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Abstract

Density-functional theory has provided insights into various materialsspties in the re-
cent decade. However, its computational complexity has made other aspsmsially
those involving defects, beyond reach. Here, we present a methodrhialies the study

of multi-million atom clusters using orbital-free density-functional theory withspari-

ous physics or restrictions on geometry. The key ideas are (i) a rezd-$panulation,

(i) a nested nite-element implementation of the formulation and (iii) a systematic means
of adaptive coarse-graining retaining full resolution where necgssat coarsening else-
where with no patches, assumptions or structure. We demonstrate the niisthoduracy
under modest computational cost and the physical insights it offers dyisgtione and

two vacancies in aluminum crystals consisting of millions of atoms.
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1 Introduction

Ab initio calculations based on the density-functional theory (DéfTHiohenberg, Kohn
and Sham (Hohenberg & Kohn, 1964; Kohn & Sham, 1965) haveigedvextraordi-
nary insights into the electronic structure and a wide rasfgeaterials properties in the
past decade. However, it is extremely computationally detfimey and many properties
remain beyond its scope. The computational complexity isfapproach is a result of the
repeated calculation of single electron wavefunctionsciwvis required to estimate the
kinetic energy of non-interacting electrons. There hawenledforts to use an approximate
orbital-freedensity-functional theory (OFDFT) where the kinetic eryaggmodelled and
tted to ner calculations (Parr & Yang, 1989; Smargiassi &adden, 1994; Wang &
Teter, 1992; Wang et al., 1998, 1999). Numerical invesogat(\Wang et al., 1998, 1999)
reveal that OFDFT is a good model for systems with electretriecture close to that of
free-electron gas, e.g. aluminum. Even OFDFT is suf ciggtdmputationally expensive
that many vital problems of materials science remain beysrstope. In particular, prop-
erties of materials are in uenced by defects — vacanciepadts, dislocations, cracks,
free surfaces — in small concentrations (parts per millisBrgomplete description of such
defects must include both the electronic structure of the abthe ne (sub-nanometer)
scale and also the elastic, electrostatic and other irtterscat the coarse (micrometer
and beyond) scale. This in turn requires calculations inxgl millions of atoms, well
beyond the current capability. In this paper, we proposedardonstrate a method for

overcoming this signi cant hurdle.

Traditional implementations of DFT/OFDFT have for the muestt been based on the use
of a plane-wave basis and periodic boundary conditionse(gf, Finnis (2003)). There-
fore, defects have to be studied in unrealistic periodigetoes. Further, the computa-

tional limitations restrict the size of the unit cell so ttia¢ densities of defects are rarely,
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if ever, realized in nature. In an attempt to overcome thgsgations, several schemes
have been proposed for coarse-graining DFT or embeddingdmputationally faster—
though less accurate—models such as tight-binding (TB) quirgcal potentials (Fago

et al., 2004; Govind et al., 1999; Choly et al., 2005; Lu et 2006). Valuable as these
schemes are, they suffer from a number of notable shortgsnin some cases, uncon-
trolled approximations such as the assumption of linegyaese theory or the Cauchy-
Born hypothesis are introduced. In other cases, schemesdhaition from DFT to TB

or empirical potentials are, fortiriori, not seamless and are not solely based on DFT. In
particular, they introduce awkward overlaps between regaf the model governed by
heterogeneous and mathematically unrelated theorieallfino clear notion of conver-

gence to the full DFT solution is afforded by some of the éxgstnethods.

We present a method for seamlessly coarse-graining OFDé&tTetfectively overcomes
the present limitations without the introduction of spusghysics and at no signi cant
loss of accuracy. We refer to the approximation scheme asi-goatinuum orbital-free
density-functional theory (QC-OFDFT). It is similar in gpio the quasi-continuum ap-
proach developed in the context of interatomic potentigfise. g., Tadmor et al. (1996);
Knap & Ortiz (2001)) as a scheme to seamlessly bridge theiatenand continuum
length scales. This bridging is achieved by adaptivelyctiglg representative atoms and
interpolating the positions of other atoms using niteraknt shape functions. The en-
ergy thus becomes a function of the representative atonduowies only. As a further
approximation, cluster summation rules are introduceddeioto avoid full lattice sums
when computing the effective forces on the representatorms With increasing number
of representative nodes and cluster sizes, the schemerges\a the expected theoretical

convergence rate of nite-element approximation (Knap &Qr2001).

A local version of the quasi-continuum approach based orCéugchy-Born hypothe-

sis has recently been developed for density-functionadrinéFago et al., 2004). The



Gavini, Bhattacharya & Ortiz

Cauchy-Born hypothesis nds formal justi cation in a theoreri Blanc et al. (2002) for
deformation elds that slowly vary with respect to the lengicale of the lattice param-
eter, but breaks down close to defect cores. In the conteRFdt the conventional QC
reduction scheme can be applisuditatis mutandigo describe the positions of the nu-
clei. However, the electron-density and electrostatieptdl exhibit subatomic structure
as well as lattice scale modulation and therefore requireltagether different type of

representation.

The QC-OFDFT method we introduce here has three importamisgits. First, we formu-
late the OFDFT including all the electrostatic interactiam real-space. Second, we im-
plement this formulation using a nite-element method wiitlo nested discretizations, an
atomistic mesh that describes the atomic degrees of freethohan electronic mesh that
describes the electronic degrees of freedom. Importainfigrmation about subatomic
electronic states are preserved either implicitly or ey at each point in the material.
Third, we adaptively re ne the discretization where we nesate resolution while retain-
ing a coarse description where that suf ces. This re nemsrtompletely unstructured

and guided solely by the problem with agoriori restrictions like periodicity.

The proposed method has the following de ning property: ®HDs its sole input. The
rest is approximation theory. There are no spurious physiaghing conditions oa

priori ansatz. In fact, fully-resolved OFDFT and nite latticeasticity are obtained as
the two limiting cases. Therefore, a converged solutiomioled by this method may be
regarded as a solution of OFDFT. A further property of ourhodtis that it is possible
to consider any arbitrary geometry and boundary conditiangght of the real-space

nite-element formulation.

We demonstrate our method by studying mono-vacancies awacdncies in aluminum

crystals consisting of a million atoms. We restrict oursslin this work to the Thomas-
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Fermi-Weizsacker kinetic energy functionals (Parr & Yabhg89). We demonstrate else-
where (Gavini et al., 2006) that our approach may be extetul¢de more recent and
accurate non-local kernel functionals (Wang et al., 199891 Smargiassi & Madden,

1994; Wang & Teter, 1992).

For a mono-vacancy, we show by a convergence analysis thal¢atron-density eld

can be obtained everywhere with negligible error and thinoogpdest computational
means. Our results are close to the experimentally obsemleds, and provide insights
into the electronic structure at the core. At the same timeresults show that atomistic
displacement elds decay over very large distances, udeirsy the long-range nature of
the underlying physics. This is signi cant for two reasoRsst, it shows that long-range
interactions beyond those considered in previous calonsi\Wang et al., 1998, 1999;
Gillian, 1989; Mehl & Klein, 1991; Chetty et al., 1995; Turredral., 1997) are important.
Second, it shows that errors previously attributed to the@pmations of OFDFT may

in fact be an artifact of small periodic computational cells

These issues are further highlighted by the di-vacancytaions. We nd that the va-
cancies are attractive along both tii®0 and thehl1d directions. Further, the binding
energy we compute is in close agreement with those infened &xperimental obser-
vations. We note that these results differ from recent d¢afmns (Carling et al., 2000;
Uesugi et. al, 2003) which predict that vacancies repelgkhlO> direction. To un-
derstand this, we compute the di-vacancy interaction fooua crystal (computational
domain) sizes: we nd that the interaction changes sign fattractive for physically re-
alistic sizes to repulsive for unphysically small sizesisldemonstrates that unphysically
small computations can lead to spurious results, and trgidights the potential of our

method.

A remaining challenge is to extend the present approach tm#&ham DFT, which re-
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quires the computation of the eigenvalues of large systéhis.remains a challenge for
the future, but we believe that the adaptive real-spaceacter of the present approach

should prove useful that endeavor.

2 Formulation

The ground-state energy in density-functional theoryvegiby (cf, e. g., Finnis (2003);
Parr & Yang (1989))

E(; R)=Ts( )+ Exc( )+ Ex( )+ Eex(; R)+ Ez(R); 1)

where is the electron-densityR = fRy;:::;Ry g is the collection of nuclear posi-
tions in the systen[; is the kinetic energy of non-interacting electroks; denotes the
exchange correlation enerdyy, is the classical electrostatic interaction energy between
electrons, also referred to as Hartree eneHy; is the interaction energy of electrons
with external eld induced by nuclear charges; a@ag denotes the repulsive energy be-
tween nuclei. We speci cally consider the Thomas-Fermi&acker family of orbital-

free kinetic energy functionals, which have the form

A Z - .2
nO=c Hode g

dr; (2)

whereCg = 15(3 2)2=3, is a parameter (Parr & Yang, 1989) anctontains the support
of . We treat the exchange and correlation functionals undelaital density approxi-

mation (LDA) (Ceperley & Alder, 1980; Perdew & Zunger, 1981en by

z

Exc()= x( (r)) (nadr 3)

where, . = ¢+ . isthe exchange and correlation energy per electron given by

3,3, .
(= SO @
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r« 1

—
1+ 17 s+ ars

o( )= (5)

.EAIogrs+ B + Crglogrs+ Drg rg< 1
wherers = (;2)*3. The values of the constants are different depending onhehet
the medium is polarized or unpolarized. The values of thestzonts are , = 0:147],
1, = 1:1581 ,,=0:3446 A, =0:0311B, = 0:048C, =0:0014D, = 0:0108

p= 0079 ;,=1:252Q ,,=0:2567 A, =0:01555B,= 0:0269 C, = 0:0001

1p

D,= 0:0046

Though we restrict ourselves to the Thomas-Fermi-Weizsafamily of kinetic energy
functionals, extensions to other forms of orbital-freedtio energy functionals are possi-
ble and is demonstrated in Gavini et al. (2006). We choosé&hbenas-Fermi-Weizsacker
family of kinetic energy functionals and LDA treatment otlange and correlation func-
tionals only as a convenient case and the present formalatid all aspects to be dis-
cussed subsequently can be extended to other forms of lefrieekinetic energy func-

tionals and exchange and correlation functionals.

The problem of determining the ground-state electron4tieasd the equilibrium posi-

tions of the nuclei can be expressed as the minimum problem

inf E(u;R 6
uzélngSM (UR) (63)
subject to: u?(r)dr = N ; (6b)
whereu = P- Is the square-root electron-densi¥y,is a suitable space of solutions and

the energy is expressed in a local form as

E(uyR)= sup L((uR; ) (7a)
. . 2HL(R3)

L(uR; )= Ce w2 (r)dr + o jr u(r)ji®dr + " (u*(r))u(r)dr
Z Z
1

— v (DFdr+ (UA(r)+ B(r)) (r)dr;  (7b)
8 =rs R3



Gavini, Bhattacharya & Ortiz

wherelL is a local Lagrangian that depends on the electrostatic edtidb(r) denote the
regularized nuclei. A full account of the functional formtbe Lagrangiarn., the space

of solutionsX and properties of the ener@y may be found in Gavini et al. (2006).

3 Finite-element approximation

We recall that nite-element bases are piecewise polynbamd are constructed from a
representation of the domain of analysis as a cell completjamgulation, Ty, (cf, e.g.
Ciarlet (2002); Brenner & Scott (2002)). Often, the triandgiola is chosen to be simpli-
cial as a matter of convenience, but other types of cellsl@mentscan be considered as
well. Here and subsequently,denotes the size of the triangulation, e. g., the largest cir
cumdiameter of all of its faces. A basis-gbrape-function is associated to every vertex—or
node-of the triangulation. The shape functions are normalirethke the valud at the
corresponding node artiat all remaining nodes. The support of each shape function ex
tends to the simplices incident on the corresponding notdeshwconfers the basis a local
character. In order to ensure convergencé ds 0, nite-element shape functions are
also required to be continuous across all faces of the tiatign and to represent af ne
functions exactly. The interpolated elds"(r) spanned by a nite-element basis are of
the form

U= UNP(): ®)
wherei indexes the nodes of the triangtllatidklf,‘(r) denotes the shape function corre-

sponding to nodé, andV; is the value oU"(r) at nodei.

We shall denote by, the nite-dimensional linear subspace ¥f of functions of the
form (8), i. e., thespanof the shape functionsl"(r). In problems governed by a min-
imum principle, the Rayleigh-Ritz dsest approximatiortorresponding to a given dis-

cretization is obtained by effecting a constrained minatian overX,,. This constrained
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minimization reduces the problem to the solution of a nierensional system of—
generally non-linear—algebraic equations and generasegaence of approximations
U"(r) indexed by the mesh size A central problem of approximation theory is to ascer-
tain whether the energy of the sequett’r) converges the ground-state energy of the
system a$ ! 0and, if the problem admits solutions, whether the sequéeri¢e) itself
converges to a ground-state of the system. In view of (6) @pdr(the present setting the

constrained problem takes the form

; h. .
uhzx;;azRW EQULR): (%3)
subject to: (u"(r))2dr = N (9b)
E(u";R)= sup L(u";R; M (9¢)
ho X

A full account of nite-element DFT may be found in Gavini ét £006), where rigorous

proofs of the convergence of the approximations is alscepitesl.

4 Quasi-Continuum reduction

We introduce three unstructured triangulations of the doraa shown in Figure 1 to
provide a complete description of the discrete elds: i) iarigulationT,, of selected
representative atoms in the usual manner of QC, which we tefas theatomic-mesh

i) an everywhere subatomic triangulatidp, of the domain that captures the subatomic
oscillations in the electron-density and potential, whighrefer to as thene-mesh and

i) a triangulationT,,, subatomic close to lattice defects and increasingly coasay
from the defects, which we refer to as thkectronic-meshWe restrict the triangulations
in such a way that, is a sub-grid ofT,,, and Ty, a sub-grid ofT;,,. We additionally

denote byX,, Xy, andXy, the corresponding nite-element approximation spaces.
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The full square-root electron-density and electrostadteptial are written as

u = ub + ul; (10a)

h= b (10b)

c

whereuf) 2 Xy, and 5 2 Xy, are the predictors for square-root electron-density and
electrostatic potential obtained by performing a localiquic calculation in every ele-
ment of Ty,. u? 2 Xy, and ' 2 X, are thenon-local corrections to be solved for.
The predictor for the electronic elds is expected to be aateiaway from defect cores,
in regions where the deformation eld is slowly varying (Btaet al., 2002). Hence, the
non-local corrections may be accurately represented byhwsneba nite-element trian-
gulation such ady,, namely, a triangulation that has subatomic resolutiosecko the

defect and coarsens away from the defect to become supécatom

The minimization problem given by (6) and (7) now reduces miaimization problem

for the non-local corrections and takes the form

inf EW! + u":R); 11
ugthL;szhl (Up + Ug; R); (11a)
z
subject to: (UB(r)+ ul(r))?dr = N (11b)
E(uS+ ul;R)= sup L(uj+u;R; b+ D (11c)
02X,

In order to compute the predictor for electronic elds we imelgy performing a periodic
calculation in every element df,, . The resulting elds are not necessarily continuous at
the boundaries of the elementsigf . We overcome this de ciency and obtain conforming
(continuous) eldsul and ! overT,, by performing arL.2 ! H?! map. To de ne this
mapping, denote byo thek™ node of the triangulatiof,,. As Ty, is a sub-grid ofT},,

de ne an index sety which collects the element numbers of triangulatign to which

10
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the node o belongs. The map can now be de ned as

X
U(‘)‘:i O(re) k=1;::55n, (12)

hejan,
where h, denotes the total number of nodediy, U¥ is the value of the conforming eld
at thek™ node# |« denotes the cardinality of the index set ajdry) is the value of the
eld at the k™ node computed from a periodic calculation in elemgr T, . Note that
this is simply the average value at a node of elds obtainedhfperiodic calculations in

the different elements.

Since the predictor for electronic elds is de ned on the fanmly subatomic mesfy,,

it would appear that the computation of the system corredipgrto the reduced problem
(11) has complexity commensurate with the sizdgf, which would render the scheme
infeasible. In the spirit of quadrature rules in nite-elents (e.g., Ciarlet (2002); Brenner
& Scott (2002)), or summation rules in QC (Knap & Ortiz, 2004$ proceed to introduce
integration rules that reduce all computations to the cexipy of Ty,,. The precise form

of the integration rule for an elemeatn the triangulatioriry, is

z
f(r)dr j ghfip, (13)
e
wherejg is the volume of elemerg D is the unit cell of an atom if such cell is contained
in e or e otherwise, andf i, is the average of overD.. Using (13), integration over

the entire domain can be written as,

4 x Z X
f(r)dr = f(r)dr jeihfip, ; (14)

e2Th3 e e2Th3

reducing all computations to have a complexity commenswéh the size offy,,.

The integration rule (13) is designed to exploit the natdrthe solution. As mentioned
previously, the predictor for electronic elds is expectedbe accurate away from de-

fect cores where the deformation eld is slowly varying. Byymaf construction of the

11
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meshes, this region also corresponds to large, superatsnwents ofTy,,, where the

computed non-local corrections are very small compareddgtedictor. Thus, the inte-
grand of equation (13) is a rapidly oscillating functionhwvé very gradual modulation on
the scale of the element. Hence, equation (13), for regisay &#om the core of a defect,
denotes the zero order quadrature rule for rapidly ositifdunctions. For regions close
to a defect, the computed corrections to the predictor age land thus the integration
must be performed exactly. The integration rule (13) is tast with this requirement,
as the elements df,, close to a defect are subatomic and the integration ruleastéar

these elements.

Equations (11)-(13) describe the QC-OFDFT method.

5 Forces

We solve the variational problem (11) using conjugate gnaidi. This requires the calcu-
lation of generalized nodal forces, de ned as the variatibthe total energy with respect
to " (correction to electrostatic potential)f (correction to electron-density) as well as
the con gurational forces de ned as the variation of thealatnergy with respect to the
nodal positions. The nodal forces associated witrandu! are de ned on triangulation

Th, and the con gurational forces of the nuclei are de nedTy.

The energy functional given in equation (7), can be suclyimepresented as

z z X
EW R; M= f@"ruhd+ ((u")*+ Zzh) "d

z
1 . .
g I h2d
(15)
wherel denotes a regularized nuclear charge with chargen thei™ node. The nodal

forcesf K andf X corresponding to!! andul respectively at th&™ node of triangulation

12
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Th, are given by

h-p. h
fXumR; "= EWER D) :2 ) (16a)
m. o EWLR; M
fXumR; M= ut ; (16b)

Though these are de ned on the nodes of triangulalign they have to be evaluated
using quantities de ned on the ner medh, by taking advantage of the fact thht, is

a sub-grid ofTy,,, and the nite-element shape-functions are linear. By deam,

z X 12
FEUbR: M= ((u)P+ 0 ZibNEd = P N d (17)
i
whereN, denotes the shape function associated with rooltriangulationTy,. As the
: : : : P
shape functions are linear afi, is a sub-grid off,, NJ*(r) = 47, N (@)NJ2(r),
wherea denotes a node ifi,, andN 'z denotes the shape function associated with rzode

of triangulationT,,,. Hence the expression for the nodal force given in equafi@i ¢an

be rewritten as

z X z
NP (@f  ((uM?+  Zih)Nj2d
a2Th2 i
NP (@f ©(u™R; M ; (18)

a2Th2

fkwRrR; M

r "rNl2d g

L‘H

wheref @ denotes the nodal force associated withon nodea of triangulationT,,. We

proceed similarly fof Y.

Taking into account the cluster rules, de ned by equatid) (tve obtain the expressions

for the generalized nodal forces:
0

X X
fkuR; M= fC. fO@WMR; MNM@g k=1;:::;n3;  (19a)

€2Th, a2De

X X
fXumR; M= fC. fOXWMR; MNM@g k=1;:::;n;  (19b)

€2Th, a2De

13
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wheref © andf ** are the nodal forces associated withandu" on nodea of triangu-
lation Ty,,; N,"*(a) denotes the value of the shape function associated with kodd},

at the position of node; C, is a constant whose value is 10f, = e, % otherwisens
denotes the total number of nodesTin; and °over summation avoids double counting.
Forcesf ® andf ? corresponding to " andu®, which are de ned oril,,,, are computed

using standard routines for force calculations with nékement basis.

We now turn to the con gurational forces associated with plesitions of the nuclei.
Though these appear to be non-local at rst glance, we shawttiey can in fact be
evaluated locally. The derivation closely follows Thoetldy (2002) and is based on ideas
widely used in Mechanics following Eshelby's formulatiofiforce on a defect (Eshelby,

1951).

For clarity of presentation, we begin with a single nite mlent triangulation (rather than

the three considered here). In this situation, the totalggnis | ! + 11! + 15 where

z
"= f@";ruMd ;

Z X
7= ((u"?+  Zh) "d ;

Z |
1

Ih: = h'2d
3 ) Ir

z x Z !
"= f@";ruMd = _f(ur uM)det @X, d”

e2Th dN

where” is the reference volume in isoparametric formulation %ﬁé is the jacobian of
N

transformation. Taking variations bf with respect toX;,, we have

14
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z (" #
| {1: X L X uaMa_A%(X{] X & ﬁb_B)%
2T, Ug a1 A% @
x Xe . @%
+H W u(C X & Npg) =2 det =2 d°
b1 @X% @%
x 2 ¢ f # X !
= —_— uaNa;K + f(uh;r Uh) KJ X gKNb;J d
2T, © Ug a=1 b=1
x 2 ) s !
- h. hy, ,h h. h e
= — (U r uMuy + F (Ut ut) g X ok Npy d
T, Uz b=1
Similarly, note that
7 ! 7 ! !
X X X0
e (uM*+  Zh "d= UM+ Zph,  Mdet @% .
[ e2Th b=1 @/<\N
Taking variations, we nd
x £ X Yo ! @k @)Q!
e M2 h+ T zp h X & Nys —— det d”
e2Th i=1 b=l @X% @N
Z H
X X0
+ O Zohy( M det @Xi - yn
e2Th b=1 @N |
z hy2 h X h- X e .
= . (uh* "+ Zb KJ X pkNpy d
e2Th i=1 b=1
7 !
X X X .
+ . beo aNa;K X bKd
e2Th b=1 a=1
Similarly,
7 !
1 X n . o X
B 5 iro Mtk 20 & X &Npy d
2T, °© b=1

Collecting all terms, the con gurational force on nodalong theK ™ direction is given

(20)

15
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( )
X

Ecoy = f+((u)?+  Zih) " = r "k r (u"sr uMul + L b k9

8 u ., ; 4 I

Note that this expression is local.

We can generalize these calculations to our situation \withet nested triangulations and
cluster rules. We nd that the con gurational forces on nqdef triangulationTy, in the

| " direction is given by

. X X X .
fX(uR; M= fCe,  fe (UMR; MN™(a)g
e12Thl e2er a2De,
e22Th3

j =100 1=1;2,3 (21)

wheref & is the con gurational forces on nodeof triangulationT, in thel ™ direction
given by (20), andN jhl(a) denotes the value of the shape function associated withjnode

of Ty, at the position of noda. Once again, this expression is local.

6 Numerical implementation

We now turn to the numerical implementation of the QC-OFDHiesge proposed. Tri-
angulationT,, is obtained by a Delaunay triangulation of the lattice. Téygresentative
atoms are chosea priori such that the triangulation is atomistic close to the regibn
interest and coarsens away as shown in gure 2. Trianguiafiq, andT,, are obtained
from Ty, using Fruedenthal's subdivision algorithm (Bey, 2000).sTénsures thaty,
andTy, are sub-grids of,,. The subdivisions are performed such tigt is subatomic
everywhere but, is subatomic close to the region of interest and superataway from
the region of interest, cf gure 3. All triangulations coesof 4-node tetrahedral elements
and the integrals are evaluated numerically using 4-p@nsgian quadrature rules. The

nodal forces and con gurational forces computed in sedfirare equilibrated in a stag-

16
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gered scheme using non-linear conjugate gradients withnseuethod for line search.

Finally, we implement the computation in parallel using @gamdecomposition.

7 Vacancies in Aluminum

We study vacancies in aluminum as the test case for the pedpoethod. Vacancies
are an ideal test case as they often are dilute, and both ¢le&ralic core and long-
range elastic interactions are important. Also, vacantyuéations are often treated as a
benchmark to test various kinetic energy functionals (Wetrag., 1998, 1999). We use the
QC-OFDFT approach to investigate into mono-vacancies avdahncies in aluminum.
Thomas-Fermi-Weizsacker family of functionals with= 1 =6 is used for the orbital-free
kinetic energy functional. All simulations are performesing a modi ed form of Heine-
Abarenkov pseudopotential for aluminum (Goodwin et al9@%nd LDA treatment of

exchange and correlation functionals (Ceperley & Alder, @t $8rdew & Zunger, 1981).

7.1 Mono-vacancy

We consider a sample with a single vacancy subjected tolbatidoundary conditions,
which implies that all elds approach the bulk values at treubdary. We repeat our
calculations for samples of varying sizes, namely, sampesinally containing 4, 32,

256, 2,048, 16,384 and one million (1048576) atoms.

The coarse-graining inherent in our approach means thatsedar fewer representa-
tive atoms in the calculations. Figure 4 emphasizes the aliarsavings that this coarse-
graining offers. It shows the vacancy formation energy ohmle containing 16,384
nominal atoms. As is evident from the gure, the calculaia@onverge ostensibly be-

yond around 200 representative atoms, i.e., at an 80-faldpbatational savings. These
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savings improve with size and enables the consideraticawrgélsamples at modest com-

putational expense.

We now describe the results of a simulation concerned withllsomatom sample per-
formed with 1,017 representative atoms and in the order 6{0E® elements in the
electronic-meshThe calculations take about twelve hours on forty-eigha KMMHz pro-
cessors. By an extrapolation of the convergence analydisl@ssribed, we estimate the
error in vacancy formation energy due to coarse-grainirigettess than 0.01 eV. Figure 5
shows the contours of the ground-state electron-densitynarthe vacancy, while Figure
6 shows the contours of the electron-density correctios, ithe difference between the
ground-state electron-density and the predictor estin@aenpared to the predictor esti-
mate, one sees a large correction close to the defect. Astexhehere is a depletion in
the electron-density at the vacancy, and a small augmentatithe atoms surrounding
the vacancy is also evident, cf Figs. 6 (b) & (d). The vacameynftion energy is com-
puted to be 0.72 eV, which compares well with the experinigmaeasured value of 0.66

eV (Triftshauser, 1975).

Figure 7 shows the computed variation of the vacancy fomatnergy with sample size.
This variation is reported for two sets of calculations: arere the atomic positions are
held xed (unrelaxed) in their nominal position; and a sedevhere the atomic positions
are relaxed. The vacancy formation energy is found to fobomower law close ta %°

in the unrelaxed case amd % in the relaxed case, whereis the nominal number of

atoms in the sample. This power-law behavior is an indicatibthe long-range nature
of the underlying physics. It is interesting to note thaaxaition of the atomic positions

reduces the vacancy formation energy by 0.06 eV.

Figure 8 shows the radial displacement elds aldt§d andhl1d directions. The elds

have a long tail, another indication of long-range natur¢hef eld of the vacancy. The
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maximum displacement occurs in thiELG direction and amounts to 0.6% of the nearest
atom distance. This value is less than predicted in prewgalcsilations using Kohn-Sham
DFT with periodic boundary conditions where the maximunpldisement was estimated
to be 1-2% of the nearest atom distance (Mehl & Klein, 1991;ttet al., 1995; Turner
etal., 1997). At this point there is no basis to decide whethediscrepancy is due to the

orbital-free formulation or the use of periodic boundamditions.

7.2 Di-vacancy

A di-vacancy consists of two vacancies at positiapgsnda, within a crystal. We have
conducted calculations with a million-atom specimen sttiei@ to Dirichlet boundary
conditions representing bulk values as before. The calonguse up to 2001 represen-
tative atoms (slightly smaller when the vacancies are dosach other), have 800,000
elements in thelectronic-meslkand require 16-18 hours on sixty-four 700 MHz proces-
sors. Figures 9 and 10 display representative resultsré&igushows the contours of
the ground-state electron-density around a di-vacancypt®oalong <100> and <110>.
Figure 10 show the contours of electron-density corredimund a di-vacancy complex
along <100>and <110>. Itis interesting to observe the arpatts of Friedel oscillations

in these gures.

A property of primary interest is the di-vacancy binding iye To understand this, we
repeat the above calculations for various distances betiee vacancies. LeE! (n)
denote the mono-vacancy formation energy for a sample stimgiofn nominal atoms.
Similarly, IetEEv(n; a;; ap) denote the di-vacancy formation energy of a system with two
vacancies of sample sizepositioned at; anda,. Then, the di-vacancy binding energy
is de ned as

ESnd(n:ay;a,) = Eb(niaa)  2Ef(n) (22)
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Figure 11 (a) shows the unrelaxed binding energy of di-vaiesnalong the <100> and
<110> directions in a million-atom sample over a range ofatises between the two
vacancies. Figure 11 (b) shows the corresponding relaxetyes. These energies are

negative, signifying attractive interaction in both cases

The binding energy for nearest-neighbor vacanciesj-@acancy complexs calculated
to be -0.23 eV in the <100> direction and -0.19 eV in the <11®edtion, i. e. attractive

in both cases. This is in keeping with experimental estistitat place the binding energy
of di-vacancy complexes between -0.2 and -0.3 eV (Ehrhaal.etl991; Hehenkamp,
1994). By contrast, recently computed values (Carling e2800; Uesugi et. al, 2003)
predict that vacancies repel in the <110> direction withradlrig energy of 0.05 eV and

attract in the <100> direction with a binding energy of -0ed4

To understand whether these discrepancies are, in effsptali-size effect, we consider
samples of sizem = 4, 32, 256, 2,048, 16,348 and one million atoms. Figure hivsh

the effect of cell size on the binding energies of a di-vagazamplex along <100> and
<110>. It is observed from these results that there is indestlong cell-size effect on
the di-vacancy binding energies, especially in the <110@eation. Strikingly, the binding

energy changes sign from attractive for large cell-sizegpulsive for small cell sizes.
This suggests that the repulsive binding energies compu{€arling et al., 2000; Uesugi
et. al, 2003) are characteristic of small-cell sizes, aiad itih order to make contact with
experimental measurements such as reported in (Ehrhdrt #881; Hehenkamp, 1994)

much larger cell-sizes than heretofore tractable need embb/zed.
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8 Conclusions

We have presented a methgdasi-continuum orbital-free density-functional the(@C-
OFDFT), for systematically and adaptively coarse-grar@+DFT in a manner that en-
ables consideration of multi-million atom systems at nceasal loss of accuracy and
without the introduction of spurious physics or assumj@uch as linear response the-
ory or the Cauchy-Born hypothesis. The method is seamless,OFDFT provides the
sole input of the method and does not resort to any form ofitian to—or embeddings
within—simpler theories, such as empirical potentialsiginttbinding models. Because
nite element bases are used to describe all elds, no retsbms on boundary conditions
limit the applicability of the method. In particular, nomfodic boundary conditions and
general geometries can be analyzed using the method. Theeegaining is completely
unstructured and can be adapted to the solution, e. g., Wderéull atomic resolution in

the vicinity of a defect core, and to rapidly coarse-graseelhere.

The method is in the spirit of previous 'quasi-continuumQyapproaches (cf, e. g., Tad-
mor et al. (1996); Knap & Ortiz (2001)) but differs from thosarlier works in several
notable respects. The conventional quasi-continuum wasetkin order to coarse-grain
the displacement eld of an atomic lattice. By contrast, OHDiequires the additional
representation of the electron-density and electrogpatential. Also, in the conventional
QC formulations to date, the nite-element mesh is alwayarser than the atomic lat-
tice, whereas in the present setting the electron-densiyetectrostatic potential must
be resolved on a sub-lattice lengthscale. We effect thggesentations by carefully nest-
ing three distinct nite-element interpolations spannitige sub-lattice and continuum
lengthscales. The coarsest of these mesheatoonic-meshis equivalent to a conven-
tional QC triangulation ofepresentative atomand coarse-grains the displacement eld

of the atomic lattice. The electronic elds which requirdatomic resolution are decom-
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posed into a predictor and a correction. The predictor fectebnic elds, which requires
subatomic resolution, is computed on the nest of the thresimes, orne-mesh using
local periodic calculations in every element of gtemic-meshThis predictor is known

to be accurate in regions away from the defects, where thermetion eld is slowly
varying (Blanc et al., 2002). Thus, the corrections, whiok @on-local, are accurately
represented by thelectronic-meslthat has subatomic resolution close to defects and in-
creasingly coarse-grains away from defect cores. Thereldct elds are then determined
by solving for the non-local corrections in a variationdtisg. In order to avoid computa-
tional complexities of the order of the entire modelg-mesl), we exploit the conceptual
framework of the theory of homogenization of periodic mediae ne quadrature rules

of a complexity commensurate with that of thkectronic-mesh

The convergence of nite element approximations in OFDF$ haen rigorously proven
in an earlier paper (Gavini et al., 2006). In this paper, weehdemonstrated the con-
vergence of QC-OFDFT with increasing number of represemtattoms by means of
numerical tests. These tests show that the reduction in atatipnal effort afforded by

QC-OFDFT, at no essential loss of accuracy with respect tdlatm calculation, is

quite staggering. For instance, we have analyzed milltomaamples with modest com-
putational resources, giving us access to cell-sizes rmfere analyzed using OFDFT.
The examples presented in this paper showcase the impertdmaving access to such
large cell sizes. For instance, the mono-vacancy calomatin aluminum have deter-
mined scaling relations that are indicative of slow coneage with respect to cell size.
More telling still is the case of di-vacancies. Thus, whersame di-vacancy systems
are found to baepulsivefor small cell sizes, in agreement with previous calculagio
(Carling et al., 2000; Uesugi et. al, 2003), the same di-vagagstems are found to be
attractivefor larger cell-sizes, in keeping with experimental obséion (Ehrhart et al.,

1991; Hehenkamp, 1994). Thus, in this case access to laligeizes changes the pre-
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dicted physics not onlguantitativelybut alsoqualitatively.

The present method applies quite generally regardlesseo€tibice of OFDFT avor,
such as the particular choice of pseudopotential, kinetergy functional, generalized
approximations, and others. The particular choices madbdrcalculations presented
here are mainly for purposes of illustration. A considegabliestment has been made,
which continues at present, concerning the developmeneigians of OFDFT that are
increasingly accurate in a given domain of application. v, it is widely regarded that
in many cases Kohn-Sham DFT offers superior accuracy thd@FDRVNe close by noting
that, at this time, it is not clear how to extend QC-OFDFT toKloén-Sham setting, and

that therein lies an opportunity for further research.
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Fig. 1. Schematic sketch of meshes: (a) shows the triangulation of the lattiseTsiteatom-
ic-mesh, where the mesh coarse-grains away from the vacancy (depictecebyedhdot); (b)
shows the triangulatiorly,, (electronic-mes)y which is used to solve for the corrections to the
predictor of electronic elds; (c) shows the triangulatidm,, ( ne-mesf), on which the predictor
for electronic elds is computed. Both triangulatiolg, andTy, coarse-grain away from vacancy,

where asly, is a uniform triangulation.
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Fig. 2. (a) Surface mesh of a sliced cubical domain corresponding tgtleionTy, ; (b) Close

up of (a).
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(a) (b)

Fig. 3. (a) Surface mesh of a sliced cubical domain corresponding tgtietion Ty, ; (b) Close

up of (a).
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Fig. 4. Convergence of the vacancy formation energy with number oéseptative atoms.
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(a) (b)

Fig. 5. (a) Contours of ground-state electron-density around thenggca (100) plane; (b) Con-

tours of ground-state electron-density around the vacancy on (1drig.p
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(@) (b)

© (d)

Fig. 6. (&) Contours of electron-density correction around the vaaam¢100) plane; (b) Contours
of electron-density correction around the vacancy on (100) plandlé&mange); (¢) Contours of
electron-density correction around the vacancy on (111) plane;dqd)oQrs of electron-density

correction around the vacancy on (111) plane (smaller range); Bheots on the gures indicate

the positions of nuclear charge.
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Fig. 7. (a) Convergence of vacancy formation energy with sample &ig8réling law for vacancy
formation energy (unrelaxed atomic positions); (c) Scaling law for vactormation energy (re-

laxed atomic positions).
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34



Gavini, Bhattacharya & Ortiz

@ ()

Fig. 9. (a) Contours of electron-density around a di-vacancy comjibega100>; (b) Contours

of electron-density around a di-vacancy complex along <110>.
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Fig. 10. (a) Contours of electron-density correction around a din@caomplex along <100>;
(b) Contours of electron-density correction around a di-vacancy ngbong <110>; (c) Con-
tours of electron-density correction around a di-vacancy complex ab@@>(smaller range); (d)

Contours of electron-density correction around a di-vacancy comjuag &110>(smaller range).
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Fig. 11. (a) Unrelaxed di-vacancy binding energy as a function ofi8tartte between the vacan-

cies; (b) Relaxed di-vacancy binding energy as a function of the dstagivveen the vacancies.
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