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Abstract

In this paper we develop mixed proportional hazard models in discrete time when
there is cross sectional duration dependence because of the social interactions. To
capture the cross sectional dependence, we use the lagged binary indicators of neigh-
bors, which are weighted by the spatial weight matrix. We investigate the nonpara-
metric specification for the baseline hazard and the unobserved heterogeneity. We
use EM algorithm to estimate the duration model with unobserved heterogeneity and

derive the observed information matrix for statistical inference.
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1 Introduction

The duration model analyzes the length of a spell or the probability of leaving the initial state.
This model is characterized by the hazard rate, which is the conditional probability of exiting
the initial state at time 7, given survival up to r. Since Cox’s (1972) study, the proportional
hazard (PH) model is one of the most widely used duration models. In the PH model, we define

the hazard rate as

h(riz,B) =ho(r) ¢ (z,B), (1)

where 7 is the time elapsed since the beginning of the initial state, x is a vector of observed
explanatory variables and [ is a vector of parameters. The regression function ¢ (z,) and
the baseline hazard hg (r) are non-negative. In practice, however, the PH specification (1) is
likely to have measurement error or omitted explanatory variables because some determinants
of the hazard cannot be observed. Lancaster (1979) pointed out the importance to account for
such unobserved heterogeneity and proposed the mixed proportional hazard (MPH) model by
multiplying a positive random variable v to (1), which is independent of z. It is well known
that failure to account for unobserved heterogeneity causes to underestimate the hazard rate.
Moreover, omitting unobserved heterogeneity results in the bias of 5 toward zero. The MPH

model is then given by

h(r;z,B,v) = ho (r) ¢ (z, ) v,

where the regression function ¢ (z, 3) captures the effect of observed explanatory variables, the
baseline hazard hg () captures variation in the hazard over the spell or the time dependence,
and a random variable v accounts for the omitted heterogeneity. Without loss of generality, we
let E(v) = 1.

In this paper, we consider the situation that each individual’s duration depends on the others’.
We model such social interactions by introducing lagged decisions of neighbors, which are properly

weighted by an exogenous spatial weight vector w. We then redefine the MPH model as

h (T7 x»yt71>w>ﬁap>v) = hO (’I“) (b (wi/yt717ﬁ>p) v (2)

fort—1<r<tandt=1,2,---, where the regression function ¢ also depends on the weighted

sum of the lag of binary indicator vector w'y;—1. Each element of y; is equal to unity if the



duration of each person is over by the tth period. p is an additional parameter of the covariate
w'ye—1.

The MPH model (2) with social interactions seems closely related with discrete choice models
with social interactions such as Heckman (1981) and Brock and Durlauf (2001). Li and Lee
(2006), Liu, Lee and Kagel (2006) and Li, Lin and Lee (2007) recently generalize such models.
The MPH model (2) is unique, however, in that the individual duration, not the choice, depends
on the past choice of neighbors. In addition, the model is more flexible since we can let both the
baseline hazard hg (-) and the distribution of the unobserved heterogeneity v be unknown (i.e.,
nonparametric).

In the following section, we discuss more about the MPH model (2) and look at some tech-
nical conditions. Since the maximum likelihood estimation is known to be inappropriate for the
MPH model, we instead develop the EM estimation procedure in Section 3. We also derive the
explicit form of observed information of the EM estimators. All mathematical details are given

in Appendix.

2 Grouped MPH model with spatial dependence

2.1 The model

Let 7; be a positive and continuous random variable for the time to exit from a given state. We
are interested in estimating the distribution of the duration 7; for each individual ¢ = 1,2,--- | n.
To find the distribution of 7;, we assume a mixed proportional hazard (MPH) model such that
the hazard rate of leaving the initial state is influenced by both observable and unobservable
characteristics. More precisely, we let z;, denote a vector of possibly time-varying observed co-
variates associated with the ith member at time r > 0. We also let v; denote an i.i.d. unobserved
heterogeneity of individual ¢, which is independent of z; , for all r. If we define Z, as the covari-
ates’ path up through time r for all ¢, i.e., Z, = {zi,r/ :0 <7 <, for all i}, then the hazard

rate of 7; at time r, conditional on Z, and v;, is given by
hi (7|Zy,vi) = ho (1) ¢ (Zy, B) v; for all i and r, (3)

where hg (r) > 0 is the baseline hazard at time 7, § is a parameter vector, ¢ (ZT, é) > 0 and

v; > 0. Recall that the hazard function h (r|Z,,v) is defined as the conditional probability of



exiting the initial state at time r, given survival up to r:

P < >r:7
B (r|2r,v) = lim =T sr dir 2ty
T T

If we assume that, conditional on v and Z,, 7 is independent and identically distributed (i.i.d.)

with a distribution function F; (r) for » > 0, then it is well known that
F. (r|Zy,v) =1— S (r|Zy,v) and dF:(r|Zy,v)/dr = h(r|Zy,v)S (r|Z,,v),

where S (r|Zy,v) = Pr (7 > r|Z,,v) is the survivor function. More details can be found in Van
den Berg (2000) or in the standard econometrics textbooks. Now we let ¢ be the discrete time
index such that ¢t = 1,2,--- , K. Like the binary choice model, we define a binary indicator y; ¢,
which is equal to unity if the duration of ¢ ends in the interval [t — 1,¢). Thus, y;41 = 1 if
¥i,t = 1. Similarly, ¢;; is a binary censoring indicator equal to one if the duration of 7 is censored
in [t—1,t). Obviously, ¢; x = 1 and ¢;; = 1 implies ¢; 441 = 1 for all ¢. If the duration is censored

in [t —1,t), i.e., ¢;y = 1, then we set y;; = 1 as convention.

As we specified in (2), we introduce cross sectional duration dependence in the model. More
precisely, we allow that the hazard rate (3) of each individual ¢ depends on the previous choice
paths of others. For this purpose, we introduce an n x n exogenous matrix W = (wq,--- ,w,)’,
where w; = (wj1, w;a, - - - ,wm)' is an n x 1 normalized spatial weight vector for each ¢ such that
> i—qwij = 1. We then let

¢ (Zy, B) = exp (27,8 + pwiye—1)

for r € [t — 1,t), where yr = (Y1, ,Unt), Tir 15 a k X 1 vector of covariates, 8 a k x 1
parameter vector and p a scalar parameter. Conventionally, we define w;; = g [d (cpi,cpj)] >0
for i, = 1,2,--- ,n, where w;; = 0 and d(+,) is a proxy of economic distance between i and
4.2 More precisely, d (-, -) is a distance function of a pair of characteristics ¢; and ¢j, and g (-) is

a nonnegative and strictly decreasing function with g (0) = 0. Then W is a well-defined spatial

2The specification of spatial weight matrix is rather arbitrary since the economic distance cannot be observed
explicitly. More discussions on how to specify spatial weight matrices and some examples are provided in Appendix.
For more technical details, readers are referred to spatial econometrics or spatial statistics literature such as Anselin
(1988), Cressie (1993), Kelejian and Prucha (1999), Lee (2002) and the references therein, to name a few. A large

number of applications can also be found in regional, agricultural, environmental, and industrial organization
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weight matrix and it controls the degree of cross sectional dependence based on the economic
distance between two areal units. The model can accommodates the social interactions among
the economic agents and it can be rephrased as the spill-over effect or the externality. More
precisely, the model describes learning from peers based on their lagged behaviors (y;—1) and the
hazard rate is affected by such learning. A number of possible applications could be found in
economics and sociology, which consider social interactions and peer effects on one-time decision
making such as passage of a law (Carruthers, Guinnane and Lee, 2005). In biostatistics, such a
model can be used in epidemiologic studies, in that the current level of infection can be affected

by the infected neighbors in the past period.?

Heckman and Singer (1984) suggest that the distribution of the unobserved heterogeneity be
nonparametrically estimated in order to avoid any misspecification problem. They show that
as the number of mass points increases, discrete distributions can approximate any distribution
arbitrarily well. Their nonparametric estimator, however, is very sensitive to the assumed shape
of the baseline hazard function. (e.g., Trussell and Richards, 1985). Meyer (1990, 1995) proposes
a solution using piecewise constant baseline hazard functions of Prentice and Gloeckler (1978).
By combining two approaches of Prentice and Gloeckler and of Heckman and Singer, Meyer
allows (approximately) nonparametric specifications in both the unobserved heterogeneity v and
the baseline hazard hg. In our model (3), we follow this combination approach such that the

baseline hazard hg is piecewise constant:

t
log (/ ho(r)dr> =y €R forallre[t—1,t)andt=1,2,--- | K, (4)
t—1

and v; is ¢.i.d. with a discrete distribution with m supports:

fv)= ijlv:qj (5)

economics literatures. See the survey by Anselin and Bera (1998) for the references. Note that the aformentioned
discrete choice models with social interactions (Heckman (1981), Brock and Durlauf (2001), Li and Lee (2006),

Liu, Lee and Kagel (2006), and Li, Lin and Lee (2007)) simply consider w;,; =1/ (n — 1) for all ¢, 7 with w;; = 0.
3We can find several papers about spatially dependent duration model in biostatistics literature but they are

based on the geostatistical framework (e.g., Li and Lin (2006): (71,--- ,75»)" ~ N (0,T), where the (4, 7)th element
of I' is a parametric function of d (gai, ij) given a pair of geographic locations ¢, and gaj), which is somewhat

difficult to interpret economically.



foralli =1,2,---,n, where p,, = 1—Zszlpj,O <pj<land0<gj<ooforalj=1,2,---,m.
1,4 is the indicator function, which equals to unity if the condition A is true. The piecewise
constant baseline hazard (4) is very useful especially when the hazard rate has much fluctuation
or frequent peaks?. It extracts common deterministic time trends from the covariates as the
usual fixed time effects in panel regressions. The nonparametric approach (Heckman and Singer,
op.cit.) leads to a finite mixture model (5), where the random effect v; is assumed to have a
discrete distribution that assigns probabilities pi, po, - -+, pm to the fixed m points of supports
q1,92,"** ,qm. The finite number of mass points should be set in advance to avoid an incidental
parameter problem. In the theoretical point of view it is convenient to assume that the mean of v;
is one, although for the estimation purpose it is often more convenient to leave g; (j = 1,2,--- ,m)
unrestricted and omit the constant term from the baseline hazard. In fitting the model (3), we
thus simply let 7; = 0. We start with two points of support (m = 2) and keep adding more points
of support as long as all the estimated ¢; are distinct. As convention, we may also normalize
one location ¢, = 1 so that we can interpret that an individual ¢ with type v; = ¢; (j # m) is

g;-times more likely to exit the initial state than an individual with type ¢, (= 1).

Finally, note that conventional economic panel data provide observations on failure times ag-
gregated up to discrete intervals. We therefore observe discrete duration data T; (or grouped du-
ration data) rather than continuous observations 7;, where 7; € [T; —1,7;). We can easily handle
this problem® by splitting the time line into K +1 intervals: [ro,71), [r1,72), - , [Pk —1,7K), [Tk, 0)
with letting rg = 0 without loss of generality, where the length of each interval corresponds to the
panel survey frequency. Survival up to time 7; is thus the same as surviving until the ¢th interval
[ri—1,7¢). Notice that rg is the last time of our observation and all durations lasting over rg
are censored. Since we are usually dealing with equi-spaced panel data (i.e., observed at regular
intervals such as monthly, quarterly, yearly, etc.), we can let ry =¢ forallt =1,2,--- | K, K + 1
in these cases and consider K + 1 intervals: [0,1),[1,2),---,[K — 1, K),[K,o0). Hereafter, we
assume observations of failure times 7T; over the discrete periods t = 1,2,--- , K for individuals

1=1,2,--- ,n. We further assume that covariates are at best recorded up to intervals and thus

* As Diebold, Rudebusch and Sichel (1993), we could also consider a pth order polynomial baseline hazard, i.c.,
ho (r) = exp (ZIS’:O bsts) forret—1,t) and t=1,2,--- , K, where p — 0o as K — oo and bs € R for all s.
’For further discussions on discretization, readers are referred to Heckman and Singer (1984), Lancaster (1990)

and Sueyoshi (1995).



Zir = 2zt for all r in the tth interval [t — 1,t). Therefore, the hazard rate (3) of 7; conditional

on Z; and v; is actually given by

hi (T’Zt, vz-) = h() (7’) (25 (Zt,é) (3

at time ¢ for r € [t — 1,¢). However, we use the hazard rate of the discrete failure time 7,

conditional on Z; and v;, which is given by

hi (tZs,vi) = ho (t) ¢ (Zt, B) vi
forallt=1,2,--- ,Kandi=1,2,--- ,n.

2.2 Technical conditions

In sum, we consider an MPH model given by

hi (tlv)) = exp (v, + z B+ PWiyi—1) v; (6)

n
= exp (v +aiB4pD> wiyy | v
j=1
fort=1,2,--- ,Kandi=1,2,---,n. For expositional simplicity we suppress the dependence on
the observable items xz, y and W, hereafter. Recall that x;; is a covariate vector containing both
time-varying and time-invariant variables. exp () is the piecewise constant baseline hazard.
The weighted sum of y;;—1 by the spatial weight vector w; can be interpreted as the average
influence of other agents’ past decisions on i, i.e., the cross sectional interaction. We first assume
the following conditions. Here, Z; still implies the complete path of the covariates (x; ¢, wiyi—1)

up to time ¢ for all 7.

Assumption FT (failure time) (i) The failure time T; > 0 is independent conditional on Z;

and v for each t; (it) T; is independent of c;; for all i, j and t.

Assumption UH (unobserved heterogeneity) (i) The unobserved heterogeneity v; > 0 is

i.i.d. of finite mixture (5) with mean one; (i) v; is independent of Zy and cj; for all i, j and t.



Assumption BH (baseline hazard) The baseline hazard hg (t) is nonnegative for all t and

piecewise constant as (4).

Heckman and Singer (1984) assume that the distribution of the censoring variable ¢;; is known
and independent of the covariate (a:i,t,wgyt_l) to show the consistency of maximum likelihood
estimators with nonparametric unobserved heterogeneity v;. In our case, the censoring only
occurs at the fixed time K when the panel survey is over, so those assumptions hold automatically.
Note that v; is only observed by individual ¢, not by the econometrician. Its mean is usually

normalized to one so that the expected hazard rate is the unconditional hazard rate, viz.,
E [hz (t|vi) |Zt] = h() (t) exp (x;’tb’ + pwgyt_l) E ('Uz) = hz' (t) s

where h; (t) = ho (t) exp <x;7tﬂ + pwgyt_l) Recall that v; is independent of Z;. (Assumption
UH-(ii)) We now assume further condition for the identification of hg, 5, p and the distribution

of v.

Assumption CV (covariates) (i) (s, wiy—1) € X x ), where X and ) are open sets in
R¥ and R respectively. (ii) At least one argument of ;4 is defined on the continuum. (iii) The

regression function exp <a:é7tﬂ + pwgyt_1> s monconstant on X X Y.

As shown in Elbers and Ridder (1982), Assumption (UH), (BH) and (CV) yield identifiability
of our model (6) at least up to constant. Notice that Assumption (UH) is the same as Assump-
tion 1 of Elbers and Ridder (op.cit.). Assumption (BH) satisfies Assumption 2 (ibid.) because
fg ho (s)ds = 2221 exp (7,) is an increasing function of ¢ > 0. Assumption (CV) and the form
of the proportional hazard function satisfy Assumption 3 (ibid.) because the regression function
exp (9527,5/3 + pwéyt—1> is obviously differentiable with respect to (6’ , p)/. Further discussions of
identification with unobserved heterogeneity can be found in Kiefer and Wolfowitz (1956), Heck-
man and Singer (1984) or Meyer (1995). These studies look at the very general situation that

the number of supports of v increases to infinity. Finally, the following condition for the spatial

weight matrix W = (w;;) is also important.

Assumption SW (spatial weight matrix) (i) The spatial weight matriz W is predetermined

and correctly specified; (ii) each element of W is nonnegative and all the diagonal elements of



W are zero; (iii) W is row normalized, i.e., Z;LZI wij =1 for all i; (iv) W is independent of v;

for all i, and w;; ¢ X for all i and j.

It is important to assume that the spatial weight matrix W is predetermined (Assumption SW-(i))
and independent of v; (Assumption SW-(iv)). Pre-specifying W outside the model is an easy way
to obtain a predetermined and exogenous W. It prevents any identification problem as pointed
by Manski (1993). The independence assumption also guarantees the absence of endogeneity
problems since all the diagonal elements of W are zero by construction and Assumption (UH)
holds. Keeping the spatial weight matrix W out of the covariate space X prevents any possible
multicollinearity problem® between z; ¢+ and w}y;—1. Therefore, exogeneity of W is crucial for the
satisfactory properties of the estimators B and p.

When we consider the asymptotics for large cross sectional size n, different from time se-
ries, we can think of two distinct scenarios: the in-filling asymptotics (to increase the number
of observations within a fixed boundary) and the increasing-domain asymptotics (to expand the
boundary of samples as time series) in spatial econometrics. In the applied spatial models, how-
ever, each cross sectional unit ¢ has a limit number of economic neighbors regardless of the sample
size n. Therefore, when we work with the increasing-domain asymptotics, we are expecting that
the spatial weight matrix W becomes sparser as n grows. In the in-filling asymptotics, on the
other hand, we cannot expect W becomes sparser as n grows. In this case, the row normaliza-
tion (Assumption SW-(iii)) is important to prevent the weighted sum w]y;—1 from exploding. It
controls the degree of cross sectional dependence so that the M-estimator has proper asymptotic
properties. More discussions on the asymptotic properties can be found in Sargan (1975) in terms
of a large system. Kelejian and Prucha (1999) and Lee (2002, 2004) provide more general and

technical conditions in the spatial econometrics context.

51f we use any variables ®; ; that are included among ;; to construct the spatial weight matrix W and if W
happens to be a linear transformation of ¢, ,, then x;; becomes collinear with the spatial weight vector w; and so

does with wiy;—1.



3 Estimation using EM algorithm

3.1 Log-likelihood function

Let us first consider the ith individual, who drops out of the sample in the T;th interval [T; —1,T;)
either by exiting the initial state (c¢;7; = 0) or by censoring (¢; 7, = 1). The conditional log-

likelihood function on the unobserved v is given by

log L<m;)|t=0) (0v) = ZIOth s)(t<s—1) (Ov),
s=1

where 6 is the parameter vector and the (joint) log-likelihood is conditional on the initial state
at t = 0. If we ignore the conditioning on the initial state, the conditional log-likelihood function

is then given by

n

log L (0|v) = Z {5 log (1 — exp (—exp (Dj1,0)) v E exp ( } (7)

=1

using the specification (6) similarly as Prentice and Gloeckler (1978) and Meyer (1990, 1995),

!/
where d; = (1 —¢;i1y), 0 = (Vi,72: 7k, B p)/, and the covariates vector D; ; = <e£, T}y, wgyt_1>
with e; being the tth column of the identity matrix Ix. Integrating (7) over the distribution (5)

of v yields the unconditional log-likelihood:

m

log L (0) = ij log L (O|v = g¢;) . (8)

j=1

As noted in Lee (2000), Lancaster (1990, Chapter 8.4) and Heckman and Singer (1984), however,
the maximum likelihood (ML) estimation is not appropriate on the mixture model (8). It is
because the parameters of the heterogeneity distribution are not guaranteed to lie on the interior
of a compact set. Moreover, numbers of studies report that the ML estimation of mixture models
has convergence problem when the models have both the piecewise constant baseline hazard and

the finite mixture unobserved heterogeneity.

Instead, the appropriate choice of algorithm for fitting a mixture model is the EM (Expectation-
Maximization) algorithm (Dempster, Laird and Rubin, 1977). The EM algorithm was originally

invented to cope with inference in models imposing missing data. In our case, the unobserved
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heterogeneity v is essentially a problem of missing data. To fix this idea, we now consider an
alternative expression of the conditional log-likelihood function (7) for person i, which is given

by

log L; (Olv; = ¢q;) = Z)‘U {&- log (1 — exp ( exp (DZ T 6 q] Z eXp }

=1

= Z)\Z’j logL;k (9, Qj),
7j=1

where
T,—1

log L7 (0, q;) = d;log (1 — exp ( exp (DzT 9 qj Z GXP

The unobservable (or missing) data A;; is a binary indicator equal to unity if the value of v;
is g; and zero otherwise. For the prior probabilities p; (j = 1,2,---,m), the log of the density

function of v; is

log f (v;) Z)\” logp;.

from (5). Hence the unconditional joint log-likelihood function of both the observed and the

unobserved items is defined as

n

logL(©) = > {logf(v;)+log Li (6]v;)}
=1

m
= > > xij{logp; +log L} (6,45)}, 9)

i=1 j=1
where © = (0/>p/>q,)/7 P = (p1>p27' o 7pm71)/ and q = ((J1»QZ>‘ o 7qm)/' Note that7 Pm 1s
automatically determined from the restriction of probabilities, p,, = 1 — Z?le pj. As noted in
Guo and Rodriguez (1992), the M-step of the EM algorithm only requires numerical maximization

of log L (0, ¢j)-

"In this formula, all the elements of q and the parameters (v, ¥y, -+ ,vy) of the piecewise constant baseline
hazard have no restriction. As noted in the previous chapter, however, proper normalization is necessary in practice

and we usually let v; =0 and g, = 1.
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3.2 EM algorithm

The EM algorithm proceeds in two steps. The E-step calculates the conditional expectation of
Aij given observed data, §; and I); = {D;,: 0 < s <T;}, and given the likelihood L} evaluated
at the current parameter estimates. It can be shown that the posterior probability of v; = ¢; is
derived as

L (0. a:
E (Xij|0i, Ds) = p;Li (0, 45) =m;; foralliand j. (10)

i peLE (0, q0)

If we let 7;; denote m;; evaluated at the current parameter estimates, substituting 7;; for \;; in

(9) gives the outcome of the E-step:

n m n m
Q(0) =Y Filogp;+ Y > FylogLi (6,q;). (11)

i=1 j=1 i=1 j=1
Then, the M-step consists of maximizing @ (0) with respect to © = (9' .p.d )/. Notice that the
formula (11) implies we can split the maximization problem for (6, q, p) into two sub-optimization

problems for p and (0, q) respectively. Maximization with respect to p;’s gives an explicit solution

from a general result in finite mixture models. (Everitt and Hand, 1981) Maximization with
respect to (6, q) can be done with conventional optimization procedures. We iterate these whole

E and M-steps until the estimates converge.

We have several remarks on running the EM algorithm. The initial values for the EM algo-
rithm can be chosen from the ML estimates of the duration model without unobserved hetero-
geneity, which is given by

hi (t) = exp (’Yt + x;#ﬂ + ngyt—l) .

We then start the EM algorithm on the duration model with unobserved heterogeneity:
hi (tlui) = exp (v, + 2,8 + pwiye—1 + i)

using the first step ML estimates (’7(1)7 e ,'y%, B0, po) and arbitrary (qo, pO) as the initial values.

Notice that we reparametrize the model (6) in that v; = exp(u;). We then do not need any

12



restrictions on wu; because 0 < v; < oo is satisfied for any —oco < u; < 0o. As we discussed,
we start with two points of support (g1, g2) for the unobserved heterogeneity v and keep adding
more points of support as long as all the estimates g; are distinct. We normalize one location
g1 = 1 but we leave the mean of v unrestricted by omitting the first term of baseline hazard, i.e.,
v1 = 0. We may also conduct the Simulated Annealing (Goffe et al., 1994; or Goffe, 1996) grid

search to find and/or confirm the global maximum.

3.3 Observed information matrix

The EM algorithm is known to be robust to the choice of initial values and practically guarantees
convergence to at least a local maximum. One of its disadvantages® is that it dose not provide
standard errors as an immediate by-product unlike the Newton-Raphson type methods. There-
fore, even though the estimation with unobserved heterogeneity is very common, the literature
is rarely informative about the precision of the estimators. This happens more frequently in case

of the MPH model with discrete mixture unobserved heterogeneity.

Louis (1982), Guo and Rodriguez (1992) and Oakes (1999), however, show how to find the
observed information matrix within the EM algorithm framework. We then can easily obtain
the asymptotic variance matrix estimate from the inverse” of the observed information matrix.
More precisely, under the regularity conditions, Louis (1982) shows that the observed information

matrix Z can be obtained by

2

7(0)=E, (8@&% log I <@>> _v, (%logu@)) ,

where L (©) is the complete data likelihood function in (9). The expectation E, (-) and variance
Vy (+) are taken over the conditional distribution of v given the observed data {d;, D;}; ;. As
noted in Guo and Rodriguez (1992), the first term can be interpreted as the conditional expec-
tation of the observed information when v is observed. The second term represents the missing
information associated with the conditional distribution of v given the observed data. We derive

the explicit form of the observed information matrix Z in Appendix.

8 Another major disadvantage is its slow convergence, which is closely linked to the asymptotic variance matrix
problem. There are several studies on the modification of the EM algorithm to speed up the convergence, such as

Louis (1982), Meng and Rubin (1991), and Oakes (1999) to name a few.
%0Or we can use the generalized inverse if necessary.
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4 Concluding Remarks

This paper considers a simplest social interaction scheme based on the spatial weight matrix,
which is relatively easy to implement. The spatial weight matrix, however, always needs to be
correctly specified a priori, which is normally considered as the major disadvantage. Sometimes
it is even hard to identify the true spatial dependence from any pseudo spatial dependence,
which is simply incurred by omitting important variables. Further study should be done for
this direction. Alternatively, we can impose more economic background to specify the social
interactions similarly as Brock and Durlauf (2001). In such models, identification should be

carefully investigated for nonlinear (particularly for duration) models.

Appendix

A.1 Spatial weight matrix

In this section, we introduce the spatial weight matrix and discuss how to specify it. We let
©; be a cross-sectional economic variable!? for i = 1,--- ,n. For each location (or individual)
indexed by i, we consider a function w;; : R — Ry such that w;; = g [d (cpz-, cpj)] > 0 for all
j=1,2,--- n.d(--)is a (proxy of) economic distance between i and j and it is a metric (or a
distance function) of a pair of cross sectional characteristics o, and ¢;. g (-) is a nonnegative and

strictly decreasing function with g (0) = 0. We normalize w;; as 2?21 w;j = 1 and let w;; = 0 for

all 7 so that an n x 1 vector w; = (w;1, wsa, - - ,wm)/ becomes a spatial weight vector for each 1.
As examples'! of a spatial weight matrix W = (wy,--- ,,w,)’, we consider the U.S. state-
wise data. In this example, therefore, i (=1,2,---,n) is the index of each state. We can think

of the following variables that determine the spatial weight matrix W. (i) The geographical
location such as whether two different states are neighbors, and whether the state belongs to the
northern states or not. (ii) The measurable economic distance such as the distance between two

capitals and the transportation cost. (iii) The similarity of demographic characteristics such as

0For the simplicity, we only consider a time-invariant spatial weight matrix. Time-varying generalization is

straightforward if we use time-varying cross-section data, i.e., panel data.
! As another example, we can parametrize the spatial weight matrix as W () = (wy; (1))} ;=1 such that wi; (n) =

exp (—d (goi, goj) /n) In this case, we need to estimate 7 along with other parameters, which determines the rate

that spatial influence attenuates with distance.
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population, labor structure, race distribution, income level, and the leading political party. (iv)

The influence of major states measured by the size of industry or market.

We then can determine the economic spatial weight matrix for each case as follows. For
variables (i) w;; = b;j/B;, where b;; is an indicator equal to unity if state ¢ and j are neighbors,
and B; is the total number of neighbors of state i. For variables (ii) w;; = dfjl /2 ki d;;}, where
d;; is the geographical distance or transportation cost between two different states ¢ and j. For
variables (iii-a) w;; = |e; — ejrl/zk# le; — x|, where ¢; = (1/K)S2K | e;; is the average
level of the time-varying demographic characteristic (or the time-invariant characteristic) of state
i. Notice that the more similar are e; and e;, the larger is |e; — ej|71. If we directly use e;;
instead of e;, then we get the time-varying spatial weight matrix in this case. For variables (iii-
b) wij = 145/ >y Lik, where 1;; is an indicator equal to unity if state ¢ and j share a common
binary characteristic. For variables (iv) wi; = [szj| / >_;_; [s2k|, where sz; is the measure of the
market spill-over power of state 7. It could be the number of workers or the market concentration
ratio. The size of manufacturing sector is also a good example. More examples on constructing
spatial weight matrices can be found in Case and Rosen (1993), Pinske and Slade (1998), and
Pinske, Slade and Brett (2002).

Note that if we obtain more than one weight matrix, i.e., £ spatial sub-weight matrices

Wi, Wy, -+ Wy, we then can formulate the general convex combination as
W= Wi + paWo + -+ p,Wo,

where p; are any constants satisfying Zgzl p; = 1. Notice that the spatial weight matrix W
still satisfies the normalization assumption such that Z?Zl wi; = 1 and w;; = 0 for all ¢. p; can
be pre-specified based on the importance of each economic variable, or they can be estimated in
a properly modified model. A straightforward example is a convex combination of two different
spatial weight matrices W7 and Wy such as W = pWj + (1 — p) W, and we can estimate p

(instead of p) in our model.
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A.2 Observed information matrix

Louis (1982) shows that the observed information matrix Z can be obtained from

2
Z(0)=E, <a@aa®/logL(@)> Vo <aa@10gL(@)>Ell(®)—Ig(@).

We will investigate these two terms separately.

Complete data information matrix Z; (©) : Under the regularity condition, the first term
(the complete data information matrix) is equal to —9%Q () /0090’ and thus it can be obtained
as a by-product of the E-step. From the formula (11) and for person i,

Q ZT‘-Z] 10gp]+z7rz] {5 IOg(l_eXP QJazT Z%azs}a

Jj=1 Jj=1

where o;; = exp <D§,t9>. Since the maximization procedures of p and (6, q) can be separated,
the Hessian matrix of @; (0) is block diagonal. The Hessian matrix corresponding to (0, q) is

automatically obtained from the M-step. More precisely,

0 UL i0v T, €X o
%Qi(@) = Zﬂzj {51% 7, P (~404i1;) qu%s 'Ls};
=1

1 - eXp ( QJ alvT

iQ,-(@) _ 7%{5 ;. 1, xp (—qrouT;) Zazs} fork=1,2,---,m

gy 1 —exp (—qroiT,) ’
P I~

Qi) = Zh_Tm o p=12 m -1,

Op, Pk Pm

where p,, =1 — Z;:ll p;. If we denote

QT € —q;0 T
Aij: 1, T; xp ( qj z,Tz)

, Al
1 —exp (—qjoiT;) (A1)
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then

’Qi(0) _ <~ . 2 40 S

vyl ;sz 0i (qjAij — GG, Aij — q; A7) Dir, D ; qji s D Dj s o5 (A2)
8*Qi (©) ~ 2 i

o000 Tik { 0i (Aiw — o4, Aike — @rAf) Dy — Z ;sDjsp for k=1,2,--- mA3)

8°Qi (©) ~ 2

————= = Tl (A +Aj) Lp=¢ for k,0=1,2,--- ,m; A4
90.0% k0 (e, Aik ) L= (A4)

92Q: () R, L Fom

G5 Ty T k= 1,2, m— 1. A5
OprOpe ) (45)

Therefore, the complete data information matrix is given by the negative sum of individual

Hessians:
n
82

h(®)= -« 9ODE’

—ara @i (©),

where 9%2Q); (©) /0©0O' consists of the second derivatives (A2) to (A5) conformably with the ar-
ray of parameters © = (9', 1y s GmyP1y ,pm_l)/. All other terms are zero since 92Q; (©) /0000’
is block diagonal.

Missing information matrix Z; (0) : From the formula (9) and for person ¢,
log L; ( Z)‘U logp; + Z)\w {6 log (1 — exp (—gjai1;)) Z q]azs} )
7=1 7=1
and

m

T;—1 m
a 2
% log LZ' (@) = Z)\” {5inAijDi,Ti — Z Qjai,sDi,s} = Z)‘ijBij;
7j=1 s=1 7j=1

T;—1
ilog LZ' (@) = )\zk: {61Azk,‘ — Z ai,s} = /\szzk: fOI‘ k‘ = 1,2, N

Oqx, —

by Nim,
ilogLi(G)) = Zk_ fork=1,2,---,m—1,
Op; Pk Pm
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where A;; is defined as (A1) and
Bij = 1QJAZ]D1T Z QJOQS 1,89

'L
Cij = 51‘1413‘—5 Qis.
s=1

Therefore,
dlog L; (©) -
V’U (T) = ZT‘-Z] ’7'['1] B B’Zj? (A6)
cov, 8log L; (9)’ 8log L; (9) = T (1 o Wik) C?k].k:( for k}, /= 1’ 2’ e mg (A?)
Oqr, gy
dlogL; (©) dlogL; (9)> Tk (1 — k) Tim (1 — Tim)
cov , = ——— 1y y+ ———= A8
° ( Ik Ape 2 h= P2, (48)

for k,{ =1,2,--- ,m — 1. Moreover,

cov, <8logLi () 9log L (9)> = mi (1 —mg) BCiy, for k=1,2,--- ,m;  (A9)

00 ’ oq

cov, <8IOgLi (@),810gLi (@)> = MBM for k=1,2,--- ,m—1; (Al0)
00 Opg, Pk

cov, <810g Li (@), Blog Li (@)) _ Tik (1 - Wik) Ciklk:g (All)
gy, Ope Dk

fork=1,2,--- ,mand £=1,2,--- ,m — 1 because
covy (Aig, Aig) = mi (1 — i) 1gy for k0 =1,2,--- 'm

from (10) and by the multinomial property. Note that the covariance cov, (-) is taken over the
conditional distribution of v given the observed data {d;, D;}; ;. The missing information matrix

is then given by
ZV ( log L; (@))

where V,, (0log L; (©) /00O) consists of covariance matrices (A6) to (A1l) conformably with the

!/
array of parameters © = (9’,q1, C  Gm, D1,y ,pm,l) .
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