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SUPPLEMENTARY MATERIAL

The Supplement is structured as follows. Section 1 presents the derivation of the mean
residual life function based on our hazard model (1). In Section 2, we derive the estimators
for both the finite-dimensional parameters and nonparametric functions. The asymptotic re-
sults of these estimators are discussed in Section 3, where Section 4 provides the proofs for
prerequisite lemmas and the main theorems related to the asymptotic results. Additionally,
Section 5 explores a potential relaxation of an assumption concerning event times. To fa-
cilitate implementation, Section 6 offers the code for estimating both the mean residual life
function and the associated coefficients.

1. Derivations of the mean residual life function (2). As the left hand side of (2) is a
function of t,X, IpW ď tq and WIpW ď tq, we discuss it separately when W ď t holds and
when it does not. First, when W ď t does hold, it means that W is observed by time t, and,
therefore, the left hand side of (2) will depend on t,X,W , or, specifically,

EtT ´ t | T ě t,X, IpW ď tq “ 1,W u “

ş8

t Sps | X,W ď t,W qds

Spt | X,W ď t,W q

“ eΛT pt´W,X,W q

ż 8

t
e´ΛT ps´W,X,W qds

“ eΛT pt´W,X,W q

ż 8

t´W
e´ΛT ps,X,W qds

based on our model, which is equal to the right hand side of (2) in this case. Second, when
W ď t does not hold, i.e., no transplant by time t, we would effectively treat W ą t as
W “ 8 when we project the future survival at time t, given the information available up to
time t. Hence, the left hand side of (2) should only depend on t,X, and

EtT ´ t | T ě t,X, IpW ď tq “ 0u “ EtT ´ t | T ě t,X,W “ 8u

“

ş8

t Sps | X,W “ 8qds

Spt | X,W “ 8q

“ eΛN pt,Xq

ż 8

t
e´ΛN ps,Xqds,

which is equal to the right hand side of (2) in this case.

2. Derivations of the estimators for the finite-dimensional parameters and nonpara-
metric functions.
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2.1. Derivation of an efficient score function. Let Y ptq “ IpZ ě tq be the at risk
process and Nptq “ IpZ ď tq∆ be the counting process. Define the filtration Ft to
be σtNpuq, Y puq,X, IpW ď uq,WIpW ď uq,0 ď u ă tu, and, thus, Mptq “ Nptq ´
şt
0 Y psqλts,βTX, IpW ď sq,WIpW ď squds is a martingale with respect to Ft. The tan-

gent space for the nuisance parameters, which will be utilized in deriving our estimator, is
obtained through the following process.

PROPOSITION 1. The nuisance tangent space is T “ T1 ‘ T2 ‘ T3, where each compo-
nent corresponds to fX,W , m defined in (2), and λc, respectively. Specifically,

T1
“ rapX,W q :EtapX,W qu “ 0,apX,W q P Rpp´dqd, vartapX,W qu ă 8s,

T2

“

ˆ
ż 8

0

„

h1ts,βTX, IpW ď sq,WIpW ď squ

m1ts,βTX, IpW ď sq,WIpW ď squ ` 1
´

hts,βTX, IpW ď sq,WIpW ď squ

mts,βTX, IpW ď sq,WIpW ď squ

ȷ

ˆdMts,βTX, IpW ď sq,WIpW ď squ : @htz,βTX, IpW ď zq,WIpW ď zqu P Rpp´dqd,

vartz,βTX, IpW ď zq,WIpW ď zqu ă 8

˙

,

T3

“

„
ż 8

0
hps,XqdMcps,Xq : @hpz,Xq P Rpp´dqd, varthpz,Xqu ă 8

ȷ

.

The derivation of Proposition 1 is provided in Supplement 2.1.1. Taking the derivative of
the logarithm of (5) with respect to β, we obtain the score function

Sβt∆,Z,X, IpW ď Zq,WIpW ď Zqu

“

ż 8

0

„

m12ts,βTX, IpW ď sq,WIpW ď squ

m1ts,βTX, IpW ď sq,WIpW ď squ ` 1
´

m2ts,βTX, IpW ď sq,WIpW ď squ

mts,βTX, IpW ď sq,WIpW ď squ

ȷ

bXldMts,βTX, IpW ď sq,WIpW ď squ,

where

m1ts,v, ¨, ¨qu ” Bmts,v, ¨, ¨u{Bs “ BmT ps´W,vq{BsIpW ď sq`BmN ps,vq{Bst1´IpW ď squ,

m2ts,v, ¨, ¨u ” Bmts,v, ¨, ¨u{Bv “ BmT ps´W,vq{BvIpW ď sq`BmN ps,vq{Bvt1´IpW ď squ,

and

m12ts,v, ¨, ¨u ” Bm2ts,v, ¨, ¨u{Bs “ B2mT ps´W,vq{BsBvIpW ď sq`B2mN ps,vq{BsBvt1´IpW ď squ.

We can verify that, at β0, Sβt∆,Z,X, IpW ď Zq,WIpW ď Zqu K T1 and Sβt∆,Z,X, IpW ď

Zq,WIpW ď Zqu K T3 due to the martingale properties. The next steps are to look for an
efficient score. To proceed, we first project Sβt∆,Z,X, IpW ď Zq,WIpW ď Zqu at β0 to
T2, and we search for h˚ts,βTX, IpW ď sq,WIpW ď squ such that

Sefft∆,Z,X, IpW ď Zq,WIpW ď Zqu

“ Sβt∆,Z,X, IpW ď Zq,WIpW ď Zqu ´

ż 8

0

„

h˚
1ts,βT

0 X, IpW ď sq,WIpW ď squ

m1ts,βT
0 X, IpW ď sq,WIpW ď squ ` 1
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´
h˚ts,βT

0 X, IpW ď sq,WIpW ď squ

mts,βT
0 X, IpW ď sq,WIpW ď squ

ȷ

dMts,βT
0 X, IpW ď sq,WIpW ď squ

“

ż 8

0

„

m12ts,βT
0 X, IpW ď sq,WIpW ď squ b Xl ´ h˚

1ts,βT
0 X, IpW ď sq,WIpW ď squ

m1ts,βT
0 X, IpW ď sq,WIpW ď squ ` 1

´
m2ts,βT

0 X, IpW ď sq,WIpW ď squ b Xl ´ h˚ts,βT
0 X, IpW ď sq,WIpW ď squ

mts,βT
0 X, IpW ď sq,WIpW ď squ

ȷ

ˆdMts,βT
0 X, IpW ď sq,WIpW ď squ,

where h˚
1ts,v, ¨, ¨u “ Bh˚ts,v, ¨, ¨u{Bs, is orthogonal to T2. It implies that, for any

hts,βT
0 X, IpW ď sq,WIpW ď squ, it holds that

(S1)

0 “ E

ˆ
ż 8

0
ats,βT

0 X, IpW ď sq,WIpW ď squT
„

h1ts,βT
0 X, IpW ď sq,WIpW ď squ

m1ts,βT
0 X, IpW ď sq,WIpW ď squ ` 1

´
hts,βT

0 X, IpW ď sq,WIpW ď squ

mts,βT
0 X, IpW ď sq,WIpW ď squ

ȷ

ds

˙

,

where

(S2)

ats,βT
0 X, IpW ď sq,WIpW ď squ

” E

ˆ„

m12ts,βT
0 X, IpW ď sq,WIpW ď squ b Xl ´ h˚

1ts,βT
0 X, IpW ď sq,WIpW ď squ

m1ts,βT
0 X, IpW ď sq,WIpW ď squ ` 1

´
m2ts,βT

0 X, IpW ď sq,WIpW ď squ b Xl ´ h˚ts,βT
0 X, IpW ď sq,WIpW ď squ

mts,βT
0 X, IpW ď sq,WIpW ď squ

ȷ

ˆScps,Xq | βT
0 X

˙

Sts,βT
0 X, IpW ď sq,WIpW ď squ

ˆ
m1ts,βT

0 X, IpW ď sq,WIpW ď squ ` 1

mts,βT
0 X, IpW ď sq,WIpW ď squ

,

and h1ts,v, ¨, ¨u “ Bhts,v, ¨, ¨u{Bs. We can choose any hts,βT
0 X, IpW ď sq,WIpW ď squ

function. Specifically, by letting hts,βT
0 X, IpW ď sq,WIpW ď squ “ 0 for s ă t and

hts,βT
0 X, IpW ď sq,WIpW ď squ “ cpβT

0 Xq for s ě t with an arbitrary function cpβT
0 Xq,

we obtain that

att,βT
0 X, IpW ď tq,WIpW ď tqu

m1tt,βT
0 X, IpW ď tq,WIpW ď tqu ` 1

´

ż 8

t

ats,βT
0 X, IpW ď sq,WIpW ď squ

mts,βT
0 X, IpW ď sq,WIpW ď squ

ds “ 0.

Solving this integral equation leads to

att,βT
0 X, IpW ď tq,WIpW ď tqu

“ tm1tt,βT
0 X, IpW ď tq,WIpW ď tqu ` 1u

ˆ exp

„

´

ż t

0

m1ts,βT
0 X, IpW ď sq,WIpW ď squ ` 1

mts,βT
0 X, IpW ď sq,WIpW ď squ

ds

ȷ

cpβT
0 Xq,
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for any function cp¨q. Thus, reusing (S2), we require that for all htt,βT
0 X, IpW ď

tq,WIpW ď tqu,

0 “ E

ˆ
ż 8

0
rm1tt,βT

0 X, IpW ď tq,WIpW ď tqu ` 1s

ˆ exp

„

´

ż t

0

m1ts,βT
0 X, IpW ď sq,WIpW ď squ ` 1

mts,βT
0 X, IpW ď sq,WIpW ď squ

ds

ȷ

cpβT
0 XqT

ˆ

„

h1tt,βT
0 X, IpW ď tq,WIpW ď tqu

m1tt,βT
0 X, IpW ď tq,WIpW ď tqu ` 1

´
htt,βT

0 X, IpW ď tq,WIpW ď tqu

mtt,βT
0 X, IpW ď tq,WIpW ď tqu

ȷ

dt

˙

“ ´E
“

cpβT
0 XqTht0,βT

0 X, IpW ď 0q,WIpW ď 0qu
‰

.

Letting ht0,βT
0 X, IpW ď 0q,WIpW ď 0qu “ cpβT

0 Xq yields the only possibility of
cpβT

0 Xq “ 0, hence att,βT
0 X, IpW ď tq,WIpW ď tqu “ 0. Inserting the expression of

att,βT
0 X, IpW ď tq,WIpW ď tqu into (S3), we have

h˚
1tt,βT

0 X, IpW ď tq,WIpW ď tqu

m1tt,βT
0 X, IpW ď tq,WIpW ď tqu ` 1

´
h˚tt,βT

0 X, IpW ď tq,WIpW ď tqu

mtt,βT
0 X, IpW ď tq,WIpW ď tqu

“ btt,βT
0 X, IpW ď tq,WIpW ď tqu,

where

btt,βT
0 X, IpW ď tq,WIpW ď tqu “

"

m12tt,βT
0 X, IpW ď tq,WIpW ď tqu

m1tt,βT
0 X, IpW ď tq,WIpW ď tqu ` 1

´
m2tt,βT

0 X, IpW ď tq,WIpW ď tqu

mtt,βT
0 X, IpW ď tq,WIpW ď tqu

*

b
E
␣

XlScpt,Xq | βT
0 X,W

(

E
␣

Scpt,Xq | βT
0 X,W

( .

Thus, we have obtained an efficient score as follows:

Sefft∆,Z,X, IpW ď Zq,WIpW ď Zqu

“

ż 8

0

„

m12ts,βT
0 X, IpW ď sq,WIpW ď squ

m1ts,βT
0 X, IpW ď sq,WIpW ď squ ` 1

´
m2ts,βT

0 X, IpW ď sq,WIpW ď squ

mts,βT
0 X, IpW ď sq,WIpW ď squ

ȷ

b

«

Xl ´
E
␣

XlScps,Xq | βT
0 X,W

(

E
␣

Scps,Xq | βT
0 X,W

(

ff

dMts,βT
0 X, IpW ď sq,WIpW ď squ.

2.1.1. Proof of Proposition 1 . Proof: Let T1, T2 and T3 be the nuisance tangent spaces
corresponding to fX,W , m and λc respectively. The result of T1 follows obviously. To obtain
T2, let mtz,βTX, IpW ď zq,WIpW ď zqu ` γThtz,βTX, IpW ď zq,WIpW ď zqu be a
submodel of mtz,βTX, IpW ď zq,WIpW ď zqu, where

htz,βTX, IpW ď zq,WIpW ď zqu P Rpp´dqd

with varrhtz,βTX, IpW ď zq,WIpW ď zqus ă 8. We then differentiate the log of (5) with
respect to γ and evaluate it at γ “ 0. Then, T2 is

∆

"

h1tz,βTX, IpW ď zq,WIpW ď zqu

m1tz,βTX, IpW ď zq,WIpW ď zqu ` 1
´

htz,βTX, IpW ď zq,WIpW ď zqu

mtz,βTX, IpW ď zq,WIpW ď zqu

*

´

ż z

0

h1ts,βTX, IpW ď sq,WIpW ď squmts,βTX, IpW ď sq,WIpW ď squ

m2ts,βTX, IpW ď sq,WIpW ď squ
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´
tm1ts,βTX, IpW ď sq,WIpW ď squ ` 1uhts,βTX, IpW ď sq,WIpW ď squ

m2ts,βTX, IpW ď sq,WIpW ď squ
dt

“ ∆

"

h1tz,βTX, IpW ď zq,WIpW ď zqu

m1tz,βTX, IpW ď zq,WIpW ď zqu ` 1
´

htz,βTX, IpW ď zq,WIpW ď zqu

mtz,βTX, IpW ď zq,WIpW ď zqu

*

´

ż z

0

„

h1ts,βTX, IpW ď sq,WIpW ď squ

m1ts,βTX, IpW ď sq,WIpW ď squ ` 1
´

hts,βTX, IpW ď sq,WIpW ď squ

mts,βTX, IpW ď sq,WIpW ď squ

ȷ

λts,βTX, IpW ď sq,WIpW ď squds

“

ż 8

0

„

h1ts,βTX, IpW ď sq,WIpW ď squ

m1ts,βTX, IpW ď sq,WIpW ď squ ` 1
´

hts,βTX, IpW ď sq,WIpW ď squ

mts,βTX, IpW ď sq,WIpW ď squ

ȷ

dMts,βTX, IpW ď sq,WIpW ď squ.

To obtain T3, we let λcpt,Xqt1`γThpt,Xqu be a submodel of λcpt,Xq, where hpz,Xq P

Rpp´dqd, with varthpz,Xqu ă 8. We then obtain T3 as follows

BlogfpX,Z,∆q

Bγ
|γ“0 “ p1 ´ ∆qhpZ,Xq ´

ż Z

0
hps,Xqλcps,Xqds

“

ż 8

0
hps,XqdMcps,Xq,

where Mcpt,Xq “ Ncptq´
şt
0 IpZ ě sqλcps,Xqds is a martingale by Theorem 1.3.2 in Flem-

ing and Harrington (1991). Because λcpt,Xq can be any positive function, so can be hps,Xq,
which leads to the form of T3.

By taking conditional expectations given X and W , it follows that T1 K T2 and T1 K

T3. Further, T2 K T3 because the martingale integrals associated with Mts,βTX, IpW ď

sq,WIpW ď squ and Mcps,Xq are independent conditional on X due to T C | W,X.

2.1.2. Proof of Equations (7) and (8). Proof: First, we note that, when t ď τ ,

E
␣

XlY ptq | βTX,W
(

“ ErE
␣

XlIpT ě tqIpC ě tq | βTX,X,W
(

| βTX,W s

“ ErE tXlIpT ě tqIpC ě tq | X,W u | βTX,W s

“ E
“

XlStt,βTX, IpW ď tq,WIpW ď tquScpt,Xq | βTX,W
‰

“ Stt,βTX, IpW ď tq,WIpW ď tquE
␣

XlScpt,Xq | βTX
(

,

where the second to last equality holds because of T C | X,W and that prpT ě t|Xq is a
function of βTX and W . Similarly, for t ď τ , we obtain that

E
␣

Y ptq | βTX,W
(

“ Stt,βTX, IpW ď tq,WIpW ď tquE
␣

Scpt,Xq | βTX
(

.

Hence, when t ď τ ,

E
␣

XlY ptq | βTX,W
(

E
␣

Y ptq | βTX,W
( “

E
␣

XlScpt,Xq | βTX
(

E
␣

Scpt,Xq | βTX
( .(S3)

Second, when t ą τ , Y ptq “ 0 and Scpt,Xq “ 0. Hence, we have a 0{0 scenario in (S3),
in which case, we define the left hand side of (S3) to be

E
␣

XlScpτ,Xq | βTX
(

E
␣

Scpτ,Xq | βTX
( “

E
␣

XlppXq | βTX
(

E
␣

ppXq | βTX
( ,
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a time-invariant constant, where ppXq is as defined in Section 3. Therefore, (6) and (7) hold
over r0,8q, when β “ β0, the truth.

With a generic β, (S3) leads to

E

˜

ż 8

0
gts,βTX, IpW ď sq,WIpW ď squ b

«

Xl ´
E
␣

XlScps,Xq | βTX
(

E
␣

Scps,Xq | βTX
(

ff

ˆ Y psqλ0ts,βTX, IpW ď sq,WIpW ď squds
˘

“ E

ˆ
ż 8

0
gts,βTX, IpW ď sq,WIpW ď squ b

“

EtXlY psq | βTX,W u

´
E
␣

XlScps,Xq | βTX
(

E
␣

Scps,Xq | βTX
( EtY psq | βTX, IpW ď sq,WIpW ď squ

ff

λ0ps,βTXqds

¸

“ 0,

as the quantity inside the square bracket is zero. In addition,

E

ˆ
ż 8

0
gts,βTX, IpW ď sq,WIpW ď squ

b

«

Xl ´
E
␣

XlScps,Xq | βTX
(

E
␣

Scps,Xq | βTX
(

ff

dMts,βTX, IpW ď sq,WIpW ď squ

¸

“ 0,

because dMts,βTX, IpW ď sq,WIpW ď squ “ dNpsq ´ Y psqλ0ts,βTX, IpW ď sq,W
IpW ď squds is a martingale. Therefore, we have

E

˜

ż 8

0
gts,βTX, IpW ď sq,WIpW ď squ b

«

Xl ´
E
␣

XlScps,Xq | βTX
(

E
␣

Scps,Xq | βTX
(

ff

dNpsq

¸

“ 0.

Hence, (8) holds when β “ β0, the truth.

2.2. Explicit Expressions of Nonparametric Estimators.

2.2.1. Nonparametric Estimators of Hazard and Mean Residual Life Functions and Their
Derivatives. The estimators of ΛT and ΛN have a similar form, differing only in the samples
utilized and an additional argument of W in the estimator of ΛT . Also, the nonparametric
estimators for (9) are given by

pE
␣

YipZiq | βTXi, IpWi ď Ziq,WiIpWi ď Ziq
(

“

řn
j“1KhpβTXj ´ βTXi,Wj ´ WiqIpZj ě ZiqIpWj ď Zjq

řn
j“1KhpβTXj ´ βTXi,Wj ´ WiqIpWj ď Zjq

IpWi ď Ziq

`

řn
j“1KhpβTXj ´ βTXiqIpZj ě Ziqt1 ´ IpWj ď Zjqu

řn
j“1KhpβTXj ´ βTXiqt1 ´ IpWj ď Zjqu

t1 ´ IpWi ď Ziqu,(S4)

pE
␣

XliYipZiq | βTXi, IpWi ď Ziq,WiIpWi ď Ziq
(

“

řn
j“1KhpβTXj ´ βTXi,Wj ´ WiqXljIpZj ě ZiqIpWj ď Zjq

řn
j“1KhpβTXj ´ βTXi,Wj ´ WiqIpWj ď Zjq

IpWi ď Ziq

`

řn
j“1KhpβTXj ´ βTXiqXljIpZj ě Ziqt1 ´ IpWj ď Zjqu

řn
j“1KhpβTXj ´ βTXiqt1 ´ IpWj ď Zjqu

t1 ´ IpWi ď Ziqu.(S5)
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We propose a general form of the nonparametric estimators of Λ2pt,βTXq, λpt,βTXq,
λ2pt,βTXq, where Λ2pt,vq ” BΛpt,vq{Bv and λ2pt,vq ” Bλpt,vq{Bv.

pΛ2pt,βTXq

“ ´

n
ÿ

i“1

IpZi ď tq∆iK
1
hpβTXi ´ βTXq

řn
j“1 IpZj ě ZiqKhpβTXj ´ βTXq

`

n
ÿ

i“1

IpZi ď tq∆iKhpβTXi ´ βTXq

řn
j“1 IpZj ě ZiqK

1
hpβTXj ´ βTXq

t
řn

j“1 IpZj ě ZiqKhpβTXj ´ βTXqu2
,(S6)

pλpt,βTXq

“

n
ÿ

i“1

KbpZi ´ tq∆iKhpβTXi ´ βTXq
řn

j“1 IpZj ě ZiqKhpβTXj ´ βTXq
,(S7)

pλ2pt,βTXq

“ ´

n
ÿ

i“1

KbpZi ´ tq∆iK
1
hpβTXi ´ βTXq

řn
j“1 IpZj ě ZiqKhpβTXj ´ βTXq

`

n
ÿ

i“1

KbpZi ´ tq∆iKhpβTXi ´ βTXq

řn
j“1 IpZj ě ZiqK

1
hpβTXj ´ βTXq

t
řn

j“1 IpZj ě ZiqKhpβTXj ´ βTXqu2
,(S8)

The estimators of mN pt,βTxq, mT pt,βTxq, m1tt,βTX, IpW ď tq,WIpW ď tqu, m2tt,βTX,
IpW ď tq,WIpW ď tqu, and m12tt,βTX, IpW ď tq,WIpW ď tqu are

pmN pt,βTxq “ e
pΛN pt,βTxq

ż τ

t
e´pΛN ps,βTxqds,

pmT pt,βTxq “ e
pΛT pt,βTxq

ż τ

t
e´pΛT ps,βTxqds,

pm1tt,βTX, IpW ď tq,WIpW ď tqu

“ pλT pt ´ W,βTXqe
pΛT pt´W,βTXq

ż τ

t
e´pΛT ps´W,βTXqdsIpW ď tq

` pλN pt,βTXqe
pΛN pt,βTXq

ż τ

t
e´pΛN ps,βTXqdst1 ´ IpW ď tqu ´ 1,

pm2tt,βTX, IpW ď tq,WIpW ď tqu

“

"

pΛT2pt ´ W,βTXqe
pΛT pt´W,βTXq

ż τ

t
e´pΛT ps´W,βTXqds

´e
pΛT pt´W,βTXq

ż τ

t

pΛT2ps ´ W,βTXqe´pΛT ps´W,βTXqds

*

IpW ď tq

`

"

pΛN2pt,βTXqe
pΛN pt,βTXq

ż τ

t
e´pΛN ps,βTXqds

´e
pΛN pt,βTXq

ż τ

t

pΛN2ps,βTXqe´pΛN ps,βTXqds

*

t1 ´ IpW ď tqu,

pm12tt,βTX, IpW ď tq,WIpW ď tqu
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“

"

pλT2pt ´ W,βTXqe
pΛT pt´W,βTXq

ż τ

t
e´pΛT ps´W,βTXqds

´pλT pt ´ W,βTXqe
pΛT pt´W,βTXq

ż τ

t

pΛT2ps ´ W,βTXqe´pΛT ps´W,βTXqds

`pλT pt ´ W,βTXqpΛT2pt ´ W,βTXqe
pΛT pt´W,βTXq

ż τ

t
e´pΛT ps´W,βTXqds

*

IpW ď tq

`

"

pλN2pt,βTXqe
pΛN pt,βTXq

ż τ

t
e´pΛN ps,βTXqds

´pλNtt,βTX, IpW ď tq,WIpW ď tque
pΛN pt,βTXq

ż τ

t

pΛN2ps,βTXqe´pΛN ps,βTXqds.

`pλN pt,βTXqpΛN2pt,βTXqe
pΛN pt,βTXq

ż τ

t
e´pΛN ps,βTXqds

*

t1 ´ IpW ď tqu.

3. Discussion of asymptotic properties and semiparametric efficiency. We briefly
summarize the implications and utility of the three major theorems. First, Theorems 1 and 2
establish the root-n consistency and asymptotic normality, respectively, of the profile param-
eter estimator pβ. The asymptotic variance of pβ can be estimated as follows. With Seff being
a martingale,

ErSb2
eff tZ,βTX, IpW ď Zq,WIpW ď Zqus

“ E

"
ż 8

0

ˆ„

m12ts,βTX, IpW ď sq,WIpW ď squ

m1ts,βTX, IpW ď sq,WIpW ď squ ` 1

´
m2ts,βTX, IpW ď sq,WIpW ď squ

mts,βTX, IpW ď sq,WIpW ď squ

ȷ

b

«

Xl ´
E
␣

XlScps,Xq | βTX
(

E
␣

Scps,Xq | βTX
(

ff¸b2

dNpsq

,

.

-

,

which leads to a consistent estimator of ErSb2
eff ts,βTX, IpW ď sq,WIpW ď squs as follows

1

n

n
ÿ

i“1

δi

˜

pλ2tzi, pβ
T
xi, Ipwi ď ziq,wiIpwi ď ziqu

pλtzi, pβ
T
xi, Ipwi ď ziq,wiIpwi ď ziqu

b

»

–xil ´

pE
!

XlY pziq | pβ
T
xi, Ipwi ď ziq,wiIpwi ď ziq

)

pE
!

Y pziq | pβ
T
xi, Ipwi ď ziq,wiIpwi ď ziq

)

fi

fl

˛

‚

b2

.

Here pE
!

Y pziq | pβ
T
xi, Ipwi ď ziq,wiIpwi ď ziq

)

, pE
!

XlY pziq | pβ
T
xi, Ipwi ď ziq,wiIpwi ď ziq

)

,

pλtzi, pβ
T
xi, Ipwi ď ziq,wiIpwi ď ziqu and pλ2tzi, pβ

T
xi, Ipwi ď ziq,wiIpwi ď ziqu are given

in (S4), (S5), (S7) and (S8) respectively.
Second, Theorem 3 implies that we can estimate the variance σ2

T pt,βTx,wq, σ2
N pt,βTxq,

without estimating λ or fβTXpβTxq. Specifically, we have the following estimators:

pσ2
T pt, pβ

T
x,wq
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“ Ipw ď tqe2
pΛT pt,pβ

T
x,wq

ż

K2puqdu
n
ÿ

i“1

Ipwi ď tq

¨

˝

pΛT ptpiq, pβ
T
x,wq ´ pΛT ptpi´1q, pβ

T
x,wq

1{n
řn

j“1 Yjptpi´1qqKhppβ
T
xj ´ pβ

T
x,wj ´ wq

«

Iptpi´1q ă tq
n
ÿ

j“1

Iptpjq ą tqe´pΛT ptpj´1q,pβ
T
x,wqttpjq ´ maxpt, tpj´1qqu

`

n
ÿ

j“1

Ittpjq ą maxpt, tpi´1qque´pΛT ptpj´1q,pβ
T
x,wqttpjq ´ maxptpi´1q, tpj´1qqu

ff2
˛

‚,

pσ2
N pt, pβ

T
xq

“ t1 ´ Ipw ď tque2
pΛN pt,pβ

T
xq

ż

K2puqdu
n
ÿ

i“1

t1 ´ Ipwi ď tqu

ˆ

¨

˝

pΛN ptpiq, pβ
T
xq ´ pΛN ptpi´1q, pβ

T
xq

1{n
řn

j“1 Yjptpi´1qqKhppβ
T
xj ´ pβ

T
xq

«

Iptpi´1q ă tq
n
ÿ

j“1

Iptpjq ą tqe´pΛN ptpj´1q,pβ
T
xqttpjq ´ maxpt, tpj´1qqu

`

n
ÿ

j“1

Ittpjq ą maxpt, tpi´1qque´pΛN ptpj´1q,pβ
T
xqttpjq ´ maxptpi´1q, tpj´1qqu

ff2
˛

‚,

where tp1q ă tp2q ă ¨ ¨ ¨ ă tpnT q are the observed event times and tp0q “ 0.

4. Proofs of Theorems 1–3. This section includes the regularity conditions, useful lem-
mas with their proofs, and the proofs of Theorems 1–3.

4.1. Regularity conditions.

C1 (kernel function) The kernel function Khp¨q “ h´dKp¨{hq where Kpaq “
śd

j“1Kpajq

for a “ pa1, ..., adqT is symmetric on each individual entry and Kpxq is differen-
tiable, decreasing when x ě 0, and

ş8

´8
Kpxqdx “ 1,

ş8

´8
xjKpxqdx “ 0, for 1 ď

j ă ν, 0 ă
ş8

´8
xνKpxqdx ă 8, and

ş8

´8
K2pxqdx,

ş8

´8
x2K2pxqdx,

ş8

´8
K 12pxqdx,

ş8

´8
x2K 12pxqdx,

ş8

´8
K22pxqdx,

ş8

´8
x2K22pxqdx are all bounded. When there is no

confusion, we use the same K for both univariate and multivariate kernel functions for
simplicity.

C2 (bandwidths) The bandwidths h and b satisfy h Ñ 0, nh2ν Ñ 0, b Ñ 0 and nhd`2b Ñ 8,
where 2ν ą d ` 1.

C3 (density functions of covariates) For all β P B, the parameter space, the probability den-
sity function of βTX, fβTXpβTxq, has a compact support and is bounded away from
zero and 8. Furthermore, the first and second derivatives of fβTXpβTxq exist and are
Lipschitz continuous.
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C4 (smoothness) For all β P B and t ą 0, EtXjIpZj ě tq | βTXj “ βTxu is bounded
and its first derivative is a Lipschitz continuous function of βTx. EtXjX

T
j IpZj ě tq |

βTXj “ βTxu is a bounded and Lipschitz continuous function of βTx.
C5 (survival function) For all β P B and t P p0, τq, EtScpt,Xq | βTxu and fpt,βTxq are

bounded away from zero. Their first derivatives with respect to t and first and second
derivatives with respect to βTx exist and are Lipschitz continuous. In addition, Scpτ,Xq

is bounded way from zero.
C6 (boundedness) The true parameter β0 is an interior point in B, and B is bounded.
C7 (uniqueness) The equation of

E

ˆ

∆

„

m12tZ,βTX, IpW ď Zq,WIpW ď Zqu

m1tZ,βTX, IpW ď Zq,WIpW ď Zqu ` 1

´
m2tZ,βTX, IpW ď Zq,WIpW ď Zqu

mtZ,βTX, IpW ď Zq,WIpW ď Zqu

ȷ

b

«

Xl ´
E
␣

XlY pZq | βTX, IpW ď Zq,WIpW ď Zq
(

E
␣

Y pZq | βTX, IpW ď Zq,WIpW ď Zq
(

ff¸

“ 0

has a unique solution in B.

Conditions C1 and C2 are standard assumptions in kernel regression analysis (Silverman,
1986; Ma and Zhu, 2013). Conditions C3 and C4 assume the boundedness of covariates and
their expectations, while Condition C5 assumes the boundedness of the density functions of
event and censoring times. These assumptions are generally applicable to real datasets. Addi-
tionally, the smoothness of several functions in Condition C4 is ensured by constraining their
derivatives, a common practice in literature (Silverman, 1978). The boundedness assumption
on the parameter space B in Condition C6 is reasonable in practical problems (Härdle et al.,
1997). Furthermore, Condition C7 prevents the estimating equation from being degenerate.

4.2. Two useful lemmas. We present two lemmas and their proofs that are useful for
proving Theorems 1–3. Specifically, Lemma 1 will be needed for proving Theorems 1–3,
while Lemma 2 is also needed by Theorem 3.

4.2.1. Lemma 1.

Lemma 1. Under the regularity conditions C1-C5 listed above,

pE
␣

Y pZq | βTX
(

“ EtY pZq | βTXu ` Optpnhq´1{2 ` h2u,(S9)

pE
␣

XY pZq | βTX
(

“ EtXY pZq | βTXu ` Optpnhq´1{2 ` h2u,(S10)

pλpz,βTXq “ λpz,βTXq ` Optpnhbq´1{2 ` h2 ` b2u(S11)

pλ2pz,βTXq “ λ2pz,βTXq ` Optpnbh3q´1{2 ` h2 ` b2u(S12)

pΛpz,βTXq “ Λpz,βTXq ` Optpnhq´1{2 ` h2u(S13)

pΛ2pz,βTXq “ Λ2pz,βTXq ` Optpnh3q´1{2 ` h2u(S14)

uniformly for all z,βTX.

Proof: For notation convenience, we prove the results for d “ 1. We prove

pE
␣

XY pZq | βTX
(

“ EtXY pZq | βTXu ` Optpnhq´1{2 ` h2u
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and

pΛ2pz,βTXq “ Λ2pz,βTXq ` Optpnh3q´1{2 ` h2u.

and skip the remaining results because of the similar arguments.
First, for any X and β in a local neighborhood of β0,

1

n

n
ÿ

j“1

KhpβTXj ´ βTXq “ fβTXpβTXq ` Oppn´1{2h´1{2 ` h2q,(S15)

To see this, the absolute bias of the left hand side of (S15) is
ˇ

ˇ

ˇ

ˇ

ˇ

E

#

1

n

n
ÿ

j“1

KhpβTXj ´ βTXq

+

´ fβTXpβTXq

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

ż

1

h
K

˜

βTxj ´ βTX

h

¸

fβTXpβTxjqdβ
Txj ´ fβTXpβTXq

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ż

KpuqfβTXpβTX ` huqdu ´ fβTXpβTXq

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ż

Kpuq

!

fβTXpβTXq ` f 1
βTXpβTXqhu ` Oph2qu2

)

du ´ fβTXpβTXq

ˇ

ˇ

ˇ

ˇ

“ Oph2q

under Conditions C1-C3. The variance is

var

#

1

n

n
ÿ

j“1

KhpβTXj ´ βTXq

+

“
1

n
varKhpβTXj ´ βTXq

“
1

n

”

EK2
hpβTXj ´ βTXq ´

␣

EKhpβTXj ´ βTXq
(2
ı

“
1

n

„
ż

1

h2
K2tpβTxj ´ βTXq{hufβTXpβTxjqdβ

Txj ´ f2
βTXpβTXq ` Oph2q

ȷ

“
1

nh

ż

K2puqfβTXpβTX ` huqdu ´
1

n
f2
βTXpβTXq ` Oph2{nq

ď
1

nh
fβTXpβTXq

ż

K2puqdu ` Oph{nq

ż

u2K2puqdu `
1

n
|f2

βTXpβTXq| ` Oph2{nq.

Therefore, applying the central limit theorem, we have that

1

n

n
ÿ

j“1

KhpβTXj ´ βTXq “ fβTXpβTXq ` Oppn´1{2h´1{2 ` h2q

for all β under Conditions C1-C3. Condition C3 also holds for any β in a local neighborhood
of β0 due to the continuity. Similarly, We have

´
1

n

n
ÿ

j“1

K 1
hpβTXj ´ βTXq “ f 1

βTXpβTXq ` Oppn´1{2h´3{2 ` h2q.(S16)
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To show (S10), the absolute bias is
ˇ

ˇ

ˇ

ˇ

ˇ

E

#

1

n

n
ÿ

j“1

XjIpZj ě zqKhpβTXj ´ βTXq

+

´ fβTXpβTXqEtXjpZj ě zq | βTXu

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ż

fβTXpβTXqE
␣

XjIpZj ě zq | βTX
(

Kpuqdu ´ fβTXpβTXqEtXjpZj ě zq | βTXu

`h

ż

B

BpβTXq
fβTXpβTXqE

␣

XjIpZj ě zq | βTX
(

uKpuqdu ` Oph2q

ˇ

ˇ

ˇ

ˇ

“ Oph2q

under Conditions C1-C4. The variance is

var

#

´
1

n

n
ÿ

j“1

XjIpZj ě zqKhpβTXj ´ βTXq

+

“
1

n2

n
ÿ

j“1

`

E
␣

XjX
T
j IpZj ě zqK2

hpβTXj ´ βTXq
(

´
“

E
␣

XjIpZj ě zqKhpβTXj ´ βTXq
(‰2

¯

ď
1

nh
sup
βTX

ˇ

ˇfβTXpβTXqEtXjX
T
j IpZj ě zq | βTXu

ˇ

ˇ

ż

K2puqdu ` Op1{nq

under Conditions C1-C4. So

1

n

n
ÿ

j“1

XjIpZj ě zqKhpβTXj ´ βTXq “ fβTXpβTXqEtXjIpZj ě zq | βTXu

`Oppn´1{2h´1{2 ` h2q(S17)

under Conditions C1-C4.
To show (S14), let

pΛ21pz,βTXq “ ´

n
ÿ

i“1

IpZi ď zq∆iK
1
hpβTXi ´ βTXq

řn
j“1 IpZj ě ZiqKhpβTXj ´ βTXq

pΛ22pz,βTXq “

n
ÿ

i“1

IpZi ď zq∆iKhpβTXi ´ βTXq

řn
j“1 IpZj ě ZiqK

1
hpβTXj ´ βTXq

t
řn

j“1 IpZj ě ZiqKhpβTXj ´ βTXqu2
.

Then pΛ2pz,βTXq “ pΛ21pz,βTXq ` pΛ22pz,βTXq. To analyze pΛ21,

E pΛ21pz,βTXq

“ E

«

´IpZi ď zq∆iK
1
hpβTXi ´ βTXq

fβTXpβTXqSpZi,β
TXqEtScpZi,Xjq | βTXj “ βTX,Ziu

ff

`E

«

1

n

n
ÿ

i“1

´IpZi ď zq∆iK
1
hpβTXi ´ βTXq

fβTXpβTXqSpZi,β
TXqEtScpZi,Xjq | βTXj “ βTX,Ziu

OppAq

ff

.

The first term is

E

«

´IpZi ď zq∆iK
1
hpβTXi ´ βTXq

fβTXpβTXqSpZi,β
TXqEtScpZi,Xjq | βTXj “ βTX,Ziu

ff
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“

ż

Ipzi ď zq
B
“

fpzi,β
TXqEtScpzi,Xiq | βTX, ziufβTXpβTXq

‰

{BβTX

fβTXpβTXqSpzi,β
TXqEtScpzi,Xjq | βTX, ziu

dzi

`

ĳ

Ipzi ď zqOph2qu3K 1puqdudzi(S18)

under Condition C1 and C3-C5. Hence
ˇ

ˇ

ˇ

ˇ

ˇ

E

«

´IpZi ď zq∆iK
1
hpβTXi ´ βTXq

fβTXpβTXqSpZi,β
TXqEtScpZi,Xjq | βTXj “ βTX,Ziu

ff

´

ż

Ipzi ď zq
B
“

fpzi,β
TXqEtScpzi,Xiq | βTX, ziufβTXpβTXq

‰

{BβTX

fβTXpβTXqSpzi,β
TXqEtScpzi,Xjq | βTX, ziu

dzi

ˇ

ˇ

ˇ

ˇ

ˇ

“ Oph2q

under Condition C1 and C3-C5. Similarly, we conclude that

1

n

n
ÿ

i“1

´IpZi ď zq∆iK
1
hpβTXi ´ βTXq

fβTXpβTXqSpZi,β
TXqEtScpZi,Xjq | βTXj “ βTX,Ziu

OppAq “ Opth2 ` pnhq´1{2u

under Conditions C1-C5 due to A “ Opth2 ` pnhq´1{2u. Therefore

E pΛ21pz,βTXq “

ż

Ipzi ď zq
B
“

fpzi,β
TXqEtScpzi,Xiq | βTX, ziufβTXpβTXq

‰

{BβTX

fβTXpβTXqSpzi,β
TXqEtScpzi,Xjq | βTX, ziu

dzi

`Otpnhq´1{2 ` h2u.

For pΛ22, let B “ ´1{n
řn

j“1 IpZj ě ZiqK
1
hpβTXj ´βTXq´BfβTXpβTXqEtIpZj ě Ziq |

βTXu{BβTX, then

pΛ22pz,βTXq

“ ´
1

n

n
ÿ

i“1

IpZi ď zq∆iKhpβTXi ´ βTXq

ˆ
B
“

fβTXpβTXqSpzi,β
TXqEtScpzi,Xjq | βTX, ziu

‰

{BβTX

f2
βTX

pβTXqS2pzi,β
TXqE2tScpzi,Xjq | βTX, ziu

ˆ t1 ` OppBq ` OppAqu .

We have

E

«

´
1

n

n
ÿ

i“1

IpZi ď zq∆iKhpβTXi ´ βTXq

B
“

fβTXpβTXqEtIpZj ě Ziq | βTX,Ziu
‰

{BβTX

f2
βTX

pβTXqE2tIpZj ě Ziq | βTX,Ziu

ff

“ ´

ĳ

Ipzi ď zqKhpβTXi ´ βTXq

ˆ
B
“

fβTXpβTXqSpzi,β
TXqEtScpzi,Xjq | βTX, ziu

‰

{BβTX

f2
βTX

pβTXqS2pzi,β
TXqE2tScpzi,Xjq | βTX, ziu
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ˆfpzi,β
TXiqEtScpzi,Xiq | βTXi, ziufβTXpβTXiqdzidβ

TXi

“ ´

ż

Ipzi ď zq
B
“

fβTXpβTXqSpzi,β
TXqEtScpzi,Xjq | βTX, ziu

‰

{BβTX

fβTXpβTXqS2pzi,β
TXqEtScpzi,Xjq | βTX, ziu

fpzi,β
TXqdzi

´

ĳ

Ipzi ď zq
B
“

fβTXpβTXqSpzi,β
TXqEtScpzi,Xjq | βTX, ziu

‰

{BβTX

f2
βTX

pβTXqS2pzi,β
TXqE2tScpzi,Xjq | βTX, ziu

ˆOph2qu2Kpuqdzidu,

(S19)

therefore
ˇ

ˇ

ˇ

ˇ

ˇ

E

«

´
1

n

n
ÿ

i“1

IpZi ď zq∆iKhpβTXi ´ βTXq

B
“

fβTXpβTzqEtIpZj ě Ziq | βTX,Ziu
‰

{BβTX

f2
βTX

pβTXqE2tIpZj ě Ziq | βTX,Ziu

ff

`

ż

Ipzi ď zq
B
“

fβTXpβTXqSpzi,β
TXqEtScpzi,Xjq | βTX, ziu

‰

{BβTX

fβTXpβTXqS2pzi,β
TXqEtScpzi,Xjq | βTX, ziu

fpz,βTXqdzi

ˇ

ˇ

ˇ

ˇ

ˇ

“ Oph2q

under Conditions C1-C5. Recall B “ Oppn´1{2h´3{2 ` h2q, then

´
1

n

n
ÿ

i“1

IpZi ď zq∆iKhpβTXi ´ βTXq

ˆ
B
“

fβTXpβTXqEtIpZj ě Ziq | βTX,Ziu
‰

{BβTX

f2
βTX

pβTXqE2tIpZj ě Ziq | βTX,Ziu
OppBq

“ Oppn´1{2h´3{2 ` h2q,

´
1

n

n
ÿ

i“1

IpZi ď zq∆iKhpβTXi ´ βTXq

ˆ
B
“

fβTXpβTXqEtIpZj ě Ziq | βTX,Ziu
‰

{BβTX

f2
βTX

pβTXqE2tIpZj ě Ziq | βTX,Ziu
OppAq

“ Oppn´1{2h´1{2 ` h2q

under condition C1-C5. Therefore

E pΛ22 “ ´

ż

B
“

fβTXpβTXqSpzi,β
TXqEtScpzi,Xjq | βTX, ziu

‰

{BβTX

fβTXpβTXqS2pzi,β
TXqEtScpzi,Xjq | βTX, ziu

ˆIpzi ď zqfpzi,β
TXqdzi ` Opn´1{2h´3{2 ` h2q.

In addition
ż

˜

Ipzi ď zq
B
“

fpzi,β
TXqEtScpzi,Xjq | βTX, ziufβTXpβTXq

‰

{BβTX

fβTXpβTXqSpzi,β
TXqEtScpzi,Xjq | βTX, ziu
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´ Ipzi ď zq
B
“

fβTXpβTXqSpzi,β
TXqEtScpzi,Xjq | βTX, ziu

‰

{BβTX

fβTXpβTXqS2pzi,β
TXqEtScpzi,Xjq | βTX, ziu

fpzi,β
TXq

¸

dzi

“ Λ2pz,βTXq.

Combining E pΛ21pz,βTXq and E pΛ22pz,βTXq gives
ˇ

ˇ

ˇ
E pΛ2pz,βTXq ´ Λ2pz,βTXq

ˇ

ˇ

ˇ
“ Opn´1{2h´3{2 ` h2q

under Conditions C1-C5.
The variance of pΛ2pz,βTXq is

var
!

pΛ2pz,βTXq

)

“ var
!

pΛ21pz,βTXq ` pΛ22pz,βTXq

)

ď 2vartpΛ21pz,βTXqu ` 2vartpΛ22pz,βTXqu.

The first term

vartpΛ21pz,βTXqu

ď
2

n
var

«

´IpZi ď zq∆iK
1
hpβTXi ´ βTXq

fβTXpβTXqSpZi,β
TXqEtScpZi,Xjq | βTXi “ βTX,Ziu

ff

`2var

«

1

n

n
ÿ

i“1

´IpZi ď zq∆iK
1
hpβTXi ´ βTXq

fβTXpβTXqSpZi,β
TXqEtScpZi,Xjq | βTXi “ βTX,Ziu

OppAq

ff

The first part is

2

n
var

«

´IpZi ď zq∆iK
1
hpβTXi ´ βTXq

fβTXpβTXqSpZi,β
TXqEtScpZi,Xjq | βTXi “ βTX,Ziu

ff

“
2

n
E

«

´IpZi ď zq∆iK
1
hpβTXi ´ βTXq

fβTXpβTXqSpZi,β
TXqEtScpZi,Xjq | βTXi “ βTX,Ziu

ff2

´
2

n

˜

E

«

´IpZi ď zq∆iK
1
hpβTXi ´ βTXq

fβTXpβTXqSpZi,β
TXqEtScpZi,Xjq | βTXi “ βTX,Ziu

ff¸2

ď
2

nh3

ż

Ipzi ď zqfpzi,β
TXq

fβTXpβTXqS2pzi,β
TXqEtScpzi,Xjq | βTX, ziu

dzi

"
ż

K 12puqdu

*

`
1

nh3

ż

Oph2qu2K 12puqdu ` Op1{nq

“ Ot1{pnh3qu(S20)

under Conditions C1-C5. The second part is

2var

«

1

n

n
ÿ

i“1

´IpZi ď zq∆iK
1
hpβTXi ´ βTXq

fβTXpβTXqSpZi,β
TXqEtScpZi,Xjq | βTXi “ βTX,Ziu

OppAq

ff

ď 2E

«

1

n

n
ÿ

i“1

´IpZi ď zq∆iK
1
hpβTXi ´ βTXq

fβTXpβTXqSpZi,β
TXqEtScpZi,Xjq | βTXi “ βTX,Ziu

OppAq

ff2
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“

#˜

E

«

´IpZi ď zq∆iK
1
hpβTXi ´ βTXq

fβTXpβTXqSpZi,β
TXqEtScpZi,Xjq | βTXi “ βTX,Ziu

ff¸2

`
1

n
var

«

´IpZi ď zq∆iK
1
hpβTXi ´ βTXq

fβTXpβTXqSpZi,β
TXqEtScpZi,Xjq | βTXi “ βTX,Ziu

ff+

Ot1{pnhq ` h4u

“ Ot1{pnhq ` h4u

under Conditions C1-C5, where the second to last equation holds because of (S18) and (S20).
Therefore vartpΛ21pz,βTXqu “ Ot1{pnh3qu under Conditions C1-C5.

For pΛ22pz,βTXq,

vartpΛ22pz,βTXqu

ď
2

n
var

«

IpZi ď zq∆iKhpβTXi ´ βTXq
B
“

fβTXpβTXqEtIpZj ě Ziq | βTXu
‰

{BβTX

f2
βTX

pβTXqE2tIpZj ě Ziq | βTXu

ff

`4var

«

1

n

n
ÿ

i“1

IpZi ď zq∆iKhpβTXi ´ βTXq

ˆ
B
“

fβTXpβTXqEtIpZj ě Ziq | βTXu
‰

{BβTX

f2
βTX

pβTXqE2tIpZj ě Ziq | βTXu
OppBq

ff

`4var

«

1

n

n
ÿ

i“1

IpZi ď zq∆iKhpβTXi ´ βTXq

ˆ
B
“

fβTXpβTXqEtIpZj ě Ziq | βTXu
‰

{BβTX

f2
βTX

pβTXqE2tIpZj ě Ziq | βTXu
OppAq

ff

.

The first part is

2

n
var

«

IpZi ď zq∆iKhpβTXi ´ βTXq
B
“

fβTXpβTXqEtIpZj ě Ziq | βTX,Ziu
‰

{BβTX

f2
βTX

pβTXqE2tIpZj ě Ziq | βTX,Ziu

ff

ď
2

nh

ż

Ipzi ď zqfpzi,β
TXq

`

B
“

fβTXpβTXqSpzi,β
TXqEtScpzi,Xjq | βTXu

‰

{BβTX
˘2

f3
βTX

pβTXqS4pzi,β
TXqE3tScpzi,Xjq | βTX, ziu

dzi

ˆ

"
ż

K2puqdu

*

`
1

nh
sup

z,zi,β
TX

ˇ

ˇ

ˇ

ˇ

ˇ

`

B
“

fβTXpβTXqSpzi,β
TXqEtScpzi,Xiq | βTXu

‰

{BβTX
˘2

f4
βTX

pβTXqS4pzi,β
TXqE4tScpzi,Xiq | βTX, ziu

ˇ

ˇ

ˇ

ˇ

ˇ

ˆ

"
ż

Oph2qu2K2puqdu

*

` Op1{nq

“ Ot1{pnhqu

(S21)
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under Conditions C1-C5. The second part is

4var

«

1

n

n
ÿ

i“1

IpZi ď zq∆iKhpβTXi ´ βTXq

B
“

fβTXpβTXqEtIpZj ě Ziq | βTXu
‰

{BβTX

f2
βTX

pβTXqE2tIpZj ě Ziq | βTX,Ziu
OppBq

ff

ď 4E

˜«

1

n

n
ÿ

i“1

IpZi ď zq∆iKhpβTXi ´ βTXq

ˆ
B
“

fβTXpβTXqEtIpZj ě Ziq | βTXu
‰

{BβTX

f2
βTX

pβTXqE2tIpZj ě Ziq | βTX,Ziu

ff2
˛

‚

ˆOt1{pnh3q ` h4u

“ Ot1{pnh3q ` h4u

under Conditions C1-C5, where the second to last equation holds because of (S19) and (S21).
The last part is

4var

«

1

n

n
ÿ

i“1

IpZi ď zq∆iKhpβTXi ´ βTXq

ˆ
B
“

fβTXpβTXqEtIpZj ě Ziq | βTXu
‰

{BβTX

f2
βTX

pβTXqE2tIpZj ě Ziq | βTX,Ziu
OppAq

ff

ď 4E

˜«

1

n

n
ÿ

i“1

IpZi ď zq∆iKhpβTXi ´ βTXq

ˆ
B
“

fβTXpβTXqEtIpZj ě Ziq | βTXu
‰

{BβTX

f2
βTX

pβTXqE2tIpZj ě Ziq | βTX,Ziu

ff2
˛

‚

ˆOtpnhq´1 ` h4u

“ Otpnhq´1 ` h4u

under Conditions C1-C5 where the second to last equation is due to (S19) and (S21). There-
fore vartpΛ22pz,βTXqu “ Ot1{pnh3qu under Conditions C1-C5.

Combining all these results, we have that vartpΛ2pz,βTXqu “ Ot1{pnh3qu. Hence, the
estimator pΛ2pz,βTXq satisfies

pΛ2pz,βTXq “ Λ2pz,βTXq ` Optpnh3q´1{2 ` h2u

under Conditions C1-C5.
We provide a detailed proof for the uniform result of (S10) only. Since the domain of βTX

is compact, we divide it into rectangular regions. Within each region, the distance between a
point βTx and the nearest grid point is less than n´2. We need only N ď Cn2 grid points,
where C is a constant. Let the grid points be κ1, . . . ,κN . Let pρpβTXq “ pEtXY pZq | βTXu

and ρpβTXq “ EtXY pZq | βTXu. Then for any pβTXq, there exists a κi, 1 ď i ď N , such
that

|pρpβTXq ´ ρpβTXq| ď |pρpκiq ´ ρpκiq| ` |pρpβTXq ´ pρpκiq| ` |ρpβTXq ´ ρpκiq|
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ď |pρpκiq ´ ρpκiq| ` D1n
´2,

for an absolute constant D1 under Conditions C1 and C5. Thus, for any D ě D1,

prpsup
βTx

|pρpβTXq ´ ρpβTXq| ą 2Drh2 ` tlognpnhq´1u1{2sq

ď prpsup
κi

|pρpκiq ´ ρpκiq| ą 2Drh2 ` tlognpnhq´1u1{2s ´ D1n
´2q

ď prpsup
κi

|pρpκiq ´ ρpκiq| ą Drh2 ` tlognpnhq´1u1{2sq

under Condition C2. Using Bernstein’s inequality on pρpκiq, under Conditions C1-C5, we
have that

prr|pρpκiq ´ ρpκiq| ě Atlogn{pnhqu1{2s ď 2exp

"

´nA2logn{pnhq

2D2h´1 ` 2{3AD3plognq1{2pnhq´1{2

*

“ 2exp

"

´A2logn
2D2 ` 2{3AD3plognh{nq1{2

*

ď 2exp

ˆ

´A2logn
2D2 ` AD3

˙

for all A ą D3 `
a

D2
3 ` 4D2, where D2 and D3 are constants satisfying

vartpρpβTXq ´ ρpβTXqu ď
D2

nh
,

ˇ

ˇ

ˇ

ˇ

ˇ

KhpβTXi ´ βTXqXiIpZi ě Zq

1{n
řn

j“1KhpβTXj ´ βTXq
´ ρpβTXq

ˇ

ˇ

ˇ

ˇ

ˇ

ď D3 with probability 1.

This leads to

prrsup
κi

|pρpκiq ´ Epρpκiq| ě Atlogn{pnhqu1{2s ď 2Cn2 exp

ˆ

´A2logn
2D2 ` AD3

˙

“ 2C exp
“

t2 ´ A2{p2D2 ` AD3qulogn
‰

Ñ 0

because A ą D3 `
a

D2
3 ` 4D2. Combining the above results, for A1 “ maxpA,Dq,

prpsup
βTx

|pρpβTX,βq ´ ρpβTXq| ą 2A1rh2 ` tlognpnhq´1u1{2sq

ď prpsup
κi

|pρpκiq ´ ρpκiq| ą A1rh2 ` tlognpnhq´1u1{2sq

ď prtsup
κi

|pρpκiq ´ ρpκiq| ą A1h
2u ` prprsup

κi

|pρpκiq ´ ρpκiq| ě A1tlognpnhq´1u1{2sq

Ñ 0.

The uniform convergence results for (S11)-(S14) exhibit slight variations due to the addi-
tional component Z in these functions. Nonetheless, under Condition C5, the support of
pβTXi,Ziq or pβTXi,Zjq is also bounded. Consequently, we can divide the region using
N ď Cn2`2 grid points, ensuring that the distance of a point to the nearest grid point is less
than n´2. The subsequent analysis follows a similar approach as outlined above, leading to
the establishment of uniform convergence.
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4.2.2. Lemma 2.

Lemma 2. The estimator pΛpt, pβ
T
Xq has the expansion

?
nh

!

pΛpt, pβ
T
Xq ´ Λpt,βTXq

)

“

c

h

n

n
ÿ

i“1

ż t

0

I
!

řn
j“1 YjpsqKhpβTXj ´ βTXq ą 0

)

fβTXpβTXqEtIpz ě sq | βTXu
KhpβTXi ´ βTXq

ˆdMits,β
TX, IpW ď sq,WIpW ď squ ` opp1q,

and satisfies
?
nh

!

pΛpt, pβ
T
Xq ´ Λpt,βTXq

)

Ñ Nt0, σ2pt,βTXqu

in distribution when n Ñ 8 for all t,βTX under Conditions C1-C5, where

σ2pt,βTXq “

ż

K2puqdu

ż t

0

λps,βTXq

fβTXpβTXqEtIpZ ě sq | βTXu
ds.

Proof: We only need to prove
?
nh

!

pΛpt,βTXq ´ Λpt,βTXq

)

Ñ Nt0, σ2pt,βTXqu in dis-

tribution because
?
nh

!

pΛpt, pβ
T
Xq ´ pΛpt,βTXq

)

“ Opp
?
hq “ opp1q due to Theorems 1

and 2. For notational convenience, let d “ 1 and ν “ 2. For any t and βTX, define

ϕnps,βTXq ”

n
ÿ

j“1

YjpsqKhpβTXj ´ βTXq,

Qnpt,βTXq ” pΛpt,βTXq ´

ż t

0
I
␣

ϕnps,βTXq ą 0
(

λps,βTXqds,

Dnpt,βTXq ”

ż t

0
λps,βTXq

“

1 ´ I
␣

ϕnps,βTXq ą 0
(‰

ds.

Then
?
nh

!

pΛpt,βTXq ´ Λpt,βTXq

)

“
?
nhQnpt,βTXq ´

?
nhDnpt,βTXq.

We first show that
?
nhDnpt,βTXq Ñ 0 in probability uniformly. It suffices to show that

?
nh

“

1 ´ I
␣

ϕnps,βTXq ą 0
(‰ p

Ñ 0,

which is equivalent to show that for any ϵ ą 0,

Pr
´?

nh
“

1 ´ I
␣

ϕnps,βTXq ą 0
(‰

ą ϵ
¯

Ñ0.

Now for ϵ ě
?
nh, the above holds trivially. For ϵ ă

?
nh, this is equivalent to show

Pr
␣

n´1ϕnps,βTXq ď 0
(

Ñ0.(S22)

Because n´1ϕnps,βTXq “ fβTXpβTXqEtIpZj ě sq | βTXu ` Opth2 ` pnhq´1{2u, (S22)
is equivalent to

Pr
”

fβTXpβTXqEtIpZj ě sq | βTXu ` Opth2 ` pnhq´1{2u ď 0
ı

Ñ0,
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which automatically holds under Conditions C3 and C5. Hence
?
nhDnpt,βTXq Ñ 0 in

probability uniformly. Second we inspect the asymptotic property of
?
nhQnpt,βTXq. Re-

call Mips,β
TXq is the martingale corresponding to the counting process Nipsq and satisfies

dMips,β
TXq “ dNipsq ´ Yipsqλps,βTXqds.

?
nhQnpt,βTXq

“

ż t

0

?
nh

1
řn

j“1 YjpsqKhpβTXj ´ βTXq

n
ÿ

i“1

KhpβTXi ´ βTXqdNipsq

´

ż t

0

?
nhI

␣

ϕnps,βTXq ą 0
(

λps,βTXqds

“

ż t

0

?
nh

Itϕnps,βTXq ď 0u
řn

j“1 YjpsqKhpβTXj ´ βTXq

n
ÿ

i“1

KhpβTXi ´ βTXqdNipsq

`

ż t

0

?
nh

Itϕnps,βTXq ą 0u
řn

j“1 YjpsqKhpβTXj ´ βTXq

n
ÿ

i“1

KhpβTXi ´ βTXqdNipsq

´

ż t

0

?
nh

Itϕnps,βTXq ą 0u
řn

j“1 YjpsqKhpβTXj ´ βTXq

n
ÿ

i“1

KhpβTXi ´ βTXqYipsqλps,βTXqds

“

ż t

0

?
nh

Itϕnps,βTXq ą 0u
řn

j“1 YjpsqKhpβTXj ´ βTXq

ˆ

n
ÿ

i“1

KhpβTXi ´ βTXqdMits,β
TX, IpW ď sq,WIpW ď squ

(S23)

`

ż t

0

?
nh

Itϕnps,βTXq ď 0u
řn

j“1 YjpsqKhpβTXj ´ βTXq

n
ÿ

i“1

KhpβTXi ´ βTXqdNipsq.(S24)

In (S23), it leads to the same martingale dMits,β
TX, IpW ď sq,WIpW ď squ “ dNiptq ´

YipsqrλT pt´W,βTXqIpW ď tq ` λN pt,βTXqt1´ IpW ď tqusds in either group of trans-
plant or nontransplant because one of λT pt,βTXq and λN pt,βTXq is zero.

We decompose (S23) as
ż t

0

?
nh

Itϕnps,βTXq ą 0u
řn

j“1 YjpsqKhpβTXj ´ βTXq

n
ÿ

i“1

KhpβTXi ´ βTXqdMits,β
TX, IpW ď sq,WIpW ď squ

“

c

h

n

n
ÿ

i“1

ż t

0

Itϕnps,βTXq ą 0u

1{n
řn

j“1 YjpsqKhpβTXj ´ βTXq

KhpβTXi ´ βTXqdMits,β
TX, IpW ď sq,WIpW ď squ

“

c

h

n

n
ÿ

i“1

ż t

0
I
␣

ϕnps,βTXq ą 0
(

«

1

fβTXpβTXqEtIpZj ě sq | βTXu
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´
1{n

řn
j“1 YjpsqKhpβTXj ´ βTXq

f2
βTX

pβTXqE2tIpZj ě sq | βTXu
`

1

fβTXpβTXqEtIpZj ě sq | βTXu

`Opth4 ` pnhq´1u
‰

ˆ KhpβTXi ´ βTXqdMits,β
TX, IpW ď sq,WIpW ď squ

“ Qn1 ´ Qn2 ` opp1q,(S25)

where

Qn1 “

c

h

n

n
ÿ

i“1

ż t

0

I
␣

ϕnps,βTXq ą 0
(

KhpβTXi ´ βTXq

fβTXpβTXqEtIpZ ě sq | βTXu

ˆdMits,β
TX, IpW ď sq,WIpW ď squ,

Qn2 “

c

h

n

n
ÿ

i“1

ż t

0

I
␣

ϕnps,βTXq ą 0
(

f2
βTX

pβTXqE2tIpZj ě sq | βTXu

ˆ

«

1

n

n
ÿ

j“1

YjpsqKhpβTXj ´ βTXq ´ fβTXpβTXqEtIpZ ě sq | βTXu

ff

ˆKhpβTXi ´ βTXqdMits,β
TX, IpW ď sq,WIpW ď squ

“

c

h

n3

n
ÿ

i“1

n
ÿ

j“1

ż t

0

I
␣

ϕnps,βTXq ą 0
(

f2
βTX

pβTXqE2tIpZj ě sq | βTXu

ˆ
“

YjpsqKhpβTXj ´ βTXq ´ fβTXpβTXqEtIpZ ě sq | βTXu
‰

ˆKhpβTXi ´ βTXqdMits,β
TX, IpW ď sq,WIpW ď squ,

and the remaining term in (S25) is opp1q because
a

n{hOpth4 ` pnhq´1u “ Optn1{2h7{2 `

pnh3q´1{2u “ opp1q by Condition C2.
Using the U-statistic property, Qn2 has leading order terms Qn21 ` Qn22 ´ Qn23, where

Qn21 “

c

h

n
E

˜

n
ÿ

i“1

ż t

0

I
␣

ϕnps,βTXq ą 0
(

f2
βTX

pβTXqE2tIpZj ě sq | βTXu

ˆ
“

YjpsqKhpβTXj ´ βTXq ´ fβTXpβTXqEtIpZ ě sq | βTXu
‰

KhpβTXi ´ βTXq

ˆdMits,β
TX, IpW ď sq,WIpW ď squ | ∆i,β

TXi,Zi, IpW ď sq,WIpW ď sq

¸

,

Qn22 “

c

h

n
E

˜

n
ÿ

j“1

ż t

0

I
␣

ϕnps,βTXq ą 0
(

f2
βTX

pβTXqE2tIpZj ě sq | βTXu

ˆ
“

YjpsqKhpβTXj ´ βTXq ´ fβTXpβTXqEtIpZ ě sq | βTXu
‰

KhpβTXi ´ βTXq

ˆdMits,β
TX, IpW ď sq,WIpW ď squ | ∆j ,β

TXj ,Zj , IpW ď sq,WIpW ď sq

¸

,

Qn23 “
?
nhE

˜

ż t

0

I
␣

ϕnps,βTXq ą 0
(

f2
βTX

pβTXqE2tIpZj ě sq | βTXu

ˆ
“

YjpsqKhpβTXj ´ βTXq ´ fβTXpβTXqEtIpZ ě sq | βTXu
‰
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ˆE
␣

KhpβTXi ´ βTXqdMits,β
TX, IpW ď sq,WIpW ď squ

(

¸

.

I
␣

ϕnps,βTXq ą 0
(

“ I
“

fβTXpβTXqEtIpZj ě sq | βTXu ` Opth2 ` pnhq´1u ą 0
‰

“ 1
almost surely. Thus, almost surely,

Qn21 “

c

h

n

n
ÿ

i“1

˜

ż t

0

1

fβTXpβTXqEtIpZj ě sq | βTXu

ˆE
“

YjpsqKhpβTXj ´ βTXq ´ fβTXpβTXqEtIpZ ě sq | βTXu
‰

ˆKhpβTXi ´ βTXqdMits,β
TX, IpW ď sq,WIpW ď squ

¸

“

c

h

n

n
ÿ

i“1

ż t

0

Oph2qKhpβTXi ´ βTXq

fβTXpβTXqEtIpZj ě sq | βTXu
dMits,β

TX, IpW ď sq,WIpW ď squ

Ñ 0.

uniformly as h Ñ 0. Similarly, almost surely,

Qn22 “

c

h

n

n
ÿ

j“1

ż t

0

1

f2
βTX

pβTXqE2tIpZj ě sq | βTXu

ˆ
“

YjpsqKhpβTXj ´ βTXq ´ fβTXpβTXqEtIpZ ě sq | βTXu
‰

ˆErKhpβTXi ´ βTXqdMits,β
TX, IpW ď sq,WIpW ď squs

“ 0.

Obviously, Qn23 “ EpQn22q “ 0, hence Qn2 Ñ 0 in probability uniformly as n Ñ 8.
For (S24)

ż t

0

?
nh

Itϕnps,βTXq ď 0u
řn

j“1 YjpsqKhpβTXj ´ βTXq

n
ÿ

i“1

KhpβTXi ´ βTXqdNipsq Ñ 0

in probability uniformly. We have obtained
?
nhQnpt,βTXq

“

c

h

n

n
ÿ

i“1

ż t

0

I
␣

ϕnps,βTXq ą 0
(

fβTXpβTXqEtIpZ ě sq | βTXu
KhpβTXi ´ βTXq

ˆdMits,β
TX, IpW ď sq,WIpW ď squ

(S26)

`opp1q.

Applying the martingale central limit theorem to (S26), we have

h

n

n
ÿ

i“1

ż t

0

λps,βTXqItϕnps,βTXq ą 0u

rfβTXpβTXqEtIpZ ě sq | βTXus2
K2

hpβTXi ´ βTXqYipsqds

“

ż t

0

λps,βTXqItϕnps,βTXq ą 0u

rfβTXpβTXqEtIpZ ě sq | βTXus2

1

n

n
ÿ

i“1

hK2
hpβTXi ´ βTXqYipsqds
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“

ż t

0

λps,βTXqItϕnps,βTXq ą 0u

rfβTXpβTXqEtIpZ ě sq | βTXus2

ˆ

„

fβTXpβTXqEtIpZi ě sq | βTXu

ż

K2puqdu ` Oppn´1{2h´1{2 ` h2q

ȷ

ds

p
Ñ

ż

K2puqdu

ż t

0

λps,βTXq

fβTXpβTXqEtIpZj ě sq | βTXu
ds

“ σ2pt,βTXq.(S27)

Next we inspect the following integration for any ϵ ą 0.
n
ÿ

i“1

ż t

0

h

n

Itϕnps,βTXq ą 0u

rfβTXpβTXqEtIpZ ě sq | βTXus2
K2

hpβTXi ´ βTXqYipsq

ˆI

«

c

h

n

ˇ

ˇ

ˇ

ˇ

ˇ

Itϕnps,βTXq ą 0u

fβTXpβTXqEtIpZ ě sq | βTXu
KhpβTXi ´ βTXq

ˇ

ˇ

ˇ

ˇ

ˇ

ą ϵ

ff

λps,βTXqds

“

ż t

0

Itϕnps,βTXq ą 0u

rfβTXpβTXqEtIpZ ě sq | βTXus2

1

n

n
ÿ

i“1

˜

hK2
hpβTXi ´ βTXqYipsq

ˆI

«

c

h

n

ˇ

ˇ

ˇ

ˇ

ˇ

Itϕnps,βTXq ą 0u

fβTXpβTXqEtIpZ ě sq | βTXu
KhpβTXi ´ βTXq

ˇ

ˇ

ˇ

ˇ

ˇ

ą ϵ

ff¸

λps,βTXqds

ď

ż t

0
λps,βTXq

Itϕnps,βTXq ą 0u

rfβTXpβTXqEtIpZ ě sq | βTXus2

#

1

n

n
ÿ

i“1

hK2
hpβTXi ´ βTXqYipsq

+

ˆ sup
1ďiďn

I

„

ˇ

ˇfβTXpβTXqEtIpZ ě sq | βTXu
ˇ

ˇ ă
ξi

ϵ
?
nh

ȷ

ds,

where ξi “ |Itϕnps,βTXq ą 0uKtpβTXi ´ βTXq{hu|, which is bounded following Con-
dition C1. In the above display,

sup
1ďiďn

I

„

ˇ

ˇfβTXpβTXqEtIpZj ě sq | βTXu
ˇ

ˇ ă
ξi

ϵ
?
nh

ȷ

“ 0

as long as n is sufficiently large, because the right hand side converges to 0 by Condition C2
while the left hand side will be bounded away from 0 by Conditions C3 and C5. On the other
hand,

1

n

n
ÿ

i“1

hK2
hpβTXi ´ βTXqYipsq

“ fβTXpβTXqEtIpZi ě sq | βTXu

ż

K2puqdu ` Oppn´1{2h´1{2 ` h2q

Ñ 0

in probability uniformly. Hence

lim
nÑ8

n
ÿ

i“1

ż t

0

h

n

Itϕnps,βTXq ą 0u

rfβTXpβTXqEtIpZ ě sq | βTXus2
K2

hpβTXi ´ βTXqYipsq

ˆI

«

c

h

n

ˇ

ˇ

ˇ

ˇ

ˇ

Itϕnps,βTXq ą 0u

fβTXpβTXqEtIpZ ě sq | βTXu
KhpβTXi ´ βTXq

ˇ

ˇ

ˇ

ˇ

ˇ

ą ϵ

ff

λps,βTXqds “ 0
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(S28)

with probability 1 uniformly for any ϵ ą 0.
In summary

?
nh

!

pΛpt,βTXq ´ Λpt,βTXq

)

Ñ Nt0, σ2pt,βTXqu

uniformly.

4.3. Proof of Theorem 1. Because the result regarding (10) is the most difficult to es-
tablish, we provide only the proof concerning (10), the result concerning (9) is based on a
similar proof.

For each n, let pβn satisfy

1

n

n
ÿ

i“1

∆i

pλ2tZi, pβ
T

nXi, IpWi ď Ziq,WiIpWi ď Ziqu

pλtZi, pβ
T

nXi, IpWi ď Ziq,WiIpWi ď Ziqu

b

»

–Xli ´

pE
!

XliYipZiq | pβ
T

nXi, IpWi ď Ziq,WiIpWi ď Ziq

)

pE
!

YipZiq | pβ
T

nXi, IpWi ď Ziq,WiIpWi ď Ziq

)

fi

fl “ 0.

Under condition C6, there exists a subsequence of pβn, n “ 1,2, . . . , that converges. For no-
tational simplicity, we still write pβn, n “ 1,2, . . . , as the subsequence that converges and let
the limit be β˚.

From the uniform convergence in (S9), (S10), (S11), (S12) given in Lemma 1,

1

n

n
ÿ

i“1

∆i

pλ2tZi, pβ
T

nXi, IpWi ď Ziq,WiIpWi ď Ziqu

pλtZi, pβ
T

nXi, IpWi ď Ziq,WiIpWi ď Ziqu

b

»

–Xli ´

pE
!

XliYipZiq | pβ
T

nXi, IpWi ď Ziq,WiIpWi ď Ziq

)

pE
!

YipZiq | pβ
T

nXi, IpWi ď Ziq,WiIpWi ď Ziq

)

fi

fl

“
1

n

n
ÿ

i“1

∆i
λ2tZi, pβ

T

nXi, IpWi ď Ziq,WiIpWi ď Ziqu ` Optpnbh3q´1{2 ` h2 ` b2u

λtZi, pβ
T

nXi, IpWi ď Ziq,WiIpWi ď Ziqu ` Optpnbhq´1{2 ` h2 ` b2u

b

»

–Xli ´

E
!

XliYipZiq | pβ
T

nXi, IpWi ď Ziq,WiIpWi ď Ziq

)

` Optpnhq´1{2 ` h2u

E
!

YipZiq | pβ
T

nXi, IpWi ď Ziq,WiIpWi ď Ziq

)

` Optpnhq´1{2 ` h2u

fi

fl

“
1

n

n
ÿ

i“1

∆i

«

λ2tZi, pβ
T

nXi, IpWi ď Ziq,WiIpWi ď Ziqu

λtZi, pβ
T

nXi, IpWi ď Ziq,WiIpWi ď Ziqu

` Optpnbh3q´1{2 ` h2 ` b2u

ff

b

»

–Xli ´

E
!

XliYipZiq | pβ
T

nXi, IpWi ď Ziq,WiIpWi ď Ziq

)

E
!

YipZiq | pβ
T

nXi, IpWi ď Ziq,WiIpWi ď Ziq

) ` Optpnhq´1{2 ` h2u

fi

fl

“
1

n

n
ÿ

i“1

∆i
λ2tZi, pβ

T

nXi, IpWi ď Ziq,WiIpWi ď Ziqu

λtZi, pβ
T

nXi, IpWi ď Ziq,WiIpWi ď Ziqu
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b

»

–Xli ´

E
!

XliYipZiq | pβ
T

nXi, IpWi ď Ziq,WiIpWi ď Ziq

)

E
!

YipZiq | pβ
T

nXi, IpWi ď Ziq,WiIpWi ď Ziq

)

fi

fl` opp1q.

Thus, for sufficiently large n,

1

n

n
ÿ

i“1

∆i
λ2tZi, pβ

T

nXi, IpWi ď Ziq,WiIpWi ď Ziqu

λtZi, pβ
T

nXi, IpWi ď Ziq,WiIpWi ď Ziqu

b

»

–Xli ´

E
!

XliYipZiq | pβ
T

nXi, IpWi ď Ziq,WiIpWi ď Ziq

)

E
!

YipZiq | pβ
T

nXi, IpWi ď Ziq,WiIpWi ď Ziq

)

fi

fl

“
1

n

n
ÿ

i“1

∆i
λ2tZi,β

˚TXi, IpWi ď Ziq,WiIpWi ď Ziqu

λtZi,β
˚TXi, IpWi ď Ziq,WiIpWi ď Ziqu

b

»

–Xli ´

E
!

XliYipZiq | β˚TXi, IpWi ď Ziq,WiIpWi ď Ziq

)

E
!

YipZiq | β˚TXi, IpWi ď Ziq,WiIpWi ď Ziq

)

fi

fl` Opppβn ´ β˚q

“
1

n

n
ÿ

i“1

∆i
λ2tZi,β

˚TXi, IpWi ď Ziq,WiIpWi ď Ziqu

λtZi,β
˚TXi, IpWi ď Ziq,WiIpWi ď Ziqu

b

»

–Xli ´

E
!

XliYipZiq | β˚TXi, IpWi ď Ziq,WiIpWi ď Ziq

)

E
!

YipZiq | β˚TXi, IpWi ď Ziq,WiIpWi ď Ziq

)

fi

fl` opp1q,

under Conditions C1-C2, where the last equality holds because pβn converges to β˚. In addi-
tion,

1

n

n
ÿ

i“1

∆i
λ2tZi,β

˚TXi, IpWi ď Ziq,WiIpWi ď Ziqu

λtZi,β
˚TXi, IpWi ď Ziq,WiIpWi ď Ziqu

b

»

–Xli ´

E
!

XliYipZiq | β˚TXi, IpWi ď Ziq,WiIpWi ď Ziq

)

E
!

YipZiq | β˚TXi, IpWi ď Ziq,WiIpWi ď Ziq

)

fi

fl

“ E

˜

∆
λ2tZ,β˚TX, IpW ď Zq,WIpW ď Zqu

λtZ,β˚TX, IpW ď Zq,WIpW ď Zqu

b

»

–Xl ´

E
!

XlY pZq | β˚TX, IpWi ď Ziq,WiIpWi ď Ziq

)

E
!

Y pZq | β˚TX, IpW ď Zq,WIpW ď Zq

)

fi

fl

˛

‚

`opp1q

under Conditions C1-C2. Thus, for sufficient large n

0 “
1

n

n
ÿ

i“1

∆i

pλ2tZi, pβ
T

nXi, IpWi ď Ziq,WiIpWi ď Ziqu

pλtZi, pβ
T

nXi, IpWi ď Ziq,WiIpWi ď Ziqu
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b

»

–Xli ´

pE
!

XliYipZiq | pβ
T

nXi, IpWi ď Ziq,WiIpWi ď Ziq

)

pE
!

YipZiq | pβ
T

nXi, IpWi ď Ziq,WiIpWi ď Ziq

)

fi

fl

“
1

n

n
ÿ

i“1

∆i
λ2tZi, pβ

T

nXi, IpWi ď Ziq,WiIpWi ď Ziqu

λtZi, pβ
T

nXi, IpWi ď Ziq,WiIpWi ď Ziqu

b

»

–Xli ´

E
!

XliYipZiq | pβ
T

nXi, IpWi ď Ziq,WiIpWi ď Ziq

)

E
!

YipZiq | pβ
T

nXi, IpWi ď Ziq,WiIpWi ď Ziq

)

fi

fl` opp1q

“
1

n

n
ÿ

i“1

∆i
λ2tZi,β

˚TXi, IpWi ď Ziq,WiIpWi ď Ziqu

λtZi,β
˚TXi, IpWi ď Ziq,WiIpWi ď Ziqu

b

»

–Xli ´

E
!

XliYipZiq | β˚TXi, IpWi ď Ziq,WiIpWi ď Ziq

)

E
!

YipZiq | β˚TXi, IpWi ď Ziq,WiIpWi ď Ziq

)

fi

fl` opp1q

“ E

˜

∆
λ2tZ,β˚TX, IpW ď Zq,WIpW ď Zqu

λtZ,β˚TX, IpW ď Zq,WIpW ď Zqu

b

»

–Xl ´

E
!

XlY pZq | β˚TX, IpW ď Zq,WIpW ď Zq

)

E
!

Y pZq | β˚TX, IpW ď Zq,WIpW ď Zq

)

fi

fl

˛

‚` opp1q

under Conditions C1-C2 and C6. Note that

E

˜

∆
λ2tZ,β˚TX, IpW ď Zq,WIpW ď Zqu

λtZ,β˚TX, IpW ď Zq,WIpW ď Zqu

b

»

–Xl ´

E
!

XlY pZq | β˚TX, IpW ď Zq,WIpW ď Zq

)

E
!

Y pZq | β˚TX, IpW ď Zq,WIpW ď Zq

)

fi

fl

˛

‚

is a nonrandom quantity that does not depend on n, hence it is zero. Thus the uniqueness
requirement in Condition C7 ensures that β˚ “ β0.

We show by contradiction that the subsequence that converges includes all but a finite
number of n’s. Suppose that, for contradiction, this were not true, then we could obtain an
infinite sequence of pβn’s that did not converge to β0. Given that this infinite sequence lies
in a compact set B, we can extract another subsequence of pβn’s that converges to, say, β˚˚.
However, by using the prior derivations, we conclude β˚˚ “ β0, a contradiction to that pβn’s
did not converge to β0. Thus we conclude pβ ´ β0 Ñ 0 in probability when n Ñ 8 under
Conditions C1-C6.

4.4. Proof of Theorem 2. The terms A and B in Theorem 2 are

A “ E

"

B

BveclpβqT
vecl

`

∆gtZ,βTX, IpW ď Zq,WIpW ď Zqu

b

«

apXlq ´
E
␣

apXlqY pZq | βTX, IpW ď Zq,WIpW ď Zq
(

E
␣

Y pZq | βTX, IpW ď Zq,WIpW ď Zq
(

ff¸+

,
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B “ E
␣

vecl
`

∆gtZ,βTX, IpW ď Zq,WIpW ď Zqu

b

«

apXlq ´
E
␣

apXlqY pZq | βTX, IpW ď Zq,WIpW ď Zq
(

E
␣

Y pZq | βTX, IpW ď Zq,WIpW ď Zq
(

ff¸b2
,

.

-

.

Here veclpAq represents the vectorization of the lower pp´ dq ˆ d block of a generic matrix
A and Ab2 “ AAT for any matrix or vector A. Note that in (9), apXlq “ Xl and in (10),
apXlq “ Xl, gtZ,βTX, IpW ď Zq,WIpW ď Zqu “ pm12tZ,βTX, IpW ď Zq,WIpW ď

Zqu{tpm1tZ,βTX, IpW ď Zq,WIpW ď Zqu ` 1u ´ pm2tZ,βTX, IpW ď Zq,WIpW ď

Zqu{pmtZ,βTX, IpW ď Zq,WIpW ď Zqu.
We only present the proof concerning (10); the result concerning (9) follows with a similar

and simpler proof.
We first expand (10) as

0 “ n´1{2
n
ÿ

i“1

∆i

pλ2tZi, pβ
T
Xi, IpWi ď Ziq,WiIpWi ď Ziqu

pλtZi, pβ
T
Xi, IpWi ď Ziq,WiIpWi ď Ziqu

(S29)

b

»

–Xli ´

pE
!

XliYipZiq | pβ
T
Xi, IpWi ď Ziq,WiIpWi ď Ziq

)

pE
!

YipZiq | pβ
T
Xi, IpWi ď Ziq,WiIpWi ď Ziq

)

fi

fl

“ n´1{2
n
ÿ

i“1

∆i

pλ2tZi,β
T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

pλtZi,β
T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

(S30)

b

«

Xli ´
pE
␣

XliYipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

pE
␣

YipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

ff

(S31)

`
1

n

n
ÿ

i“1

#

B

BpXT
i βq

˜

∆i

pλ2tZi,β
TXi, IpWi ď Ziq,WiIpWi ď Ziqu

pλtZi,β
TXi, IpWi ď Ziq,WiIpWi ď Ziqu

b

«

Xli ´
pE
␣

XliYipZiq | βTXi, IpWi ď Ziq,WiIpWi ď Ziq
(

pE
␣

YipZiq | βTXi, IpWi ď Ziq,WiIpWi ď Ziq
(

ff¸

b XT
li

+ˇ

ˇ

ˇ

ˇ

ˇ

β“rβ

(S32)

ˆ
?
nppβ ´ β0q,

where rβ is on the line connecting β0 and pβ.
We first consider (S32). Because of Theorem 1 and Lemma 1,

1

n

n
ÿ

i“1

#

B

BpXT
i βq

˜

∆i

pλ2tZi,β
TXi, IpWi ď Ziq,WiIpWi ď Ziqu

pλtZi,β
TXi, IpWi ď Ziq,WiIpWi ď Ziqu

b

«

Xli ´
pE
␣

XliYipZiq | βTXi, IpWi ď Ziq,WiIpWi ď Ziq
(

pE
␣

YipZiq | βTXi, IpWi ď Ziq,WiIpWi ď Ziq
(

ff¸

b XT
li

+ˇ

ˇ

ˇ

ˇ

ˇ

β“rβ

“
1

n

n
ÿ

i“1

#

B

BpXT
i β0q

˜

∆i

pλ2tZi,β
T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

pλtZi,β
T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

b

«

Xli ´
pE
␣

XliYipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

pE
␣

YipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

ff¸

b XT
li

+

` opp1q
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“ ´
1

n

n
ÿ

i“1

˜

∆i

pλ
b2

2 tZi,β
T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

pλ2tZi,β
T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

b

«

Xli ´
pE
␣

XliYipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

pE
␣

YipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

ff

b XT
li

¸

(S33)

`
1

n

n
ÿ

i“1

∆i

pλtZi,β
T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

B

BpXT
i β0q

´

pλ2tZi,β
T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

b

«

Xli ´
pE
␣

XliYipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

pE
␣

YipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

ff¸

b XT
li

(S34)

`opp1q.

Because of Lemma 1, (S33) converges uniformly in probability to

´E

˜

ż

λb2
2 ts,βTX, IpW ď sq,WIpW ď squ

λ2ts,βTX, IpW ď sq,WIpW ď squ

b

«

Xl ´
E
␣

XlY psq | βT
0 X, IpW ď sq,WIpW ď sq

(

E
␣

Y psq | βT
0 X, IpW ď sq,WIpW ď sq

(

ff

b XT
l dNpsq

¸

“ ´E

˜

ż

λb2
2 ts,βTX, IpW ď sq,WIpW ď squ

λ2ts,βTX, IpW ď sq,WIpW ď squ

b

«

Xl ´
E
␣

XlY psq | βT
0 X, IpW ď sq,WIpW ď sq

(

E
␣

Y psq | βT
0 X, IpW ď sq,WIpW ď sq

(

ff

bXT
l Y psqλts,βTX, IpW ď sq,WIpW ď squds

˘

“ ´E

˜

ż

λb2
2 ts,βTX, IpW ď sq,WIpW ď squ

λts,βTX, IpW ď sq,WIpW ď squ

b

«

Xl ´
E
␣

XlY psq | βT
0 X, IpW ď sq,WIpW ď sq

(

E
␣

Y psq | βT
0 X, IpW ď sq,WIpW ď sq

(

ff

b

«

Xl ´
E
␣

XlY psq | βT
0 X, IpW ď sq,WIpW ď sq

(

E
␣

Y psq | βT
0 X, IpW ď sq,WIpW ď sq

(

ffT

Y psqds

˛

‚

´E

˜

ż

λb2
2 ts,βTX, IpW ď sq,WIpW ď squ

λts,βTX, IpW ď sq,WIpW ď squ

b

«

Xl ´
E
␣

XlY psq | βT
0 X, IpW ď sq,WIpW ď sq

(

E
␣

Y psq | βT
0 X, IpW ď sq,WIpW ď sq

(

ff
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b
E
␣

XlY psq | βT
0 X, IpW ď sq,WIpW ď sq

(

E
␣

Y psq | βT
0 X, IpW ď sq,WIpW ď sq

(

T

Y psqds

¸

“ ´EtSeffp∆,Z,Xqb2u,

where the last equality is due to that the second term above is zero by first taking expectation
conditional on βT

0 X.
Similarly, from Lemma 1, the term in (S34) converges uniformly in probability to the limit

of

E

"

∆i

λtZi,β
T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

ˆ
B

BpXT
i β0q

´

pλ2tZi,β
T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

b

«

Xli ´
E
␣

XliYipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

E
␣

YipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

ff¸

b XT
li

+

.

Now let pλ2,´ipZ,β
T
0 Xq be the leave-one-out version of pλ2pZ,βT

0 Xq, i.e. it is constructed
the same as pλ2pZ,βT

0 Xq except that the ith observation is not used. Obviously,

∆i

λtZi,β
T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

ˆ
B

BpXT
i β0q

´

pλ2tZi,β
T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

b

«

Xli ´
E
␣

XliYipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

E
␣

YipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

ff¸

b XT
li

´
∆i

λtZi,β
T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

ˆ
B

BpXT
i β0q

´

pλ2,´itZi,β
T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

b

«

Xli ´
E
␣

XliYipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

E
␣

YipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

ff¸

b XT
li

“ opp1q.

Let Ei mean taking expectation with respect to the ith observation conditional on all other
observations, then

Ei

"

∆i

λtZi,β
T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

B

BpXT
i β0q

ˆ

´

pλ2,´itZi,β
T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

b

«

Xli ´
E
␣

XliYipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

E
␣

YipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

ff¸

b XT
li

+

“ Ei

"

B

Bβ0

ż

pλ2,´its,β
T
0 Xi, IpWi ď sq,WiIpWi ď squ
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b

«

Xli ´
E
␣

XliYipsq | βT
0 Xi, IpWi ď sq,WiIpWi ď sq

(

E
␣

Yipsq | βT
0 Xi, IpWi ď sq,WiIpWi ď sq

(

ff

EtYipsq | Xiuds

+

“
B

Bβ0

Ei

"
ż

pλ2,´its,β
T
0 Xi, IpWi ď sq,WiIpWi ď squ

b

«

Xli ´
E
␣

XliYipsq | βT
0 Xi, IpWi ď sq,WiIpWi ď sq

(

E
␣

Yipsq | βT
0 Xi, IpWi ď sq,WiIpWi ď sq

(

ff

Yipsqds

+

“ 0.

The last equality holds because the integrand has expectation zero conditional on βT
0 Xi and

all other observations, and the third to last equality follows because the expectation is with
respect to Xi and does not involve β0. Therefore, the term in (S34) converges in probability
uniformly to

E

"

∆i

λtZi,β
T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

ˆ
B

BpXT
i β0q

´

pλ2,´itZi,β
T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

b

«

Xli ´
E
␣

XliYipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

E
␣

YipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

ff¸

b XT
li

+

“ 0

Combining the results concerning (S33) and (S34), thus the expression in (S32) is
´EtSeffp∆,Z,Xqb2u ` opp1q.

Next we decompose (S31) into

n´1{2
n
ÿ

i“1

∆i

pλ2tZi,β
T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

pλtZi,β
T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

b

«

Xli ´
pE
␣

XliYipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

pE
␣

YipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

ff

“ T1 ` T2 ` T3 ` T4,(S35)

where

T1 “ n´1{2
n
ÿ

i“1

∆i
λ2tZi,β

T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

λtZi,β
T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

b

«

Xli ´
E
␣

XliYipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

E
␣

YipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

ff

,

T2 “ n´1{2
n
ÿ

i“1

∆i

«

pλ2tZi,β
T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

pλtZi,β
T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

´
λ2tZi,β

T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

λtZi,β
T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

ȷ

b

«

Xli ´
E
␣

XliYipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

E
␣

YipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

ff

,
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T3 “ n´1{2
n
ÿ

i“1

∆i
λ2tZi,β

T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

λtZi,β
T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

b

«

E
␣

XliYipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

E
␣

YipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

´
pE
␣

XliYipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

pE
␣

YipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

ff

,

T4 “ n´1{2
n
ÿ

i“1

∆i

«

pλ2tZi,β
T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

pλtZi,β
T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

´
λ2tZi,β

T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

λtZi,β
T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

ȷ

b

«

E
␣

XliYipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

E
␣

YipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

´
pE
␣

XliYipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

pE
␣

YipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

ff

.

First,

T2 “ n´1{2
n
ÿ

i“1

ż

«

pλ2ts,βT
0 Xi, IpWi ď sq,WiIpWi ď squ

pλts,βT
0 Xi, IpWi ď sq,WiIpWi ď squ

´
λ2ts,βT

0 Xi, IpWi ď sq,WiIpWi ď squ

λts,βT
0 Xi, IpWi ď sq,WiIpWi ď squ

ȷ

b

«

Xli ´
E
␣

XliYipsq | βT
0 Xi, IpWi ď sq,WiIpWi ď sq

(

E
␣

Yipsq | βT
0 Xi, IpWi ď sq,WiIpWi ď sq

(

ff

dNipsq

“ op

˜

n´1{2
n
ÿ

i“1

ż

«

Xli ´
E
␣

XliYipsq | βT
0 Xi, IpWi ď sq,WiIpWi ď sq

(

E
␣

Yipsq | βT
0 Xi, IpWi ď sq,WiIpWi ď sq

(

ff

ˆYipsqλps,βT
0 Xliqds

˘

“ opp1q,

where the last equality holds because the quantity inside the parentheses is a mean zero
normal random quantity of order Opp1q. Further,

T3

“ n´1{2
n
ÿ

i“1

∆i
λ2tZi,β

T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

λtZi,β
T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

b

˜

´
pE
␣

XliYipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

E
␣

YipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

`
pE
␣

YipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

rE
␣

YipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

s
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ˆ
E
␣

XliYipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

rE
␣

YipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

s

¸

` opp1q

“ n´1{2
n
ÿ

i“1

∆i
λ2tZi,β

T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

λtZi,β
T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

b

˜

´
n´1

řn
j“1KhpβT

0 Xj ´ βT
0 XiqXljIpZj ě Ziq

fβT
0 X

pβT
0 XiqE

␣

YipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

`
E
␣

XliYipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

fβT
0 X

pβT
0 XiqE

␣

YipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

ˆ

#

n´1
n
ÿ

j“1

KhpβT
0 Xj ´ βT

0 Xiq ´ fβT
0 X

pβT
0 Xiq

+

`
E
␣

XliYipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

rE
␣

YipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

s2

b

«

n´1
řn

j“1KhpβT
0 Xj ´ βT

0 XiqIpZj ě Ziq

fβT
0 X

pβT
0 Xiq

´
E
␣

YipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

u

fβT
0 X

pβT
0 Xiq

ˆ
tn´1

řn
j“1KhpβT

0 Xj ´ βT
0 Xiq ´ fβT

0 X
pβT

0 Xiqu

fβT
0 X

pβT
0 Xiq

ff¸

` opp1q

“ n´3{2
n
ÿ

i“1

n
ÿ

j“1

∆i
λ2tZi,β

T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

λtZi,β
T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

b

«

´
KhpβT

0 Xj ´ βT
0 XiqXljIpZj ě Ziq

fβT
0 X

pβT
0 XiqE

␣

YipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

`
E
␣

XliYipZiq | βT
0 Xi,Wi

(

KhpβT
0 Xj ´ βT

0 XiqIpZj ě Ziq

fβT
0 X

pβT
0 XiqrE

␣

YipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

s2

ff

` opp1q

“ T31 ` T32 ` T33 ` opp1q,

where

T31 “ n´1{2
n
ÿ

i“1

∆i
λ2tZi,β

T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

λtZi,β
T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

bE

«

´
KhpβT

0 Xj ´ βT
0 XiqXljIpZj ě Ziq

fβT
0 X

pβT
0 XiqE

␣

YipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

`
E
␣

XliYipZiq | βT
0 Xi,Wi

(

KhpβT
0 Xj ´ βT

0 XiqIpZj ě Ziq

fβT
0 X

pβT
0 XiqrE

␣

YipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

s2

| ∆i,Zi,Xi, IpWi ď Ziq,WiIpWi ď Ziqs
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T32 “ n´1{2
n
ÿ

j“1

E

ˆ

∆i
λ2tZi,β

T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

λtZi,β
T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

b

«

´
KhpβT

0 Xj ´ βT
0 XiqXljIpZj ě Ziq

fβT
0 X

pβT
0 XiqE

␣

YipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

`
E
␣

XliYipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

fβT
0 X

pβT
0 XiqrE

␣

YipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

s2

ˆKhpβT
0 Xj ´ βT

0 XiqIpZj ě Ziq
‰

| ∆j ,Zj ,Xj , IpWi ď Ziq,WiIpWi ď Ziq
˘

T33 “ ´n1{2E

ˆ

∆i
λ2tZi,β

T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

λtZi,β
T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

bE

«

´
KhpβT

0 Xj ´ βT
0 XiqXljIpZj ě Ziq

fβT
0 X

pβT
0 XiqE

␣

YipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

`
E
␣

XliYipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

KhpβT
0 Xj ´ βT

0 XiqIpZj ě Ziq

fβT
0 X

pβT
0 XiqrE

␣

YipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

s2

ff¸

.

Here we used U-statistic property in the last equality. Now when nh4 Ñ 0,

T31 “ n´1{2
n
ÿ

i“1

∆i
λ2tZi,β

T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

λtZi,β
T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

b

«

´
EtXliYipZiq | βT

0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

E
␣

YipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

`
E
␣

XliYipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

rE
␣

YipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

s2

ˆE
␣

YipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(‰

` Opn1{2h2q

“ opp1q.

Thus, T33 “ opp1q as well. Also,

T32

“ n´1{2
n
ÿ

j“1

E

ˆ

∆i
λ2tZi,β

T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

λtZi,β
T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

b

«

´
KhpβT

0 Xj ´ βT
0 XiqXljIpZj ě Ziq

fβT
0 X

pβT
0 XiqE

␣

IpZ ě Ziq | βT
0 X “ βT

0 Xi,Zi, IpWi ď Ziq,WiIpWi ď Ziq
(

`
E
␣

XlIpZ ě Ziq | βT
0 X “ βT

0 Xi,Zi, IpWi ď Ziq,WiIpWi ď Ziq
(

KhpβT
0 Xj ´ βT

0 XiqIpZj ě Ziq

fβT
0 X

pβT
0 XiqrE

␣

IpZ ě Ziq | βT
0 X “ βT

0 Xi,Zi, IpWi ď Ziq,WiIpWi ď Ziq
(

s2

ff

| ∆j ,Zj ,Xj , IpWi ď Ziq,WiIpWi ď Ziqq

“ n´1{2
n
ÿ

j“1

E

"

E

ˆ

∆i
λ2tZi,β

T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

λtZi,β
T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu
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b

«

´
xljIpzj ě Ziq

fβT
0 X

pβT
0 XiqE

␣

IpZ ě Ziq | βT
0 X “ βT

0 Xi,Zi, IpWi ď Ziq,WiIpWi ď Ziq
(

`
E
␣

XlIpZ ě Ziq | βT
0 X “ βT

0 Xi,Zi, IpWi ď Ziq,WiIpWi ď Ziq
(

Ipzj ě Ziq

fβT
0 X

pβT
0 XiqrE

␣

IpZ ě Ziq | βT
0 X “ βT

0 Xi,Zi, IpWi ď Ziq,WiIpWi ď Ziq
(

s2

ff

| βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

˘

KhpβT
0 xj ´ βT

0 Xiq
(

“ n´1{2
n
ÿ

j“1

E

˜

ż zj

0

λ2ts,βT
0 xj , Ipwi ď sq,wiIpwi ď squ

E
␣

Scps,Xq | βT
0 X “ βT

0 xj

(

b

«

E
␣

XlScps,Xq | βT
0 X “ βT

0 xj

(

E
␣

Scps,Xq | βT
0 X “ βT

0 xj

( ´ xlj

ff

Scps,Xiqds | βT
0 Xi “ βT

0 xj

¸

` Oppn1{2h2q

“ n´1{2
n
ÿ

j“1

ż

Yjpsqλts,βT
0 xj , Ipwi ď sq,wiIpwi ď squ

λ2ts,βT
0 xj , Ipwi ď sq,wiIpwi ď squ

λts,βT
0 xj , Ipwi ď sq,wiIpwi ď squ

b

«

E
␣

XljYjpsq | βT
0 xj , Ipwi ď sq,wiIpwi ď sq

(

E
␣

Yjpsq | βT
0 xj , Ipwi ď sq,wiIpwi ď sq

( ´ xlj

ff

ds ` Oppn1{2h2q.

When nh4 Ñ 0, plugging the results of T1 and T32 to (S35), the expression in (S31) is

n´1{2
n
ÿ

i“1

∆i

pλ2tZi,β
T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

pλtZi,β
T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

b

«

Xli ´
pE
␣

XliYipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

pE
␣

YipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

ff

“ n´1{2
n
ÿ

i“1

ż

λ2tt,βT
0 Xi, IpWi ď tq,WiIpWi ď tqu

λtt,βT
0 Xi, IpWi ď tq,WiIpWi ď tqu

b

«

Xli ´
E
␣

XliYiptq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

E
␣

Yiptq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

ff

ˆdMitt,β
T
0 Xi, IpWi ď tq,WiIpWi ď tqu ` opp1q

“ n´1{2
n
ÿ

i“1

Sefft∆i,Zi,Xi, IpWi ď tq,WiIpWi ď Ziqu ` opp1q.

Finally,

T4 “ n´1{2
n
ÿ

i“1

∆i

«

pλ2tZi,β
T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

pλtZi,β
T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

´
λ2tZi,β

T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

λtZi,β
T
0 Xi, IpWi ď Ziq,WiIpWi ď Ziqu

ȷ

ˆ

«

E
␣

XliYipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

E
␣

YipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

´
pE
␣

XliYipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

pE
␣

YipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

ff
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“ op

˜

n´1{2
n
ÿ

i“1

∆i

«

E
␣

XliYipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

E
␣

YipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

´
pE
␣

XliYipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

pE
␣

YipZiq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

ff¸

“ op

˜

n´1{2
n
ÿ

i“1

ż

Yipsqλts,βT
0 Xi, IpWi ď sq,WiIpWi ď squ

ˆ

«

E
␣

XliYipsq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

(

E
␣

Yipsq | βT
0 Xi, IpWi ď Ziq,WiIpWi ď Ziq

( ´ xli

ff

ds

¸

` oppn1{2h2q

“ opp1q,

where the last equality holds because the integrand has mean zero conditional on βT
0 X, and

the second to last equality follows through the same derivation as that of T3. Utilizing these
results in (S31), in conjunction with (S32), establishes the theorem.

4.5. Proof of Theorem 3. The asymptotic variances of pmN pt,βTXq and pmT pt,βTX,W q

are

σ2
N pt,βTXq “ e2ΛN pt,βTXq

ş

K2puqdu

fβTXpβTXq

ż τ

0

λN pr,βTXq

EtIpZ ě rq | βTXu

ˆ

#

Ipr ă tq

ż τ

t
e´ΛN ps,βTXqds `

ż τ

maxpr,tq
e´ΛN ps,βTXqds

+2

dr,

σ2
T pt,βTX,W q “ e2ΛT pt,βTX,W q

ş

K2puqdu

fβTX,W pβTX,W q

ż τ

0

λT pr,βTX,W q

EtIpZ ě rq | βTX,W u

ˆ

#

Ipr ă tq

ż τ

t
e´ΛT ps,βTX,W qds `

ż τ

maxpr,tq
e´ΛT ps,βTX,W qds

+2

dr,

respectively.
We begin by analyzing pmN pt,βTXq. Our focus is on examining

?
nh

␣

pmN pt,βTXq ´ mN pt,βTXq
(

,

because
?
nh

!

pmN pt, pβ
T
Xq ´ pmN pt,βTXq

)

“ Opp
?
hq “ opp1q based on Theorems 1 and

2.
We expand

?
nh

␣

pmN pt,βTXq ´ mN pt,βTXq
(

as
?
nh

␣

pmN pt,βTXq ´ mN pt,βTXq
(

“
?
nh

!

e
pΛN pt,βTXq ´ eΛN pt,βTXq

)

ż τ

t
e´ΛN ps,βTXqds(S36)

`
?
nheΛN pt,βTXq

ż τ

t

!

e´pΛN ps,βTXq ´ e´ΛN ps,βTXq
)

ds.(S37)

`
?
nh

!

e
pΛN pt,βTXq ´ eΛN pt,βTXq

)

ż τ

t

!

e´pΛN ps,βTXq ´ e´ΛN ps,βTXq
)

ds.(S38)

It is easy to see that the term in (S38) satisfies
?
nh

!

e
pΛN pt,βTXq ´ eΛN pt,βTXq

)

ż τ

t

!

e´pΛN ps,βTXq ´ e´ΛN ps,βTXq
)

ds
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“
?
nhOptpΛN pt,βTXq ´ ΛN pt,βTXqu

ż τ

t
e´ΛN ps,βTXqOptpΛN ps,βTXq ´ ΛN ps,βTXquds

“ Opp
?
nhqOpth4 ` pnhq´1u

“ opp1q,

by Condition C2.
We inspect the terms in (S36) and (S37). For (S36), based on Lemma 1,
?
nh

!

e
pΛN pt,βTXq ´ eΛN pt,βTXq

)

ż τ

t
e´ΛN ps,βTXqds

“
?
nheΛN pt,βTXq

´

pΛN pt,βTXq ´ ΛN pt,βTXq ` OprtpΛN pt,βTXq ´ ΛN pt,βTXqu2s

¯

ˆ

ż τ

t
e´ΛN ps,βTXqds

“
?
nheΛN pt,βTXq

!

pΛN pt,βTXq ´ ΛN pt,βTXq

)

ż τ

t
e´ΛN ps,βTXqds ` opp1q,

where the last step uses Condition C2.
For (S37), using Condition C2 as well, we get
?
nheΛN pt,βTXq

ż τ

t

!

e´pΛN ps,βTXq ´ e´ΛN ps,βTXq
)

ds

“
?
nheΛN pt,βTXq

ż τ

t

”

pΛN ps,βTXq ´ ΛN ps,βTXq ` Optpnhq´1 ` h4u

ı

e´ΛN ps,βTXqds

“
?
nheΛN pt,βTXq

ż τ

t

!

pΛN ps,βTXq ´ ΛN ps,βTXq

)

e´ΛN ps,βTXqds ` opp1q.

Now combine the leading terms in (S36) and (S37) and use the expansion of pΛN pt,βTXq´

ΛN pt,βTXq in Lemma 2,
?
nheΛN pt,βTXq

!

pΛN pt,βTXq ´ ΛN pt,βTXq

)

ż τ

t
e´ΛN ps,βTXqds

`
?
nheΛN pt,βTXq

ż τ

t

!

pΛN ps,βTXq ´ ΛN ps,βTXq

)

e´ΛN ps,βTXqds

“ eΛN pt,βTXq

n
ÿ

i“1

ż τ

0

c

h

n

I
␣

ϕnpr,βTXq ą 0
(

KhpβTXi ´ βTXq

fβTXpβTXqEtIpZ ě rq | βTXu

ˆ

#

Ipr ă tq

ż τ

t
e´ΛN ps,βTXqds `

ż τ

maxpr,tq
e´ΛN ps,βTXqds

+

dMipr,β
TXq ` opp1q.(S39)

Note that I
␣

ϕnpr,βTXq ą 0
(

“ 1 almost surely and according to Lemma 1

1

n

n
ÿ

i“1

hK2
hpβTXi ´ βTXqYiprq “ fβTXpβTXqEtIpZ ě rq | βTXu

ż

K2puqdu ` opp1q.

The leading term in (S39) converges to Nt0, σ2
N pt,βTXqu uniformly by the martingale cen-

tral limit theorem, where

σ2
N pt,βTXq “ e2ΛN pt,βTXq

ş

K2puqdu

fβTXpβTXq

ż τ

0

λN pr,βTXq

EtIpZ ě rq | βTXu
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ˆ

#

Ipr ă tq

ż τ

t
e´ΛN ps,βTXqds `

ż τ

maxpr,tq
e´ΛN ps,βTXqds

+2

dr.

Therefore
?
nh

␣

pmN pt,βTXq ´ mN pt,βTXq
(

Ñ Nt0, σ2
N pt,βTXqu uniformly for all t

and βTX.
Similarly,

?
nh

␣

pmT pt,βTX,W q ´ mT pt,βTX,W q
(

Ñ Nt0, σ2
T pt,βTX,W qu uniformly

for all t and βTX where

σ2
T pt,βTX,W q

“ e2ΛT pt,βTX,W q

ş

K2puqdu

fβTX,W pβTX,W q

ż τ

0

λT pr,βTX,W q

EtIpZ ě rq | βTX,W u

ˆ

#

Ipr ă tq

ż τ

t
e´ΛT ps,βTX,W qds `

ż τ

maxpr,tq
e´ΛT ps,βTX,W qds

+2

dr.

Furthermore, pmtt,βTX, IpW ď tq,WIpW ď tqu “ pmT pt ´ W,βTXqIpW ď tq `

pmN pt,βTXqt1 ´ IpW ď tqu and
?
nh

!

pmtt, pβ
T
X, IpW ď tq,WIpW ď tqu ´ mtt, pβ

T
X, IpW ď tq,WIpW ď tqu

)

Ñ N r0, σ2
mtt, pβ

T
X, IpW ď tq,WIpW ď tqus

uniformly for all t and βTX where σ2
mtt, pβ

T
X, IpW ď tq,WIpW ď tqu “ σ2

T pt ´

W,βTXqIpW ď tq ` σ2
N pt,βTXqt1 ´ IpW ď tqu.

5. Relaxation of the Complete Follow-up Assumption. To weaken the complete
follow-up assumption that the event time is supported on r0, τ s, we relax the compact support
assumption on the event time, while allow a sample size dependent end of the study time τn.
Because the estimation and inference of β,Λtt,βTx, IpW ď tq,WIpW ď tqu does not rely
on the complete follow-up assumption, hence under the weakened assumptions, the same
analysis as in the main text leads to the same results for pβ ´ β as in Theorems 1 and 2.

We assume
ż 8

τn

e´Λts,βTx,Ipwďsq,wIpwďsquds “ opn
1´2ν

4ν qe´Λtτn´τ0,β
Tx,Ipwďτn´τ0q,wIpwďτn´τ0qu,(S40)

where τ0 is a small positive constant. (S40) is equivalent to

lim
nÑ8

τ 1
ne

Λtτn´τ0,β
Tx,Ipwďτn´τ0q,wIpwďτn´τ0qu´Λtτn,β

Tx,Ipwďτnq,wIpwďτnqu

2ν´1
4ν n

1´6ν

4ν ` n
1´2ν

4ν λtτn ´ τ0,β
Tx, Ipw ď τn ´ τ0q,wIpw ď τn ´ τ0quτ 1

n

“ 0,

where τ 1
n ” dτn{dn. Clearly, a sufficient condition for (S40) to hold is that the cumulative

hazard function Λpt,βTxq ě CpβTxqt1`α for some constant α ą 0, and τn “ nω for some
constant ω ą 0. We point out two facts about this condition. First, ω can be very small as
long as it is fixed, for example, we can set ω “ 1{2. This implies that the end of the study
time τn, although required to increase with sample size n, can increase very slowly. Second,
the tail condition on the distribution family of T given βTx is very weak. For example, all
sub-Gaussian distributions satisfy this requirement, this naturally includes all the Cox pro-
portional hazard model with the baseline hazard tc for c ą 0 and the Weibull family with
increasing risk, which are often used as baseline to generate various survival models in prac-
tice.
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Let

m˚tt,βTx, IpW ď tq,WIpW ď tqu

“ eΛtt,βTx,IpWďtq,WIpWďtqu

ż τn

t
e´Λts,βTx,IpWďsq,WIpWďsquds.

Then, under Condition C2,

|mtt,βTx, IpW ď tq,WIpW ď tqu ´ m˚tt,βTx, IpW ď tq,WIpW ď tqu|

“ opn
1´2ν

4ν q “ otpnhq´1{2u.(S41)

Note that our estimator described in the main text, when viewed as an estimator for
m˚tt,βTx, IpW ď tq,WIpW ď tqu, satisfies the same properties as described in The-
orem 3, i.e.

?
nhrpmtt,βTx, IpW ď tq,WIpW ď tqu ´ m˚tt,βTx, IpW ď tq,WIpW ď

tqus{σm˚ tt,βTx, IpW ď tq,WIpW ď tqu Ñ Np0,1q in distribution when n Ñ 8, where

σ2
m˚ tt, pβ

T
x, IpW ď tq,WIpW ď tqu

“ Ipw ď tqe2ΛT pt´w,βTx,wq

ş

K2puqdu

fβTX,W pβTx,wq

ż τn

0

λT pr ´ w,βTx,wq

EtIpZ ě rq | βTx,wu

ˆ

#

Ipr ă t ´ wq

ż τn

t´w
e´ΛT ps´w,βTx,wqds `

ż τn

maxpr,t´wq

e´ΛT ps´w,βTx,wqds

+

dr

`t1 ´ Ipw ď tque2ΛN pt,βTxq

ş

K2puqdu

fβTXpβTxq

ż τn

0

λN pr,βTxq

EtIpZ ě rq | βTxu

ˆ

#

Ipr ă tq

ż τn

t
e´ΛN ps,βTxqds `

ż τn

maxpr,tq
e´ΛN ps,βTxqds

+

dr.

Indeed, the proof of Theorem 3 will still follow by substituting τ with τn, in combination
with (S41) and the fact that σm˚ pt,βTxq converges to

σ2
mtt, pβ

T
x, IpW ď tq,WIpW ď tqu

“ Ipw ď tqe2ΛT pt´w,βTx,wq

ş

K2puqdu

fβTX,W pβTx,wq

ż 8

0

λT pr ´ w,βTx,wq

EtIpZ ě rq | βTx,wu

ˆ

#

Ipr ă t ´ wq

ż 8

t´w
e´ΛT ps´w,βTx,wqds `

ż 8

maxpr,t´wq

e´ΛT ps´w,βTx,wqds

+

dr

`t1 ´ Ipw ď tque2ΛN pt,βTxq

ş

K2puqdu

fβTXpβTxq

ż 8

0

λN pr,βTxq

EtIpZ ě rq | βTxu

ˆ

#

Ipr ă tq

ż 8

t
e´ΛN ps,βTxqds `

ż 8

maxpr,tq
e´ΛN ps,βTxqds

+

dr.

This further leads to
?
nhrpmtt, pβ

T
x, IpW ď tq,WIpW ď tqu ´ mtt, pβ

T
x, IpW ď tq,WIpW ď tqus

Ñ N r0, σ2
mtt,βTx, IpW ď tq,WIpW ď tqus

in distribution when n Ñ 8.
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6. Code. The MATLAB code of estimating the mean residual life function m and the
parameter β is given in github.com/Ge-zichuan/Mean-residual-life.
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Fig S1: Performance of the semiparametric method on estimating the mean residual life func-
tion of Study 1 without censoring. First row: mN pt,βTXq and its estimates. Second row:
mT pt,βTX,W q and its estimates at βTX “ ´1.6; Third row: mT pt,βTX,W q and its es-
timates at βTX “ 0; Fourth row: mT pt,βTX,W q and its estimates at βTX “ 1.6. First
column: contour plot of the true mN pt,βTXq and pmN pt,βTXq. Second column: contour
plot of the residuals of the proposed method; Third column: contour plot of the residuals of
the PM method;
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Fig S2: Performance of the semiparametric method on estimating the mean residual life func-
tion of Study 1 under the censoring rate of 20%. First row: mN pt,βTXq and its estimates.
Second row: mT pt,βTX,W q and its estimates at βTX “ ´1.6; Third row: mT pt,βTX,W q

and its estimates at βTX “ 0; Fourth row: mT pt,βTX,W q and its estimates at βTX “ 1.6.
First column: contour plot of the true mN pt,βTXq and pmN pt,βTXq. Second column: con-
tour plot of the residuals of the proposed method; Third column: contour plot of the residuals
of the PM method;
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Fig S3: Performance of the semiparametric method on estimating the mean residual life func-
tion of Study 1 under the censoring rate of 40%. First row: mN pt,βTXq and its estimates.
Second row: mT pt,βTX,W q and its estimates at βTX “ ´1.6; Third row: mT pt,βTX,W q

and its estimates at βTX “ 0; Fourth row: mT pt,βTX,W q and its estimates at βTX “ 1.6.
First column: contour plot of the true mN pt,βTXq and pmN pt,βTXq. Second column: con-
tour plot of the residuals of the proposed method; Third column: contour plot of the residuals
of the PM method;



EVALUATION OF TRANSPLANT BY MEAN RESIDUAL LIFE 43

2
0

20

4
0

40

60
60

8080

100100

2
0

20

4
0

40

60
60

8080

100100

2
0

20

4
0

40

60
60

8080

100100

2
0

20

4
0

40

60
60

8080

100100

2
0

20

4
0

40

60
60

8080

100100

2
0

20

4
0

40

60
60

8080

100100

2
0

20

4
0

40

60
60

8080

100100

2
0

20

4
0

40

60
60

8080

100100

2
0

20

4
0

40

60
60

8080

100100

2
0

20

4
0

40

60
60

8080

100100

2
0

20

4
0

40

60
60

8080

100100

2
0

20

4
0

40

60
60

8080

100100

2
0

20

4
0

40

60
60

8080

100100

2
0

20

4
0

40

60
60

8080

100100

2
0

20

4
0

40

60
60

8080

100100

2
0

20

4
0

40

60
60

8080

100100

2
0

20

4
0

40

60
60

8080

100100

−2

−1

0

1

2

0 10 20 30 40 50
Time t

β
T
X

Non−Transplant
−80 −80

−40

−
4
0

0

0

−80 −80

−40

−
4
0

0

0

−80 −80

−40

−
4
0

0

0

−80 −80

−40

−
4
0

0

0

−80 −80

−40

−
4
0

0

0

−80 −80

−40

−
4
0

0

0

−80 −80

−40

−
4
0

0

0

−80 −80

−40

−
4
0

0

0

−80 −80

−40

−
4
0

0

0

−80 −80

−40

−
4
0

0

0

−80 −80

−40

−
4
0

0

0

−80 −80

−40

−
4
0

0

0

−80 −80

−40

−
4
0

0

0

−80 −80

−40

−
4
0

0

0

−80 −80

−40

−
4
0

0

0

−80 −80

−40

−
4
0

0

0

−80 −80

−40

−
4
0

0

0

−2

−1

0

1

2

0 10 20 30 40 50
Time t

β
T
X

−92 −69 −46 −23 0

−80
−80

0

0

−80
−80

0

0

−80
−80

0

0

−80
−80

0

0

−80
−80

0

0

−80
−80

0

0

−80
−80

0

0

−80
−80

0

0

−80
−80

0

0

−80
−80

0

0

−80
−80

0

0

−80
−80

0

0

−80
−80

0

0

−80
−80

0

0

−80
−80

0

0

−80
−80

0

0

−80
−80

0

0

−2

−1

0

1

2

0 10 20 30 40 50
Time t

β
T
X

0

24

24

40

40

56

56
72

72

24

24

40

40

56

56
72

72

24

24

40

40

56

56
72

72

24

24

40

40

56

56
72

72

24

24

40

40

56

56
72

72

24

24

40

40

56

56
72

72

24

24

40

40

56

56
72

72

24

24

40

40

56

56
72

72

24

24

40

40

56

56
72

72

24

24

40

40

56

56
72

72

24

24

40

40

56

56
72

72

24

24

40

40

56

56
72

72

24

24

40

40

56

56
72

72

24

24

40

40

56

56
72

72

24

24

40

40

56

56
72

72

24

24

40

40

56

56
72

72

24

24

40

40

56

56
72

72

0

50

100

150

200

0 25 50 75 100
Time t

W

Truth, β
T
X = −2

−58.49
−
5
8
.4

9

−
29.41

−
2
9
.4

1

−
0.33

−
0
.3

3

2
8
.7

5

2
8
.7

5

−58.49
−
5
8
.4

9

−
29.41

−
2
9
.4

1

−
0.33

−
0
.3

3

2
8
.7

5

2
8
.7

5

−58.49
−
5
8
.4

9

−
29.41

−
2
9
.4

1

−
0.33

−
0
.3

3

2
8
.7

5

2
8
.7

5

−58.49
−
5
8
.4

9

−
29.41

−
2
9
.4

1

−
0.33

−
0
.3

3

2
8
.7

5

2
8
.7

5

−58.49
−
5
8
.4

9

−
29.41

−
2
9
.4

1

−
0.33

−
0
.3

3

2
8
.7

5

2
8
.7

5

−58.49
−
5
8
.4

9

−
29.41

−
2
9
.4

1

−
0.33

−
0
.3

3

2
8
.7

5

2
8
.7

5

−58.49
−
5
8
.4

9

−
29.41

−
2
9
.4

1

−
0.33

−
0
.3

3

2
8
.7

5

2
8
.7

5

−58.49
−
5
8
.4

9

−
29.41

−
2
9
.4

1

−
0.33

−
0
.3

3

2
8
.7

5

2
8
.7

5

−58.49
−
5
8
.4

9

−
29.41

−
2
9
.4

1

−
0.33

−
0
.3

3

2
8
.7

5

2
8
.7

5

−58.49
−
5
8
.4

9

−
29.41

−
2
9
.4

1

−
0.33

−
0
.3

3

2
8
.7

5

2
8
.7

5

−58.49
−
5
8
.4

9

−
29.41

−
2
9
.4

1

−
0.33

−
0
.3

3

2
8
.7

5

2
8
.7

5

−58.49
−
5
8
.4

9

−
29.41

−
2
9
.4

1

−
0.33

−
0
.3

3

2
8
.7

5

2
8
.7

5

−58.49
−
5
8
.4

9

−
29.41

−
2
9
.4

1

−
0.33

−
0
.3

3

2
8
.7

5

2
8
.7

5

−58.49
−
5
8
.4

9

−
29.41

−
2
9
.4

1

−
0.33

−
0
.3

3

2
8
.7

5

2
8
.7

5

−58.49
−
5
8
.4

9

−
29.41

−
2
9
.4

1

−
0.33

−
0
.3

3

2
8
.7

5

2
8
.7

5

−58.49
−
5
8
.4

9

−
29.41

−
2
9
.4

1

−
0.33

−
0
.3

3

2
8
.7

5

2
8
.7

5

−58.49
−
5
8
.4

9

−
29.41

−
2
9
.4

1

−
0.33

−
0
.3

3

2
8
.7

5

2
8
.7

5

0

50

100

150

200

0 25 50 75 100
Time t

W

−58.16−29.08 0.00 29.08 58.16

Proposed, β
T
X = −2

−
5

2
.5

4

−17.51

1
e

+
1

41e
+

1
4

1
e

+
1

4

1
e

+
1

41
e

+
1

4 −
5

2
.5

4

−17.51

1
e

+
1

41e
+

1
4

1
e

+
1

4

1
e

+
1

41
e

+
1

4 −
5

2
.5

4

−17.51

1
e

+
1

41e
+

1
4

1
e

+
1

4

1
e

+
1

41
e

+
1

4 −
5

2
.5

4

−17.51

1
e

+
1

41e
+

1
4

1
e

+
1

4

1
e

+
1

41
e

+
1

4 −
5

2
.5

4

−17.51

1
e

+
1

41e
+

1
4

1
e

+
1

4

1
e

+
1

41
e

+
1

4 −
5

2
.5

4

−17.51

1
e

+
1

41e
+

1
4

1
e

+
1

4

1
e

+
1

41
e

+
1

4 −
5

2
.5

4

−17.51

1
e

+
1

41e
+

1
4

1
e

+
1

4

1
e

+
1

41
e

+
1

4 −
5

2
.5

4

−17.51

1
e

+
1

41e
+

1
4

1
e

+
1

4

1
e

+
1

41
e

+
1

4 −
5

2
.5

4

−17.51

1
e

+
1

41e
+

1
4

1
e

+
1

4

1
e

+
1

41
e

+
1

4 −
5

2
.5

4

−17.51

1
e

+
1

41e
+

1
4

1
e

+
1

4

1
e

+
1

41
e

+
1

4 −
5

2
.5

4

−17.51

1
e

+
1

41e
+

1
4

1
e

+
1

4

1
e

+
1

41
e

+
1

4 −
5

2
.5

4

−17.51

1
e

+
1

41e
+

1
4

1
e

+
1

4

1
e

+
1

41
e

+
1

4 −
5

2
.5

4

−17.51

1
e

+
1

41e
+

1
4

1
e

+
1

4

1
e

+
1

41
e

+
1

4 −
5

2
.5

4

−17.51

1
e

+
1

41e
+

1
4

1
e

+
1

4

1
e

+
1

41
e

+
1

4 −
5

2
.5

4

−17.51

1
e

+
1

41e
+

1
4

1
e

+
1

4

1
e

+
1

41
e

+
1

4 −
5

2
.5

4

−17.51

1
e

+
1

41e
+

1
4

1
e

+
1

4

1
e

+
1

41
e

+
1

4 −
5

2
.5

4

−17.51

1
e

+
1

41e
+

1
4

1
e

+
1

4

1
e

+
1

41
e

+
1

4

0

50

100

150

200

0 25 50 75 100
Time t

W

0e+00 4e+18

PM, β
T
X = −2

70

70

110

110

150

150

190
190

70

70

110

110

150

150

190
190

70

70

110

110

150

150

190
190

70

70

110

110

150

150

190
190

70

70

110

110

150

150

190
190

70

70

110

110

150

150

190
190

70

70

110

110

150

150

190
190

70

70

110

110

150

150

190
190

70

70

110

110

150

150

190
190

70

70

110

110

150

150

190
190

70

70

110

110

150

150

190
190

70

70

110

110

150

150

190
190

70

70

110

110

150

150

190
190

70

70

110

110

150

150

190
190

70

70

110

110

150

150

190
190

70

70

110

110

150

150

190
190

70

70

110

110

150

150

190
190

0

50

100

150

200

0 25 50 75 100
Time t

W

Truth, β
T
X = 0

−202.62−202.62−159.16
−159.16

−115.7

−115.7
−72.25

−72.25−28.79

−28.79

−202.62−202.62−159.16
−159.16

−115.7

−115.7
−72.25

−72.25−28.79

−28.79

−202.62−202.62−159.16
−159.16

−115.7

−115.7
−72.25

−72.25−28.79

−28.79

−202.62−202.62−159.16
−159.16

−115.7

−115.7
−72.25

−72.25−28.79

−28.79

−202.62−202.62−159.16
−159.16

−115.7

−115.7
−72.25

−72.25−28.79

−28.79

−202.62−202.62−159.16
−159.16

−115.7

−115.7
−72.25

−72.25−28.79

−28.79

−202.62−202.62−159.16
−159.16

−115.7

−115.7
−72.25

−72.25−28.79

−28.79

−202.62−202.62−159.16
−159.16

−115.7

−115.7
−72.25

−72.25−28.79

−28.79

−202.62−202.62−159.16
−159.16

−115.7

−115.7
−72.25

−72.25−28.79

−28.79

−202.62−202.62−159.16
−159.16

−115.7

−115.7
−72.25

−72.25−28.79

−28.79

−202.62−202.62−159.16
−159.16

−115.7

−115.7
−72.25

−72.25−28.79

−28.79

−202.62−202.62−159.16
−159.16

−115.7

−115.7
−72.25

−72.25−28.79

−28.79

−202.62−202.62−159.16
−159.16

−115.7

−115.7
−72.25

−72.25−28.79

−28.79

−202.62−202.62−159.16
−159.16

−115.7

−115.7
−72.25

−72.25−28.79

−28.79

−202.62−202.62−159.16
−159.16

−115.7

−115.7
−72.25

−72.25−28.79

−28.79

−202.62−202.62−159.16
−159.16

−115.7

−115.7
−72.25

−72.25−28.79

−28.79

−202.62−202.62−159.16
−159.16

−115.7

−115.7
−72.25

−72.25−28.79

−28.79

0

50

100

150

200

0 25 50 75 100
Time t

W

−217.30−173.84−130.38−86.92−43.46

Proposed, β
T
X = 0

−89.740 0

0

−89.740 0

0

−89.740 0

0

−89.740 0

0

−89.740 0

0

−89.740 0

0

−89.740 0

0

−89.740 0

0

−89.740 0

0

−89.740 0

0

−89.740 0

0

−89.740 0

0

−89.740 0

0

−89.740 0

0

−89.740 0

0

−89.740 0

0

−89.740 0

0

0

50

100

150

200

0 25 50 75 100
Time t

W

0

PM, β
T
X = 0

40

40

70

70

100

100

140

140
170

170

40

40

70

70

100

100

140

140
170

170

40

40

70

70

100

100

140

140
170

170

40

40

70

70

100

100

140

140
170

170

40

40

70

70

100

100

140

140
170

170

40

40

70

70

100

100

140

140
170

170

40

40

70

70

100

100

140

140
170

170

40

40

70

70

100

100

140

140
170

170

40

40

70

70

100

100

140

140
170

170

40

40

70

70

100

100

140

140
170

170

40

40

70

70

100

100

140

140
170

170

40

40

70

70

100

100

140

140
170

170

40

40

70

70

100

100

140

140
170

170

40

40

70

70

100

100

140

140
170

170

40

40

70

70

100

100

140

140
170

170

40

40

70

70

100

100

140

140
170

170

40

40

70

70

100

100

140

140
170

170

0

50

100

150

200

0 25 50 75 100
Time t

W

Truth, β
T
X = 2

−149.81
−149.81−113.71

−113.71
−77.61

−77.61−41.5

−41.5

−149.81
−149.81−113.71

−113.71
−77.61

−77.61−41.5

−41.5

−149.81
−149.81−113.71

−113.71
−77.61

−77.61−41.5

−41.5

−149.81
−149.81−113.71

−113.71
−77.61

−77.61−41.5

−41.5

−149.81
−149.81−113.71

−113.71
−77.61

−77.61−41.5

−41.5

−149.81
−149.81−113.71

−113.71
−77.61

−77.61−41.5

−41.5

−149.81
−149.81−113.71

−113.71
−77.61

−77.61−41.5

−41.5

−149.81
−149.81−113.71

−113.71
−77.61

−77.61−41.5

−41.5

−149.81
−149.81−113.71

−113.71
−77.61

−77.61−41.5

−41.5

−149.81
−149.81−113.71

−113.71
−77.61

−77.61−41.5

−41.5

−149.81
−149.81−113.71

−113.71
−77.61

−77.61−41.5

−41.5

−149.81
−149.81−113.71

−113.71
−77.61

−77.61−41.5

−41.5

−149.81
−149.81−113.71

−113.71
−77.61

−77.61−41.5

−41.5

−149.81
−149.81−113.71

−113.71
−77.61

−77.61−41.5

−41.5

−149.81
−149.81−113.71

−113.71
−77.61

−77.61−41.5

−41.5

−149.81
−149.81−113.71

−113.71
−77.61

−77.61−41.5

−41.5

−149.81
−149.81−113.71

−113.71
−77.61

−77.61−41.5

−41.5

0

50

100

150

200

0 25 50 75 100
Time t

W

−180.5−144.4−108.3 −72.2 −36.1

Proposed, β
T
X = 2

−
1

1
1

.5
5

−37.18

1e+14

1
e

+
1

4

1
e

+
1

4

1
e

+
1

41
e

+
1

4

−
1

1
1

.5
5

−37.18

1e+14

1
e

+
1

4

1
e

+
1

4

1
e

+
1

41
e

+
1

4

−
1

1
1

.5
5

−37.18

1e+14

1
e

+
1

4

1
e

+
1

4

1
e

+
1

41
e

+
1

4

−
1

1
1

.5
5

−37.18

1e+14

1
e

+
1

4

1
e

+
1

4

1
e

+
1

41
e

+
1

4

−
1

1
1

.5
5

−37.18

1e+14

1
e

+
1

4

1
e

+
1

4

1
e

+
1

41
e

+
1

4

−
1

1
1

.5
5

−37.18

1e+14

1
e

+
1

4

1
e

+
1

4

1
e

+
1

41
e

+
1

4

−
1

1
1

.5
5

−37.18

1e+14

1
e

+
1

4

1
e

+
1

4

1
e

+
1

41
e

+
1

4

−
1

1
1

.5
5

−37.18

1e+14

1
e

+
1

4

1
e

+
1

4

1
e

+
1

41
e

+
1

4

−
1

1
1

.5
5

−37.18

1e+14

1
e

+
1

4

1
e

+
1

4

1
e

+
1

41
e

+
1

4

−
1

1
1

.5
5

−37.18

1e+14

1
e

+
1

4

1
e

+
1

4

1
e

+
1

41
e

+
1

4

−
1

1
1

.5
5

−37.18

1e+14

1
e

+
1

4

1
e

+
1

4

1
e

+
1

41
e

+
1

4

−
1

1
1

.5
5

−37.18

1e+14

1
e

+
1

4

1
e

+
1

4

1
e

+
1

41
e

+
1

4

−
1

1
1

.5
5

−37.18

1e+14

1
e

+
1

4

1
e

+
1

4

1
e

+
1

41
e

+
1

4

−
1

1
1

.5
5

−37.18

1e+14

1
e

+
1

4

1
e

+
1

4

1
e

+
1

41
e

+
1

4

−
1

1
1

.5
5

−37.18

1e+14

1
e

+
1

4

1
e

+
1

4

1
e

+
1

41
e

+
1

4

−
1

1
1

.5
5

−37.18

1e+14

1
e

+
1

4

1
e

+
1

4

1
e

+
1

41
e

+
1

4

−
1

1
1

.5
5

−37.18

1e+14

1
e

+
1

4

1
e

+
1

4

1
e

+
1

41
e

+
1

4

0

50

100

150

200

0 25 50 75 100
Time t

W

0e+00 4e+18 8e+18

PM, β
T
X = 2

Fig S4: Performance of the semiparametric method on estimating the mean residual life func-
tion of Study 2 with no censoring. First row: mN pt,βTXq and its estimates. Second row:
mT pt,βTX,W q and its estimates at βTX “ ´2; Third row: mT pt,βTX,W q and its esti-
mates at βTX “ 0; Fourth row: mT pt,βTX,W q and its estimates at βTX “ 2. First column:
contour plot of the true mN pt,βTXq and pmN pt,βTXq. Second column: contour plot of the
residuals of the proposed method; Third column: contour plot of the residuals of the PM
method;
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Fig S5: Performance of the semiparametric method on estimating the mean residual life func-
tion of Study 2 under the censoring rate of 20%. First row: mN pt,βTXq and its estimates.
Second row: mT pt,βTX,W q and its estimates at βTX “ ´2; Third row: mT pt,βTX,W q

and its estimates at βTX “ 0; Fourth row: mT pt,βTX,W q and its estimates at βTX “ 2.
First column: contour plot of the true mN pt,βTXq and pmN pt,βTXq. Second column: con-
tour plot of the residuals of the proposed method; Third column: contour plot of the residuals
of the PM method;
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Fig S6: Performance of the semiparametric method on estimating the mean residual life func-
tion of Study 2 under the censoring rate of 40%. First row: mN pt,βTXq and its estimates.
Second row: mT pt,βTX,W q and its estimates at βTX “ ´2; Third row: mT pt,βTX,W q

and its estimates at βTX “ 0; Fourth row: mT pt,βTX,W q and its estimates at βTX “ 2.
First column: contour plot of the true mN pt,βTXq and pmN pt,βTXq. Second column: con-
tour plot of the residuals of the proposed method; Third column: contour plot of the residuals
of the PM method;
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Fig S7: Performance of the proposed method on estimating the mean residual life function
of the nontransplant group of Study 3 at different βTX. Left column: contour plots of true
mN pt,0,βTXq; Column 2 to 4: contour plots of the residual of pmN pt,β2

TX,0q under the
censoring rates of 0%, 20%, and 40%.
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Fig S8: Performance of the proposed method on estimating the mean residual life function
of the transplant group of Study 3 at different βTX. Left column: contour plots of true
mT pt,0,βTXq; Column 2 to 4: contour plots of the residuals of pmT pt,β2

TX,0q under the
censoring rates of 0%, 20%, and 40%.
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Fig S9: Performance of the mean residual life function estimation in Study 4. Row 1: Perfor-
mance of mN pt,β1

TXq; Row 2 to 4: pmT pt,βTX,W q at βTX “ ´1.6,0,1.6. Left column:
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method. Right column: Residual from the PM method.
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Fig S10: Mean residual life improvement from UNOS/OPTN data. Stratified by Race, Gen-
der, and Insurance Status with minimum βTx per strata.



50

1
3
4

1
3
4

13
4

1
3
4

4
0
2

4
0
2 671

6
7
1

939

9
3
9

12
07

1
2
0
7

1
3
4

1
3
4

13
4

1
3
4

4
0
2

4
0
2 671

6
7
1

939

9
3
9

12
07

1
2
0
7

1
3
4

1
3
4

13
4

1
3
4

4
0
2

4
0
2 671

6
7
1

939

9
3
9

12
07

1
2
0
7

1
3
4

1
3
4

13
4

1
3
4

4
0
2

4
0
2 671

6
7
1

939

9
3
9

12
07

1
2
0
7

1
3
4

1
3
4

13
4

1
3
4

4
0
2

4
0
2 671

6
7
1

939

9
3
9

12
07

1
2
0
7

1
3
4

1
3
4

13
4

1
3
4

4
0
2

4
0
2 671

6
7
1

939

9
3
9

12
07

1
2
0
7

1
3
4

1
3
4

13
4

1
3
4

4
0
2

4
0
2 671

6
7
1

939

9
3
9

12
07

1
2
0
7

1
3
4

1
3
4

13
4

1
3
4

4
0
2

4
0
2 671

6
7
1

939

9
3
9

12
07

1
2
0
7

1
3
4

1
3
4

13
4

1
3
4

4
0
2

4
0
2 671

6
7
1

939

9
3
9

12
07

1
2
0
7

1
3
4

1
3
4

13
4

1
3
4

4
0
2

4
0
2 671

6
7
1

939

9
3
9

12
07

1
2
0
7

1
3
4

1
3
4

13
4

1
3
4

4
0
2

4
0
2 671

6
7
1

939

9
3
9

12
07

1
2
0
7

1
3
4

1
3
4

13
4

1
3
4

4
0
2

4
0
2 671

6
7
1

939

9
3
9

12
07

1
2
0
7

1
3
4

1
3
4

13
4

1
3
4

4
0
2

4
0
2 671

6
7
1

939

9
3
9

12
07

1
2
0
7

1
3
4

1
3
4

13
4

1
3
4

4
0
2

4
0
2 671

6
7
1

939

9
3
9

12
07

1
2
0
7

1
3
4

1
3
4

13
4

1
3
4

4
0
2

4
0
2 671

6
7
1

939

9
3
9

12
07

1
2
0
7

1
3
4

1
3
4

13
4

1
3
4

4
0
2

4
0
2 671

6
7
1

939

9
3
9

12
07

1
2
0
7

1
3
4

1
3
4

13
4

1
3
4

4
0
2

4
0
2 671

6
7
1

939

9
3
9

12
07

1
2
0
7

0

300

600

900

1200

0 500 1000 1500
Time t

W

β
T
X = −1.6 , Sample = 3621

A
fr

ic
an

A
m

er
ic

an

Female,Public

88

88

88

88
3
5
1

351

6
1
4

614 877

8
7
7 11401140

88

88

88

88
3
5
1

351

6
1
4

614 877

8
7
7 11401140

88

88

88

88
3
5
1

351

6
1
4

614 877

8
7
7 11401140

88

88

88

88
3
5
1

351

6
1
4

614 877

8
7
7 11401140

88

88

88

88
3
5
1

351

6
1
4

614 877

8
7
7 11401140

88

88

88

88
3
5
1

351

6
1
4

614 877

8
7
7 11401140

88

88

88

88
3
5
1

351

6
1
4

614 877

8
7
7 11401140

88

88

88

88
3
5
1

351

6
1
4

614 877

8
7
7 11401140

88

88

88

88
3
5
1

351

6
1
4

614 877

8
7
7 11401140

88

88

88

88
3
5
1

351

6
1
4

614 877

8
7
7 11401140

88

88

88

88
3
5
1

351

6
1
4

614 877

8
7
7 11401140

88

88

88

88
3
5
1

351

6
1
4

614 877

8
7
7 11401140

88

88

88

88
3
5
1

351

6
1
4

614 877

8
7
7 11401140

88

88

88

88
3
5
1

351

6
1
4

614 877

8
7
7 11401140

88

88

88

88
3
5
1

351

6
1
4

614 877

8
7
7 11401140

88

88

88

88
3
5
1

351

6
1
4

614 877

8
7
7 11401140

88

88

88

88
3
5
1

351

6
1
4

614 877

8
7
7 11401140

0

300

600

900

1200

0 500 1000 1500
Time t

W

β
T
X = −1.8 , Sample = 1984

Female,Private

545
4

5
4

5
4

2
5
7

2
5
7 4

5
9

4
5
9

661

661

864
864

545
4

5
4

5
4

2
5
7

2
5
7 4

5
9

4
5
9

661

661

864
864

545
4

5
4

5
4

2
5
7

2
5
7 4

5
9

4
5
9

661

661

864
864

545
4

5
4

5
4

2
5
7

2
5
7 4

5
9

4
5
9

661

661

864
864

545
4

5
4

5
4

2
5
7

2
5
7 4

5
9

4
5
9

661

661

864
864

545
4

5
4

5
4

2
5
7

2
5
7 4

5
9

4
5
9

661

661

864
864

545
4

5
4

5
4

2
5
7

2
5
7 4

5
9

4
5
9

661

661

864
864

545
4

5
4

5
4

2
5
7

2
5
7 4

5
9

4
5
9

661

661

864
864

545
4

5
4

5
4

2
5
7

2
5
7 4

5
9

4
5
9

661

661

864
864

545
4

5
4

5
4

2
5
7

2
5
7 4

5
9

4
5
9

661

661

864
864

545
4

5
4

5
4

2
5
7

2
5
7 4

5
9

4
5
9

661

661

864
864

545
4

5
4

5
4

2
5
7

2
5
7 4

5
9

4
5
9

661

661

864
864

545
4

5
4

5
4

2
5
7

2
5
7 4

5
9

4
5
9

661

661

864
864

545
4

5
4

5
4

2
5
7

2
5
7 4

5
9

4
5
9

661

661

864
864

545
4

5
4

5
4

2
5
7

2
5
7 4

5
9

4
5
9

661

661

864
864

545
4

5
4

5
4

2
5
7

2
5
7 4

5
9

4
5
9

661

661

864
864

545
4

5
4

5
4

2
5
7

2
5
7 4

5
9

4
5
9

661

661

864
864

0

300

600

900

1200

0 500 1000 1500
Time t

W

β
T
X = −1.8 , Sample = 4426

Male,Public

13

13

1
3

1
3

1313

2
1
8

218

4
2
3

423 628

628 8
3
3

833

13

13

1
3

1
3

1313

2
1
8

218

4
2
3

423 628

628 8
3
3

833

13

13

1
3

1
3

1313

2
1
8

218

4
2
3

423 628

628 8
3
3

833

13

13

1
3

1
3

1313

2
1
8

218

4
2
3

423 628

628 8
3
3

833

13

13

1
3

1
3

1313

2
1
8

218

4
2
3

423 628

628 8
3
3

833

13

13

1
3

1
3

1313

2
1
8

218

4
2
3

423 628

628 8
3
3

833

13

13

1
3

1
3

1313

2
1
8

218

4
2
3

423 628

628 8
3
3

833

13

13

1
3

1
3

1313

2
1
8

218

4
2
3

423 628

628 8
3
3

833

13

13

1
3

1
3

1313

2
1
8

218

4
2
3

423 628

628 8
3
3

833

13

13

1
3

1
3

1313

2
1
8

218

4
2
3

423 628

628 8
3
3

833

13

13

1
3

1
3

1313

2
1
8

218

4
2
3

423 628

628 8
3
3

833

13

13

1
3

1
3

1313

2
1
8

218

4
2
3

423 628

628 8
3
3

833

13

13

1
3

1
3

1313

2
1
8

218

4
2
3

423 628

628 8
3
3

833

13

13

1
3

1
3

1313

2
1
8

218

4
2
3

423 628

628 8
3
3

833

13

13

1
3

1
3

1313

2
1
8

218

4
2
3

423 628

628 8
3
3

833

13

13

1
3

1
3

1313

2
1
8

218

4
2
3

423 628

628 8
3
3

833

13

13

1
3

1
3

1313

2
1
8

218

4
2
3

423 628

628 8
3
3

833

0

300

600

900

1200

0 500 1000 1500
Time t

W

β
T
X = −2 , Sample = 2707

Male,Private
11

8

1
1
8

11
8

11
8

367

3
6
7

36
7 3

6
7

615

6
1
5 863

8
6
3

1111
1111

11
8

1
1
8

11
8

11
8

367

3
6
7

36
7 3

6
7

615

6
1
5 863

8
6
3

1111
1111

11
8

1
1
8

11
8

11
8

367

3
6
7

36
7 3

6
7

615

6
1
5 863

8
6
3

1111
1111

11
8

1
1
8

11
8

11
8

367

3
6
7

36
7 3

6
7

615

6
1
5 863

8
6
3

1111
1111

11
8

1
1
8

11
8

11
8

367

3
6
7

36
7 3

6
7

615

6
1
5 863

8
6
3

1111
1111

11
8

1
1
8

11
8

11
8

367

3
6
7

36
7 3

6
7

615

6
1
5 863

8
6
3

1111
1111

11
8

1
1
8

11
8

11
8

367

3
6
7

36
7 3

6
7

615

6
1
5 863

8
6
3

1111
1111

11
8

1
1
8

11
8

11
8

367

3
6
7

36
7 3

6
7

615

6
1
5 863

8
6
3

1111
1111

11
8

1
1
8

11
8

11
8

367

3
6
7

36
7 3

6
7

615

6
1
5 863

8
6
3

1111
1111

11
8

1
1
8

11
8

11
8

367

3
6
7

36
7 3

6
7

615

6
1
5 863

8
6
3

1111
1111

11
8

1
1
8

11
8

11
8

367

3
6
7

36
7 3

6
7

615

6
1
5 863

8
6
3

1111
1111

11
8

1
1
8

11
8

11
8

367

3
6
7

36
7 3

6
7

615

6
1
5 863

8
6
3

1111
1111

11
8

1
1
8

11
8

11
8

367

3
6
7

36
7 3

6
7

615

6
1
5 863

8
6
3

1111
1111

11
8

1
1
8

11
8

11
8

367

3
6
7

36
7 3

6
7

615

6
1
5 863

8
6
3

1111
1111

11
8

1
1
8

11
8

11
8

367

3
6
7

36
7 3

6
7

615

6
1
5 863

8
6
3

1111
1111

11
8

1
1
8

11
8

11
8

367

3
6
7

36
7 3

6
7

615

6
1
5 863

8
6
3

1111
1111

11
8

1
1
8

11
8

11
8

367

3
6
7

36
7 3

6
7

615

6
1
5 863

8
6
3

1111
1111

0

300

600

900

1200

0 500 1000 1500
Time t

W

β
T
X = −1 , Sample = 1695

H
is

pa
ni

c

15
7

15
7

1
5
7

1
5
7

1
5
7

15
7

15
7

1
5
7

471

471

785

785

10
99

1099

14
13

14
13

15
7

15
7

1
5
7

1
5
7

1
5
7

15
7

15
7

1
5
7

471

471

785

785

10
99

1099

14
13

14
13

15
7

15
7

1
5
7

1
5
7

1
5
7

15
7

15
7

1
5
7

471

471

785

785

10
99

1099

14
13

14
13

15
7

15
7

1
5
7

1
5
7

1
5
7

15
7

15
7

1
5
7

471

471

785

785

10
99

1099

14
13

14
13

15
7

15
7

1
5
7

1
5
7

1
5
7

15
7

15
7

1
5
7

471

471

785

785

10
99

1099

14
13

14
13

15
7

15
7

1
5
7

1
5
7

1
5
7

15
7

15
7

1
5
7

471

471

785

785

10
99

1099

14
13

14
13

15
7

15
7

1
5
7

1
5
7

1
5
7

15
7

15
7

1
5
7

471

471

785

785

10
99

1099

14
13

14
13

15
7

15
7

1
5
7

1
5
7

1
5
7

15
7

15
7

1
5
7

471

471

785

785

10
99

1099

14
13

14
13

15
7

15
7

1
5
7

1
5
7

1
5
7

15
7

15
7

1
5
7

471

471

785

785

10
99

1099

14
13

14
13

15
7

15
7

1
5
7

1
5
7

1
5
7

15
7

15
7

1
5
7

471

471

785

785

10
99

1099

14
13

14
13

15
7

15
7

1
5
7

1
5
7

1
5
7

15
7

15
7

1
5
7

471

471

785

785

10
99

1099

14
13

14
13

15
7

15
7

1
5
7

1
5
7

1
5
7

15
7

15
7

1
5
7

471

471

785

785

10
99

1099

14
13

14
13

15
7

15
7

1
5
7

1
5
7

1
5
7

15
7

15
7

1
5
7

471

471

785

785

10
99

1099

14
13

14
13

15
7

15
7

1
5
7

1
5
7

1
5
7

15
7

15
7

1
5
7

471

471

785

785

10
99

1099

14
13

14
13

15
7

15
7

1
5
7

1
5
7

1
5
7

15
7

15
7

1
5
7

471

471

785

785

10
99

1099

14
13

14
13

15
7

15
7

1
5
7

1
5
7

1
5
7

15
7

15
7

1
5
7

471

471

785

785

10
99

1099

14
13

14
13

15
7

15
7

1
5
7

1
5
7

1
5
7

15
7

15
7

1
5
7

471

471

785

785

10
99

1099

14
13

14
13

0

300

600

900

1200

0 500 1000 1500
Time t

W

β
T
X = −1.2 , Sample = 859

96

9
6

96 96

2
8
7

2
8
7

4
7
9

479

671

6
7
1

862
862

96

9
6

96 96

2
8
7

2
8
7

4
7
9

479

671

6
7
1

862
862

96

9
6

96 96

2
8
7

2
8
7

4
7
9

479

671

6
7
1

862
862

96

9
6

96 96

2
8
7

2
8
7

4
7
9

479

671

6
7
1

862
862

96

9
6

96 96

2
8
7

2
8
7

4
7
9

479

671

6
7
1

862
862

96

9
6

96 96

2
8
7

2
8
7

4
7
9

479

671

6
7
1

862
862

96

9
6

96 96

2
8
7

2
8
7

4
7
9

479

671

6
7
1

862
862

96

9
6

96 96

2
8
7

2
8
7

4
7
9

479

671

6
7
1

862
862

96

9
6

96 96

2
8
7

2
8
7

4
7
9

479

671

6
7
1

862
862

96

9
6

96 96

2
8
7

2
8
7

4
7
9

479

671

6
7
1

862
862

96

9
6

96 96

2
8
7

2
8
7

4
7
9

479

671

6
7
1

862
862

96

9
6

96 96

2
8
7

2
8
7

4
7
9

479

671

6
7
1

862
862

96

9
6

96 96

2
8
7

2
8
7

4
7
9

479

671

6
7
1

862
862

96

9
6

96 96

2
8
7

2
8
7

4
7
9

479

671

6
7
1

862
862

96

9
6

96 96

2
8
7

2
8
7

4
7
9

479

671

6
7
1

862
862

96

9
6

96 96

2
8
7

2
8
7

4
7
9

479

671

6
7
1

862
862

96

9
6

96 96

2
8
7

2
8
7

4
7
9

479

671

6
7
1

862
862

0

300

600

900

1200

0 500 1000 1500
Time t

W

β
T
X = −1.2 , Sample = 2727

9
5

9
5

95

95

95
9
5

95

95

292

2
9
2

489

4
8
9

686

686

883

88
3

883883

9
5

9
5

95

95

95
9
5

95

95

292

2
9
2

489

4
8
9

686

686

883

88
3

883883

9
5

9
5

95

95

95
9
5

95

95

292

2
9
2

489

4
8
9

686

686

883

88
3

883883

9
5

9
5

95

95

95
9
5

95

95

292

2
9
2

489

4
8
9

686

686

883

88
3

883883

9
5

9
5

95

95

95
9
5

95

95

292

2
9
2

489

4
8
9

686

686

883

88
3

883883

9
5

9
5

95

95

95
9
5

95

95

292

2
9
2

489

4
8
9

686

686

883

88
3

883883

9
5

9
5

95

95

95
9
5

95

95

292

2
9
2

489

4
8
9

686

686

883

88
3

883883

9
5

9
5

95

95

95
9
5

95

95

292

2
9
2

489

4
8
9

686

686

883

88
3

883883

9
5

9
5

95

95

95
9
5

95

95

292

2
9
2

489

4
8
9

686

686

883

88
3

883883

9
5

9
5

95

95

95
9
5

95

95

292

2
9
2

489

4
8
9

686

686

883

88
3

883883

9
5

9
5

95

95

95
9
5

95

95

292

2
9
2

489

4
8
9

686

686

883

88
3

883883

9
5

9
5

95

95

95
9
5

95

95

292

2
9
2

489

4
8
9

686

686

883

88
3

883883

9
5

9
5

95

95

95
9
5

95

95

292

2
9
2

489

4
8
9

686

686

883

88
3

883883

9
5

9
5

95

95

95
9
5

95

95

292

2
9
2

489

4
8
9

686

686

883

88
3

883883

9
5

9
5

95

95

95
9
5

95

95

292

2
9
2

489

4
8
9

686

686

883

88
3

883883

9
5

9
5

95

95

95
9
5

95

95

292

2
9
2

489

4
8
9

686

686

883

88
3

883883

9
5

9
5

95

95

95
9
5

95

95

292

2
9
2

489

4
8
9

686

686

883

88
3

883883

0

300

600

900

1200

0 500 1000 1500
Time t

W

β
T
X = −1.4 , Sample = 1352

6
2

6
2

62

62

62

62

62

62

22
8

2
2
8

22
8

22
8

22
8

22
8

22
8

22
8

39
5

3
9
5

39
5

39
5

56
25

6
2

72
8

7
2
8

6
2

6
2

62

62

62

62

62

62

22
8

2
2
8

22
8

22
8

22
8

22
8

22
8

22
8

39
5

3
9
5

39
5

39
5

56
25

6
2

72
8

7
2
8

6
2

6
2

62

62

62

62

62

62

22
8

2
2
8

22
8

22
8

22
8

22
8

22
8

22
8

39
5

3
9
5

39
5

39
5

56
25

6
2

72
8

7
2
8

6
2

6
2

62

62

62

62

62

62

22
8

2
2
8

22
8

22
8

22
8

22
8

22
8

22
8

39
5

3
9
5

39
5

39
5

56
25

6
2

72
8

7
2
8

6
2

6
2

62

62

62

62

62

62

22
8

2
2
8

22
8

22
8

22
8

22
8

22
8

22
8

39
5

3
9
5

39
5

39
5

56
25

6
2

72
8

7
2
8

6
2

6
2

62

62

62

62

62

62

22
8

2
2
8

22
8

22
8

22
8

22
8

22
8

22
8

39
5

3
9
5

39
5

39
5

56
25

6
2

72
8

7
2
8

6
2

6
2

62

62

62

62

62

62

22
8

2
2
8

22
8

22
8

22
8

22
8

22
8

22
8

39
5

3
9
5

39
5

39
5

56
25

6
2

72
8

7
2
8

6
2

6
2

62

62

62

62

62

62

22
8

2
2
8

22
8

22
8

22
8

22
8

22
8

22
8

39
5

3
9
5

39
5

39
5

56
25

6
2

72
8

7
2
8

6
2

6
2

62

62

62

62

62

62

22
8

2
2
8

22
8

22
8

22
8

22
8

22
8

22
8

39
5

3
9
5

39
5

39
5

56
25

6
2

72
8

7
2
8

6
2

6
2

62

62

62

62

62

62

22
8

2
2
8

22
8

22
8

22
8

22
8

22
8

22
8

39
5

3
9
5

39
5

39
5

56
25

6
2

72
8

7
2
8

6
2

6
2

62

62

62

62

62

62

22
8

2
2
8

22
8

22
8

22
8

22
8

22
8

22
8

39
5

3
9
5

39
5

39
5

56
25

6
2

72
8

7
2
8

6
2

6
2

62

62

62

62

62

62

22
8

2
2
8

22
8

22
8

22
8

22
8

22
8

22
8

39
5

3
9
5

39
5

39
5

56
25

6
2

72
8

7
2
8

6
2

6
2

62

62

62

62

62

62

22
8

2
2
8

22
8

22
8

22
8

22
8

22
8

22
8

39
5

3
9
5

39
5

39
5

56
25

6
2

72
8

7
2
8

6
2

6
2

62

62

62

62

62

62

22
8

2
2
8

22
8

22
8

22
8

22
8

22
8

22
8

39
5

3
9
5

39
5

39
5

56
25

6
2

72
8

7
2
8

6
2

6
2

62

62

62

62

62

62

22
8

2
2
8

22
8

22
8

22
8

22
8

22
8

22
8

39
5

3
9
5

39
5

39
5

56
25

6
2

72
8

7
2
8

6
2

6
2

62

62

62

62

62

62

22
8

2
2
8

22
8

22
8

22
8

22
8

22
8

22
8

39
5

3
9
5

39
5

39
5

56
25

6
2

72
8

7
2
8

6
2

6
2

62

62

62

62

62

62

22
8

2
2
8

22
8

22
8

22
8

22
8

22
8

22
8

39
5

3
9
5

39
5

39
5

56
25

6
2

72
8

7
2
8

0

300

600

900

1200

0 500 1000 1500
Time t

W

β
T
X = −0.6 , Sample = 142

N
at

iv
e

12
4

12
4

124

1
2
4

41
8

41
8

418

4
1
8

71
3

71
3

713

7
1
3

1
0
0
7

10
0710

07

10
07

13
02

13
02

12
4

12
4

124

1
2
4

41
8

41
8

418

4
1
8

71
3

71
3

713

7
1
3

1
0
0
7

10
0710

07

10
07

13
02

13
02

12
4

12
4

124

1
2
4

41
8

41
8

418

4
1
8

71
3

71
3

713

7
1
3

1
0
0
7

10
0710

07

10
07

13
02

13
02

12
4

12
4

124

1
2
4

41
8

41
8

418

4
1
8

71
3

71
3

713

7
1
3

1
0
0
7

10
0710

07

10
07

13
02

13
02

12
4

12
4

124

1
2
4

41
8

41
8

418

4
1
8

71
3

71
3

713

7
1
3

1
0
0
7

10
0710

07

10
07

13
02

13
02

12
4

12
4

124

1
2
4

41
8

41
8

418

4
1
8

71
3

71
3

713

7
1
3

1
0
0
7

10
0710

07

10
07

13
02

13
02

12
4

12
4

124

1
2
4

41
8

41
8

418

4
1
8

71
3

71
3

713

7
1
3

1
0
0
7

10
0710

07

10
07

13
02

13
02

12
4

12
4

124

1
2
4

41
8

41
8

418

4
1
8

71
3

71
3

713

7
1
3

1
0
0
7

10
0710

07

10
07

13
02

13
02

12
4

12
4

124

1
2
4

41
8

41
8

418

4
1
8

71
3

71
3

713

7
1
3

1
0
0
7

10
0710

07

10
07

13
02

13
02

12
4

12
4

124

1
2
4

41
8

41
8

418

4
1
8

71
3

71
3

713

7
1
3

1
0
0
7

10
0710

07

10
07

13
02

13
02

12
4

12
4

124

1
2
4

41
8

41
8

418

4
1
8

71
3

71
3

713

7
1
3

1
0
0
7

10
0710

07

10
07

13
02

13
02

12
4

12
4

124

1
2
4

41
8

41
8

418

4
1
8

71
3

71
3

713

7
1
3

1
0
0
7

10
0710

07

10
07

13
02

13
02

12
4

12
4

124

1
2
4

41
8

41
8

418

4
1
8

71
3

71
3

713

7
1
3

1
0
0
7

10
0710

07

10
07

13
02

13
02

12
4

12
4

124

1
2
4

41
8

41
8

418

4
1
8

71
3

71
3

713

7
1
3

1
0
0
7

10
0710

07

10
07

13
02

13
02

12
4

12
4

124

1
2
4

41
8

41
8

418

4
1
8

71
3

71
3

713

7
1
3

1
0
0
7

10
0710

07

10
07

13
02

13
02

12
4

12
4

124

1
2
4

41
8

41
8

418

4
1
8

71
3

71
3

713

7
1
3

1
0
0
7

10
0710

07

10
07

13
02

13
02

12
4

12
4

124

1
2
4

41
8

41
8

418

4
1
8

71
3

71
3

713

7
1
3

1
0
0
7

10
0710

07

10
07

13
02

13
02

0

300

600

900

1200

0 500 1000 1500
Time t

W

β
T
X = −0.6 , Sample = 60

−
6
8

−
6
8

−
1

−
1

−
1

−
1

−
1

−
1

67

6
7

67

67

67

67
67

67

13
5

13
5

13
5

13
5

20
2

20
2

20
2

20
2

−
6
8

−
6
8

−
1

−
1

−
1

−
1

−
1

−
1

67

6
7

67

67

67

67
67

67

13
5

13
5

13
5

13
5

20
2

20
2

20
2

20
2

−
6
8

−
6
8

−
1

−
1

−
1

−
1

−
1

−
1

67

6
7

67

67

67

67
67

67

13
5

13
5

13
5

13
5

20
2

20
2

20
2

20
2

−
6
8

−
6
8

−
1

−
1

−
1

−
1

−
1

−
1

67

6
7

67

67

67

67
67

67

13
5

13
5

13
5

13
5

20
2

20
2

20
2

20
2

−
6
8

−
6
8

−
1

−
1

−
1

−
1

−
1

−
1

67

6
7

67

67

67

67
67

67

13
5

13
5

13
5

13
5

20
2

20
2

20
2

20
2

−
6
8

−
6
8

−
1

−
1

−
1

−
1

−
1

−
1

67

6
7

67

67

67

67
67

67

13
5

13
5

13
5

13
5

20
2

20
2

20
2

20
2

−
6
8

−
6
8

−
1

−
1

−
1

−
1

−
1

−
1

67

6
7

67

67

67

67
67

67

13
5

13
5

13
5

13
5

20
2

20
2

20
2

20
2

−
6
8

−
6
8

−
1

−
1

−
1

−
1

−
1

−
1

67

6
7

67

67

67

67
67

67

13
5

13
5

13
5

13
5

20
2

20
2

20
2

20
2

−
6
8

−
6
8

−
1

−
1

−
1

−
1

−
1

−
1

67

6
7

67

67

67

67
67

67

13
5

13
5

13
5

13
5

20
2

20
2

20
2

20
2

−
6
8

−
6
8

−
1

−
1

−
1

−
1

−
1

−
1

67

6
7

67

67

67

67
67

67

13
5

13
5

13
5

13
5

20
2

20
2

20
2

20
2

−
6
8

−
6
8

−
1

−
1

−
1

−
1

−
1

−
1

67

6
7

67

67

67

67
67

67

13
5

13
5

13
5

13
5

20
2

20
2

20
2

20
2

−
6
8

−
6
8

−
1

−
1

−
1

−
1

−
1

−
1

67

6
7

67

67

67

67
67

67

13
5

13
5

13
5

13
5

20
2

20
2

20
2

20
2

−
6
8

−
6
8

−
1

−
1

−
1

−
1

−
1

−
1

67

6
7

67

67

67

67
67

67

13
5

13
5

13
5

13
5

20
2

20
2

20
2

20
2

−
6
8

−
6
8

−
1

−
1

−
1

−
1

−
1

−
1

67

6
7

67

67

67

67
67

67

13
5

13
5

13
5

13
5

20
2

20
2

20
2

20
2

−
6
8

−
6
8

−
1

−
1

−
1

−
1

−
1

−
1

67

6
7

67

67

67

67
67

67

13
5

13
5

13
5

13
5

20
2

20
2

20
2

20
2

−
6
8

−
6
8

−
1

−
1

−
1

−
1

−
1

−
1

67

6
7

67

67

67

67
67

67

13
5

13
5

13
5

13
5

20
2

20
2

20
2

20
2

−
6
8

−
6
8

−
1

−
1

−
1

−
1

−
1

−
1

67

6
7

67

67

67

67
67

67

13
5

13
5

13
5

13
5

20
2

20
2

20
2

20
2

0

300

600

900

1200

0 500 1000 1500
Time t

W

β
T
X = −0.6 , Sample = 179

−
5
3
5

−
5
3
5

−
5
3
5

−
5
3
5

−
2
6
0

−
2
6
0

14

1
4

14

1
4

14 14

288288

56
3

563−535

−
5
3
5

−
5
3
5

−
5
3
5

−
5
3
5

−
5
3
5

−
2
6
0

−
2
6
0

14

1
4

14

1
4

14 14

288288

56
3

563−535

−
5
3
5

−
5
3
5

−
5
3
5

−
5
3
5

−
5
3
5

−
2
6
0

−
2
6
0

14

1
4

14

1
4

14 14

288288

56
3

563−535

−
5
3
5

−
5
3
5

−
5
3
5

−
5
3
5

−
5
3
5

−
2
6
0

−
2
6
0

14

1
4

14

1
4

14 14

288288

56
3

563−535

−
5
3
5

−
5
3
5

−
5
3
5

−
5
3
5

−
5
3
5

−
2
6
0

−
2
6
0

14

1
4

14

1
4

14 14

288288

56
3

563−535

−
5
3
5

−
5
3
5

−
5
3
5

−
5
3
5

−
5
3
5

−
2
6
0

−
2
6
0

14

1
4

14

1
4

14 14

288288

56
3

563−535

−
5
3
5

−
5
3
5

−
5
3
5

−
5
3
5

−
5
3
5

−
2
6
0

−
2
6
0

14

1
4

14

1
4

14 14

288288

56
3

563−535

−
5
3
5

−
5
3
5

−
5
3
5

−
5
3
5

−
5
3
5

−
2
6
0

−
2
6
0

14

1
4

14

1
4

14 14

288288

56
3

563−535

−
5
3
5

−
5
3
5

−
5
3
5

−
5
3
5

−
5
3
5

−
2
6
0

−
2
6
0

14

1
4

14

1
4

14 14

288288

56
3

563−535

−
5
3
5

−
5
3
5

−
5
3
5

−
5
3
5

−
5
3
5

−
2
6
0

−
2
6
0

14

1
4

14

1
4

14 14

288288

56
3

563−535

−
5
3
5

−
5
3
5

−
5
3
5

−
5
3
5

−
5
3
5

−
2
6
0

−
2
6
0

14

1
4

14

1
4

14 14

288288

56
3

563−535

−
5
3
5

−
5
3
5

−
5
3
5

−
5
3
5

−
5
3
5

−
2
6
0

−
2
6
0

14

1
4

14

1
4

14 14

288288

56
3

563−535

−
5
3
5

−
5
3
5

−
5
3
5

−
5
3
5

−
5
3
5

−
2
6
0

−
2
6
0

14

1
4

14

1
4

14 14

288288

56
3

563−535

−
5
3
5

−
5
3
5

−
5
3
5

−
5
3
5

−
5
3
5

−
2
6
0

−
2
6
0

14

1
4

14

1
4

14 14

288288

56
3

563−535

−
5
3
5

−
5
3
5

−
5
3
5

−
5
3
5

−
5
3
5

−
2
6
0

−
2
6
0

14

1
4

14

1
4

14 14

288288

56
3

563−535

−
5
3
5

−
5
3
5

−
5
3
5

−
5
3
5

−
5
3
5

−
2
6
0

−
2
6
0

14

1
4

14

1
4

14 14

288288

56
3

563−535

−
5
3
5

−
5
3
5

−
5
3
5

−
5
3
5

−
5
3
5

−
2
6
0

−
2
6
0

14

1
4

14

1
4

14 14

288288

56
3

563−535

−
5
3
5

0

300

600

900

1200

0 500 1000 1500
Time t

W

β
T
X = −0.8 , Sample = 74

11
9

11
9

11
9

11
9

35
8

3
5
8

35
8

35
8

59
6

5
9
6

59
6

59
6

83
4

83
4

83
4

83
410

73

10
73

10
73

10
73

11
9

11
9

11
9

11
9

35
8

3
5
8

35
8

35
8

59
6

5
9
6

59
6

59
6

83
4

83
4

83
4

83
410

73

10
73

10
73

10
73

11
9

11
9

11
9

11
9

35
8

3
5
8

35
8

35
8

59
6

5
9
6

59
6

59
6

83
4

83
4

83
4

83
410

73

10
73

10
73

10
73

11
9

11
9

11
9

11
9

35
8

3
5
8

35
8

35
8

59
6

5
9
6

59
6

59
6

83
4

83
4

83
4

83
410

73

10
73

10
73

10
73

11
9

11
9

11
9

11
9

35
8

3
5
8

35
8

35
8

59
6

5
9
6

59
6

59
6

83
4

83
4

83
4

83
410

73

10
73

10
73

10
73

11
9

11
9

11
9

11
9

35
8

3
5
8

35
8

35
8

59
6

5
9
6

59
6

59
6

83
4

83
4

83
4

83
410

73

10
73

10
73

10
73

11
9

11
9

11
9

11
9

35
8

3
5
8

35
8

35
8

59
6

5
9
6

59
6

59
6

83
4

83
4

83
4

83
410

73

10
73

10
73

10
73

11
9

11
9

11
9

11
9

35
8

3
5
8

35
8

35
8

59
6

5
9
6

59
6

59
6

83
4

83
4

83
4

83
410

73

10
73

10
73

10
73

11
9

11
9

11
9

11
9

35
8

3
5
8

35
8

35
8

59
6

5
9
6

59
6

59
6

83
4

83
4

83
4

83
410

73

10
73

10
73

10
73

11
9

11
9

11
9

11
9

35
8

3
5
8

35
8

35
8

59
6

5
9
6

59
6

59
6

83
4

83
4

83
4

83
410

73

10
73

10
73

10
73

11
9

11
9

11
9

11
9

35
8

3
5
8

35
8

35
8

59
6

5
9
6

59
6

59
6

83
4

83
4

83
4

83
410

73

10
73

10
73

10
73

11
9

11
9

11
9

11
9

35
8

3
5
8

35
8

35
8

59
6

5
9
6

59
6

59
6

83
4

83
4

83
4

83
410

73

10
73

10
73

10
73

11
9

11
9

11
9

11
9

35
8

3
5
8

35
8

35
8

59
6

5
9
6

59
6

59
6

83
4

83
4

83
4

83
410

73

10
73

10
73

10
73

11
9

11
9

11
9

11
9

35
8

3
5
8

35
8

35
8

59
6

5
9
6

59
6

59
6

83
4

83
4

83
4

83
410

73

10
73

10
73

10
73

11
9

11
9

11
9

11
9

35
8

3
5
8

35
8

35
8

59
6

5
9
6

59
6

59
6

83
4

83
4

83
4

83
410

73

10
73

10
73

10
73

11
9

11
9

11
9

11
9

35
8

3
5
8

35
8

35
8

59
6

5
9
6

59
6

59
6

83
4

83
4

83
4

83
410

73

10
73

10
73

10
73

11
9

11
9

11
9

11
9

35
8

3
5
8

35
8

35
8

59
6

5
9
6

59
6

59
6

83
4

83
4

83
4

83
410

73

10
73

10
73

10
73

0

300

600

900

1200

0 500 1000 1500
Time t

W

β
T
X = 0 , Sample = 469

A
si

an

207

2
0
7

20
7

2
0
7

207

2
0
7

450

4
5
0

4
5
0

4
5
0

692
692

935

935

207

2
0
7

20
7

2
0
7

207

2
0
7

450

4
5
0

4
5
0

4
5
0

692
692

935

935

207

2
0
7

20
7

2
0
7

207

2
0
7

450

4
5
0

4
5
0

4
5
0

692
692

935

935

207

2
0
7

20
7

2
0
7

207

2
0
7

450

4
5
0

4
5
0

4
5
0

692
692

935

935

207

2
0
7

20
7

2
0
7

207

2
0
7

450

4
5
0

4
5
0

4
5
0

692
692

935

935

207

2
0
7

20
7

2
0
7

207

2
0
7

450

4
5
0

4
5
0

4
5
0

692
692

935

935

207

2
0
7

20
7

2
0
7

207

2
0
7

450

4
5
0

4
5
0

4
5
0

692
692

935

935

207

2
0
7

20
7

2
0
7

207

2
0
7

450

4
5
0

4
5
0

4
5
0

692
692

935

935

207

2
0
7

20
7

2
0
7

207

2
0
7

450

4
5
0

4
5
0

4
5
0

692
692

935

935

207

2
0
7

20
7

2
0
7

207

2
0
7

450

4
5
0

4
5
0

4
5
0

692
692

935

935

207

2
0
7

20
7

2
0
7

207

2
0
7

450

4
5
0

4
5
0

4
5
0

692
692

935

935

207

2
0
7

20
7

2
0
7

207

2
0
7

450

4
5
0

4
5
0

4
5
0

692
692

935

935

207

2
0
7

20
7

2
0
7

207

2
0
7

450

4
5
0

4
5
0

4
5
0

692
692

935

935

207

2
0
7

20
7

2
0
7

207

2
0
7

450

4
5
0

4
5
0

4
5
0

692
692

935

935

207

2
0
7

20
7

2
0
7

207

2
0
7

450

4
5
0

4
5
0

4
5
0

692
692

935

935

207

2
0
7

20
7

2
0
7

207

2
0
7

450

4
5
0

4
5
0

4
5
0

692
692

935

935

207

2
0
7

20
7

2
0
7

207

2
0
7

450

4
5
0

4
5
0

4
5
0

692
692

935

935

0

300

600

900

1200

0 500 1000 1500
Time t

W

β
T
X = −0.2 , Sample = 517

−
3
0

−
3
0

59

59

59

59

59

59

59

59

14
9

1
4
9

14
9

14
9

149

1
4
9

149

1
4
9

2
3
8

2
3
8

23
8

23
8

23
8

2
3
832

8

32
8

32
8

32
8

−
3
0

−
3
0

59

59

59

59

59

59

59

59

14
9

1
4
9

14
9

14
9

149

1
4
9

149

1
4
9

2
3
8

2
3
8

23
8

23
8

23
8

2
3
832

8

32
8

32
8

32
8

−
3
0

−
3
0

59

59

59

59

59

59

59

59

14
9

1
4
9

14
9

14
9

149

1
4
9

149

1
4
9

2
3
8

2
3
8

23
8

23
8

23
8

2
3
832

8

32
8

32
8

32
8

−
3
0

−
3
0

59

59

59

59

59

59

59

59

14
9

1
4
9

14
9

14
9

149

1
4
9

149

1
4
9

2
3
8

2
3
8

23
8

23
8

23
8

2
3
832

8

32
8

32
8

32
8

−
3
0

−
3
0

59

59

59

59

59

59

59

59

14
9

1
4
9

14
9

14
9

149

1
4
9

149

1
4
9

2
3
8

2
3
8

23
8

23
8

23
8

2
3
832

8

32
8

32
8

32
8

−
3
0

−
3
0

59

59

59

59

59

59

59

59

14
9

1
4
9

14
9

14
9

149

1
4
9

149

1
4
9

2
3
8

2
3
8

23
8

23
8

23
8

2
3
832

8

32
8

32
8

32
8

−
3
0

−
3
0

59

59

59

59

59

59

59

59

14
9

1
4
9

14
9

14
9

149

1
4
9

149

1
4
9

2
3
8

2
3
8

23
8

23
8

23
8

2
3
832

8

32
8

32
8

32
8

−
3
0

−
3
0

59

59

59

59

59

59

59

59

14
9

1
4
9

14
9

14
9

149

1
4
9

149

1
4
9

2
3
8

2
3
8

23
8

23
8

23
8

2
3
832

8

32
8

32
8

32
8

−
3
0

−
3
0

59

59

59

59

59

59

59

59

14
9

1
4
9

14
9

14
9

149

1
4
9

149

1
4
9

2
3
8

2
3
8

23
8

23
8

23
8

2
3
832

8

32
8

32
8

32
8

−
3
0

−
3
0

59

59

59

59

59

59

59

59

14
9

1
4
9

14
9

14
9

149

1
4
9

149

1
4
9

2
3
8

2
3
8

23
8

23
8

23
8

2
3
832

8

32
8

32
8

32
8

−
3
0

−
3
0

59

59

59

59

59

59

59

59

14
9

1
4
9

14
9

14
9

149

1
4
9

149

1
4
9

2
3
8

2
3
8

23
8

23
8

23
8

2
3
832

8

32
8

32
8

32
8

−
3
0

−
3
0

59

59

59

59

59

59

59

59

14
9

1
4
9

14
9

14
9

149

1
4
9

149

1
4
9

2
3
8

2
3
8

23
8

23
8

23
8

2
3
832

8

32
8

32
8

32
8

−
3
0

−
3
0

59

59

59

59

59

59

59

59

14
9

1
4
9

14
9

14
9

149

1
4
9

149

1
4
9

2
3
8

2
3
8

23
8

23
8

23
8

2
3
832

8

32
8

32
8

32
8

−
3
0

−
3
0

59

59

59

59

59

59

59

59

14
9

1
4
9

14
9

14
9

149

1
4
9

149

1
4
9

2
3
8

2
3
8

23
8

23
8

23
8

2
3
832

8

32
8

32
8

32
8

−
3
0

−
3
0

59

59

59

59

59

59

59

59

14
9

1
4
9

14
9

14
9

149

1
4
9

149

1
4
9

2
3
8

2
3
8

23
8

23
8

23
8

2
3
832

8

32
8

32
8

32
8

−
3
0

−
3
0

59

59

59

59

59

59

59

59

14
9

1
4
9

14
9

14
9

149

1
4
9

149

1
4
9

2
3
8

2
3
8

23
8

23
8

23
8

2
3
832

8

32
8

32
8

32
8

−
3
0

−
3
0

59

59

59

59

59

59

59

59

14
9

1
4
9

14
9

14
9

149

1
4
9

149

1
4
9

2
3
8

2
3
8

23
8

23
8

23
8

2
3
832

8

32
8

32
8

32
8

0

300

600

900

1200

0 500 1000 1500
Time t

W

β
T
X = 0 , Sample = 623

69

69

69

69

20
7

2
0
7

20
7

20
7

34
5

3
4
5

34
5

34
5

483

4
8
3

48
3

48
3

48
3

48
362

1

62
1

62
1

62
1

69

69

69

69

20
7

2
0
7

20
7

20
7

34
5

3
4
5

34
5

34
5

483

4
8
3

48
3

48
3

48
3

48
362

1

62
1

62
1

62
1

69

69

69

69

20
7

2
0
7

20
7

20
7

34
5

3
4
5

34
5

34
5

483

4
8
3

48
3

48
3

48
3

48
362

1

62
1

62
1

62
1

69

69

69

69

20
7

2
0
7

20
7

20
7

34
5

3
4
5

34
5

34
5

483

4
8
3

48
3

48
3

48
3

48
362

1

62
1

62
1

62
1

69

69

69

69

20
7

2
0
7

20
7

20
7

34
5

3
4
5

34
5

34
5

483

4
8
3

48
3

48
3

48
3

48
362

1

62
1

62
1

62
1

69

69

69

69

20
7

2
0
7

20
7

20
7

34
5

3
4
5

34
5

34
5

483

4
8
3

48
3

48
3

48
3

48
362

1

62
1

62
1

62
1

69

69

69

69

20
7

2
0
7

20
7

20
7

34
5

3
4
5

34
5

34
5

483

4
8
3

48
3

48
3

48
3

48
362

1

62
1

62
1

62
1

69

69

69

69

20
7

2
0
7

20
7

20
7

34
5

3
4
5

34
5

34
5

483

4
8
3

48
3

48
3

48
3

48
362

1

62
1

62
1

62
1

69

69

69

69

20
7

2
0
7

20
7

20
7

34
5

3
4
5

34
5

34
5

483

4
8
3

48
3

48
3

48
3

48
362

1

62
1

62
1

62
1

69

69

69

69

20
7

2
0
7

20
7

20
7

34
5

3
4
5

34
5

34
5

483

4
8
3

48
3

48
3

48
3

48
362

1

62
1

62
1

62
1

69

69

69

69

20
7

2
0
7

20
7

20
7

34
5

3
4
5

34
5

34
5

483

4
8
3

48
3

48
3

48
3

48
362

1

62
1

62
1

62
1

69

69

69

69

20
7

2
0
7

20
7

20
7

34
5

3
4
5

34
5

34
5

483

4
8
3

48
3

48
3

48
3

48
362

1

62
1

62
1

62
1

69

69

69

69

20
7

2
0
7

20
7

20
7

34
5

3
4
5

34
5

34
5

483

4
8
3

48
3

48
3

48
3

48
362

1

62
1

62
1

62
1

69

69

69

69

20
7

2
0
7

20
7

20
7

34
5

3
4
5

34
5

34
5

483

4
8
3

48
3

48
3

48
3

48
362

1

62
1

62
1

62
1

69

69

69

69

20
7

2
0
7

20
7

20
7

34
5

3
4
5

34
5

34
5

483

4
8
3

48
3

48
3

48
3

48
362

1

62
1

62
1

62
1

69

69

69

69

20
7

2
0
7

20
7

20
7

34
5

3
4
5

34
5

34
5

483

4
8
3

48
3

48
3

48
3

48
362

1

62
1

62
1

62
1

69

69

69

69

20
7

2
0
7

20
7

20
7

34
5

3
4
5

34
5

34
5

483

4
8
3

48
3

48
3

48
3

48
362

1

62
1

62
1

62
1

0

300

600

900

1200

0 500 1000 1500
Time t

W

β
T
X = −0.2 , Sample = 684

1
1
3

1
1
3

11
3

11
3

340

3
4
0

566

5
6
6

793

793
1019

1019

1
1
3

1
1
3

11
3

11
3

340

3
4
0

566

5
6
6

793

793
1019

1019

1
1
3

1
1
3

11
3

11
3

340

3
4
0

566

5
6
6

793

793
1019

1019

1
1
3

1
1
3

11
3

11
3

340

3
4
0

566

5
6
6

793

793
1019

1019

1
1
3

1
1
3

11
3

11
3

340

3
4
0

566

5
6
6

793

793
1019

1019

1
1
3

1
1
3

11
3

11
3

340

3
4
0

566

5
6
6

793

793
1019

1019

1
1
3

1
1
3

11
3

11
3

340

3
4
0

566

5
6
6

793

793
1019

1019

1
1
3

1
1
3

11
3

11
3

340

3
4
0

566

5
6
6

793

793
1019

1019

1
1
3

1
1
3

11
3

11
3

340

3
4
0

566

5
6
6

793

793
1019

1019

1
1
3

1
1
3

11
3

11
3

340

3
4
0

566

5
6
6

793

793
1019

1019

1
1
3

1
1
3

11
3

11
3

340

3
4
0

566

5
6
6

793

793
1019

1019

1
1
3

1
1
3

11
3

11
3

340

3
4
0

566

5
6
6

793

793
1019

1019

1
1
3

1
1
3

11
3

11
3

340

3
4
0

566

5
6
6

793

793
1019

1019

1
1
3

1
1
3

11
3

11
3

340

3
4
0

566

5
6
6

793

793
1019

1019

1
1
3

1
1
3

11
3

11
3

340

3
4
0

566

5
6
6

793

793
1019

1019

1
1
3

1
1
3

11
3

11
3

340

3
4
0

566

5
6
6

793

793
1019

1019

1
1
3

1
1
3

11
3

11
3

340

3
4
0

566

5
6
6

793

793
1019

1019

0

300

600

900

1200

0 500 1000 1500
Time t

W

β
T
X = 0.6 , Sample = 3309

W
hi

te

65

65

6
5

6
5

303

303

541

5
4
1

779

7
7
9

1
0
1
7

1017

65

65

6
5

6
5

303

303

541

5
4
1

779

7
7
9

1
0
1
7

1017

65

65

6
5

6
5

303

303

541

5
4
1

779

7
7
9

1
0
1
7

1017

65

65

6
5

6
5

303

303

541

5
4
1

779

7
7
9

1
0
1
7

1017

65

65

6
5

6
5

303

303

541

5
4
1

779

7
7
9

1
0
1
7

1017

65

65

6
5

6
5

303

303

541

5
4
1

779

7
7
9

1
0
1
7

1017

65

65

6
5

6
5

303

303

541

5
4
1

779

7
7
9

1
0
1
7

1017

65

65

6
5

6
5

303

303

541

5
4
1

779

7
7
9

1
0
1
7

1017

65

65

6
5

6
5

303

303

541

5
4
1

779

7
7
9

1
0
1
7

1017

65

65

6
5

6
5

303

303

541

5
4
1

779

7
7
9

1
0
1
7

1017

65

65

6
5

6
5

303

303

541

5
4
1

779

7
7
9

1
0
1
7

1017

65

65

6
5

6
5

303

303

541

5
4
1

779

7
7
9

1
0
1
7

1017

65

65

6
5

6
5

303

303

541

5
4
1

779

7
7
9

1
0
1
7

1017

65

65

6
5

6
5

303

303

541

5
4
1

779

7
7
9

1
0
1
7

1017

65

65

6
5

6
5

303

303

541

5
4
1

779

7
7
9

1
0
1
7

1017

65

65

6
5

6
5

303

303

541

5
4
1

779

7
7
9

1
0
1
7

1017

65

65

6
5

6
5

303

303

541

5
4
1

779

7
7
9

1
0
1
7

1017

0

300

600

900

1200

0 500 1000 1500
Time t

W

β
T
X = 0.4 , Sample = 4110

6
0

6
0

296

296

5
3
2

532 7
6
8

768

10031003

6
0

6
0

296

296

5
3
2

532 7
6
8

768

10031003

6
0

6
0

296

296

5
3
2

532 7
6
8

768

10031003

6
0

6
0

296

296

5
3
2

532 7
6
8

768

10031003

6
0

6
0

296

296

5
3
2

532 7
6
8

768

10031003

6
0

6
0

296

296

5
3
2

532 7
6
8

768

10031003

6
0

6
0

296

296

5
3
2

532 7
6
8

768

10031003

6
0

6
0

296

296

5
3
2

532 7
6
8

768

10031003

6
0

6
0

296

296

5
3
2

532 7
6
8

768

10031003

6
0

6
0

296

296

5
3
2

532 7
6
8

768

10031003

6
0

6
0

296

296

5
3
2

532 7
6
8

768

10031003

6
0

6
0

296

296

5
3
2

532 7
6
8

768

10031003

6
0

6
0

296

296

5
3
2

532 7
6
8

768

10031003

6
0

6
0

296

296

5
3
2

532 7
6
8

768

10031003

6
0

6
0

296

296

5
3
2

532 7
6
8

768

10031003

6
0

6
0

296

296

5
3
2

532 7
6
8

768

10031003

6
0

6
0

296

296

5
3
2

532 7
6
8

768

10031003

0

300

600

900

1200

0 500 1000 1500
Time t

W

β
T
X = 0.4 , Sample = 5479

47

47

47

47

304

304
561

5
6
1

817

8
1
7

1074

1
0
7
4

47

47

47

47

304

304
561

5
6
1

817

8
1
7

1074

1
0
7
4

47

47

47

47

304

304
561

5
6
1

817

8
1
7

1074

1
0
7
4

47

47

47

47

304

304
561

5
6
1

817

8
1
7

1074

1
0
7
4

47

47

47

47

304

304
561

5
6
1

817

8
1
7

1074

1
0
7
4

47

47

47

47

304

304
561

5
6
1

817

8
1
7

1074

1
0
7
4

47

47

47

47

304

304
561

5
6
1

817

8
1
7

1074

1
0
7
4

47

47

47

47

304

304
561

5
6
1

817

8
1
7

1074

1
0
7
4

47

47

47

47

304

304
561

5
6
1

817

8
1
7

1074

1
0
7
4

47

47

47

47

304

304
561

5
6
1

817

8
1
7

1074

1
0
7
4

47

47

47

47

304

304
561

5
6
1

817

8
1
7

1074

1
0
7
4

47

47

47

47

304

304
561

5
6
1

817

8
1
7

1074

1
0
7
4

47

47

47

47

304

304
561

5
6
1

817

8
1
7

1074

1
0
7
4

47

47

47

47

304

304
561

5
6
1

817

8
1
7

1074

1
0
7
4

47

47

47

47

304

304
561

5
6
1

817

8
1
7

1074

1
0
7
4

47

47

47

47

304

304
561

5
6
1

817

8
1
7

1074

1
0
7
4

47

47

47

47

304

304
561

5
6
1

817

8
1
7

1074

1
0
7
4

0

300

600

900

1200

0 500 1000 1500
Time t

W

β
T
X = 0.2 , Sample = 6718

Fig S11: Mean residual life improvement from UNOS/OPTN data. Stratified by Race, Gen-
der, and Insurance Status with median βTx per strata.
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Fig S12: Mean residual life improvement from UNOS/OPTN data. Stratified by Race, Gen-
der, and Insurance Status with maximum βTx per strata.


