) the bandwidth parameter h
satisfies h — 0. Then, we have

hef (2) Aapp + (1/2) h*F2f7 (x) Aatzp 4+ 0 (R*T2) if a is even (a > 0)

Jab =
R () Aagr,p + 0 (R*H2) if aisodd (a>1)

fora=0,1,2,--- and b=1,2---.

Proof of Theorem 1 (within-transformation) First note that since x;, is strictly exogenous,

5[ | x] = VT Sty St (@i = Ti,) (Rig () = R, (@) K (i = @) _ Ag ()
(1/NTh) 335, 3 (@ie = %i,)* K (230 — @) @)

Bwe (z) — B (z)| X

Recall that we define r; = [ 2/ K (z)dz and p; (z) = [ (u— 2) f (u)du for j =1,2,---. For the denomi-

nator, we have

N
A (z) = %h ZZ (24 — 2)? K (mi,th— x)
9 N T T iy —
T LY X o) (e - K ()
T T
ZZ Z (xz':s—x)(%,r—x)K(T)

1)+ Arg () + Arz (o).

i
=



Using the standard results from density estimation and Lemma A, we obtain

Apy (z) = ;/(u—x)2K<u;$>f(u)du+op(1)—h2f(x)/€2+0p )

for large N since K is symmetric and ko < k4 < 00 is assumed. Similarly

Avs(z) = —7//u—33 v—xK(u ) £ (v) dudv + o, (1)
_ —2(h/(u—aﬁ ( ) f )( (v—x)f(u)dv)+o,,(1)

= —2hf"(z) kapy (z) + 0p (K?)

since p; (z) < oo, and z;; and z; 5 (s # t) are mutually independent.!’ Note that p, (z) = Bz — z,
where = has a bounded density over the bounded subset of R and thus Ez;; < co and p; (z) < co. We

can also get

1 T T oy
M) = Srr ol 2 X (wi,s—w)(:ci,r—x)K(’h)

Il
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®
~—
+
>

[ V)
=
®
~—
X
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=
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+
=
no
=
S~—
SN—
+
Q
)
—~
>

[}

~—

for piy (z) = Ba?, — 2B, + 2° < oo since z has a bounded density over the bounded subset of R. It

follows that

Ai(z) = f(z) (0] (@) + p (@)
412 {1 @) = 25" @) () + 37 @) (0 s (0) a4 0 12).

Now for the numerator, we have some { € X C R between x;; and z, which satisfies R;;(z) =
%m” (&) (@i — x)z for given x; ;. If we let & be close enough to x;; such that |x;; — x| < h, then we

can make [m” (§) — m” (x)| small enough since m” (-) is continuous and |§ — z| < |z;;, — x| — 0 as h — 0.

10The leave-one-out average renders such analysis possible since xi,¢ is assumed to be i.i.d.
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Without loss of generality, therefore, we simply replace m” (£) with m/ (x) for each x.!! We then can

write

N T T
1, 1 _ 1 Tit— T
A (o) = 5 (@) g O X @i =7 (e -0 = iy B (e — o | K (47T)

=1 t=1 s=1,s#t
1 1 & Tit — T
_ 1, o 3 ,t
= 3™ (x)NTh;t;(x” g K( h )
) 1 N T T Tijt — T
m (l‘) (ZCZ t x) (les x)2 K ( M >
2 NT(Tfl)h;;s:%t ' "

Il
AN
Do
—
S
~
+
N
no
N
&
+
N
™)
w
~—~ s
&
~ =
—+
N
™)
'S
A~
8
~

Similarly as above, we can derive that

h4
Ayq(z) = 77”“ () f' (x) ks + Op (h4) ’
2
Apa(a) = —om" (@) £ (@) namy (7) + 0y ()
2
Apg(a) = —om" () £ () mapn () + Oy ()

and

1 As long as |m/ (€) —m! (z)| < O (h), all the results in this paper hold as h — 0 with N,T — oo.
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provided that m” (z), k4 and p4 () are all bounded. It follows that the numerator can be summarized as

A () = 5" (@) (@)l (@) o () + pa ()}
@) L@ @)+ @) ) = 5770 i 0 @)+ 55 (0} + 0, (1),

Therefore,

E [/BWG (@) — 3 (az)’ X] _ lm// (@) My (/2)(/:;)(1%2 (I;B)(x) +0, (h?).

Q.E.D.

Proof of Theorem 1 (first-difference) Similarly, we have

_UNTR) Y S (i = @ig1) (R (2) = Rigs (2) K (w10 —7) _ By (2)

(L/NTh) Sy Sy (@i — 1) K (w40 — @) By (z)

First note that

1 N T Tit—T
Bule) = gy 22 e o) KT

=1 t=1
2 N T Tit— &

ZZ Tip— ) xz,t_l—z)K< Lt >
NThZth:1 h

N T - .

2 it —
NTh;; Tig-1 = 7) K( h )
= Byi(z)+ Bia(z) +Bis(z)

where Bi 1 () = A1 (z) and Bi s () is the same as A; o () with probability approaching to one. How-

ever, since x;; is i.i.d.,

Bia@ = 4 [f0-a K (*25) £ @) dudv + 0,0

h
1)+ 52 (@) ] 0 + 0, (7).

Therefore,

B (o) = £ )y (@) 412 [ 0) = 21" 0y (0) + 37 (@)1 0| 2 + 0, (07).
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Similarly as As (x), we can write

N T
o 1 " 1 2 2 xi,t — T
By@) = (@) NTh;;(x” —wig-1) (@ig = ) = (i1 — 2) )K( - )
— lm”(x) 1 ii(x _1')3K 5[f'i,t_x
2 NTh & =" h
—lm”(x) ! ii(m —2) (zi41 —2)° K Tut — %
NTh L it i,t—1 h
o @)L S (g - 0)? (s — ) K
m” (x NTh 2.2 Tip— ) (Tip—1— T 3
4= " (1’) 1 EIV:ET:(:E —IE)SK xi,t_x
2 NTh &~ & w1 h

= 3271 (l‘) + 32)2 (J?) + 32,3 (33) + 3274 (.%‘) R

where By 1 () = Az1(2); B2 (z) and Bs 3 (v) are the same as Ay o (x) and As 3 (), respectively, with

probability approaching to one. However, we have

Baa) = g’ @y [[[0=a K (“55) 10 £ @) dudo 40, (1)
_ %m”(m) [f(m)Jr;th"(w)ﬁz} s () + 0p (h?) .
Therefore,
By(a) = g (@) (@) (@)

It follows that

Q.E.D.

Proof of Theorem 2 (bias) Similarly as in the proofs of Theorem 1, we write

WUNTR) X, S @0 = i @) (Ria (0) = Bi @) Kn (20— 0) ¢y (a)

B[ (@) - 8 @] x] - (UNTR) S, S0 (w0 — B, (2))° Kn (300 — ) G
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First, for the denominator,

;] N7 T 2
Ci(z) = NTHh Z Z Tip — Z xiswis () | Kp (2 — )
i=1 t=1 s=1,s5t
;| NI
= WZZ(:D” )" Kp (4 — x)
i=1 t=1
g N T T
*Nij—,hzz Z (thfx)(xz,e z)wz,s( )Kh(xztfm)
i=1 t=1 s=1,s%#t
1

I
Q
O
+
Q
o
&
+
Q
w0
g !

where w; s (z) = Kp (zis )/Z, —1.r2¢ Kn (2, — ). Note that Ci1(x) = A1 () in the proof of

Theorem 1. C 2 (x) can be rewritten as

‘T1t*x)($is 7I)Kh(zis 7m)Kh,(xit7$)
01,2 (SU) = : : J 2 ,
CNT(T -1 ;;s:z;# (1 (T = 1) h) X0y sy K (i — )

where (1/ (T — 1) h) Zleﬂ,# K}, (i, — x) can be approximated as Jo1+0, (1) = f (x)+(1/2) h2f" () ke+

Op (h2) for large T by Lemma A. Therefore, similarly as in the proof of Theorem 1,

h=2 [[(u—v)(v—2)Kp (u—2) K (v—2) f(u) f(v) dudv

Cia(z) = -2 WL [ Ky, (u—2) f (u) du Hontt
—273

- J()l + Op (1)
I e R
= TR e )

and

Ci3(x)

. NIz (i — ) K2 (246 — ) Kp (254 — )
NT (T — 1)2 h3 ; tz:; s:lz,s:;ét ((1/( ) )ZZ-':L(HE‘E K, (xi,q — SC))Q

(wi,s — ) (w5, — ) Kpy (25,5 — ) Kp (25, — ) Ky, (254 — )
ks ((1/ (T =R YT, o K (g — w))

+—
NT (T —1)*h3

WE
B
MH
EM*

s
Il
_
o~
Il
-
.n
)
B
&
\3
H
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(T—1)""w3[[ (v—2)" K2 (v—2) Ky (u—z) f(u) f (v) dudv
(Rt [Kp (u—2) f (u) du)2
+h*3 [J] (v —2)(w—2) K (v—2)Kp(w—x) K (u —zw) f(u) f (v) f (w) dudvdw + 0, (1)
(R [ Ky (u—2) f (u) du)

]. J22 J121
= —— (=22} 4 1
(T—1)h <J01> 5, T

1 <h2f(a?) o+ (1/2) B 1" (x) <P4> n nt(f (2))* K3
(T=1Dhr\ f(z)+(1/2)h2f" () k2 f (@) + (1/2) h2 [ (2)

4
I€2—’—Op(h)7

where ¢; = [ 21 K? (2)dz for j = 2,4. Therefore,

1 % h? f () po
(T=1h  flz)+ 1/2) h2f" () ke

R’ f (z) k2 + oy (B?)

Cy(z) = h*f(x)re+ +op (h?)

since the second term (O (h*/ (T —1)h)) is also o (h?*) from the condition that Th — oo as T — oc.

Similarly, for the numerator, if we assume m € C2, we have

02 (l’)
) 1 A r o 2
- 2 Th Z Z Lit — Z Li,sWi,s () (ﬁi,t —x)" — Z (xi,s — LC) Wi s (z) | Kp, (xi,t —x)
i=1 t=1 s=1,s#t s=1,s#t
m’ (z) 1 N T 3
= ﬁ;;(fﬂi,t—@ Kp (254 — x)
m” (x) 1 NIz
T 9 Thzz Z (it —x) (@5 — )" wis () Kp (x50 — )
i=1 t=1 s=1,s#t
m” (z) 1 NIz
- 9 Thizzlgszg#t(xzs_x)(mzt_x) wzs(m)Kh(th_x)

as in the proof of Theorem 1. Notice that Cs (x) = Az (x) in the proof of Theorem 1. For the other

terms, we have
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m' (z L (i — ) (wis — )" Ky (55 — ) Kp (20 — @
02,2(1') = - 2( )XNT(T—l hQZZ Z )(( ) h( ’ ).h(,7 )

= - +0p (1)
2 Jo1
_ m"(z) y (R?f' (z) K2 + 0p (R?)) (R2f (z) K2 + Oy (RY)) o, (1)
B 2 f (@) + (1/2) k2 f" (x) k2 + op (h?) !
m'” (x) hif () f' (x) K3

- T2 CFeraprr@es o ®)

and Cs 3 (z) will have the same expression as Cs 2 (z) by symmetry. Lastly,

02,4 (1’)
_ m'” (z) 1 NIz (2 — x)g K? (zis —x) Ky (254 — )

2 {NT (T — 1213 ; = s—%;#t (/@ - DL, K (g~ )

1 a a d (zis — @) (i — )" Kp (205 — ) Kpy (i — ) Kp (204 — 7)
+— L) ’ ) ) )
NT(T -1k 5 2 —27& :;¢ (/@ - DT, s B (21— )

:m”(x){ 1 y h_fo(v—x)?’K,%(v—;E)Kh(u—x)f(u)f(v)dudv

2 T-1h (h_lth(u—x)f(u)du)2

B3I (0 =) (w = 2)* Ko (v = ) Ko (w = ) Ko (u— @) [ (u) [ (0) ] (w) dudvdw | (1)}
(A= [ Ky (u— ) f (u) du)’ :

m” (x) 1 J32 Ji1d21
— 22 1
2 X{(T—l)h<J01 M op (1)
" 4 £/ 4 U 2
_m (z) % { 1 < htf (@2904” ) n hf () f (295) ) }—i—op (h4)7
2 (T=1)hr \f(@)+ Q)2 R f" (x) k2 )~ f(x)+ (1/2) B2f" (2) k2
where the approximated expression of the second term is the same as —C5 s (z). Therefore, we have

@) [y @) @) | W () g o
Calr) =5 {”f () s f(x)+(1/2)h2f”(rc)ﬂ2+(T—1)hxf(fc)+(1/2)h2f”(w)f€2}+ (1)

@) [ W@ P @) )
= {h4f (=) 4 f(ac)+<1/2>hzf"<m>m}+ v (1)

since the third term (O (h4/ (T-1) h)) is also o (h4) from the condition that Th — oo as T' — oo. It

B (30— 80| x] = o (o) (£ (222 o, 1),

follows that

™)



Finally, using the similar procedure, we can further derive that

h4
+ " (@) f (@) s+ o, ()

f (@) f' (2) K3 }

Cz (2) = 5m" () {f @ DR @)

if we assume m € C3 and all the derivatives are bounded. Therefore, we have

- - {(502) (5 5 ()

Q.E.D.

Proof of Theorem 2 (variance) First note that

N T ~ -
~ R i Yoot (@i — T (2))° KR (@i — @) var (wip — @ ()] X)) p, ()
Var [6($)—ﬁ($)‘X} - 1 N T ~ 2 2 = Dy (z)
[NTh Eizl Zt:l (xi,t — T, (%)) Kp (%‘,t - x)}
For the denominator, we already have
RA F4 2
Dy (z) = Cf (z) = G 7 T0p (h4)
(f (x) + (1/2) B2 f" (x) K2)
from above. For the numerator, note that
T 2 T 2
var (s — ;. ()| X) =B | |uis — Z Ui swis (@) | X | — | E|uis— Z U;,swi s ()| X ,
s=1,s#t s=1,s#t
where, since u; ; is i.7.d. (O, 02) and independent of z; ¢,
2
T T
E Ui — Z U swis ()| | X | =E (uft) -2 Z E (u; tu; ) wys ()
s=1,s#t s=1,s#t

T T T
+ > Bl )wi @)+ Y > B (uistir) wis (@) wir ()

s=1,s7#t s=1,s7#t q=1,q7t,q#s
T
2 2
=0°<1+ g w; ¢ ()
s=1,s#t

and

30



Therefore, we can write

I
S
O
_|_

D271 (x)

T

T
DD D (@) (@i —2)wis (@) Ki (g —a) [ 1+ ) wi, ()

1 s=1,s#t r=1,r#t

T 2 12 2
o Y Y (@i — )" K}, (i — ) K}, (wig — @)
N2T2 (T —1)* h# “ T 2
ST L (1 (T = 1) h) Xy gt Ko (10— @)

NTF %/(“*x)ZKﬁ(ufx)f(u)du

n o? h=2 [f (uw—2)" K} (u—a) K} (v —a) f (u) f (u) dudv +0,(1)
NT(T—1)h (W1 [ Kn (u— ) f (u) du]? ’
et o P2l )
NTh = "2 T NT(T-1)r2 " J} P
0’2 1 JQQ
m(JZQ){1+(T—1)h X !]021} +Op(1)

o2

NTT {hzf (z) oo + %h“f” (2) g4 + 0p (h4)} (1 +0 <T1h>) +o, (1)

h h
WUQJC () po + 0p (NT)
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since h/NT — 0 as T, N — oc.!? Similarly,

202 d
N2T2}2 Z Z Z (mi’t - ZL') (wi,s - .’L‘) wis (.’Ii) Klzz (x’i,t - .’L‘)

- 20 & (zig — ) (x5 — @) Kp (23,6 — 2) K} (234 — @)
N Z; ; S_lz,s:# (1/(T—1)h) ZqT:Lq# Ky (w54 — 7)

202 ) Tyt — ) (Tis — T K3 Tjs— T K? Tijp— T
Y Y (zi — ) ( ) K, ( ) K, ( )

N2T(T - 1)° W = = [(1/ (T =) RS o K (@ig — :c)]g

3 202 NI ) L (it — ) (xis — ) Kp (w55 — ) K2 (250 — @) K} (@i — @)
N2T?(T — 1)° 3 ; ; s:lz,s:# T:L;,#s (1 (T =) S1 s K (14— ) ’

207 " =2 [[(u—2z)(v—2)Kp(v—2) K} (u—2z) f(u) f(v)dudv

~ NTh h=t [[Kp (u—2) f (u) du

B 202 xh_fo(u—m)(v—x)K,%(v—x)K,%(u—x)f(u)f(v)dudv
NT (T —1)%h3 (h=1 [ Ky (u— ) f (u)du)’

B 202 Xh*3fff(u—x)(v—x)Kh,(v—:c)K,QL(w—:E)K,?L(u—m)f(u)f(v)f(w)dudvdw+O (1)
NT (T — 1) h2 (b1 [ K (u— ) f (u) du)’ :

_ 20 JiiJi2 202 JizJ12 202 JiiJi2 1

T NTR Jo1 _NT(T—1)2h3X J3 _NT(T—l)hQX J2 +op(1)

2 (@) e

NT — f(x)+ (1/2) h2 [ () ko

7/’2 K2 o
) {“2 TSR @) + R @ e T DR @)+ (172 R (@) ) } *torl)

L (@l (A
TONT @)+ (U2 R () e O (NT)

since Th — oo and h3/NT — 0 as T, N — oo, where ¢, = [ 2?2 K3 (z) dz < cc. Finally,

12Note that since we assume xi,¢ is i.i.d., whether using joint limit or sequential limit between N and T" does not alter
the main results. See Phillips and Moon (1999) for further details.
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D273 ((L’)

9 N T T T
g
T N2T2R2 Z Z Z Z (Tiys — @) (Tig — T) wis () wig (2) K’QL (zie — )
i=1 t=1 s=1,s#t q=1,q#t
2 N T T T T
bz Y Y Y @ 0) (@ - D @y (@), (@) K (- 2)
i=1 t=1 s=1,s#t q=1,q#t r=1,r#t
52 N T T
:WZZ Z (255 — )" W}, () Kj (54 — )
i=1 t=1 s=1,s#t
2 N T T T
+ N2T2]2 Z Z Z Z (Tis — @) (Tig — T) wis (T) wig (T) K}% (i — )
i=1 t=1 s=1,s7#t q=1,97#t,q#s
2 N T T
+ Voo YYD (mis—2) wi, (@) K (zig — @)
i=1 t=1 s=1,s#t
2 N T T T
tympmE o O > (we—a) Wl (@) e, (@) K (2, - )
i=1 t=1 s=1,s7#t r=1,r#t,r#s
9p2 N T T T
oY 2 0 (@i @) (@i - p)wis (@)W, (0) K, (i - 2)
i=1 t=1 s=1,s#t r=1,r#t,r#s
2 N T T
N 2o D D D D @is = ) (B = @) wis () wig ()W, (1) KG (20 — @)
i=1t=1 s#q#r#t
9 N T T

(21, — 2)° K2 (21,5 — 2) K} (214 — @)

i=1 t=1 s=1,st [(1/ (T—-1)h) ZZ:LP# Ky (z;p — )

2

o ) r Tis — ) (Tig — ) Ky (55 — ) K (T3 — @ K? Tip — T
Y Y Z(, ) ( ) K ( ) K ( )’5( )

1 s=1,s#t q=1,q#t,q#s [(1/ (T — 1) h) ZZ:l,p#t Kh (xi,p — 1’)

o Z Z XT: (wis — a:)2 Kl (zis — ) K2 (254 — @)

4

p s Gy [(1/ (T—1D)R) S, K (@i — @)
20° Sl (@i —2)° KF (w0 — 7) KF (25, —7) KF (200 — @)
NQTQ(T—1)4h6 ZZ Z Z T 4
S St (U (T = 1) h) Sy o K (i — )]

o ) r Tis— ) (i —x) Ky (x;s — Kf; Tiyp—T K,QL Tit—
Y Y Z(, ) (@i — @) K (zi,s — ) K, ( ) K ( )

212 _ 1\4 16 h
N2T2(T —1)" hb = 1= s=1,s7t r=1,r#t,r#s [(1/ (T—-1)h) Zgzl,p?ét K (wip— x)]
- fi ETi > ETZ (i = 2) (g = 2) i (@10 = 2) Ko (21 = 2) K} @i — ) K (200 = 2)
212 _ 1\4 16 .
w (T 1) " mHEL sAaFrA |:(1/ (T — 1) h) E;ﬂ:l’lwgt Kh (.Tim - l‘):l
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o? 2 [ (v—x)2 K} (v—2) K} (u—2) f (u) f (v)dudv

a NT(T—l)h2X (frlth(u—:v)f(u)du)2
o? " 3 [ (v—2)(w—2)Kp(v—2)Ky(w—2) K} (u—2) f (u) f(v) f(w)dudvdw
NTh (h=' [ Ky (u— ) f (u)du)’
N o’ ) (v —2)" Kjt (v —2) KZ (u—a) f (u) f (v) dudv
NT (T —1)° b (h=! [ K (u— x) f (u) du)’
N 20? IS (v —2)" K} (v —2) K} (w—2) K} (u =) f () f (v) f (w) dudvdw
NT (T —1)%h3 (b1 [ Ky, (u— ) f (u)du)’
n o? I (0 —2) (w = 2) K (v — ) K (w = 2) K (u—2) f (u) f (v) f (w) dudvdw
NT (T — 1)? b3 (b1 [ Ky, (u— ) f (u)du)’
NTT DR

KIS @ = ) (w — @) Ky (v — @) Ky (w — @) KR (0= @) KG (u—) f (u) £ (v) f (w) £ (£) dudvdwdl
(= [ Ky (u—2) f (u) du)4

+op (1)
_ 0'2 % J22J02 O’2 % J121J02
NT (T — 1) h? ng NTh ng
+ 0'2 % J24J02 20’2 J22J022
NT(T—-1°ht" Ju  NT(T-1)7%h* Jg
2 J J J2 2 J2 J2
n o .  J1 13 02 g S X 11402 + p(l)
NT (T —1)"h3 Jor NT(T —1)h Jor
_ o’ £ (@)* oo o’h*  f@)(f ())” v

NT(T-1) " (f (@) + (1/2) R2f" (x) k2)®  NT  (f () + (1/2) h2f" (z) 52)?
_ an(m) P2%¥0 [ (x) 3¢ ()2 oo mnin L E

which goes to zero faster than h/NT since Th — oo is assumed. It thus follows that

Dy (x) = %02]0 () oy + 0p <J\§LT)

and
Var B - 5| %] = (h/NT) 0> f () 3 + 0, (h/NT)
(A7 () B3 (F () + (1/2) 217 (@) m2)?] + 0 (1)
= N (¢> o (]\]11%> '
Q.E.D.
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Proof of Theorem 3 The proof is very similar to that of Theorem 2 and we summarize the main results

here. The complete proof is available from the authors upon request. For the bias, we first write

(L/NTh) S, Yo, ot () R _ .
(WNTH YN, YL (25 @) Kn (@i —2)  F1(@)

s

E[B(z)-8@)|X] = DK —2) B (o)

Similarly as the proof of Theorem 2, the denominator can be rewritten as

1 N T T
Fi(z) = Thzz (@wig—x) = Y

wi,s () (2i,s — )
i=1 t=1 s=1,s#t
N N T 2
+ Y wp @) (@ —a) = Y Y wie (@) (s — @) | Kn(wig - )
j=1,j#% J=1,j#i s=1,s#t
_ 1 1 hf (z) ey
= h2f(m)f<az+ (N+T +ﬁ X T+ (12) B2 (2) s +op (h2)

I
>
[\
~
&
X
V]
_l’_
s}
<
—
>
[V
SN—

because h/N = h?/Nh < h? and h/T = h*/Th < h? for Nh — oo and Th — oo as N,T — oco. For the

numerator, if we assume m € C* for L > 2, we have

L
1
Foa) = 3 2m® () B (2)
=2
Lo ;] NI T
_ ~ (0 _ ) —
- Z am (x) NTh ZZ (iy — ) Z wis () (w5 — )
=2 i=1 t=1 s=1,s#t
N N T
+ Z wjt (@) (zj0 — ) — Z Z wj,s () (255 — ) | ¥
Jj=1,5#i Jj=1,j#i s=1,s#t

s=1,s#t
N N T
+ Y wi@ @ =) = Y D we (@) (25 — @) | K (i — @)
Jj=1,j#i Jj=1,j7#i s=1,s#t
where
11 WAL () g
F€ — 042 g1 £+2
5 () h f()KH2+<N+T>f(x)+(1/2)h2f”(x)/<;2

11 REP2f (2) f' () Kok o (Bi+2
(N ot 1) Tt @2 R @ o )

R (@) £ (x) make
2 f )+ (1/2) k27 (2) ke

= W2 (2) Ry +o0, (hZH)
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if £ is even (£ > 2) and

, 11 1 REf (x
H@ = 007 @mnt (3414 37) Torofs ey + o 07

= pfLy (@) Kes1 + 0p (h“‘l)

if £ is odd (£ > 3). It follows that

R Eoont (m® (@) f (@) (R —Reme) | <= BTN Kes .
B [B() - 8 (@) ] :Q;mf!( )/ )( - >+E2§dd S (a:)< L )+ (h%)
if L is even (L > 2) and
B[iw-sw|x]= 3 (S () s () (22 ) o, ()
£>2,even a f(x) k2 £>3,0dd ¢ k2 '

if L is odd (L > 3). Therefore, for the particular case of L = 2 or 3, the approximated bias formulae are
the same as in Theorem 2. By applying the same argument, the variance formula also remains unchanged

from Theorem 2. Q.E.D.
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