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1 Proof of Lemma A1
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jUi;t�j , we �rst derive the following lemma.

Lemma B1 Under Assumptions E and S, for �xed T and t,
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Proof of Lemma B1 We derive that
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Proof of Lemma A1 Since V 0i;t�1 = Vi;t�1 � Vi;��1,
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with M = epe
0
p. Second, we have
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2 Proof of Lemma A2

We let b�j = (1=NT )PN
i=1

PT
t=1 V

0
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i;t�1+j for j = 0; 1. The �rst derive the following lemmas.
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Lemma B2 For large T ,
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Proof of Lemma B2 Since Assumptions S and E imply that HT = O(T�1) and A is bounded,
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Lemma B3 Under Assumptions E, S, I and NT,
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Proof of Lemma B3 We �rst check the generalized Lindeberg-Feller condition for joint (i.e., double
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since EAjUi;t�1�jU 0i;t�1�kA0k = 0 if j 6= k; and �0 if j = k. Moreover,

Ez4i;t =
�
Eu4i;t

�
E

0@ 1X
j=0

1X
k=0

1X
l=0

1X
m=0

'0AjUi;t�1�jU
0
i;t�1�kA

0k''0AlUi;t�1�lU
0
i;t�1�mA

0m'

1A ,
and if we de�ne a random variable wj = '0AjUi;t�1�j with Ewj = 0 then

E
�
'0AjUi;t�1�jU

0
i;t�1�kA

0k''0AlUi;t�1�lU
0
i;t�1�mA

0m'
�

= E (wjwkwlwm)

= E (wjwk)E (wlwm) + E (wjwl)E (wkwm) + E (wjwm)E (wkwl) +K (wj ; wk; wl; wm) ,

where K (wj ; wk; wl; wm) is the forth order cumulant of wj . Note that similarly as Ez2i;t, we have
E (wjwk) = �2'0AjMA0j' if j = k and zero otherwise. Therefore,

��Ez4i;t�� � ��Eu4i;t��
8><>:3
0@'0

�������2
1X
j=0

AjMA0j

������'
1A2

+
1X

j;k;l;m=0

jK (wj ; wj ; wj ; wj)j

9>=>;
� 3

��Eu4i;t�� ('0�0')2
+
��Eu4i;t�� pX

r1;���r4=1
'r1'r2'r3'r4

1X
j;k;l;m=0

��Kr1;���r4 �AjUi;t�1�j ; AjUi;t�1�j ; AjUi;t�1�j ; AjUi;t�1�j���
<1

since
P1

j;k;l;m=0

��Kr1;���r4 �AjUi;t�1�j ; AjUi;t�1�j ; AjUi;t�1�j ; AjUi;t�1�j��� < 1, which is by Lemma
1 in Hahn and Kuersteiner (2002) for ui;t is i.i.d. and it has �nite eighth moments (Assumption E).

As a consequence, we have E((1=
p
T )
PT

t=1 zi;t)
4 < 1, which provides a su¢ cient condition for the

generalized Lindeberg-Feller condition (Phillips and Moon, 1999, Theorem 2). For the variance term,

note that

E
h
vec

�
Vi;t�1U

0
i;t

� �
vec

�
Vi;t�1U

0
i;t

��0i
= E

�
(Ip 
 Vi;t�1) vec

�
U 0i;t
�� �
(Ip 
 Vi;t�1) vec

�
U 0i;t
��0

= E (Ip 
 Vi;t�1)Ui;tU 0i;t
�
Ip 
 V 0i;t�1

�
= E

�
(Ip 
 Vi;t�1)

�
Et�1Ui;tU 0i;t

� �
Ip 
 V 0i;t�1

��
= �2E

�
(Ip 
 Vi;t�1) ee0

�
Ip 
 V 0i;t�1

��
= �2E [(Ip 
 Vi;t�1) (e
 1)]

�
(e0 
 1)

�
Ip 
 V 0i;t�1

��
= �2E (e
 Vi;t�1)

�
e0 
 V 0i;t�1

�
= �2 (M 
 �0) .

Et�1 (�) is the conditional expectation given fui;s : s � t, for all ig and Et�1
�
Ui;tU

0
i;t

�
= E

�
Ui;tU

0
i;t

�
because ui;t is i.i.d. Note that vec (Ui;t) = vec

�
U 0i;t
�
= Ui;t and we use the identity vec (BC) =

(I 
B) vec (C).

4



Proof of Lemma A2 We observe that
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1 In the proof of Theorem 2, we state that
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prove this result, however, we also need to check the conditions for joint probability limit as in Theorem 1 of Phillips
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