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Abstract

This paper considers higher-order autoregressive panel models with exogenous regres-

sors and �xed e¤ects, where the lag order is possibly misspeci�ed. The within-group

estimator is considered and its asymptotic biases are studied. Speci�cally, we extend the

N -asymptotic bias formula in Nickell (1981) to the case that the dynamics follow general

autoregressive forms. We also develop NT -asymptotic distribution of the within-group

estimator that allows for lag order misspeci�cation. Besides the bias incurred by the

within-group transformation in dynamic �xed-e¤ects models, additional bias under mis-

speci�cation is obtained, which is of the same asymptotic order as the �xed-e¤ect bias.

We suggest some bias reduction methods under the possible misspeci�cation.

Keywords: Bias, dynamic panel, �xed e¤ects, misspeci�cation, bias reduction.

JEL Classi�cations: C23, C33

1 Introduction

Since the in�uential papers by Nerlove (1967) and Nickell (1981), �nite sample autoregressive

bias in �xed-e¤ect dynamic panel models has been well understood and many bias reduction

methods were proposed in the context of within-group (or least squares dummy variables;

LSDV) estimators (e.g., Kiviet, 1995; Hahn and Kuersteiner, 2002; Alvarez and Arellano,
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2003; Bun and Carree, 2005; and Phillips and Sul, 2007 to name a few). Dynamic panel

studies, however, have long relied on the �rst-order autoregressive structure, which is indeed

unavoidable especially when the length of the time series (T ) is small. As longer panel

data become available, it is more natural to consider higher order dynamics and thus �rst-

order models are most likely misspeci�ed. This paper evaluates the e¤ects of this type of

misspeci�cation particularly on the �xed-e¤ect bias in the dynamic panel regressions.

Speci�cally, we extend the bias formula of Nickell (1981) to the case that the dynamics

follow general autoregressive forms with exogenous regressors, ARX(p), but the lag order p

could be misspeci�ed. We also develop
p
NT -normalized limit distribution for the within-

group estimator that allows for lag order misspeci�cation, when both the cross section

sample size N and T get large at the same rate. Besides the order misspeci�cation bias and

the �xed-e¤ect bias, the analytical results reveal an additional bias, which is generated from

combining order misspeci�cation and incidental parameters problem (Neyman and Scott,

1948). The additional bias is, however, still of the same order of magnitude as the standard

�xed-e¤ect bias (i.e., O(1=T )) and thus it is possible to develop a bias reduction method.

Though attempts to adjust for the bias using formulae that correct for �rst-order dynamics

could be wrong and even exacerbate the bias under such misspeci�cation, it is found that we

can reduce the �xed-e¤ect bias robustly to the lag order misspeci�cation using the penalized

likelihood function approach (e.g., Hahn and Kuersteiner, 2004; Arellano and Hahn, 2006;

Bester and Hansen, 2007) or the model selection based approach (e.g., Lee, 2006).

2 The Model

We consider a panel process fyi;tg generated from the homogeneous pth-order univariate

autoregressive model with exogenous regressors Xi;t 2 Rr (i.e., (ARX (p))) given by

yi;t = �i +

pX
j=1

�pjyi;t�j + �
0Xi;t + ui;t for i = 1; � � � ; N and t = 1; � � � ; T , (1)

where the lag order p is assumed to be �nite.1 We let the initial values (yi;0; yi;�1; � � � ; yi;�p+1)
be observed for all i. We �rst assume the following conditions.

1As noted in Bhansali (1981) and Kunitomo and Yamamoto (1985), we can consider the in�nite p case
given suitable de�nitions of the in�nite dimensional autoregressive coe¢ cient matrix A and the choice ma-
trices ep and Jq. This is the case of estimating an approximate ARX (pT ) model with pT ! 1, where
p3T =T ! 0 and T 1=2

P1
j=p+1 j�pj j ! 0 as T ! 1 (e.g., Bhansali, 1978). See Lee (2006) for further discus-

sions.
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Assumption E (i) fui;tg is i.i.d. across i and t; (ii) E (ui;tjXi;1; � � � ; Xi;T ; �i) = 0,

Eu2i;t = �2 with 0 < �2 < 1 and Eu8i;t < 1 for all i and t; (iii) fXi;tg is i.i.d. across i
and strictly stationary in t for each i; (iv) jjE(Xi;tX 0

i;t)jj <1.

Assumption S
Pp
j=1 j�pj j <1 and all roots of the characteristic equation 1�

Pp
j=1 �pjz

j

= 0 lie outside the unit circle.

Assumption E implies weak (or sequential) exogeneity in yi;t�1 but strict exogeneity in

Xi;t. Note that Xi;t could be serially correlated; but we assume that the higher order

lags of yi;t and Xi;t capture all the persistence and thus the error term does not have any

serial correlation. Assuming independence over t makes the expressions simple. We also

exclude cross sectional dependence in ui;t. Finally note that the eighth moment condition

is required to derive joint asymptotic CLT in the later section. We allow for non-zero

correlation between the unobserved individual e¤ect �i and Xi;t (i.e., �xed e¤ects).

We eliminate �xed e¤ects �i by subtracting the individual sample average over time (i.e.,

within-group transformation) from equation (1) to obtain

y0i;t =
Xp

j=1
�pjy

0
i;t�j + �

0X0
i;t + u

0
i;t, (2)

where for any variable wi;t we de�ne w0i;t�j = wi;t�j �wi;��j and wi;��j = (1=T )
PT
s=1wi;s�j

for j = 0; 1; � � � ; p. The formula (2) readily transforms into the �rst-order p-dimensional
vector autoregressive process with exogenous regressors given by

Y 0i;t = AY
0
i;t�1 +BX

0
i;t + U

0
i;t, (3)

where Y 0i;t�j = (y
0
i;t�j ; y

0
i;t�j�1; � � � ; y0i;t�j�p+1)0 for j = 0; 1, and

A =

"
� (p)0

Ip�1; 0

#

with � (p) = (�p1; �p2; � � � ; �pp)0 and Ik as the identity matrix of rank k. We also let

U0i;t = epu
0
i;t and B = ep
�0, where ep is the p�1 column vector with one in the �rst element

and zeros elsewhere. Note that, from (3), Assumption S is equivalent to det [Ip �Az] 6= 0 for
all jzj � 1, or that each eigenvalue of A has modulus less than one. It thus guarantees that
the sequence fAjg is absolutely summable and

P1
j=0A

j = (Ip �A)�1 exists. Hence, if
we de�ne vector linear processes Vi;t =

P1
j=0A

jUi;t�j and Zi;t =
P1
j=0A

jBXi;t�j with

Ui;t = epui;t, then both Vi;t and Zi;t exist in the mean square sense and we can rewrite
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(3) as Y 0i;t = Z0i;t + V
0
i;t. Moreover, if we let �j = E(Vi;tV 0i;t+j) for j = 0; 1; � � � , we have

�j = �0A
0j , where �0 = �2

P1
j=0A

jepe
0
pA

0j . For later convenience we also introduce the

p�p long-run covariance matrix of Vi;t as 
 =
P1
j=�1 �j = �

0+�0+�, where � =
P1
j=1 �j

and �0 =
P1
j=1 �

0
j =

P�1
j=�1 �j . Assumptions E and S guarantee that 
 exists.

In most cases, the true lag order p of the underlying autoregressive process fyi;tg in (1)
is unknown. Hence we consider the situation that fyi;tg is �tted to an ARX (q) process
instead of ARX (p), where 1 � q � p.2 By stacking cross section observations �rst and then
time series observations, (3) can be rewritten as Y 0 = Y 0�1A

0 +X0B0 + U0, from which the

within-group estimators in this case are de�ned as

b� (p; q) =
�
J 0qY

00
�1QX0Y 0�1Jq

��1
J 0qY

00
�1QX0Y 0ep (4)b� =

�
X00X0

��1
X00 �Y 0ep � Y 0�1Jqb� (p; q)� , (5)

where QX0 = INT � X0(X00X0)�1X00, b� (p; q) = (b�p;q1; b�p;q2; � � � ; b�p;qq)0 and b�p;qr for
r = 1; 2; � � � ; q is the within-group estimator for the coe¢ cient of yi;t�r when ARX (p)
process is �tted to ARX (q). The p� q choice matrix Jq is de�ned as

Jq =

(
[Iq; 0]

0 if q < p;

Ip if q = p.

We further assume the invertibility of J 0pY
00
�1QX0Y 0�1Jp and X

00X0, which is implied by the

following condition.

Assumption R (i) For given p, Y 00�1QX0Y 0�1 is a full column rank matrix; (ii) X is a full

column rank matrix and it does not include time-invariant variables; (iii) 1 � q � p <1.

3 Bias Formulae

When the number of lags p is not correctly chosen, and especially when the data is �tted

to a lower order ARX model, the within-group estimators in (4) and (5) are expected to

have variable omission bias on top of the standard �xed-e¤ect bias. Speci�cally, we letb�Y jX0 = Y 00�1QX0Y 0�1=NT , b�Y jX1 = Y 00�1QX0Y 0=NT , �Y jX0 = plimN!1Z
00
�1QX0Z0�1=NT +�0

and �Y jX1 = plimN!1Z
00
�1QX0Z0�1A

0=NT+�1. Then, using C�1 =
�
I � C�1 (C � C0)

�
C�10

2The case of q > p is less interesting since there is no variable omission bias. In this case, we simply
let �(p; q) = (�(p)0; 00q�p)

0. An interesting example is when (p; q) = (0; 1) without exogenous regressors
Xi;t (i.e., yi;t = �i + ui;t is the data generating model). In this case, for the within-group estimatorb�(0; 1) =PN

i=1

PT
t=1 u

0
i;t�1u

0
i;t=

PN
i=1

PT
t=1

�
u0i;t�1

�2
, we can derive that plimN!1b�(0; 1) = �T�1.
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for symmetric invertible matrices C and C0, we can rewrite (4) as

b� (p; q)� J 0q� (p) =
�
� (p; q)� J 0q� (p)

	
+ fb� (p; q)� � (p; q)g (6)

=
�
� (p; q)� J 0q� (p)

	
+
n
(J 0q�

Y jX
0 Jq)

�1J 0q(b�Y jX1 � �Y jX1 )ep

�(J 0qb�Y jX0 Jq)
�1[J 0q(b�Y jX0 � �Y jX0 )Jq](J

0
q�
Y jX
0 Jq)

�1J 0qb�Y jX1 ep

o
� b1 (b� (p; q)) + b2 (b� (p; q)) ,

where � (p; q) = (J 0q�
Y jX
0 Jq)

�1J 0q�
Y jX
1 ep is the theoretical parameter value from the ARX(q)

�tting. In addition, since we can write ARX(q) regression under the data generating process

(3) as

J 0qY
0
i;t = J

0
qAJqJ

0
qY

0
i;t�1 + J

0
qBX

0
i;t + J

0
qU

0
i;t,

(5) can be rewritten as

b� � � =
n�
X00X0

��1
X00Y 0�1Jq

�
J 0q� (p)� � (p; q)

�o
(7)

+
n�
X00X0

��1
X00Y 0�1Jq (� (p; q)� b� (p; q))o+ op (1)

� b1(b�) + b2(b�) + op (1) .
by letting

�
X00X0

��1
X00U0ep = op (1) from the strict exogeneity. Note that in these two

bias expressions (6) and (7), b1(b� (p; q)) and b1(b�) are the variable omission biases, which
cannot be eliminated unless the model is correctly speci�ed. This part of bias, therefore,

should be took care of by proper lag order selection methods (e.g., Lee, 2006, 2009a). On the

other hand, b2(b�(p; q)) and b2(b�) are the biases from the within-group transformation. In

this section, we will show that the second part of the biases have di¤erent expressions from

the standard �xed-e¤ect bias formula and they indeed have additional terms polluted by

the misspeci�cation. b2(b�(p; q)) and b2(b�) are, however, shown to be still Op (1=T ), which
will be disappear as T ! 1, whereas the misspeci�cation biases b1(b�(p; q)) and b1(b�) do
not vanish even when N;T !1.

The main interest here is, therefore, in the biases b2(b�(p; q)) and b2(b�), which are man-
ageable, instead of the entire biases b�(p; q) � J 0q�(p) and b� � �.3 This is the case when

the researcher believes ARX(q) is true and she tries to �nd the bias formula from the pa-

3 It seems more reasonable to derive the bias from the true parameter values if we consider the parameters
that are not model speci�c. From (7), however, it is apparent that even the parameter estimators that are
not model speci�c have bias components from misspeci�cation. Note that the bias from the theoretical
parameter value is also studied in the standard time series literature under misspeci�cation (e.g., Bhansali,
1981; Kunitomo and Yamamoto, 1985).
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rameters in ARX(q) in order to correct the �xed-e¤ect bias. A leading example is �tting

AR(1) process using �nite number of lags. The main lesson should be that the standard
bias formula for the within-group estimator is no longer valid even around the theoretical

parameter values (i.e., even we disregard the misspeci�cation bias) and thus the standard

bias correction methods would not work properly in this case.

3.1 Nickell bias

We �rst examine the asymptotic bias of the within-group estimator when N tends to in�nity

but T is �xed. Even in the case of correct speci�cation, it is well known that the standard

within-group estimator for AR (1) �xed-e¤ects models is not consistent for large N (e.g.,

Nerlove, 1967; Nickell, 1981). As well described in Phillips and Sul (2007), such autoregres-

sive bias arises from the correlation of the error and the lagged dependent variables after

the unknown mean is estimated to be removed. Not surprisingly, such bias becomes more

complicated when the lag order is not correctly speci�ed. The �rst theorem generalizes the

Nickell bias to the case with time series misspeci�cation.

Theorem 1 Let fyi;tg be generated from (1) and SX = plimN!1Z
00
�1QX0Z0�1=NT exists.

Under Assumptions E, R and S,

plim
N!1

(b� (p; q)� � (p; q)) = � (Iq �Rq;01)�1Rq;12 (8)

� (Iq �Rq;01)�1
�
Rq;11 �Rq;01(DXq )�1J 0q(SXA0 + �1)ep

	
,

where DXq = (J 0q(�0 + SX)Jq)
�1, Rq;01 = DXq J

0
qG01Jq, Rq;11 = DXq J

0
qG11ep and Rq;12 =

DXq J
0
qG12ep. Expressions of G01, G12 and G12 are given as (A.1), (A.2) and (A.3) in

Appendix.

The �rst term of the bias (8) is mainly from the nonzero correlation between Y 0i;t�1 and

U0i;t, and the second term is mainly from order misspeci�cation (more precisely, from the

combination of endogeneity and order misspeci�cation). It can be easily veri�ed that the

asymptotic bias of b� (p; q) around � (p; q) becomes negligible as T grows. The bias ex-

pression of (5) follows easily from (7) and (8). If there is no exogenous regressors, the

expression for plimN!1 (b� (p; q)� � (p; q)) remains the same without SX term, which can

be approximated as

� �2

T � pDqJ
0
q (Ip �A)

�1 ep �
1

T � pDqJ
0
q

�
Ip � JqDqJ 0q�0

�
A0ep +O

�
1

T 2

�
(9)
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for large T , where Dq = (J 0q�0Jq)
�1.

Remark When q = 1, (9) could be further reduced to

� �2`

(T � p) 
0
� 1

(T � p) 
0

�Xp

k=1
�pk!1k �


1

0
!11

�
+O

�
1

T 2

�
, (10)

where ` = 1=
�
1�

Pp
k=1 �2k

�
and !1k =

P1
j=�1 
j+k�1 with 
j being the autocovariances

of yi;t: As a particular example with (p; q) = (2; 1), it can be further simpli�ed as

� 1

T � 2

�
(1� �22) (1 + �1) +

2�22
1� �1

�
� 1

T � 2

�
�22

�
1 + �22
1� �22

�
(1 + �1)

�
+O

�
1

T 2

�
(11)

using the Yule-Walker equation, where �1 = �21=(1 � �22) is the autocorrelation of yi;t in
AR(2), which corresponds to the theoretical coe¢ cient �(2; 1) = �2;11 in AR(1).4 Note

that, if p = q = 1, then �22 = 0 and (11) is equivalent to the bias expression of Nickell

(1981), which could be also seen in (10) by letting �1k = 0 for k � 2 since �11 = 
1=
0.

An interesting �nding is that the absolute value of the bias increases with positive �22. In

particular, the second part of the bias, which is mainly from the misspeci�cation, explodes

as �22 gets close to unity and thus the process becomes the unit root. Similar phenomenon

was also discussed by Kunitomo and Yamamoto (1985) in the time series context.

3.2 Noncentrality in the asymptotic distribution

We now consider the asymptotic distribution of the within-group estimator when both N

and T are large. Hahn and Kuersteiner (2002), Alvarez and Arellano (2003), and Lee (2008)

consider a similar case, where the asymptotic ratio of N to T is a �nite constant. More

precisely, we assume the following condition.

Assumption NT limN;T!1N=T = �, where 0 < � <1.

Under Assumption NT, it is well known that the standard
p
NT -normalized within-group

estimator has nondegenerating asymptotic bias, which is proportional to the limiting sample

size ratio, �. As in Theorem 1, however, the asymptotic bias could increase when the

dynamic speci�cation is incorrect. We also assume the following initial condition.

4 In an independent work by Okui (2008), it is also shown that the within-group estimator of the panel
AR(1) coe¢ cient converges to the �rst order autocorrelation coe¢ cient as N !1 and T !1 even under
dynamic misspeci�cation. This �nding is a particular example of Theorem 1 since b� (p; 1) � � (p; 1) !p 0
as N ! 1 and T ! 1, where � (p; 1) should be the �rst order autocorrelation coe¢ cient for any p by
construction.
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Assumption I (i) Yi;0 � iid(�i (Ip �A)�1 ep + E(Zi;t); var(Zi;t) + �0) for each i, where
var(Zi;t) <1; (ii) (1=N)

PN
i=1 �

2
i = Op (1).

The initial condition in Assumption I is standard in time series models when studying

stationary autoregressive process. Since we assume large T , we can use this initial condition

without loss of generality as the initial values become less important for longer stationary

panels.

Theorem 2 We assume that limT!1 SX = plimN;T!1Z00�1QX0Z0�1=NT and it exists. Un-

der Assumptions E, R, S, I and NT,

p
NT (b� (p; q)� � (p; q))!d N

�
�
p
��Xq ; �

2DqJ
0
q(�0 + limT!1 SX)JqDq

�
(12)

as N;T ! 1 jointly, where �Xq = DqJ
0
q(�

2 (Ip �A)�1M) + 
A0)ep �Dq(J 0q
Jq)(J 0q(�0 +
limT!1 SX)Jq)

�1J 0q(�1 + limT!1 SX)ep and Dq = (J
0
q�0Jq)

�1.

The asymptotic distribution of (5) follows easily from (7) and (12). Theorem 2 shows that

the asymptotic bias depends on the sample size ratio, �, and thus large T does not attenuate

the bias unless � is zero. If there is no exogenous regressors, the expression reduces to

p
NT (b� (p; q)� � (p; q))!d N

�
�
p
��q; �

2Dq
�

(13)

with �
p
��q = �

p
��2DqJ

0
q (Ip �A)

�1 ep �
p
�Dq

�
J 0q
A

0 � J 0q
JqDqJ 0q�1
	
ep, where the

�rst component corresponds to the well-known negative bias from the within-group trans-

formation, which always underestimates � (p; q) even when the number of lags p is correctly

chosen. Meanwhile, the direction of the second component of the bias is ambiguous since

it depends on the nuisance parameters, and thus the overall direction of the asymptotic

bias is not clear. As discussed in Alvarez and Arellano (2003), we can further derive that
p
NT (b� (p; q)� [� (p; q)� (1=T ) �q])!d N

�
0; �2Dq

�
using a higher order expansion of the

bias term (e.g., Lee, 2006) provided that N=T 3 ! 0. Note that, under the correct time series

speci�cation, we have

p
NT (b� (p)� � (p))!d N

�
�
p
��2

�
�0 � �01

��1
ep; �

2��10

�
as Hahn and Kuersteiner (2002). In particular, when p = 1, we have

p
NT (b� (1)� � (1))!d

N
�
�
p
� (1 + �(1)) ; 1� �(1)2

�
.
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4 Bias Reductions

Theorems 1 and 2 show that the within-group estimators have additional bias even around

the theoretical parameter values when the lag order is not correctly chosen. Therefore, most

existing bias corrections would not work properly because the correction formulae assume

correct model speci�cation. In fact, attempts to adjust for the bias using formulae that

correct for AR(1) dynamics would be wrong and may even exacerbate the bias when the

true lag order is larger than one. For example, we consider a panel AR(p) model with

p � 2 and we de�ne a bias-corrected estimator for �(p; 1) as e�(p; 1) = ((T + 1)=T )b�(p; 1) +
(1=T ) following Hahn and Kuersteiner (2002), where b� (p; 1) is the within-group estimator.
From Theorem 2,

p
NT (e�(p; 1) � �(p; 1)) = pNT (b�(p; 1) � �(p; 1)) +pN=T (1 + b�(p; 1))

!d N (�
p
��c; �

2=
0) as N;T ! 1, where the non-zero bias after correction is given by
�c = ��(1+�(p; 1)), since

p
N=T (1+b�(p; 1))!p

p
�(1+�(p; 1)) as N;T !1. Therefore,

the bias correction in e�(p; 1), which is originally developed for the correctly speci�ed AR(1)
process, does not work properly. It should be emphasized that if � < 0 then j�cj > j�j
because (1 + �(p; 1)) > 0 from the stationarity condition. Therefore, the bias correction ine�(p; 1), which ignores model misspeci�cation, can even exacerbate the bias especially when
the overall asymptotic bias is positive (i.e., ��� > 0).

Apparently, a precise dynamic speci�cation is important particularly when we attempt

to correct the �xed-e¤ect bias. A reasonable approach is to conduct model selection before

any bias corrections as suggested in Lee (2006).5 By doing so, the additional bias terms

from the misspeci�cation will disappear asymptotically and we can focus on eliminating the

pure �xed-e¤ect bias using the bias formulae derived.

Alternatively, we can address a bias reduction, even under possible lag order misspeci�-

cation, using the penalized likelihood function approach (e.g., Hahn and Kuersteiner, 2004;

Arellano and Hahn, 2006; Bester and Hansen, 2007). In fact, the original formulae were

developed under the correct model speci�cation. However, since they are formulated using

the HAC estimator for the variance of the scores, we can use this bias correction approach

robustly to the dynamic order misspeci�cation. Note that any lag order misspeci�cation

yields erroneous serial correlation in the error term (or in the scores in general). More

precisely, we can derive the penalty estimators in this context as

5Also see Lee (2009a) for a modi�ed lag order selection criterion developed for the AR(p) dynamic panel
models with �xed e¤ects. It is important to note that we cannot use the standard information-based lag order
selection criteria (e.g., AIC, BIC) in this case. Intuitively, this is because the MLE could not be consistent
for small T in the presence of incidental parameters (e.g., the �xed e¤ects).
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1

2T�2

Xm

`=�m

XmaxfT;T+`g

t=maxf1;`+1g
ui;tui;t�` (14)

for some truncation parameter m satisfying m=T 1=2 ! 0, which is based on the HAC

estimator for the long-run variance of ui;t and thus indeed allows for general forms of serial

correlations in ui;t. Note that Bester and Hansen (2007) suggest to use small m (e.g., m = 1

for AR(1) model) but we need to use large m as in the standard HAC estimation to cover

general forms of serial correlations from possible order misspeci�cations.

Tables I and II summarizes some Monte Carlo simulation results showing how the bias

reductions work even under the lag order misspeci�cation. The true model is AR(3) without

exogenous regressors but �tted to AR(1). The true coe¢ cients satisfy �31 = �32 = �33. The

theoretical parameter value �3;11 is the �rst order autocorrelation coe¢ cient in the given

AR(3) process so that it can be calculated from the true parameter values. �i are randomly

drawn from U (�0:5; 0:5) and ui;t from N (0; 1). b�3;11 is the within-group estimator before
bias correction; e�AR(1)3;11 is the Hahn-Kuersteiner (2002) type bias-corrected estimator assum-

ing AR(1) is correct; e�R3;11 is the bias-corrected estimator from the penalized likelihood using
(14), which is supposed to be robust to order misspeci�cation; e�p�1 is the bias-corrected es-
timator assuming the selected lag p� is true (e.g., Lee, 2006); e�p�;11 is the bias-corrected
estimator using (8) also with the selected p�. Table I shows the biases from the true para-

meter values, which thus include the misspeci�cation biases (i.e., b1 (b� (p; q)) + b2 (b� (p; q))
in (6)), whereas Table II gives the biases from the theoretical parameter values so that they

only cover b2 (b� (p; q)) part in (6). The values are obtained from 1000 replications.

The result tells several important points. First, for the original patterns of the �xed-

e¤ect bias, Table II shows that it decreases as T gets large, which corresponds to the

analytical �ndings in the main theorems, whereas Table I shows it is not the case when

the misspeci�cation bias is also considered. Second, the standard bias correction (e�AR(1)3;11 )

could exacerbate the overall bias (Table I) but it reduces b2 (b� (p; q)) to some degree (Table
II). Interestingly, in Table I, the penalized likelihood based approach (e�R3;11) outperforms
only for small T case and when the process is very stable (i.e., �31 = 0:1). Recall that the

correction term (14), which is based on the HAC estimator, is Op(1=T ) so that the correction

e¤ect decreases as T gets large and thus the robustness to serial-correlation diminishes. In

comparison, we can see that the correction method involving model selection (e�p�1 ande�p�;11) outstands for all cases and the performance improves as T increases, which would
be mainly because that the correct selection probability of the lag order selection procedure

improves with T .
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Table I: Bias from the true parameter and RMSE of bias corrected estimates

�31 N T b�3;11 � �31 e�AR(1)3;11 � �31 e�R3;11 � �31 e�p�1 � �31
bias rmse bias rmse bias rmse bias rmse

0.10 250 25 -0.0450 0.0471 -0.0028 0.0147 -0.0001 0.0145 -0.0113 0.0185

250 100 0.0083 0.0105 0.0194 0.0204 0.0233 0.0242 -0.0036 0.0065

250 250 0.0187 0.0192 0.0231 0.0236 0.0251 0.0255 -0.0010 0.0041

0.30 250 25 0.1842 0.1850 0.2457 0.2463 0.2449 0.2454 -0.0634 0.0647

250 100 0.3963 0.3964 0.4136 0.4137 0.4165 0.4165 -0.0111 0.0123

250 250 0.4306 0.4306 0.4376 0.4376 0.4408 0.4409 -0.0036 0.0052

Table II: Bias from the theoretical parameter and RMSE of bias corrected estimates

�3;11 N T b�3;11 � �3;11 e�AR(1)3;11 � �3;11 e�R3;11 � �3;11 e�p�;11 � �3;11
bias rmse bias rmse bias rmse bias rmse

0.125 250 25 -0.0700 0.0714 -0.0278 0.0313 -0.0251 0.0290 -0.0361 0.0389

250 100 -0.0167 0.0179 -0.0056 0.0085 -0.0017 0.0067 -0.0026 0.0070

250 250 -0.0063 0.0078 -0.0019 0.0050 0.0001 0.0047 -0.0004 0.0047

0.750 250 25 -0.2658 0.2663 -0.2043 0.2050 -0.2051 0.2057 -0.1725 0.1737

250 100 -0.0537 0.0544 -0.0364 0.0374 -0.0335 0.0345 -0.0252 0.0267

250 250 -0.0194 0.0204 -0.0124 0.0139 -0.0092 0.0110 -0.0077 0.0100

5 Concluding Remarks

This paper calls into question the simple ARX (1) structure in dynamic panels with �xed

e¤ects. When the lag orders are unknown, the �rst-order models are most likely misspeci�ed.

In such cases, attempts to adjust for the bias using formulae that correct for ARX (1)models

would be wrong and may even exacerbate the bias. To address these concerns, we undertake

an in-depth investigation of the asymptotic bias of the within-group estimator, where the

bias formulae are derived under possible lag order misspeci�cation. It should be noted that,

therefore, the main focus of this paper is di¤erent from developing bias correction methods,

which is robust to the serial correlations in the error (e.g., Hahn and Kuersteiner, 2004). It

is closely related with estimating autocorrelations of the error term (e.g., Solon, 1984) but

deriving explicit bias formulae of the autoregressive parameters using the nonlinear relations

with autocorrelations is limited.

For dynamic panel regression, instrumental variables estimation after �rst di¤erencing

(e.g., Anderson and Hsiao, 1981; Holtz-Eakin, Newey and Rosen, 1988; Arellano and Bond,

1991) is an alternative approach, which does not require any bias correction. However, the

instruments are found from the lagged values of the dependent variable with presuming that
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the error does not have serial correlations. With lag order misspeci�cation, however, the

regression error could impose serial correlation and thus the instruments could be no longer

valid, which still incurs inconsistency of the estimator.

This paper emphasizes the lag order misspeci�cation in the linear model. When the

linearity is in doubt, however, we could consider the nonparametric approach as Lee (2008).

Appendix: Mathematical proofs

For Vi;t =
P1
j=0A

jUi;t�j , we �rst derive the following lemmas. See Lee (2009b) for the
proof.

Lemma A1 Under Assumptions E and S,

plim
N!1

1

NT

NX
i=1

TX
t=1

V 0i;t�1U
00
i;t = �

�2

T
(Ip �A)�1 (Ip �HT )M ,

plim
N!1

1

NT

NX
i=1

TX
t=1

V 0i;t�1V
00
i;t�1 = �0 �

1

T
(Ip �A)�1 (Ip �HTA) �0 �

1

T
f(Ip �A)�1 (Ip �HT )A�0g0,

where M = epe
0
p and HT = (Ip �A)

�1 �Ip �AT � =T .
Lemma A2 Under Assumptions E, S, I and NT,

1p
NT

NX
i=1

TX
t=1

vec
�
V 0i;t�1U

00
i;t

�
!d N

�
�
p
��2vec((Ip �A)�1M); �2 (M 
 �0)

�
as N;T !1 jointly, where �0 = EVi;tV 0i;t = �

2
P1
j=0A

jMA0j.

Proof of Theorem 1 Recall that Y 0 = Y 0�1A
0 + X0B0 + U0 = Z0 + V 0. Lemma A1

implies that

plim
N!1

b�Y jX0 = plim
N!1

1

NT
Z00�1QX0Z0�1 + plim

N!1

1

NT
V 00�1V

0
�1 = SX + �0 �G01,

plim
N!1

b�Y jX1 = plim
N!1

1

NT
Y 00�1QX0Y 0�1A

0 + plim
N!1

1

NT
V 00�1U

0 = SXA
0 + �1 �G11 �G12,

from the strict exogeneity of Xi;t, where

G01 =
1

T

h
(Ip �A)�1 (Ip �HTA) �0 + f(Ip �A)�1 (Ip �HT )A�0g0

i
, (A.1)

G11 =
1

T

h
(Ip �A)�1 (Ip �HTA) �1 + �1fA (Ip �A)�1 (Ip �HT )g0

i
, (A.2)

G12 =
�2

T
(Ip �A)�1 (Ip �HT )M . (A.3)
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Note that �1 = �0A0. Then, from (6), the bias expression for b� (p; q) follows as
plim
N!1

(b� (p; q)� � (p; q))
= �

�
J 0q(SX + �0)Jq

��1
J 0q (G11 +G12) ep

+
�
Iq �

�
J 0q(SX + �0)Jq

��1
J 0qG01Jq

��1 �
J 0q(SX + �0)Jq

��1
J 0qG01Jq

�
J 0q(SX + �0)Jq

��1
� J 0q

�
SXA

0 + �1 �G11 �G12
�
ep

= � (Rq;11 +Rq;12) + (Iq �Rq;01)�1Rq;01
��
J 0q(SX + �0)Jq

��1
J 0q(SX + �0)A

0e�Rq;11 �Rq;12
�

= � (Iq �Rq;01)�1Rq;12 � (Iq �Rq;01)�1
n
Rq;11 �Rq;01

�
J 0q(SX + �0)Jq

��1
J 0q(SX + �0)A

0e
o

since
�
J 0q(SX + �0)Jq � J 0qG01Jq

��1
= (Iq�

�
J 0q(SX + �0)Jq

��1
J 0qG01Jq)

�1 �J 0q(SX + �0)Jq��1
and by letting Rq;01 =

�
J 0q(SX + �0)Jq

��1
J 0qG01Jq, Rq;11 =

�
J 0q(SX + �0)Jq

��1
J 0qG11e and

Rq;12 =
�
J 0q(SX + �0)Jq

��1
J 0qG12e. �

Proof of Theorem 2 First note that

p
NT (b�Y jX1 � �Y jX1 ) =

r
N

T
� T (b�Y jX0 � �Y jX0 )A0 +

1p
NT

Y 00�1QX0U0,

in which the �rst term satis�es
p
N=T �T (b�Y jX0 ��Y jX0 )A0 !p �

p
�
A0 as N;T !1 from

Lemma A1.6 For the second term,

1p
NT

Y 00�1QX0U0 =
1p
NT

Z00�1QX0U0 +
1p
NT

V 00�1QX0U0 � C1N;T + C2N;T .

It is easy to verify that vec(C1N;T ) !d N
�
0; �2

�
M 
 plimN;T!1(Z00�1QX0Z0�1=NT )

��
as

N;T ! 1 provided plimN;T!1(Z00�1QX0Z0�1=NT ) exists. However, since X
00X0=NT =

Op (1), X00U0=
p
NT = Op (1) and V 00�1X

0=NT = op (1) from the strict exogeneity, we have

C2N;T =
1p
NT

V 00�1U
0 �

�
V 00�1X

0

NT

��
X00X0

NT

��1�
X00U0p
NT

�
=

1p
NT

V 00�1U
0 + op (1) .

Lemma A2 implies that, therefore, vec(C2N;T )!d N (�
p
��2vec((Ip �A)�1M); �2 (M 
 �0))

as N;T !1. In sum, we have
p
NTvec(b�Y jX1 � �Y jX1 )!d N

�
�
p
�	; �2

�
M 
 (�0 + plimN;T!1(Z00�1QX0Z0�1=NT )

��
,

6See Lee (2009b) for the equivalence between the sequential and the joint probability limits in this case
based on Phillips and Moon (1999).
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where 	 = vec(�2 (Ip �A)�1M) + 
A0) since C1N;T and C2N;T are uncorrelated. Therefore,
from (6), for a random variable

W � N (�
p
�(�2 (Ip �A)�1M) + 
A0)ep; �2(�0 + plimN;T!1(Z00�1QX0Z0�1=NT )),

we can conclude that
p
NT (b� (p; q)� � (p; q))
= (J 0q�

Y jX
0 Jq)

�1J 0qf
p
NT (b�Y jX1 � �Y jX1 )epg

� (J 0qb�Y jX0 Jq)
�1[J 0q

p
N=T � T (b�Y jX0 � �Y jX0 )Jq](J

0
q�
Y jX
0 Jq)

�1J 0qb�Y jX1 ep

!d (J
0
q�0Jq)

�1J 0qW + (J 0q�0Jq)
�1[J 0q

p
�
Jq](J

0
q(�0 + lim

T!1
SX)Jq)

�1J 0q(�1 + lim
T!1

SX)ep

=d N
�
�
p
��Xq ; �

2(J 0q�0Jq)
�1J 0q(�0 + lim

T!1
SX)Jq(J

0
q�0Jq)

�1
�
,

where the mean is �Xq = (J
0
q�0Jq)

�1J 0q(�
2 (Ip �A)�1M)+
A0)ep�(J 0q�0Jq)�1(J 0q
Jq)(J 0q(�0+

limT!1 SX)Jq)
�1J 0q(�1+limT!1 SX)ep provided limT!1 SX = plimN;T!1Z

00
�1QX0Z0�1=NT

(i.e., equivalence between the sequential and the joint probability limits). �
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