


Abstract 

In Nuclear Magnetic Resonance, a strong pulsed gradient field can be used to 

significantly improve the imaging resolution in microscopy experiments. This thesis 

details an analysis to generate pulsed gradient fields on the order of 400, 000G/cm 

over a sample volume of one cubic millimeter, while minimizing adverse effects such 

as joule’s heating, inductance and higher terms of the magnetic field expansion. 

These gradient fields are at least 1 order of magnitude greater than that previously 

reported and approximately 4 orders of magnitude greater than what is commercially 

available. The gradient fields will be used to perform high resolution studies of a 

broad range of materials in the NMR laboratory at York College, which includes 

investigating the structure of biological samples such as elastin and fruit cuticles as 

well as applications to investigating quantum dynamics in homogenous solids.  
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Strong Magnetic Field Gradients for High Resolution Nuclear Magnetic Resonance 

Imaging 

Introduction 

 One application of an NMR gradient coil is to generate a spatially varying 

magnetic field for image creation. It was first demonstrated by Paul Lauterbur in a 

1973 ground breaking paper published in Nature. He showed that by adding a linear 

magnetic field gradient to a homogenous magnetic field, a 2D image of two glass 

tubes with normal water (within a larger container of deuterated water) could be 

obtained from the signal distribution. Lauterbur termed this technique as 

zeugmatography (from Greek ζευγµα meaning “that which is used for”) [1], and later 

won the 2003 Nobel Prize in medicine for this work. This concept has been further 

developed into more sophisticated coil configurations for better functionality. Such 

configurations have been quite successful in various areas of NMR research such as 

in medical imaging, and studying the structure and dynamics (chemical dynamics, 

quantum dynamics etc) of various processes in the solid and liquid state [2, 3]. 

 As NMR instrumentation research continues to advance, there is an ever 

increasing demand to create higher resolution images which would enable high 

precision experiments such as investigating diffusion in porous and amorphous 

systems. Most NMR imaging apparatus are limited [4, 5, 16] in creating such fine 

resolution images due to the particular imaging methodology (k space or q space 

imaging techniques), and the sample size (with smaller sample sizes, a stronger 

gradient can be generated). One way of overcoming this problem is by utilizing very 

strong gradients [3] which may enable submicron resolution in the nanometer scale. 
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Larmor equation to show how improved resolution is obtained 

The Larmor equation is a basic equation in NMR. It relates the resonant 

frequency of a nucleus to the magnetic field, and it is represented as: 

Bγω =                  (1) 

ω , γ  and B are the resonant frequency, gyromagnetic ratio, and static homogenous 

magnetic field, respectively [6].  By having a magnetic field gradient superimposed 

on the homogenous magnetic field (equation below), the spatial position of the 

nucleus in a sample can be obtained by varying the nuclei’s resonant frequency. 

ii z
z
BBz

∂
∂

+= γγω )(               (2) 

where )(ziω  is the resonant frequency of the nucleus, thi γ  is the gyromagnetic 

ratio, B  is the static magnetic field, 
z
B

∂
∂  is the magnetic field gradient and  is the 

position of the nucleus. This equation could be used to show how the resolution of 

the resulting image is enhanced with larger field gradients. The concept is illustrated 

by plotting a graph of the frequency of the  nucleus as a function of its position 

where the gradient field is increased. Figure 1 makes use of just two atomic nuclei 

spin, but realistically there is an Avogadro number of nuclear spins in a sample. 
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Figure 1: The two dots represent 2 atomic nuclei. (a) When there is no magnetic field gradient, 
the two nuclei are resonating at the same frequency and cannot be distinguished. (b) When a 
magnetic field gradient is imposed, the two nuclei are resonating at slightly different 
frequencies, and therefore can be distinguished. (c) With a higher gradient, the resonating 
frequency difference between the nuclei is better differentiated leading to better imaging 
resolution of the sample. 

z

 

From figure 1, one can note that as the magnetic field gradient is increased, 

the difference in resonating frequency between the individual nuclei is larger, which 

results in better imaging resolution. This is because the resolution of an image is 

determined by how well one can distinguish the frequency of one point (or nucleus) 

on the sample from another point on the sample. Neglecting molecular displacements, 

if two points on a sample can be distinguished well enough when measuring the 

density of spins, the image obtained will be improved. 

 

k-space and q-space imaging 

k-space imaging 

There are two major types of imaging schemes that can be used during NMR 

microscopy experiments. The first is k-space imaging and the other is q space 

imaging. k-space imaging measures the density of nuclear spins over a sample 
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volume, and the limits of resolution are dictated by the gradient field strengths, and 

molecular diffusion in the sample. A brief mathematical description of a one 

dimensional k-space imaging scheme is described below [7, 3]. In what follows, it is 

assumed that there is no relaxation or diffusion within the sample.  

Pulse sequence: 

π/2)x 

RF 

e-ikz
Gradient 

t  
Figure 2: shows a π/2 radio frequency (RF) pulse applied about the x axis with no gradient, and then 
a gradient pulse of time t is applied to the system.
 

Without a gradient the spin density ρ  with magnization M  over a sample volume of 

 is given by V

V
M

=ρ                       (3) 

If the magnetization M varies as a function of z, ρ  will vary as a function of z. 

The signal deduced over a sample volume is given by  

∫= dVzSignal )(ρ                  (4) 

where (e.g. ) is the volume element, but since we will be talking about a 

1D image, the volume element will be . 

dV dxdydz

dz

 When a gradient is applied, the signal is 

∫= dzeztSignal ikz)()( ρ              (5) 
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Where t
z
Bk

∂
∂

= γ , and γ , t , 
z
B

∂
∂  are the gyromagnetic ratio, pulse time, and gradient 

strength, respectively. The density of the spins is deduced from the inverse Fourier 

transform of the of the signal and it is represented as 

∫ −= dtetSignalz ikt)()(ρ             (6) 

 The major factor that causes blurring of the image during k-space imaging is 

diffusion. This is attributed to the random motions of the molecules while the spin 

density is measured which broadens the line shape of the signal.   

q-space imaging 

q-space imaging measures the average probability of molecular displacements 

of molecules. The limits of resolution are dictated by how well one can reproduce the 

gradient pulse areas, and the pulse gradient strengths. A brief mathematical 

description of this imaging scheme is shown as well [7, 3]. In what follows, it is 

assumed that there is no relaxation of the spins in the sample. 

Pulse sequence 

π/2)x

RF 

e-ikz ∆ 
Gradient 

a 
δ 

Figure 3: shows a π/2 radio frequency (RF) pulse about the x axis under no gradien
positive area gradient is applied for a time duration δ after which the spins is allow
for a time ∆ before a negative area gradient pulse is applied. It should be noted tha
diffusion during δ is negligible.

 

Without a gradient, the signal is represented by the below integral w

as in k-space imaging. 

 

Pulse are
eikz
 
t, and then a 
ed to diffuse 
t ∆>> δ, and 

hich is the same 
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∫= dzeztSignal ikz)()( ρ                                  (7) 

With the gradient pulse scheme shown in figure 3, the signal as a function of time is 

∫∫ −= '),'()()( ' dzdzezzPezSignal ikzikz ∆ρδ         (8) 

Where δγ
z
Bk

∂
∂

= , and γ , δ , 
z
B

∂
∂  , are the gyromagnetic ratio, pulse time, gradient 

strength, respectively.  ),'( ∆zzP  is the notation for the conditional probability that a 

spin at position '  moves to z z in time ∆ .  In the case of free diffusion, ),'( ∆zzP  is a 

Gaussian, while in the case of bound diffusion, ),'( ∆zzP depends on the geometry of 

the pores that the water is confined to and other variables. By performing a change of 

variable to equation 8, the integral can be written as  

∫= dReRSignal ikR),()( ∆ρδ                              (9) 

where zzR −= '  and ),'()(),( ∆ρ∆ρ zzPzR = . 

 One can combine gradient pulses in different sequences by varying the pulse 

time (t as in k-space imaging orδ  as in q-space imaging), or varying the gradient 

field strength to improve resolution of the resulting image.  
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Magnetic field gradient for a single Maxwell pair 

 

 
Figure 4: shows a single Maxwell pair configuration of radius R, and distance from the copper wire to 
center of the loops Z0  

 

A simple configuration for generating a magnetic field gradient can be 

achieved by using a pair of Maxwell coils, as shown in figure 4. When a current is 

applied in opposite directions through the individual loops of copper wire, a magnetic 

field is created in opposite directions. At the center of the loops the two fields cancel 

out to form a zero magnetic field, and as one move towards either loop the field 

increases, thus forming a gradient field. The gradient for a Maxwell pair with radii  

centered at  can be deduced from Biot-Savart law [8], and it is indicated 

below: 

0r ,

0zz ±=

∫
×

= 2

ˆ
4

)(
r

rdlIrB
π

µ   (Biot-Savart law)                                              (10) 

Performing a change of variable, and differentiating the integral, the equation may be 

written as [9] 

y

 
x

0

R=r0

z Copper wire

Z0
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Upon evaluating the integral, the gradient at the center of a single Maxwell pair is 

3
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where z0 is the distance from one loop to the center, µ0 is the permeability of free 

space, I is the current flowing through the loop and R is the radius of the loop. A 

symbolic software was used to evaluate the second order and third order differentials, 

and the results [10] are as follows 
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From equations 13 and 14, one can note that the gradient field at the center of 

the loops is not entirely linear due to the presence of these higher order terms of the 

magnetic field expansion. As a result, the image is blurred. These higher order terms 

cannot be suppressed in a single Maxwell pair. Nevertheless, numerous ways have 

been developed to improve image quality by utilizing multiple pulse sequences [17, 

18], and clever arrangement of gradient coils. In the following section, a method for 

creating a linear gradient for a multiple turn Maxwell pair is described. 
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Generating a linear gradient field using multiple Maxwell pairs 

 

 
Figure 5: Not drawn to scale. This figure shows a cross section of a multiple turn Maxwell pair 

 
In 1989, Suits and Wilkens developed a way to create a more linear gradient 

by eliminating the higher order terms of the magnetic field expansion [11]. They did 

this by reinforcing the following boundary conditions, which suppresses the higher 

order terms of the magnetic field expansion. A detailed derivation of this result can be 

found in [11]  

R440Z1 .=     R191Z2 .=      477
S
S

1

2 .=         (15) 

1Z  is the distance from the center of the sample space to the center of the first set of 

turns and R is the corresponding average radius of that set of turns.   is the 

distance from the center of the sample space to the center of the second set of turns, 

and R is the corresponding average radius of that set of turns. 

2Z

1

2

S
S

 is the ratio of the 

second set of Maxwell pairs to the first set of Maxwell pairs. 

The advantage of this design is that the gradient is stronger due to the 

presence more turns and a linear gradient is created across the sample. In addition to 

Z2
 

2 1.19z R=

Z1
 

RSample space  

Wire 
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the stronger and more linear gradient, another advantage is that Joule’s heating is 

minimized. Zhang and Cory derived the temperature change in copper wires for a 

gradient coil of n Maxwell pairs, and an average diameter D with an applied voltage 

V [8]. For a gradient pulse of time ∆t, the temperature change is  

22

2

Dn
tV0550T ∆

∆ .=                     (16) 

It can be seen from equation 16 that Joule’s heating is minimized because the 

temperature increase for a particular pulse time decreases as the number of Maxwell 

pairs and average diameter of the coil increases.  

 

Inductance of the coil 

 Inductance is a very important parameter in coil design. This is because higher 

coil inductance results in longer gradient rise times which may cause 

distorted/defective gradient pulse areas. Another negative factor of large inductance is 

higher back EMF which results in unwanted high power dissipation in the circuit [10, 

12]. Therefore, it is of utmost importance to minimize the inductance of the coil.  It is 

well known that the inductance for a multiple turn coil scales as  (where N is the 

number of turns or twice the Maxwell pairs) [12]. Even though the goal is to increase 

number of turns for stronger gradients, there is the drawback of higher inductance. 

Hence, for optimum results the parameters to minimize inductance while maximizing 

the gradient strength will have to be considered carefully. Below are equations that 

give the inductance for an air core coil [13]. It should be noted that the units for the 

respective inductance equations have been normalized such that L is already in Henry 

(H). 

2N
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 The equation below is for a multilayer coil surrounded by air with no 

dielectric in the middle. It is a good approximation of the inductance for the second 

set of turns.  

6

22

10d10l9r6
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=
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.                 (17) 

where r, N, l and d are the mean radius of coil, the number of turns, length of the coil 

windings, the depth (or thickness) of the turns, respectively. The below equation is for 

a spiral coil in air which is a good inductance approximation for the first set of turns 

6
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                     (18) 

 

Parameters used in this design 

Figure 6: Not drawn to scale. The above set shows a labeled multiple turn 
parameters used in the design. The actual dimension of this set without turns

 

Having described the fundamental equations needed 

parameters used in this design will now be discussed.  In orde

Z2=0.003265m 

 
 

Z1=0.00154m 

1m Sample space

Length of turns: 

Length of turns: 0.005m

 

0.0001

0.001m 

 

0.00095m
 
Maxwell set with the exact 
 is on the appendix page.  

for gradient coils, the 

r to generate a strong 
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gradient field we applied the principle of superposition of individual turns until a 

pulsed gradient of approximately 400, 000 G/cm is generated over a cubic millimeter.  

The gradient equation for the first set of Maxwell turns is indicated below 

where we are summing the gradient contribution of each turn over all the turns:  

∑
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For the second set of Maxwell turns, we have to sum over R and z 
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An excel spread sheet was used to calculate the total gradient field for the whole set. 

The parameters, dimensions, and gradient for the whole multiple turn Maxwell set is 

indicated in the below table. 

Current  I 200A 
Permeability of free space 0µ  mN104 7 /−×π  
Increments in radius 
horizontally (38 gauge 
wire) 

nR  0.0001m 

Increments in radius 
vertically (38 gauge wire) 

nZ  
 

0.0001m 

Gradient field (55 turns) 1G  124, 929.3G/cm 
Gradient field (411 turns) 2G  253, 106.6G/cm 
Total gradient generated 1G +   2G 378, 035.9G/cm 

Coil constant for the Set 
I

G  1890.17G/Acm 

Schematic of the gradient set with all of the dimensions included can be seen in the appendix section 

The parameters for the inductance of the set are stated below. It should be 

noted that the effects of mutual inductance was neglected. 
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Mean radius of 1st the coil R 0.006m 
No of turns for 1st turns N 55 
Thickness of the turns of 
1st turns 

D 0.005m 

Self Inductance for first 
set of turns (calculated it 
for one side of the set) 

L 761µH 

   
Mean radius for second 
turns 

R 0.0031m 

Thickness for second turns D 0.0021m 
Number of second set of 
turns 

N 411 

Length of second turns l 0.0019 
Self Inductance for 
second set of turns 
(calculated it for one side 
of the set) 

L 57.2µH 

 

The temperature change of the turns for a pulse time of 100µs and a voltage of 

50V is represented in the table below. 

Pulse time t∆  100µs 
Voltage V 50 volts 
Number of Maxwell pairs N 466 
Diameter of coil D 0.006m 
Temperature change ∆T 0.0017  C0

 

As seen from the table above, the temperature increase is substantially small 

for a long pulse time of 100 microseconds and large number of turns (466 Maxwell 

turns).  This may be attributed to the larger surface area that the turns possess, which 

creates a thermal sink for rapid heat loss.   
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Conclusion 

An analysis for generating gradients on the order of ~400, 000G/cm over 

1mm3 has been presented. Gradients of this magnitude will enable fine resolution in 

the nanometer regime. These gradient sets will be suitable for studying water 

transport and dynamics in various biopolymers. In the appendix of this thesis 

schematics are provided for building the device. 
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Appendix 

Diagram A 

 
0.0019m 0.007m

 
This figure shows a cross sectional view of the gradient for generating a field of 

1890.17G/cmA 
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0.0019m 

0.001m 
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0.001m 
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0.0019m 
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Diagram B 

 
This picture shows an assembly of a solid state NMR apparatus in the lab at York. 
The cylindrical apparatus with a red and white triangular sticker is the device that 
generates the static magnetic field-B on the order of 4 Tesla, the cubical white 
device is a spectrometer, and the last is a computer which serves as an interface for 
controlling the system.  
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Diagram C 

 
This picture shows what the gradient set will look like once completed. This device is 
usually engineered out of very strong material that can withstand the torques involved 
when the device is put into a strong magnetic field (~ 4T). 
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