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Abstract

We present new developments regarding positive empirical models of election frauds. We

develop a general Bayesian framework using finite mixture models of product distributions

to identify the probability and distribution of frauds in elections. The framework is based

on transformations of random variables that capture incremental and extreme frauds

inspired by the work of Klimek et al (2012). A formulation that closely matches their

specifications is a special case. The framework can be used with a larger class of

probability distributions (i.e. parametric and distributional assumptions) than the original

model that includes a mixture of restricted normal distributions. The general formulation

explicitly models effects of covariates associated with voters’ behavior and with the

occurrence of frauds. We present logistic-binomial and restricted Normal variants of the

general model. We present an extension intended to handle absentee/mail precincts, where

we do not observe how many electors acted in each type of election unit. We use simulated

data to show that the logistic-binomial model can be estimated well using MCMC methods

and that the estimates have good frequentist coverage properties when the model is

correctly specified. Estimates are not as good when relevant covariates are ignored.



1 Introduction

Election forensics is the field devoted to using statistical methods to determine whether the

results of an election accurately reflect the intentions of the electors. Election forensics

techniques apply statistical methods to low-level aggregates of votes such as polling station

or ballot box counts of eligible voters and votes recorded for parties. Many statistical

methods for trying to detect election frauds have been proposed (e.g. Myagkov, Ordeshook

and Shaikin 2009; Levin, Cohn, Ordeshook and Alvarez 2009; Shikano and Mack 2009;

Mebane 2010; Breunig and Goerres 2011; Pericchi and Torres 2011; Cantu and Saiegh

2011; Deckert, Myagkov and Ordeshook 2011; Beber and Scacco 2012; Hicken and Mebane

2015; Montgomery, Olivella, Potter and Crisp 2015). Multimodal distributions of turnout

and vote choices are directly or indirectly the basis for several approaches (Myagkov,

Ordeshook and Shaikin 2008, 2009; Levin et al. 2009). Mebane (2016) presents a finite

mixture likelihood model that implements the sharpest contribution motivated by

multimodality, which is a model proposed by Klimek, Yegorov, Hanel and Thurner (2012).

All methods for election forensics may be affected by the fundamental ambiguity that it is

difficult to distinguish results caused by election frauds from results produced by strategic

behavior, but in combination the various methods can estimate, characterize and locate

features of low-level aggregates of votes that may indicate frauds (Hicken and Mebane

2015; Mebane 2015).

Klimek et al. (2012) specify functional forms that define two mechanisms by which votes

are added to a leading party: manufacturing votes from genuine nonvoters; and stealing

votes from the other parties. The “leading party” is the party that the model allows to gain

votes from frauds.1 These mechanisms operate either in an “extreme” manner, so election

data have turnout near 100 percent with nearly all votes going to the leader, or in an

“incremental” manner, where a substantial number but not almost all votes are reallocated

1A limitation of the model is that only one party may be represented as a party that gains votes from
frauds.
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to the leader. The model includes parameters that express whether vote manufacturing or

vote stealing is the predominant form of fraud that occurs. If frauds as described by their

model occur, then turnout and vote proportion distributions are bimodal or trimodal.

As Mebane (2016) discusses, the Klimek et al. (2012) idea that multimodalities

characterize frauds is motivated by theory developed by Borghesi and Bouchaud (2010).

Mebane (2016) argues that the same theory implies that multimodalites are also created by

strategic behavior. In both cases the core mechanism is that imitative similarities are

induced among electors. Whether frauds and strategic behavior trigger empirical models

that focus on multimodality in distinctive ways is a question that Mebane (2016)

preliminarily address, but more empirical and theoretical research is needed to understand

the distinctions.

The model of Mebane (2016) is based on a conception that closely follows the

specification defined by Klimek et al. (2012). We briefly review that specification in section

2.1. The specification uses functional forms that are unusual for political science. As a

special case of a general formulation we introduce of the main ideas that motivate Klimek

et al. (2012), we describe an alternative specification that may be more familiar to political

scientists, in that it includes familiar logistic forms and binomial distributions for turnout

and vote choice proportions and counts. In fact Borghesi and Bouchaud (2010) also refer to

logits of such proportions, so the alternative model is in that respect more directly in line

with their theorizing.

A limitation of this alternative formulation is that it cannot accommodate

overdispersion relative to the assumed binomial distributions. Covariates can be

incorporated in the model in a straightforward way to affect the distribution of turnout

and vote choice means, but overdispersion is still a concern (e.g Wand, Shotts, Sekhon,

Mebane, Herron and Brady 2001). Partly for this reason, we also develop a model based on

truncated Normal distributions, analogous to the formulation in Mebane (2016).

We also describe modifications required to handle absentee (or mail) ballots that have a
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particular organization that frequently occurs.

We adopt a Bayesian approach to formulating the model, which we estimate using

Markov Chain Monte Carlo (MCMC) methods (Plummer 2003; Plummer, Stukalov and

Denwood 2016). The model allows covariates to condition true voting and turnout

behavior as well the patterns of frauds that occur. At least with small datasets, estimation

using the model is fast enough that we can perform Monte Carlo simulation exercises in

which we estimate the model using simulated data with known characteristics. We report

some of those results, including investigation of the frequentist coverage properties of the

Bayesian estimates produced using MCMC methods.

2 Model Motivation

In the Klimek et al. (2012) formulation the baseline assumption is that votes in an election

with no fraud are produced through processes that can be summarized by two Normal

distributions: one distribution for turnout proportions and another, independent

distribution for the proportion of votes going to the leader. The model conditions on the

number of eligible voters. Some votes are transferred to the leader from the opposition, and

some are taken from nonvoters. Two kinds of election fraud refer to how many of the

opposition and nonvoters votes are shifted: with “incremental fraud” moderate proportions

of the votes are shifted; with “extreme fraud” almost all of the votes are shifted. Mebane

(2016) and Klimek et al. (2012) have parameters that specify the probability that each unit

experiences each type of election fraud: fi is the probability of incremental fraud and fe is

the probability of extreme fraud. Other parameters fully describe bimodal and trimodal

distributions that the model characterizes as being consequences of election frauds.

In our general specification the conception of frauds is essentially the same. Instead of

using Normal distributions as the fundamental distributions to model turnout and votes for

the leader, we have flexibility regarding the distributions that are assumed, and we can
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specify how the distributions depend on observed covariates. We test a specification that

uses binomial distributions and logistic models for those distributions.

2.1 Original Specification

The original Klimek et al. (2012) conception includes three kinds of votes: votes without

fraud; votes with “incremental fraud”; and votes with “extreme fraud.” With no fraud the

distribution of vote counts, given the number of eligible voters, is a truncated product

Normal distribution. Fraud corresponds to differing proportions of votes going to the

leading party that should have gone to other parties or should not have been counted as

votes at all.2 With incremental fraud a small proportion xi of nonvotes in electoral unit i

are counted for the leading party while a proportion xαi , α > 0, of votes for opposition

instead go to the leading party. With extreme fraud a large proportion 1− yi of the

nonvotes are counted for the leading party and a proportion (1− yi)α of genuine opposition

votes instead go to the leading party.

Following are definitions for the original empirical frauds model adapted from Klimek

et al. (2012) and implemented in Mebane (2016). Because of its reliance on truncated and

folded Normal distributions we refer to this specification as the Normal model.

Observed data come from n electoral units (e.g., polling stations), and the observed

number of eligible voters in each unit is Ni, i = 1, . . . , n. Votes for parties are observed as

the count of votes for the leading party, denoted Wi, and the sum of votes cast for all other

parties (the “opposition”), denoted Oi. The number of observed nonvotes (“abstentions”)

is Ai = Ni −Wi −Oi. The observed number of valid votes is Vi = Ni − Ai.

Using N (µ, σ) to denote a normally distributed random variable with mean µ and

standard deviation σ, the conceptual specification of the model is as follows. For each

electoral unit i = 1, . . . , n, for some α > 0 define:

2The “leading” party is not necessarily the party with the most votes. It is the party treated as potentially
gaining votes from frauds. Only one party can gain from frauds in the current conception.
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1. true turnout, τi ∼ N (τ, στ ), 0 ≤ τi ≤ 1;

2. the leading candidate’s true vote proportion, νi ∼ N (ν, σν), 0 ≤ νi ≤ 1;

3. no fraud (occurs with probability f0 = 1− fi − fe): the number of votes for the

leading candidate is W ∗
i = Niτiνi and the number of nonvoters is A∗i = Ni (1− τi);

4. incremental fraud (occurs with probability fi): xi ∼ |N (0, θ) |, 0 < xi < 1, is the

proportion of genuine nonvotes counted as votes for the leading candidate and xαi is

the proportion of votes genuinely cast for others but instead counted as votes for the

leading candidate, so the number of votes for the leading candidate is

W ∗
i = Ni (τiνi + xi (1− τi) + xαi (1− νi) τi), and the number of nonvoters is

A∗i = Ni(1− xi) (1− τi);

5. extreme fraud (occurs with probability fe): using yi ∼ |N (0, σx)|, σx = 0.075,

0 < yi < 1, 1− yi is the proportion of genuine nonvotes counted as votes for the

leading candidate and (1− yi)α is the proportion of votes genuinely cast for others

but instead counted as votes for the leading candidate, so the number of votes for the

leading candidate is W ∗
i = Ni (τiνi + (1− yi) (1− τi) + (1− yi)α (1− νi) τi), and the

number of nonvoters is A∗i = Niyi (1− τi).

A finite mixture likelihood is defined in Mebane (2016).

3 A General Finite Mixture Model of Election Fraud

Let i denote the electoral unit of observation (e.g. a polling station). We continue to use Ni

to represent the observed number of eligible voters at i, Vi for the observed count of votes

cast, Wi for the observed count of votes for the leader and Ai = Ni − Vi for the number of

observed nonvotes (“abstentions”). For each i let τi be the true turnout proportion,

potentially related to the observed proportion ti = Vi/Ni, and let νi be the true proportion

of votes for the leader, potentially related to the observed proportion wi = Wi/Ni.
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Suppose that either vote stealing or vote manufacturing can happen in an incremental

or extreme way. Let ιSi and ιMi be the proportions of votes incrementally stolen and

manufactured, respectively. Define υSi and υMi similarly but for votes stolen or

manufactured in an exteme way. Let Zi be an indicator random variable such that Zi = 2

if incremental fraud has happened in i, Zi = 3 if extreme fraud has happened instead, and

Zi = 1 if no fraud has happened in i. The random vector Yi = (Zi, νi, τi, ι
S
i , ι

M
i , υ

S
i , υ

M
i ) is

unobservable, and contains the latent variables of the model.

The rules that create the observable proportions wi and ai = 1− ti are the following:

ai =


1− τi , if Zi = 1

(1− τi)(1− ιMi ) , if Zi = 2

(1− τi)(1− υMi ) , if Zi = 3

(1)

wi =


τiνi , if Zi = 1

τiνi + ιMi (1− τi) + ιSi τi(1− νi) , if Zi = 2

τiνi + υMi (1− τi) + υSi τi(1− νi) , if Zi = 3

(2)

So if no fraud has happened in i, then the observed proportion of turnout and votes for the

leader matches the actual values in the election, that is (wi, ai) = (νiτi, 1− τi). Suppose

that incremental fraud has happened (Zi = 2). Then the observed abstention is

ai = (1− τi)(1− ιMi ), that is, only a fraction (1− ιSi ) of the actual abstention is computed

as such, because ιSi ∈ [0, 1] has been counted as if that proportion of voters had voted to

the leader. Additionally, if Zi = 2, the observed votes are not the actual proportions, but

the votes after the addition of votes that were stolen from other parties (ιSi τi(1− νi)) and

from the abstainers (ιMi (1− τi)). A similar situation occurs when extreme fraud happens,

the only difference being the quantities of votes stolen or manufactured.
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Note also that wi can be expressed in terms of ai instead of τi:

wi =



νi(1− ai) , if Zi = 1

νi

(
1− ιSi
1− ιMi

)(
1− ιMi − ai

)
+ ai

(
IM − ιSi
1− ιMi

)
+ ιSi , if Zi = 2

νi

(
1− υSi
1− υMi

)(
1− υMi − ai

)
+ ai

(
υMi − υSi
1− υMi

)
+ υSi , if Zi = 3

(3)

These transformations capture the types of frauds discussed in the previous section. As

can be seen, there are no distributional assumptions except that the distributions must

reflect the ranges of the random variables.

We can provide a parametric model for the unobserved variables in the following way.

Let P =
{
fµσ : fµσ = f(y

∣∣ µ, σ),E[Y ] = µ,Var[Y ] = σ, for µ, σ ∈ Ω
}

denote a parametric

family of density functions indexed by the expectation and the variance of the random

variables whose behavior they describe. So we denote Y ∼ f(y | µy, σy). We let the

expectations and variances be functions of characteristics Xi = (X0i, ..., X(d−1)i) of the

electoral unit i. The random vector Xi encodes characteristics of the electorate that vote in

i and of the electoral unit i itself. We impose the assumption that the unobseved variabels

are independent and indentically distributed given that we condition them on the

characteristics of the voters and the electoral units. That is, ∀i 6= j, (Yi ⊥⊥ Yj) | Xi. Denote

the distribution of the unobserved random variables by:

Zi | Xi ∼ Cat(π) , Zi ∈ {1, 2, 3}

τi | Xi ∼ f(t̃i | µτ , στ ) , τi ∈ [0, 1]

νi | Xi ∼ f(w̃i | µν , σν) , νi ∈ [0, 1] (4)

ιli | Xi ∼ f(ili | µlι, σlι) , ιli ∈ [0, k1] , l ∈
{
S,M

}
, k1 ∈ [0, 1]

υli | Xi ∼ f(eli | µlυ, σlυ) , υli ∈ [k2, 1] , k2 ∈ [0, 1] , k1 ≤ k2
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where for y ∈ {τ, ν, ι, υ},

µy = h(1)y (Xi)

σy = h(2)y (Xi) .

Denote θ = (π,µ,σ), µ = (µν , µτ , µ
l
ι, µ

l
υ), σ = (στ , σν , σ

l
ι, σ

l
υ). We represent the

proportions (wi, ai) as taking values in C = [0, 1]2. For a choice of specific distributions

fµσ ∈ P , we have that the sampling distribution of a single pair (wi, ai) is given by:

f(wi, ai | θ) =



∏
j∈{wi,ti}

f(g−1j | µj, σj)
(1− ai)

, if Zi = 1∫
C

∏
j∈{wi,ti,ιSi ,ι

M
i }

f(g−1j | µj, σj)
(1− ιMi − ai)(1− ιSi )

m(dιS × dιM) , if Zi = 2

∫
C

∏
j∈{wi,ti,υSi ,υ

M
i }

f(g−1j | µj, σj)
(1− υMi − ai)(1− υSi )

m(dυS × dυM) , if Zi = 3

(5)

where m(dιS × dιM) and m(dυS × dυM) are product measures and

g−1
ιSi

= iSi

g−1
ιSi

= iMi

g−1ti = τi =



1− ai if Z = 1

1− ai
1− ιMi

if Z = 2

1− ai
1− υMi

if Z = 3

g−1wi
= νi =



wi
1− ai

, if Z = 1

wi

(
1

1− ιMi − ai

)(
1− ιMi
1− ιSi

)
− ιSi

1− ιSi
− aiι

M
i

(1− ιMi − ai)(1− ιSi )
, if Z = 2

wi

(
1

1− υMi − ai

)(
1− υMi
1− υSi

)
− υSi

1− υSi
− aiυ

M
i

(1− υMi − ai)(1− υSi )
, if Z = 3

Details of the derivation can be found in the appendix. The model just described
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represents a generalization of the finite mixture model underlying the arguments put

forward by Klimek et al. (2012). In the following sections, we develop and implement two

models based on different choices of fµσ ∈ P and some additional restrictions on the

random variables and parameters. We also introduce an extension to accomodate absentee

ballots that have a particular structure.

4 The Logistic-Binomial Finite Mixture Model

One parametrization uses a binomial model for fµσ. The distributions then are given by

Zi ∼ Cat(π), π = (πO, πI , πE) ∈ ∆3

Niνi ∼ Bin(ν,Ni)

Niτi ∼ Bin(τ,Ni) (6)

NiI
l
i ∼ Bin(µlι, Ni), ζi < k ∈ [0, 1], l ∈ {S,M}

NiE
l
i ∼ Bin(µlυ, Ni), χi ≥ k ∈ [0, 1],

The parameters µlι and µlι are fraud parameters at the unit level observation. They

capture, respectively, the probability of incremental fraud and extreme fraud at the unit i.

The parameter ν captures the expected proportion of votes for the leader candidate at

i, and τ represents the expected turnout proportion in i. Same for µlι and µlυ. However,

these parameters now are in the unit interval. So we defined them as

τ =
1

1 + e−γT xi
, γ ∈ Rd ; µν =

1

1 + e−βT xi
, β ∈ Rd (7)

µlι =
1

1 + e−ρ
T
l xi

, ρl ∈ Rd ; µli =
1

1 + e−δ
T
l xi

, δl ∈ Rd (8)
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One choice for the hyperprior on those parameters is:

ρl ∼ Nd(µρ, ξId×d) β ∼ Nd(µβ, ξId×d)

δl ∼ Nd(µδ, ξId×d) γ ∼ Nd(µγ, ξId×d), ξ ∈ R+

π ∼ Dirichlet(σ1, σ2, σ3), σ1, σ2, σ3 ∈ R+

The assumptions on the dependence structure of the random variables in the model are,

∀i, j = 1, ..., N and i 6= j, (A1)(νi ⊥⊥ νj) | X, (A2)(Ai ⊥⊥ Aj) | X, (A3)(νi ⊥⊥ Aj) | X,

(A4)Sli ⊥⊥ El
i ⊥⊥ Zi The assumptions (A1) to (A3) mean that, after taking into account the

covariates and their effect on the expected turnout and on the expected support for a

specific party in i, these two elements on an unit j have not effect on the ones in i. (A4)

says that incremental and extreme fraud in i are independent of the expected fraud in the

election. In other words, it says that if there is a positive probability of incremental fraud

in the election, that probability does not affect the chance of fraud in a specific unit i in

any way more than it does in j.

5 Restricted Normal Finite Mixture Approximation

In this section, we impose restrictions on the general model presented above to come close

to the models used by Klimek et al. (2012) and Mebane (2016).3 The current Bayesian

model expresses a genuine joint distribution for turnout and votes for the leader, unlike the

model defined in Mebane (2016). We let the turnout and vote choice mean parameters be

linear functions of covariates.

Contrary to the binomial model, this model assumes that the probability of incremental

fraud is linked to the probability of extreme fraud: the two kinds of frauds are connected

by the α parameter of the model.

3To represent frauds Klimek et al. (2012) and Mebane (2016) use a folded and truncated normal distri-
bution, xi ∼ |N (0, θ) |, while the restricted Normal Bayesian formulation uses a simply truncated Normal
distribution, ιli | Xi ∼ f(ili | µlι, σlι), ili ∈ [0, 1].
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Define, for α > 0, ι = ιM , ια = ιS = (ιM)α, υ = υM , and υα = υS = (υM)α. That is, the

proportion of votes stolen, in an incremental or extreme fashion, and the proportions of

votes manufactured are related by a positive parameter α. Let fµσ be a restricted normal

distribution with support [0, 1] ⊂ R. Denote φ(y | µy, σy) and Φ(y | µy, σy) the gaussian

density and the gaussian measure, respectively, and φ(y | µy , σy , 0, 1) and Φ(y | µy , σy ,

0, 1) their restricted version on the unit interval of the real numbers. We let µτ = XT
i γ

and µν = XT
i β, that is, the parameters of the unrestricted normal distribution of the

proportion of votes for the leader and the turnout are functions of covariates. Denote

θ′ = (θ, α,β,γ). In order to define the Bayesian version of the model, we treat (wi, ai)
n
i=1

as transformations of {νi, Ai}nn=1 exclusively as given by equations (1) and (3). We

condition its distribution on all the other quantities. By doing this, we avoid the necessity

to compute integrals over I and E in the sampling distribution as expressed by the

equations in (5), as was necessary in Mebane (2016). By conditioning the sample

distribution on I and E, such integration is naturally approximated by the MCMC

procedure. Now we are ready to define the sampling distribution of (wi, ai)
n
i=1 for the

Bayesian Restricted Normal Finite Mixture (BRNFM) model:

L(w,a | Zi, Ii, Ei,θ′) =
n∏
i=1

f(wi | ai, Zi, Ii, Ei,θ′)f(ai | Zi, Ii, Ei,θ′) (9)

where

f(ai | Zi, Ii, Ei,θ′)



φ
(
g−1T i | µτ , στ , 0, 1

)
, if Zi = 1

φ
(
g−1T i | µτ , στ , 0, 1

)( 1

1− Ii

)
, if Zi = 2

φ
(
g−1T i | µτ , στ , 0, 1

)( 1

1− Ei

)
, if Zi = 3

(10)
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and

f(wi | ai, Zi, Ii, Ei,θ′) =



φ
(
g−1wi | µν , σν , 0, 1

)( 1

1− ai

)
, if Zi = 1

φ
(
g−1wi | µν , σν , 0, 1

)( 1− Ii
(1− Ii − ai)(1− ιαi )

)
, if Zi = 2

φ
(
g−1wi | µν , σν , 0, 1

)( 1− Ei
(1− Ei − ai)(1− υαi )

)
, if Zi = 3

(11)

The variables transformations g−1 are given as before, with the modifications to

ιM , ιS, υS and υM introduced in this section. This is a straghtforward result that follows

from the joint density in (5). Details are in the appendix. The prior distributions of the

latent variables Zi, Ei, and Ii are as in (4) above, with f in each case being a restricted

normal distribution. Additionally, we use the following disperse distributions for the

hyperparameters:

π ∼Dirichlet(ψ) ,

α ∼Γ(0.01, 0.01)

β ∼φd(β | µβ, σβ)

γ ∼φd(γ | µγ, σγ) (12)

ξl ∼Γ(0.01, 0.01) , l ∈ {w, T, I} , ξl =
1

σ2
l

We define the following constants:

µI = 0 , µυ = 1 , συ = 0.075 , ψ = (1, 1, 1)

µβ = 0 ∈ Rd , σβ = Id×d , µγ = 0 ∈ Rd , σγ = Id×d
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As mentioned, we also have

ν = XT
i β , µτ = XT

i γ

6 Mail/Absentee Precincts

Sometimes there is a mix of “in-person” and “absentee” (or “mail”) polling stations, where

each absentee polling station comprises a set of the in-person polling stations, and each

voter is free to choose whether to vote in-person or absentee (or not vote).4 The dilemma is

that observed data tells us how many electors are eligible to act at each type of polling

station but not how many do. We observe the numbers of votes cast at each type of polling

station but not the numbers of electors who considered voting at each but did not: we do

not observe the counts of abstentions Ai.

Each in-person polling station is associated with at most one absentee station; some

in-person stations may not be associated with an absentee station. The number of eligible

voters in each in-person unit is observed as Ni, i = 1, . . . , n0, where n0 is the number of

in-person polling stations. The set of in-person polling stations associated with absentee

station j is mj, j = n0 + 1, . . . , n0 + n1. Each absentee station has Mj eligible voters, with

Mj =
∑

i∈mj
Ni being the sum of the counts of eligible voters in mj. The total number of

polling stations is n = n0 + n1.

For each i = 1, . . . , n votes for parties are observed as the count of votes for the leading

party, denoted Wi, and the sum of votes cast for all other parties (the “opposition”),

denoted Oi. The number of valid votes is observed as Vi = Wi +Oi, i = 1, . . . , n.

The question is what observables to associate with true turnout τi, which might be

framed as how to characterize the number of nonvotes Ai. It does not work to say that

abstentions for in-person stations are Ai = Ni − Vi, i = 1, . . . , n0, because some who did

4Examples include election data from Germany, from Austria, from California and from other U.S. states
in various years.

13



not vote in-person may have voted absentee. Nor does it work to say that Aj = Mj − Vj,

j = n0 + 1, . . . , n0 + n1, because many who did not vote absentee may have voted in person.

Let ϕi, i = 1, . . . , n0, be the unknown proportion of electors at i who act in person

instead of absentee. Then abstention numbers are

Ai =


Niϕi − Vi, i = 1, . . . , n0∑

k∈mi
Nk(1− ϕk)− Vi, i = n0 + 1, . . . , n0 + n1 .

(13)

“Observed” turnout is

ti =


Vi
Niϕi

, i = 1, . . . , n0

Vi∑
k∈mi

Nk(1− ϕk)
, i = n0 + 1, . . . , n0 + n1 .

(14)

When we don’t know ϕi, these turnout proportions are not in fact observed.

The unknown ϕi, i = 1, . . . , n0, are to be estimated.5 These terms may be functions of

covariates. We can use Ai and ti terms based on (13) and (14) in modified models based on

(1) with ai = 1− ti: for i = 1, . . . , n0 and for j = n0 + 1, . . . , n0 + n1,

Niϕi − Vi =


Niϕi(1− τi) , if Zi = 1

Niϕi(1− τi)(1− ιMi ) , if Zi = 2

Niϕi(1− τi)(1− υMi ) , if Zi = 3

(15a)

∑
i∈mj

Ni(1− ϕi)− Vj =



(∑
i∈mj

Ni(1− ϕi)
)

(1− τj) , if Zi = 1(∑
i∈mj

Ni(1− ϕi)
)

(1− τj)(1− ιMj ) , if Zi = 2(∑
i∈mj

Ni(1− ϕi)
)

(1− τj)(1− υMj ) , if Zi = 3

(15b)

For estimation purposes (15) can be rearranged to isolate Vi and Vj on the lefthand sides.

5If i is not in an absentee polling station set, then ϕi = 1.
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Equation (2) is unchanged. We must add structure to support estimating the unknown ϕi.

Whether ϕi, τi, i ∈ mj, and τj are distinctly identifiable is a question. Because Niϕi ≥ Vi

for i = 1, . . . , n0 , lower bounds are given by ϕi ≥ Vi/Ni. Upper bounds are given by

solutions to
∑

i∈mj
Ni(1− ϕi) ≥ Vj, for j = n0 + 1, . . . , n0 + n1, which generally does not

include ∀i, ϕi = 1.6

If there might be fraud in the absentee ballot process, things are more complicated.

Sketch of a More General Absentee Frauds Model: The idea of fraud with

absentee/mail ballot counts having the structure we stipulate here may involve new kinds

of frauds, which we call “cross-level” frauds. There are four possibilities: (1) abstention at

the in-person ballot can be fabricated as vote for the leader in the absentee ballot; (2) vote

for the opposition in i can be counted as vote for the leader in mj; (3) abstention or (4)

vote for opposition in mj counted as in-person vote for the leader in i. We model the

magnitudes of these possibilities in terms of proportions

λaji : absentee abstention at j counted as in-person vote for leader in i ∈ mj

λoji : absentee vote for opposition at j counted as in-person vote for leader in i ∈ mj

κaij : in-person abstention in i ∈ mj counted as absentee vote for leader at j

κoij : in-person vote for opposition in i ∈ mj counted as absentee vote for leader at j

where
∑

i∈mj
λaji ≤ 1 and

∑
i∈mj

λoji ≤ 1.

An example of specifications we might use for abstention as defined in (13) follows.

6If mj contains only one in-person station i, then 1 − Vj
Ni
≥ ϕi is an upper bound. If mj contains more

than one in-person station, then
∑
i∈mj

Ni(1− ϕi) ≥ Vj does not simplify except to express one proportion
given all the other proportions:

1− Vj
Ni1

+

∑
i 6=i1&i∈mj

(1− ϕi)Ni
Ni1

≥ ϕi1

is an upper bound.

15



Given i ∈ mj, for i = 1, . . . , n0,

Ai =


Niϕi(1− τi) , if Zi = 1

Niϕi(1− τi)(1− κaij)(1− ιMi ) , if Zi = 2

Niϕi(1− τi)(1− κaij)(1− υMi ) , if Zi = 3

and for j = n0 + 1, . . . , n0 + n1,

Aj =



(∑
i∈mj

Ni(1− ϕi)
)

(1− τj) , if Zj = 1(∑
i∈mj

Ni(1− ϕi)
)

(1− τj)
(

1−
∑

i∈mj
λaji

)
(1− ιMj ) , if Zj = 2(∑

i∈mj
Ni(1− ϕi)

)
(1− τj)

(
1−

∑
i∈mj

λaji

)
(1− υMi ) , if Zj = 3

Such a specification might be too simple from a conceptual standpoint. For instance,

frauds within a polling station may not always coincide with frauds between in-person and

absentee stations. And more distinct magnitudes of frauds might be plausible, while the

preceding specifications have the same magnitudes of cross-level frauds occurring with both

type Z = 2 and type Z = 3 frauds.

Specifications can also be formulated for the votes for the leader. We do not describe

those here.

The idea of cross-level frauds is rich, but we have serious concerns about whether the

idea leads to models that are feasible to estimate. There may be too many latent random

variables, dwarfing the identification problems we already face with the ϕi parameters.

Before starting serious work on the more complicated models, we’ll need to learn how well

the simpler specification described by (2) and (15) can capture motivating suspected

fraudulent activity.
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7 Analysis of Simulated Data

This section uses simulated data sets to evaluate the performance of the logistic-binomial

model. We conduct a Monte Carlo exercise using samples from a Markov Chain to evaluate

heuristically the capacity of the model to extract correct information about the value of the

parameters that generated the simulated data.

We show the potential importance of including covariates in the model. Covariates can

induce overdispersion relative to unconditional binomial variance, which can mislead the

estimation. To illustrate the problem we simulate twelve different election scenarios that

vary in two dimensions: the proportion of incremental and extreme fraud on the one side

and, on the other side, the extent in which there are spatially concentrated covariates that

are associated with voter behavior, i.e., with turnout and with the probability to vote for a

party. For each combination of values of the parameters we generate 100 simulated data

sets with 750 data points each. We label the twelve different election scenarios I-A, II-A,

and so on up to IV-C. Using these 12× 100 data sets, we estimate the posterior

distribution of θ for each one using diffuse priors as described in section 4.

We estimate two models, labeled M2 and M3. The difference between the models is

the inclusion of the covariates in the model: model M2 includes the covariates, model M3

does not. When the data are generated by a process in which there is no covariate effect,

the two models should agree. When covariates are important and are correctly specified we

expect that M2 provides a posterior distribution concentrated around the correct values of

the fraud probabilities. When covariates matter we expect model M3 to produce incorrect

inferences about the fraud probabilities and the expected support for the leading party.

After showing the relevance of the covariates for correct estimation, we show that the

MCMC procedure using M2 has a good performance for different ranges of possible

electoral contexts. To do this we provide another series of simulations and sample 20

different combinations of the parameters from their prior. For each one of them, we

generate 100 data sets as before and estimate the posterior distribution. We assess
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frequentist coverage for key parameters.

7.1 MCMC Details

We use two stopping rules for the MCMC to improve reproducibility of the results and as a

minimal convergence diagnostic requirement. The first is the Potential Scale Reduction

Factor (PSRF), which was required to be at most 1.1 (Brooks, Gelman, Jones and Meng

2011; Gelman and Shirley 2011; Gelman and Rubin 1992).

The second is the univariate Markov Chain Monte Carlo Standard Error (MCMCSE)

(Flegal, Haran and Jones 2008; Flegal and Hughes 2012; Gong and Flegal 2015; Vats,

Flegal and Jones 2015). For a posterior sample {θi}ni=1 and the posterior expectation

denoted by E[θ | · ], under mild regularity conditions, (1/n)
∑n

i=1 θi = θ
p→ E[θ | · ] (Meyn

and Tweedie 2012; Robert and Casella 2013). Additionally, when the Markov Chain

satisfies some ergodicity requirements, then
√
n(θ − E[θ | · ]) d→ N(0,Σ), where

[Σ]kk = σθk =
√

Var[θk1] + 2
∑∞

i=2Cov[θk1, θki] is the asymptotic variance of the kth

component of θ. We implement the MCMC using a Metropolis-Hasting algorithm, which is

known to satisfy such ergodicity requirements. So we can run the chain long enough to

make the asymptotic variance of the MCMCSE—i.e. variance of θ − E[θ | · ]—as small as

we want (Meyn and Tweedie 2012; Flegal, Haran and Jones 2008; Flegal 2008). We ran the

chains until the asymptotic variance of the MCMCSE was smaller than 0.02. We estimate

σθk using consistent nonoverlaping batch means (for details see Jones, Haran, Caffo and

Neath (2006); Flegal, Haran and Jones (2008)), which provides a consistent estimator for

σθk . We use univariate MCMCSE, which is more conservative than the multivariate case

(Vats, Flegal and Jones 2015).

Other usual diagnostics are also performed when there is sign of bad mixing (Cowles

and Carlin 1996).

By the same convergence in distribution argument just outlined, as n −→∞,

(1/n)
∑n

i=1 θi
p→ E[θ | · ] p−→ θe, where θe is the (fixed) value that generated the data
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(Gelman, Carlin, Stern and Rubin 2014, 111). So we conduct a frequentist assessment of

performance of the Bayesian procedure by computing a coverage probability defined as

Cov(θe) = p(ν,τ)|θe(θe ∈ I(ν̂, τ̂)) for I(ν̂, τ̂) = (θL(ν̂, τ̂),θU(ν̂, τ̂)) (Carlin and Louis 2009).

We construct three intervals I(ν̂, τ̂), one using a 95% Highest Posteiror Density, the 95%

interval using the asymptotic normal approximation for θ, and the empirical confidence

interval using order statistics. See Bayarri and Berger (2004) for a discussion and

comparison of these methods to construct confidence intervals and coverage probabilities.

7.2 Simulated Data and Estimates

Figure 1 shows empirical bivariate heat plots of the 12 simulated data sets. All 100 data

sets for each particular parameter value are pooled in each case. The axes represent the

proportion of votes for the leader and the turnout proportion. The panels in each row of

the figure represent data produced by the exact same parameters, except for the existence

and and intensity of the covariate effect. The intensity of the covariate effect here means

that we increase the concentration of similar covariates to generate the aggregate counts of

votes for the leader and turnout. The columns of the figure represent the exact same

covariates, but the proportion of fraud probability in each case is different. So for instance

the panels in the first row represent elections in which no fraud has happened. The first

column of that row is how the data looks like when there is no covariate effect whatsoever.

In the second column of that row, we increased the concentration of the covariates and

keep fixed the amount of fraud, which is zero for that first row. Then the third column just

intensifies the concentration of units with similar covariates.

*** Figure 1 about here ***

Table 1 shows the “True” values of the parameters that generated the data in each

panel of Figure 1. For instance, data sets II-B plotted in Figure 1 was generated by θII-B

whose values of the components are in the respective line in Table 1. That table also
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presents θ averaged accross all 100 data sets generated for each parameter combination of

the models M2, and M3. We can see that the estimated values of the posterior

expectation for each of the parameters for the model M2 are very close the the value used

to generate the data. The model M3 performs as well as M2 when there is no covariate

effect (data sets I-A, II-A, III-A, and IV-A). When there is covariate effect the model M3

sometimes produces misleading estimated values of the posterior expetation of the fraud

probabilities φI and φE: incremental fraud probabilities φI in these cases are worse

estimated by M3 than are extreme fraud probabilities φE.

***** Table 1 HERE *****

Figure 2 shows estimated posterior distributions for each of the 100 data sets generated

by parameters values IV-B, described in Table 1. Similar patterns occur for the other

eleven data sets. For model M2 HPD intervals are concentrated around the value of the

parameters that generated the data. Frequentist coverage probabilities for φ for model M2

are shown in Table 2. The estimated mean (third column) and the HPD interval in the

table are averages accross the 100 estimations for each data set. The last two columns

present coverage probabilities computed using the intervals for the normal approximation

(sixth column, when parameter is not in the boundary) and for the HPD (seventh column).

Coverage with the normal approximation intervals is usually conservative: more than 95%

of the nominal 95% intervals contain the true value of the parameter. In the last column,

we have zero coverage when the values of φ are on the boundary, as expected (see

discussion in Bayarri and Berger (2004); Brown, Cai and DasGupta (2001)), but the

averages are very close to the true values of the parameters, and the intervals are very

small. Otherwise, the 95% HPD intervals also tend to be conservative. Similar patterns

occur for the other parameters, whose figures and tables are presented in supplementary

material.

***** Figure 2 HERE *****
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***** Table 2 HERE *****

In sum, the first step establishes that the existence of ignored covariate effects can lead

to incorrect estimation of fraud probabilities in a mixture model of binomials, although

ignoring covariates does not necessarily have that consequence. The model that includes

correctly specified covariate effects in its structure is capable of capturing the underlying

values of the parameters. When the model is correctly specified, inferences about the

values of parameters that describe the structure of the model—hence of frauds—should be

reasonably accurate.

Figure 3 shows the true values, the estimated values, HPD intervals, and coverage

probabilities using the HPD intervals for each of the 20 different values of the parameters.

The estimated values are computed by averaging the estimation over the 100 data sets

generated for each of the 20 values of the parameters. Figure 3 presents only the

estimation for φ, and the values in each panel of the figure are ordered by their true value

to facilitate vizualization. Similar figures for the other parameters exist, but they are

omitted here. Once again the model M2 has good performance for different possible

combinations of the parameter values.

***** Figure 3 HERE *****

8 Discussion

As a practical and statistical matter, it is good to shift the positive empirical frauds model

framework from a likelihood implementation to a fully Bayesian implementation. Among

the advantages a Bayesian implementation should confer is the ability to state

well-motivated measures of the uncertainty in quantities such as the estimated magnitude

of frauds. Currently we have an operational Bayesian formulation using logistic functions

and binomial distributions. The model and estimator does not exhibit label-switching (cf.

Grün and Leisch 2009). Such an identification concern motivates the link between the two
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kinds of frauds in the restricted Normal model. Perhaps the good performance of the

binomial model means that link can be removed.

The logistic-binomial model remains subject to overdispersion concerns. It will hardly

ever occur in practice that we have observation-level covariates that we think completely

describe how the data were generated. Nonfraudulent election data should be produced

from the actions of diverse individuals acting at least somewhat separately, and

aggregating the results of those actions into election units like polling stations naturally

produces overdispersion (or sometimes underdispersion).

Models based on Normal distributions, that have distinct mean and variance

parameters, will eliminate such overdispersion concerns. Other approaches are also

conceivable. For interpretability and for the sake of potentially sharp inferences, we think

it is important to continue to use parametric model forms. We’ll soon begin work along

these lines.

We’re still tweaking and testing the restricted Normal model and just beginning work

on extended models like the model for absentee/mail precincts.

Having effective models for frauds will still leave the fundamental question of whether

the effects of frauds can be distinguished from the effects of individual electors acting

strategically. We’re developing test beds, using data with simulated strategic behavior and

frauds, with which to assess this using the models we are developing.

9 Appendix

9.1 Distributions

The general format of the distributions in equations (5) are obtained by the

transformations in (1) and (2). Denote y = (w, a, i, e) = G(ν, τ, ι, υ), and

x = (ν, τ, ι, υ) = G−1(w, a, i, e) = (g−1ν , g−1τ , g−1ι , g−1υ ), so G : X → Y . Let’s restrict the

domain of the variables ν, τ, ι, υ to be (0, 1)4 ⊂ R4 so that the jacobian matrix of G−1,
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denoted J−1, is well defined in the whole domain. Then we know

∫
Y

f(w, a, i, e)dµ(y) =

∫
X

f ◦G−1(w, a, i, e)
∣∣det(J−1)

∣∣ dµ(x)

In our case f ◦G−1(w, a, i, e) denotes the joint density of (ν, τ, ι, υ). We can derive the

density of (w, a) separately for each Z ∈ {1, 2, 3} and in two steps, first deriving f(ai | ·),

and then f(wi, ai | ·). As before we let (w, a) = (wi, ai). We omit the subscript i to simpify

the notation. For Z = 1 we only need to compute g−1ν and g−1τ . We have for a:

a = 1− τ = gτ (τ) ⇐⇒ τ = 1− a = g−1τ =⇒
∣∣det(J−1)

∣∣ = 1

f(a) = fτ (1− a | µτ , στ ) = f(g−1τ | µτ , στ )

For w we have

w = ν(1− a) = gν(ν) ⇐⇒ ν =
w

1− a
= g−1ν ⇐⇒

∣∣det(J−1)
∣∣ =

1

1− a

f(w) = f(g−1ν | µν , σν)
1

1− a

So we have

f(w, a) = f(g−1ν | a, µν , σν)f(g−1τ | µτ , σt)
1

1− a
=

∏
j∈{ν,τ}

f(g−1j | µj, σj)
1

1− a

For Z = 2 we have, for a:


ai = (1− τi)(1− ιMi ) = gτ

iMi = ιMi = gI

;


τi =

(
1− ai

1− ιMi

)
= g−1τ

ιMi = iMi = g−1
ιM

=⇒
∣∣det(J−1)

∣∣ =
1

(1− ιMi )
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Therefore

f(a, i) = f(g−1τ | µτ , στ )f(g−1
ιM
| µιM , σιM )

(
1

1− ιMi

)
f(ai) =

∫
[0,1]

f(g−1τ | µτ , στ )f(g−1
ιM
| µιM , σιM )

(
1

1− ιMi

)
m(dιI)

For wi we have:



wi = νi

(
1− ιSi
1− ιMi

)(
1− ιMi − ai

)
+ ai

(
ιM − ιS

1− ιM

)
+ ιS = gν

iMi = ιMi = gιM

iSi = ιSi = gιS

νi = w

(
1

1− ιMi − ai

)(
1− ιMi
1− ιSi

)
− ιSi

1− ιSi
− aiι

M
i

(1− ιMi − ai)(1− ιSi )
= g−1ν

ιMi = iMi = g−1
ιM

ιSi = iSi = g−1
ιS

Note that g−1ν is a straightforward result from the inverse transformation. When Zi = 2,

τi = 1− ai
1− ιMi

. Then we have

νi =
(
wi − ιMi + Iiτi − ιSi

) 1

τi(1− ιSi )

= wi

(
1

τi(1− ιSi )

)
− 1

τi

(
ιMi

1− ιSi

)
+

ιMi
1− ιSi

− ιSi
1− ιSi

= wi

(
1

τi(1− ιSi )

)
−
(

ιMi
1− ιSi

)(
1− 1

τi

)
− ιSi

1− ιSi

= wi

(
1

τi(1− ιSi )

)
−
(

ιMi
1− ιSi

)(
1− 1

τi

)
− ιSi

1− ιSi

= wi

(
1− ιMi
1− ιSi

)(
1

1− ιMi − ai

)
− ιSi

1− ιSi
−
(

ιMi ai
(1− ιSi )(1− ιMi − ai)

)

24



Then, it is easy to see that |det(J−1)| =
(

1− ιMi
1− ιSi

)(
1

1− ιMi − ai

)
. Therefore

f(wi, ai) =

∫
[0,1]2

f(g−1ν | µν , σν)f(g−1τ | µτ , στ )f(g−1
ιM
| µιM , σιM )

× f(g−1
ιS
| µιS , σιS)

(
1

(1− ιSi )(1− ιMi − ai)

)
m(dιM × dιS)

=

∫
[0,1]2

∏
j∈{ν,τ,ιS ,ιM}

f(g−1j | µj, σj)
(

1

(1− ιMi − ai)(1− ιSi )

)
m(dιM × dιS)
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Table 1: Estimation for each data set and model
Data Model φO φI φE β0 β1 β2 γ0 γ1 γ2 ζa ζo χa χo

I-A True 1.0000 0.0000 0.0000 0.3000 0.0000 0.0000 -0.3000 0.0000 0.0000 0.2000 0.2000 0.9000 0.9000
M2 0.9992 0.0004 0.0004 0.2979 -0.2998 0.3658 0.3803 0.8902 0.8792
M3 0.9992 0.0004 0.0004 0.2979 -0.2999 0.3898 0.2820 0.8092 0.8123

I-B True 1.0000 0.0000 0.0000 0.3000 0.0500 0.3000 -0.3000 1.0000 -0.4000 0.2000 0.2000 0.9000 0.9000
M2 0.9992 0.0004 0.0004 0.2959 0.0474 0.3011 -0.2993 1.0001 -0.3990 0.3886 0.1338 0.9217 0.8637
M3 0.6378 0.3528 0.0094 -0.0450 0.1601 0.5390 0.0000 0.7595 0.7004

I-C True 1.0000 0.0000 0.0000 0.3000 0.0500 0.3000 -0.3000 1.0000 -0.4000 0.2000 0.2000 0.9000 0.9000
M2 0.9990 0.0006 0.0004 0.3035 0.0509 0.3004 -0.3000 0.9986 -0.4004 0.1770 0.1358 0.8732 0.8657
M3 0.6185 0.3658 0.0157 -0.0921 0.2076 0.5485 0.0000 0.7169 0.7002

II-A True 0.8500 0.1500 0.0000 0.3000 0.0000 0.0000 -0.3000 0.0000 0.0000 0.2000 0.2000 0.9000 0.9000
M2 0.8671 0.1325 0.0004 0.2959 -0.3001 0.1975 0.2130 0.8680 0.9007
M3 0.8672 0.1324 0.0004 0.2961 -0.3000 0.1978 0.2119 0.8677 0.8069

II-B True 0.8500 0.1500 0.0000 0.3000 0.0500 0.3000 -0.3000 1.0000 -0.4000 0.2000 0.2000 0.9000 0.9000
M2 0.8675 0.1321 0.0004 0.3012 0.0513 0.3025 -0.3002 1.0000 -0.4008 0.1957 0.2049 0.8651 0.8955
M3 0.6213 0.3633 0.0154 0.0360 0.1285 0.5370 0.0000 0.7410 0.7002

II-C True 0.8500 0.1500 0.0000 0.3000 0.0500 0.3000 -0.3000 1.0000 -0.4000 0.2000 0.2000 0.9000 0.9000
M2 0.8651 0.1345 0.0004 0.3034 0.0469 0.2965 -0.3030 1.0015 -0.3984 0.2011 0.2067 0.9097 0.9456
M3 0.5945 0.3858 0.0197 -0.0207 0.1856 0.5498 0.0000 0.7155 0.7002

III-A True 0.8000 0.0000 0.2000 0.3000 0.0000 0.0000 -0.3000 0.0000 0.0000 0.2000 0.2000 0.9000 0.9000
M2 0.7811 0.0004 0.2185 0.2947 -0.2993 0.4595 0.4531 0.9003 0.9000
M3 0.7811 0.0004 0.2185 0.2946 -0.2993 0.3748 0.3175 0.9003 0.9002

III-B True 0.8000 0.0000 0.2000 0.3000 0.0500 0.3000 -0.3000 1.0000 -0.4000 0.2000 0.2000 0.9000 0.9000
M2 0.7620 0.0195 0.2185 0.2986 0.0484 0.3002 -0.3003 1.0012 -0.3985 0.1225 0.0313 0.9010 0.9013
M3 0.5081 0.2720 0.2199 -0.0202 0.1485 0.5510 0.0000 0.9207 0.8951

III-C True 0.8000 0.0000 0.2000 0.3000 0.0500 0.3000 -0.3000 1.0000 -0.4000 0.2000 0.2000 0.9000 0.9000
M2 0.7920 0.0006 0.2074 0.2989 0.0506 0.2964 -0.3001 1.0018 -0.3983 0.1936 0.0543 0.9011 0.9042
M3 0.5078 0.2849 0.2074 -0.0674 0.1931 0.5669 0.0000 0.9237 0.9005

IV-A True 0.7000 0.2000 0.1000 0.3000 0.0000 0.0000 -0.3000 0.0000 0.0000 0.2000 0.2000 0.9000 0.9000
M2 0.6761 0.2164 0.1075 0.3019 -0.3005 0.2051 0.1965 0.9019 0.8992
M3 0.6761 0.2164 0.1075 0.3019 -0.3006 0.2049 0.1966 0.9019 0.8991

IV-B True 0.7000 0.2000 0.1000 0.3000 0.0500 0.3000 -0.3000 1.0000 -0.4000 0.2000 0.2000 0.9000 0.9000
M2 0.6776 0.2149 0.1075 0.3012 0.0503 0.3026 -0.2994 0.9977 -0.3992 0.2017 0.1949 0.9018 0.9022
M3 0.5461 0.3452 0.1088 0.1190 0.0974 0.5509 0.0000 0.9187 0.8871

IV-C True 0.7000 0.2000 0.1000 0.3000 0.0500 0.3000 -0.3000 1.0000 -0.4000 0.2000 0.2000 0.9000 0.9000
M2 0.7019 0.1910 0.1071 0.2917 0.0382 0.3072 -0.3018 0.9978 -0.4017 0.2031 0.1977 0.9005 0.8997
M3 0.5455 0.3468 0.1077 0.0570 0.1422 0.5712 0.0000 0.9206 0.8936



Table 2: Estimation and Coverage Probability for φ for estimation using model M2

dataset Parameter True Estimated.Mean Aver.HPD Coverage.SD Coverage.HPD

I-A-a φ0 1.0000 0.9960 (0.9904, 0.9999) 1 0
φI 0.0000 0.0020 (0, 0.0061) 1 0
φE 0.0000 0.0020 (0, 0.006) 1 0

I-B-a φ0 1.0000 0.9656 (0.9117, 0.9999) 0.98 0
φI 0.0000 0.0324 (0, 0.0851) 0.98 0
φE 0.0000 0.0020 (0, 0.006) 1 0

I-C-a φ0 1.0000 0.9559 (0.9329, 0.9999) 0.96 0
φI 0.0000 0.0421 (0, 0.0639) 0.96 0
φE 0.0000 0.0020 (0, 0.006) 1 0

II-A-a φ0 0.8500 0.8502 (0.8186, 0.8809) 0.92 0.92
φI 0.1500 0.1478 (0.1173, 0.1792) 0.92 0.92
φE 0.0000 0.0020 (0, 0.0059) 1 1

II-B-a φ0 0.8500 0.8510 (0.8193, 0.8818) 0.94 0.94
φI 0.1500 0.1471 (0.1163, 0.1785) 0.94 0.94
φE 0.0000 0.0020 (0, 0.006) 1 1

II-C-a φ0 0.8500 0.8463 (0.8141, 0.8775) 0.96 0.94
φI 0.1500 0.1517 (0.1205, 0.1835) 0.96 0.96
φE 0.0000 0.0020 (0, 0.006) 1 1

III-A-a φ0 0.8000 0.8003 (0.7651, 0.8349) 0.96 0.96
φI 0.0000 0.0020 (0, 0.0065) 1 0
φE 0.2000 0.1976 (0.1634, 0.2326) 0.96 0.96

III-B-a φ0 0.8000 0.7836 (0.7084, 0.8345) 1 0.98
φI 0.0000 0.0188 (0, 0.0664) 1 0
φE 0.2000 0.1976 (0.1633, 0.2325) 0.96 0.96

III-C-a φ0 0.8000 0.7774 (0.7106, 0.8301) 0.98 0.98
φI 0.0000 0.0198 (0, 0.0581) 1 0
φE 0.2000 0.2028 (0.1681, 0.2381) 0.96 0.96

IV-A-a φ0 0.7000 0.6975 (0.6574, 0.7375) 0.96 0.96
φI 0.2000 0.2041 (0.1694, 0.2397) 0.98 0.98
φE 0.1000 0.0984 (0.073, 0.1246) 0.98 0.96

IV-B-a φ0 0.7000 0.6989 (0.6583, 0.7387) 0.94 0.94
φI 0.2000 0.2028 (0.1679, 0.2385) 0.98 0.98
φE 0.1000 0.0984 (0.073, 0.1246) 0.98 0.96

IV-C-a φ0 0.7000 0.6978 (0.6573, 0.7379) 0.98 0.98
φI 0.2000 0.2004 (0.1657, 0.236) 0.98 1
φE 0.1000 0.1018 (0.0762, 0.1285) 0.94 0.94
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Figure 1: Contour plots of the bivariate distribution of vote proportions for the leader (wi)
and turnout ti = 1− ai from simluated data sets using parameters of Table 1.
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Figure 2: Posterior distribution of 100 simulated data sets using θIV−B, that is, an elec-
tion with both incremental and extreme fraud, and moderate spatial concentration of the
covariates.
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Figure 3: Estimation for each one of the 20 different parameter vector averaged across 100
data sets. Values shown in increasing order of true value for each parameter. Numbers
represent the HPD coverage probability.


