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Appendix A: Technical Proofs

A.1 Preliminaries

Recall that we use the subscript * to denote the covariates and eigenfunctions evaluated
on the same time points as the response, and X,; = {Xi(ﬂ-l),...,Xi(I}my,i)}T, v, =
@i, - - - 71/%‘(1) and W = (Y1, - 7¢*iq)7 where ¥, = {¥(Si), ..., Yr(S img, )T and ¥ =

{d%(Tz) ¢k( zmyl)} .
Put X, = (XL,....XI)T, A = diag(wy,...,wk), and the FPCA score vectors as &, =

(&1,.-.,&q)". and the observed covariance matrix is ; = ;AW + o21. Specifically, the

conditional mean and estimator for X,; are

— U, = U AT (WADT 4+ 070) W, (A1)

-1

X..
X.i — U,ADT (\If ADT ¢ A21> W, (A.2)

Define 6,1(h) = {h~'logn/n}/2, 8.2(h) = {h~2logn/n}'/2, and (,(h) = /nh? + h'/? +

h=126,5(h).

LEMMA 1: Under assumptions described in Section[{.1], fort € T,

Yu(t) — = —Z

Z uz i’ gk SZ]7 Sz]’a t)
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Proof. The asymptotic expansion for ¢, (t) — ¥ (t) is a direct result of Lemma $.3.1 in |Li
et al.| (2013) by letting u(t) = 0, and the asymptotic expansion for &y, — wy is on page 3349

in [Li and Hsing| (2010).

A.2 The Proof for Theorem

Assuming both X (¢) and Y'(¢) have been centered so that 5, = 0, we have

NaE { IELD } ( fzix XA — i<nj>}ﬁl+ei<ﬂj>]).

=1 j=1 =1 j5=1

By , the denominator of the expression above is

n Mygq n Mygq n My
LYY RM) = LS ARAT) - B+ Y X
i=1 j=1 ’Ll]l 11]1

= —ZXTX*H—OP 1)

= s (A.3)

where v, = E()N(;E}N(*,) as defined in . Define

A, = \/_Zzn;:i)( DX(Ty) — Xi(Ty)3 61 + e(Ty)]
Z X(Ti)){Xi(Tyy) — Xi(T;5)} Br + (T5)]

— %Xf{(X*—}A(*) 61+6} —%Xf{(x*—f(*) Bl—i-e}

= Rl,n + RQ,n + R3,n + R4,na (A4)



where

1 . o
7-\)fl,n = _ﬂl_ (X*Z_X*z)TX*m
\/ﬁzzl
1 o ~ ~
R2,n - 61_ (X*Z_X*Z)T(X*Z_X*Z)7
Vi
R LS (R %)
3n — = x — Nxi) €
\/ﬁzzl
l o < - =
724,71 = _51_ (X*z_X*z)T(X*z_X*z)

Lemma [2| shows that R, = O,(1) and provides its asymptotic expansion. Following sim-
ilar derivations, Ry, has a similar decomposition as except that }2*1 is replaced by
X — }N(*Z By lengthy derivations similar to Lemma |2 and using the fact E{(X,; — }N(*Z)WzT |
T;,S;} = 0, we can show Ra, = o,(1). By and the fact that €; is uncorrelated
with W;, we have R3,, = 0,(1). In addition, Ry, = O[\/n x {h} + logn/(nhg) + hi, +

(logn)?/(nhv)?}] = o(1) a.s. under Assumption [(C.4)} Combining arguments above,

~ 1 n ~ ~
Vil -5 = = ﬁ;(;Ximm{ximj)—Ximj)}m@mm

B \
o D Wiy Sy Sey) ) +op(1)
it

1 n
= Yo/ ; (51'1 + 1€ + 5151‘3) + 0p(1),
My v Myi v v 1
where &1 = ) . Xi(Tyj)ei(Tiy), En = Y ;20 Xi(Ti){Xa(Ty;) — Xi(Ti;)}, and &z = T

Z#]‘/ u; ;i A(Sij, Sirj). We can verify E{(X,; — X*Z)WZT | T4, S} = 0, which means E(&j)

tr[E{(X. —i*i)wfz;lqlimp}; ] = 0. With that, it follows that (&, &, £i3) are zero-mean
and independent across 7, and that £ is uncorrelated with (&9, &3) because € is independent

of X and W. We have

> R (XTy) = KT} + 31— 3 A )

j=1 Rl

Yo = Var(&-g + 513) = Var{
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where Q; = E(e;€!), then by the central limit theory

V(B — 1) —% Normal{0, (1 + 5272) /72}.

LEMMA 2:  Under assumptions described in Section [{.1]

{Z Z“uw“ Sij» iyt )} {1+0,(1)}, (A.5)

where A(sy, s3) = —Zkzl Ar(s1,82), Ar(s1,82), k=1,...,4, are defined in , ,
and , respectively.

Proof. We can rewrite Ry, = —(1(Ri1n + Rizn + Rizn + Rian), where

T o
Rll,n = \/— Z { ( *7 *7,) A‘I’;szlwl} X*i7

Rizn = % Z:: {xy (A A) oISIW, } X.i,
Rizn = % ; {@K (xif} - m}) oW, }Tf(
Rin = — En: {\i:*zfx\ir;f (f:;l _ 2;1) W,}T X... (A.6)

Given a time vector V = (V4,...,V,,)T, define

KhR(SQ - Vi) KhR(82 - Vm) * *
—fs(Vl) e —fS(Vm) } Aj(s1) (A.7)

Where g<31782av) - {91(317327\/)7"-7gq(51782av)}7 gk(ShSZ)V) - {gk(‘sl)SQv‘/l)v"'?
Gr(s1, 82, Vi) YT, Gr(s1, 52, V) defined in Lemma and

Pi(s1) Yg(s1) }
fS(Sl)wl’.“7fS(Sl)wq '

Ai(s1,52, V) =G(s1,82, V) + {

Ai(s1) = {
In addition, define
Ai(s1,82) = tr (E (AUTEW,A) [E{TLG (51,52, T} + E(my, ) (s2)A%(s1)]) . (A8)
By Lemma [T}

T

1 — .
Raw — LY Win e (6w K.
Vi



1 < _

- %ZW? EZI‘I'ZA{ > S A S S T }X*HrOp{Cn(hR)}
i= i'=1 M 1Al

S S WIS A 55 R O

My i LAV i—1

= [ \FZ ZWE{WTE "WAA (1,5, T) X | |51_Si,l,82_si,l,}

LA
X{l + 01?(1)} + Op{gn(hR)}y

- {5 fz S Aa(Sin S) {14 0,(D) + 0,06 )} (A9)

Mz 1Al

and ¢, (hr) = o(1) by [(C.4)]
Put
_ ding ] D1(581)00(s2) Vq(51)1(s52)

Ao =g { ) (A10)
As(s1, 89) = E{W;fz L0, Ay (s1, 59) 0T X} = tr {Ag(s1, 52)B (PT 0, AW W) )

then by Lemma [I] and Condition [(C.4)]
Rim = —=5 (@, (R-a) iz 'w,) X
120 = EZ{ *z( - > P 2 z} xi

= { ZWT 1\1} ZM Zu”l,Ag S/Z,S/l/)\:[l X*Z}{l—{—Op( )}

14U
- { ZUZ/”/ ZWTZ 1@’ AQ(S/Z,S/l/)q’ X*Z}{1+0p( )}
xz V£l
= {sz > ul A S/l,S/l/)}{l—I—op( )} (A.11)
x,i’ VAl
Next, define
A3(81, Sg) = ftr [E {Ag(Sl, S9, Sl)TEZ_I\I’zA} E (\IJE\II*Z)] (A12)
+tr | o' (s1)¢(s1)E {ZE (e]TE;l\Ili | Sij = 52777%,@')} AE (¥Tw,)
j=1

where G(s1, 52, T;) is defined in (A.7), and e; is a directional vector of length m,; with all

elements being zero, except that the jth is 1. Following similar derivations as in (A.9)), we
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1 < ~ PO
Risgn = —= § WisH (‘I’z - ‘I’z> AW X,
i3

1 ¢ IR | ) -
= {— Zzl W;TZZ lﬁ Z Z ui’,ll’Al(S’i’b S’i’l’; Sz)A\I’EX*Z}{l —+ Op(l)}

n M 2/
= ir=1"""" £

T i—1

I« 1 1 — -
- {%Z .Zu;,wﬁZW?Ei1A1(S”,Si,l/,Si)A\II*TiX*i}{l+0p(1)}}
=1
[ 1

n 1 .
% Z M. . Zu;7ll’E {W;‘TZZ‘_IAl(Sla S92, SZ)A‘I’};X*’L} |51:Si’1752:5i’l’ :|

1Al
x{1+o0p(1)}}

- {% Z Mlm p Z“f/,zz/As(Si'l, Si’l’)}{l +0,(1)}}. (A.13)

VAl
The last equation above follows because

E {WiTzflAl(Sl, S2, S'L)A‘Il;l;i*z}
= tr [E {AAl(Sl, S2, SZ) 2;1‘IJZA‘I];I;\I/*Z}]

= tr [E{AG(s1,52,8) S " WA} E (¥, ¥,,)]

+tr f;l(Sl)'Ip(Sl)TE {Z E (e;le_l‘:[’z | Sij = So, mm) } AE (‘IJEI‘II*Z) + O(h%)
j=1

For the last term ((A.6)),

T

NP _ 1 _ SN
— T AT <2f1 _ 2f1> Wi} X, =—S " WT <2f1 _ 2f1> TAGTX,,.
\/ﬁ Z { T 1 2 n Z 1 1 1 *7
=1 1
Finally, define

Ay(s1,80) = =2tr [E{S; " WAV U AV S WAG (51, 52,S;)" }]

S : - ¥(s1)
—2E [Z E{e] S "W/AE (U U,)AT/S 'Y, | S; = sg,mx,i}] fs(;l)

—tr [E{S; WAV U AT S WA (s, 50) 0] }] (A.14)

Jj=1

A~

By matrix taylor expansion, ;' = 31 — 3! (iz - Ei> 27 {1+0,(1)}. Thus, by Lemma

)

and using similar calculations as for Rq; ,, we have

I o ~om T



_ {%gwfzgl (= - =) = wAwlX H}{1+op(1)}

_ {ann:vv;fzgl (\II,A\IIT @K@T)E g, ATTX *,}{1+op(1)}
+(02 — 52 {\/_ZWTE 2@, APTX *Z}{1+op(1)}

_ [ ZWT H (- AR+ (A - AT+ AT - W)

xS APEX *,}{Hop( )} +0,(1)

= |: ZWTE 1 Z M ZU/”/{Al(Sll,S/l/ )A\Il?+\IliA2<Si’l;Si’l’)\Il

i'=1 121

+‘IIiAA1(Si’lasi’l’aS') }E 'w, A‘I’T *z:| {14+ 0,(1)} + 0,(1)

- {\/—Z M, > b A S/,,S/,/)}{1+op( )} +0p(1), (A.15)

V£l

where the last equation is due to that
—E [W;I‘El_l {Al(Sl, 59, SZ)A‘I’;T + ‘I’iAg(Sl, SQ)‘I’;T + ‘I’iAAl(Sl, S9, Sl)T} E;l‘I’ZA‘I’*TZi*Z]
= A4(81, SQ) + O(h2R)

The asymptotic expansion of Ry, provided in the lemma is proven by combining (A.9)),

(A1), (AT3) and (AI3).

A.3 The Proof for Theorem|[3

Under the simplified setting X; are mean zero random process, by simple algebra we have

S St Re(t) — Si(B) R ()
) = =g D5 — S0

where

n My

= —ZZX2 i) K (T = O{(Ty = 1)/h}" 7 =10,1,2,

i=1 j=1
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R = LSS R VamAT - 0{(T -0/ v =0

Denote R:(t) = R,(t) — S, (t)51(t) — Sr11(t)RB1(t), =0, 1, then

_ Sa(t) Ry (t) — Si(t)Ri(h)
Sa(t)So(t) — SE(t)

By and using the general result from Lemma 2 in |Li and Hsing| (2010)),

n Myq

So(t) = —ZZX )V En(Tij —t) + O{h% + b + \/logn/(nhg) + logn/(nhy)}

- m;f;(]t>;x<t) + O, {h* + \/logn/(nh) + i, + hi; + \/logn/(nhr) +logn/(nhy)},

where Ty (t) = Var{X;(t)} = 9" (t)AE(¥TE; " W,)At(t) as defined in the theorem. Similarly,

S1(t) = T (1) fr(8) +Ta(t) fr(8) im0 ch+ Op{h* +/log n/(nh) +h + hi + /log n/ (nhg) +

logn/(nhy)} and Sy(t) = m, Ly (t) fr(t) ok +Op{h2++/log n/(nh)+h%+h3 ++/log n/(nhg)+
logn/(nhy)}.

Next, we decompose R} as

RS 35 99 o0th {1@-—f@mj)ﬁl(t)—)?imj)mj—twm}
o < (T3 — O{(Ty — £)/h)
= YR, (A16)

where
L) — —Zix? T8 (T) = Br() — (T — OBLOYKn(Ty — (T, — /Y,
Rio(t) = —Zzy:X Ti){B1(Tiy) Xi(Tiy) — Bu(Ti)) Xi(Tyy) + (L) Y Ku (T — ){(Ti; — 1) /R,
Ry(t) = —Zzy{x T,) — KAL)} KT)50 (T) Ko (Ty — (T, — 1)/
R = —Zzy{x T)) — XdT)}eT) (T — D {(Ty — 0)/1Y".

Ris(t) = —ZZ{X ) = Xi(Ty) HXA(Ty) = Xi(Ty)}B1(Tog) KTy — O{(Tyy — 1)/}

i=1 j=1



n My

Rrg(t) = —ZZ{X ) — Xi(Ty) HXA(Ty) = Xu(Ty)} B2 (Tig) Kn(Tyy — O{(Tyg — 1)/}

=1 j=1

By and previous results for S,(t), using some straightforward calculations and the fact

that K,(Ty; —t) = 0 if |T}; — t| > h,

Ry, (t) = = Z ZX2 i BL(Ty) — Bu(t) — (Ty; — )81 () Y Ku(Tiy — 1)
- Pwr[s WX L) KTy — D{(T, — /0| (1L + 0w}
_ %59 (O)h2m, fT(t)Fx(t)af([l + 0, {h+ /lognj(nh) + 12

+hi + /logn/(nhg) + logn/(nhy)}].

By similar calculations, R}, (t) = Op[h® 4+ h*\/logn/(nh) + h*{h3, + hi, + \/logn/(nhg) +

logn/(nhy)}] is of order o,{(nh)~1/2} by conditions |(C.4)|and [(C.7)} In addition, it follows

that R?,(t) and R} ;(t) are both of order O,([h% + hi + {logn/(nhg)}"/? 4 logn/(nhy)] x
{logn/(nh)}'/?), which is 0, {(nh)~"/?}, and R};4(t) = h}+hi+logn/(nhg)+(logn)?/(nhy)?] =

0,{(nh)~2} under Condition |(C.4)| for both r = 0, 1.

Define
Kr,*i(t)=diag{Kh(Tu—t){( a—8)/h}", . Kn(Tim,,, — O{(Tim,,. — t)/h}"
TS N KhR(S_Til) KhR( _Emy,i> B
N R R Ty } /

IB*z’ = dlag{ﬁl(ﬂl)a s 751( 'Lmyz)}

then we have
Ry 4(t) Z Ry (A.17)

where

Bt = L3 (8w AermwW) K8 Ko

R:,32<t) - L Z {‘/I}*Z <K - A) ‘I’?Eilwi}T K, i(t)BiXsi



10

Let A1 (51, Sa,

Ry (1)

Define

then

my Q(s1, 52)P1(s2) Kp(sg —t) {

Biometrics, 000 0000

n

1 o T ~
Ry 55(t) = - {‘I’*iA <‘I’ZT—‘I’ZT> Eflwi} K, i (1) B Xui,
i=1
* 1O I AT (-1 -1 T
Rr,34(t) = H {‘II“A\I’Z (Ez _Ez >W’L} T*’L( ):B*zX*l
i=1

T,) be defined as (A.7)), using derivations similar to (A.9)), by [(C.4) we have

1 n
[EZW?E?“I”A{ Z i > gy Av (S, Sy, Ti) } K,.i(t )ﬁ*ZX*Z}
=1 i'=1 IAU
x{1+o0,(1)}
Zu i’ ll’{ ZW?Efl‘I’iAAl(Si'l, Sivs TZ)TKT*Z(t)ﬁ*zi*l}l
LY
x{1+0p(1)}

- Z ZU'W{% ZWngl‘l’if§l(5i'1)¢(5/l)KT(SW T;)"
- =1

i'=1 Mo i 1A

(1= 1
_ﬁ;M

xKr,*i(t)ﬂ*ii*i} + op(nlﬂ)} x {1+ 0,(1)}.

Q(s, 1) =9 (NAE(E ST W) (s) fr(t) /{ fs(s) fs (1)}, (A.18)

E{ WIS W5 (s (50K (52, T) 'K (D)8, X. |

tr [E {\Il*iA‘I’;FE;I\IlifSTl(51>/¢(51>K;r<827 Ti)TK“*i(t)ﬂ*i}]

Zw AT W (sy)

KhR(82 Z])

Folon) fo ) TV (T = (T = 1) /b

i, [r Q (51, 2)Ki (52 — 1)1 (2) (2 — D){ (& — )/} d,
My /T Q(s1,uhgr + s9) K (u)B1(uhg + s2) Kp(uhg + so — t){(uhg + so — t)/h} du

iy /T O(s1,52)B1 (52) K () K (b + 55 — O){ (whp + 53 — £)/h) du{1 + o(1)}

Sg—t "

b oy

where the last equation is due to assumption hr/h = o(1) in Condition |(C.7), Define

Al(s1,59) = 1, Q(s1, 52) 81 (52), (A.19)



then

1 S —t\"
Rialt) = {5 S Al s -0 (2270) s o)
=1 Mo 1A
= 0,{(nh)~"?} (A.20)

for both » = 0 and 1. Next, similar to (A.11]),

Relt) — :—Z{ (R- )xpnglwi} K, .1 >/3MXM}{1 + o1}
= -% iWT { Z M ZUZ ”/A2 S’laS’l’)} T*z( )ﬂ*zi*l}
R LUy

x{1+ Op(l)}
= |7 Z Z Uy ”,{ ZW?EZI‘I’iAﬂSi/z; Si/l/)\Il};Km(t)ﬂ*if(*,-H

i'=1 Mei V£
x{1+o0,(1)}.

Define
Ab(s1,59,) = my, fr(H)Bi ()" ()AE (U] W;) Ag(s1, 52)8(1), (A.21)
then it follows that
E {WiT S0, Ay (s, SQ)WEKO,*i(t)ﬂ*iX”}
= tr {AE (¥ Z;'W;) As(s1,5)E (¥ Ko.i(t)B,,¥.) }
= A;(sl, s9,t) + O(h?),

and therefore

n

Binlt) = |1 30 5 St Al(Sin S0 (14 0,0 = 0,078, (a:2)

=1 VAl

Using similar derivations we can prove that R 4,(t) = Op[{h + (nh)~"/?*}n=1/2].

Next, similarly

T
1< -~ T
Ry g5(t) = [E Z {‘I’*iA (lIIz - ‘I’) E;IWZ} K, .i(t ),B*ZX*Z] {14 0,(1)}
i=1
1 n
- {EZW;FEZI{ Z Zul w1 (S, S, S )}A‘PT 7"*2( )IB*zX*z
i=1 Mz 1Al

11
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x{1+0,(1)}

1 n
[ Z Zuz’ w{ﬁ ZWiTEi_IfS_I(Si’l)KZ(Si’lH Si)Y(Si) O
i=1

i'=1 Mo 1AV

K, )ﬂﬂxm} n op<n-1/2>] < {1+ 0,(1)}.

Denote by 0 " the (4, 5')-th entry of 3!, and define

Alsrsat) = POy Zwkwk
E[:i:iE{zﬁk(Sij)ay’jl) | Si = SZH, (A.23)
then
E{WIS £ (s0)K] (52, S: )9 (51) " WK i (1)B.. Xoi}
= 5t B ARTEK] (2,80 () WK (08,
= B0 ()55 o) | B ARTEK o, S 007 (1) || + 00
— ) OB O (05 ()BT (OARTS K 52,80 | + O02)
= Al(s1,50,1) + O(h%) + O(h?).
Therefore
R 55(1) l Z > ul p AL(Sin, S, )}{1—}-0]3(1)}:0]3(71_1/2), (A.24)

i'=1 Mo £

and following the same line of derivation we can show R} 55(t) = O,[{h + (nh%)"/*}n /2.

Using similar but lengthier derivations,

n

Rig(t) = EZ{%A\I’?E;%&—i)z;lwi} K.t )ﬂ*lx*l]{uop( )}

=1
n

1 o~ -~ o~
— _{— > {W?E;l{(\h —UHAPT + U, (A — AU + T AT, — \pi)T}
n

=1

xEUAUEK, (¢ )ﬂ*zX*@] }{1 +op(1)}

O,(n=1?), if r =0,
{ P (A.25)

O,[{h + (nh%) V21 n=12] ifr =1.



Combining (A.20)), (A.22), (A.24) and (A.25]), we obtain that

e 1
Ry ,(t) = _{EZ . > g AL (Sin, Sow) Kn(Sov —t)}{1+op(1)}, (A.26)

!
=15 Ay

and R; 4(t) = O,{(nh)~"/?}. Combining the derivations above, we have

Bi(t) = Bi(t) = Ry(®)/So(t) x {1+ Op(h*)} + Op{h x (nh)~1/?} (A.27)
I ) 272 1 - ) , , —-1/2
= PO i 2B+ Bt Z) ol (),
where
Zy = %Xi(ﬂj)ﬁz(ﬂj)Kh(Tij —t),

Ziy = Zfi(ﬂj)&(ﬂj){){i(ﬂj) — Xi(Ti) YEu(Ty; — 1),

m
Z3 = —My Dl Q(Siv, Sir) i (S ) K (Siwr — 1)

1 1Al

As Z;1, Z;1 and Z;; are independent, zero-mean variables, straightforward calculations show

E(Z2) = W' D000 ) fr(uo + o(h™) = A T4() + o(h ™),

B(Z3) = W '80mELRAO{X () — X0} +olh™) = h™ BHOT() + olh ™),

B(ZE) = W Omfs(tm [EOLD) [ 105050 @ o0 0fs(s2)ds
4B s~ 2) [ Tt 52,50) Qs Q05 1) (s2) fs(sa)dsads
+o(h7h).

= hBH()Ts(t) + o(h ™),

where II(sq, S9,83) = E{X?%(s1)X(s2)X(s3)} + R(s2,s3)02 — R(s1,52)R(s1,83) + I(s2 =
s3){R(s1,s1)02+0ol}. Since ¢(-) is independent of X;(-) and W, it follows that E(Z;1 Z;) =
0, and E(Z;1Z;3) = 0. We can also show E(Z,52;3) = O(1) = 0,(h™"). Therefore, we conclude
Zi1, Z;1 and Z;; are asymptotically independent. The theorem is proven by applying the

central limit theorem to (|A.27)).

13
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Appendix B: An Extension to Multiple Asynchronous Time-Varying Covariates

B.1 Multiple Asynchronous Covariates

The functional calibration method can be easily extended to accommodate multiple time-
varying covariates, which are asynchronous with the response. Our strategy is to apply the
multivariate functional principal component analysis (Chiou et al., [2014) to reconstruct the
trajectory for each time-varying covariate, then apply time-varying and time-invariant re-
gression analysis using the imputed covariate values that are synchronized with the response.

Suppose there are p, asynchronous time-varying covariates X;(¢) = (X1, Xja, . . ., Xip, ) T (£).

The time-invariant and time-varying regression models and can be generalized to

Yi(t) = Bo+ BLZi + By Xi(t) + €i(?), (B.1)

Yi(t) = Bo(t) + B (1) Zi + B, ()Xa(t) + €(1), (B.2)

where Z; is a p,-dim time-invariant covariate. Consider X;(¢) as independent realizations of

a multivariate stochastic process with the mean and (cross-)covariance functions as

Nv(t) = E{Xw(t)}? RU(S7 t) = COV{Xiv(S)u Xiv(t)}7 5,t, € T: v = 17 -y Py

Ry (s,t) = Cov{X;,(s), Xiv(t)}, v#.

The discrete, error-prone observations on the time-varying covariates are

VV’iv,j :Xiv(Siv,j)+Uiv,ja 1= 17"'7”7 ]: 17"'7mxiv> (B3)

)

2

uv”*

where U, ; are zero mean measurement errors independent of X;(¢) with variance o
On the other hand, the response Y;(t) are observed on T; = (T}, ... 7Timyﬂ.)T. Under the
asynchronous longitudinal design, the observation time points from different variables, T;

and S;, = (Siv1, -, Sivmasn) s 0 =1,..., Dy, can be different from each other.
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B.2 Multivariate Functional Calibration

We consider each asynchronous, time-varying covariate as a stochastic process with a Karhunen—

Loéve expansion,

XZU(t) = MU<t) + Zlegiv,k¢vk(t>a te T’ (B4)

forv=1,...,p;, 7 =1,...,n, where the &, are the principal component scores with mean
zero and variance wy, ¥, (t) are orthonormal functions in the sense f’r Yok ()Y (B)dt = 1
if £k = k" and 0 otherwise. Since different components of X;(¢) can be correlated, these cor-
relations are modeled by cross-covariates between the principal component scores, wyy ki =
Cov (v, Eivr ) = [J Ruow (8, 8) e (8) i (B)dsdt, v, 0" = 1,...,ps, k < g and K < gpr. As
discussed in [Happ and Greven (2018]), the univariate Karhunen—Loeéve representation used
in (B.4) is equivalent to the multivariate representation in (Chiou et al.| (2014)).

As in Section [3.1] we obtain mean, covariance and eigenfunction estimates for each time-
varying variable, namely [i,, ]?ZU, zzvk forv=1,...,p,, k=1,...,q,. We then estimate the
cross covariance function R, (s,t) by ﬁwz(s, t) = ap where (ay, a1, a2) minimizes
1< 1 )

E ; [—mx,wmx,w/ p ; {Liv,jLiv’,l — Qg — al(sw,j - 3) - GQ(Sw',l - t)}

xKh,,,(Siv; — 8)Khn,, (Sivy —1)|,
where L;, j = Wiy j — [u(Siv,j). We then estimate cross covariance of the FPC scores by
avfu’,kk’ == //ﬁm,/(s, t)ka(s)wv/k/(t)dsdt,

which is implemented by numerical integration. We follow the multivariate PACE method of
Chiou et al.| (2014) to estimate the FPCA scores. Let pty,, = {ftio(Siv,1), - - - tiv(Sivgman) } s

_ T _ _
Wi, = Wivis-o s Wiem, ) for v = 1,... py. Let w /. = (wwfm,--- ,ww/7kqvl), note
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Wyo ek = 0 if k # K. Define Q,, as the matrix containing all eigenvalues related to v,

Wyi1 W21 ... Wep,t
QO — Wy Wy22 ... Woyp,2
Y, =
wvlqv Wy2q, -+ - w”UPacqv_
Put ¥;, = (Qpivlv cee 71/)iqu)7 where ¢wk = {¢vk< v 1) a@bvk(siv,mw,iv)}rr for k = 1,... s Qu,
and define ¥, = diag(W¥;;,..., ¥;,, ) as a diagonal block matrix containing eigenfunctions

evaluated at S;. Similar to the univariate case (f]), the BLUP for §,, is
Eiv = (%:;Ula e 7§UK>T = QU\I”LTE:I(WZ _l‘l’z)’
where p; = (), py )" Wi = (Wi, ..., W )T, and X; = (B oo )orymy With 3y 0 =

Cov(Wy,,, Wy,). Substituting all unknown functions and parameters with their FPCA esti-

mators, the empirical FPC score estimators are given by

A~

and we can predict the trajectories of the time-varying covariate processes by
Xin(t) = o (t) + D0 Siwptur(t), teET.

We then calibrate the covariate values synchronized with the response, }A(*ij = {)/(\'il(Tij), ce

-~

Xip. (T;;)}", and use them to fit regression models and (B . Denote 8 = (8o, B, B1)7,

Xy = (1,Z], XT. )T and X; = (Xi1, ..., Xim, )", then Model (B.1)) can be fitted by a least

*Z]

square estimator similar as . For Model (B.2), denote B(t) = (8o, 8., B2)"(t). For any

fixed ¢, denote by by = B(t) and by = 8'(t). Then B(t) can be estimated by solving a kernel

weighted local least square as .

Appendix C: Additional Tables and Graphs

[Table C.1 about here.]
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[Table C.2 about here.]
[Table C.3 about here.]
[Table C.4 about here.]
[Figure C.1 about here.]
[Figure C.2 about here.]
[Figure C.3 about here.|
[Table C.5 about here.]
[Figure C.4 about here.]
[Figure C.5 about here.]
[Table C.6 about here.]
[Figure C.6 about here.|
[Figure C.7 about here.|
[Table C.7 about here.]
[Figure C.8 about here.]

[Figure C.9 about here.]
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Figure C.1: Summary of Bl(t) under Simulation 2, Setting II using various methods. In
each panel, black: median of §;(t); red: true ((t); dashed blue: 0.975 and 0.025 quantiles.
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Figure C.2: Summary of Bo(t) under Setting I of Simulation 2 using various methods. In
each panel, black: median of 5y(t); red: true Sy(t); dashed blue: 0.975 and 0.025 quantiles.
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Setting I Setting I
Error type IE DE MEF IE DE MEF
Bias -0.010 0.003 0.015 0.007 0.008 0.002
SD 0.165 0.189 0.114 0.086 0.093 0.067

Naive SE 0.112 0.103 0.071 0.057 0.052 0.035
Naive CP 0.825 0.740 0.765 0.800 0.725 0.720
Bootstrap SE  0.180 0.187 0.118 0.089 0.100 0.068
Bootstrap CP 0.965 0.935 0.955 0.950 0.950 0.940

Table C.1: Simulation 1: the performance of //B\Q obtained by the proposed FCAR method
under Settings 1 and 2 with different error structures. SD: standard deviation; Naive SE:
mean of the naive standard error; Naive CP: coverage rate of a 95% confidence interval
using the naive SE; Bootstrap SE: mean of the bootstrap standard error; Bootstrap CP:
coverage rate of a 95% confidence interval using the bootstrap SE. IE: independent errors;
DE: dependent errors; MEF: measurement-error free with dependent errors.



Setting I Setting I
Error type IE DE  MEF Dense IE DE  MEF Dense
Bias 0.007 0.004 -0.002 0.002 -0.008 -0.013 0.025 0.003
SD 0.028 0.029 0.017 0.019 0.127 0.122 0.060 0.068

Naive SE 0.019 0.017 0.012 0.008 0.064 0.058 0.034 0.024
Naive CP 0.830 0.770 0.820 0.585 0.670 0.640 0.725 0.485
Bootstrap SE  0.030 0.030 0.019 0.018 0.117 0.119 0.064 0.062
Bootstrap CP 0.955 0.950 0.965 0.955 0.925 0.930 0.940 0.960

Table C.2: Simulation 1: the performance of B\l obtained by the proposed FCAR method
under Settings 1 and 2 with different measurement error scenarios. SD: standard deviation;
Naive SE: mean of the naive standard error; Naive CP: coverage rate of a 95% confidence
interval using the naive SE; Bootstrap SE: mean of the bootstrap standard error; Bootstrap
CP: coverage rate of a 95% confidence interval using the bootstrap SE. IE: independent
errors; DE: dependent errors; MEF: measurement-error free with dependent errors; Dense:
15 observations per subject.

29
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IE DE MEF

FCAR KW FCAR KW FCAR KW

Setting I Bias -0.010 1.163 0.003 1.092 0.015 0.123
SD  0.165 0.400 0.189 0.418 0.114 0.267

SE  0.180 0.300 0.187 0.315 0.118 0.195

CP 0965 0.115 0.935 0.125 0.955 0.815

Setting I Bias 0.007 0.166 0.008 0.162 0.002 0.009
SD  0.086 0.126 0.093 0.117 0.067 0.091

SE  0.089 0.121 0.100 0.126 0.068 0.084

CP 0950 0.705 0.950 0.730 0.940 0.915

Table C.3: Simulation 1: comparisons of Bo using the proposed FCAR method with the
kernel weighted (KW) method of (Cao et al. 2015)) in bias, standard deviation (SD), mean
of standard error (SE) and coverage rate of a 95% confidence interval using standard error
(CP) under two settings and three error structures (IE: independent errors; DE: dependent

errors; MEF: measurement-error free with dependent errors).



31

IE DE MEF Dense
FCAR KW FCAR KW FCAR KW FCAR KW

Setting I Bias 0.007 -0.225 0.004 -0.213 -0.002 -0.024 0.002 -0.209
SD  0.028 0.067 0.029 0.067 0.017 0.045 0.019 0.032
SE  0.030 0.049 0.030 0.051 0.019 0.032 0.018 0.023
CP 0955 0.060 0.950 0.065 0.965 0.830 0.955 0.000
Setting I Bias -0.008 -0.978 -0.013 -0.978 0.025 -0.060 0.003 -0.954
SD  0.127 0.097 0.122 0.092 0.060 0.108 0.068  0.055
SE  0.117 0.076 0.119 0.077 0.064 0.069 0.062 0.043
CP 0925 0.000 0.930 0.000 0940 0.735 0.960 0.000

Table C.4: Simulation 1: comparisons of 31 using the proposed FCAR method with the
kernel weighted (KW) method in bias, standard deviation (SD), mean of standard error
(SE) and coverage rate of a 95% confidence interval using standard error (CP) under two
settings and three error structures (IE: independent errors; DE: dependent errors; MEF:
measurement-error free with dependent errors; Dense: 15 observations per subject).
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Method  Criterion Mean(SD) Median  25% 75%

Setting I FCAR  MADE 0.278(0.136)  0.249  0.183  0.342
FVCM 0.980(1.241)  0.769  0.582  1.040

KW 1.358(3.510)  0.965 0.815 1.154

Oracle 0.166(0.073)  0.155  0.108  0.204

FCAR WASE 0.249(0.275)  0.166  0.082  0.329

FVCM 200.092(2589.147)  1.535 0.831  3.253

KW 1044.667(14234.328)  3.349  1.551 10.016

Oracle 0.114(0.129)  0.061 0.034 0.145

Setting I FCAR  MADE 0.220(0.087)  0.205  0.155  0.265
FVCM 0.540(0.410)  0.441  0.338  0.610

KW 1.013(1.609)  0.657  0.556  0.931

Oracle 0.123(0.04) 0.118 0.093 0.147

FCAR WASE 0.191(0.199) 0.131  0.066  0.230

FVCM 10.103(94.566)  0.692  0.303  1.475

KW 181.166(1533.938)  2.123  1.004 11.570

Oracle 0.076(0.071)  0.058  0.027  0.097

Table C.5: Simulation 2 reported at 95% time domain: MADE and WASE of various methods.
SD: standard deviation; 25%: 25% quantile; 75%: 75% quantile.



Method  Criterion Mean(SD) Median  25% 75%

Setting I FCAR  MADE 0.186(0.071)  0.176  0.131  0.218
FVCM 0.416(0.136)  0.382 0.314  0.510

KW 1.867(3.668)  1.011  0.755  1.596

Oracle 0.168(0.067)  0.160 0.124  0.198

FCAR WASE 0.113(0.103)  0.078 0.042 0.144

FVCM 0.638(0.547)  0.466  0.267 0.819

KW 995.093(6506.490)  8.830  2.527 42.406

Oracle 0.103(0.102)  0.069 0.034 0.129

Setting I FCAR  MADE 0.135(0.041)  0.133  0.106  0.158
FVCM 0.252(0.080)  0.237  0.192  0.304

KW 1.658(3.983)  0.726  0.511  1.240

Oracle 0.120(0.036)  0.118  0.095 0.142

FCAR WASE 0.075(0.060)  0.054 0.034 0.103

FVCM 0.253(0.245)  0.169  0.109  0.298

KW 1438.554(11407.122)  5.614  1.491 31.745

Oracle 0.067(0.063)  0.050  0.027  0.082

Table C.6: Simulation 2 and measurement-error free (MEF) scenario reported at 95% time
domain: MADE and WASE of various methods. SD: standard deviation; 25%: 25% quantile;
75%: 75% quantile.
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Method Criterion Mean(SD) Median 25%  75%

SettingI FCAR  MADE 0.196(0.083) 0.181  0.138 0.239
FVCM 0.438(0.138)  0.409 0.342 0.514

KW 0.881(0.602) 0.738 0.686 0.815

Oracle 0.156(0.062) 0.145 0.112 0.195

FCAR WASE 0.139(0.145)  0.091  0.052 0.173

FVCM 1.176(2.651)  0.569  0.346 1.072

KW 26.846(148.108) 1.035 0.832 1.687

Oracle 0.099(0.108)  0.063  0.031 0.123

Setting . FCAR  MADE 0.131(0.041)  0.123  0.101 0.151
FVCM 0.289(0.071)  0.276  0.245 0.318

KW 0.916(2.815)  0.496  0.455 0.564

Oracle 0.105(0.034)  0.099 0.082 0.123

FCAR WASE 0.065(0.058)  0.045 0.030 0.079

FVCM 0.478(0.865)  0.299  0.197 0.516

KW 1271.494(15648.487)  0.638  0.460 1.358

Oracle 0.052(0.057)  0.037  0.020 0.059

Table C.7: Simulation 2 and m; = 15 reported in a 95% time domain: MADE and WASE of
various methods. SD: standard deviation; 25%: 25% quantile; 75%: 75% quantile.
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