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A B S T R A C T

The present work uses Markov Random Field (MRF) algorithm to construct large-scale and statistically-
equivalent samples from small-scale experimental data of metallic microstructures. While the MRF method
can build such digital material representations in large computational domains, its algorithmic stochasticity
(epistemic uncertainty) causes variations in the resulting microstructural features, such as the texture and grain
topology. This work addresses the effects of the epistemic uncertainty on homogenized mechanical properties
by characterizing the variations in the microstructural features using a shape descriptor based on the concept
of moment invariants. In particular, 2D and 3D synthetic microstructure data for Titanium-7wt%Aluminum
(Ti-7Al) alloy is generated with the MRF method using smaller-scale 2D experimental data. To quantify the
uncertainty of the reconstructed synthetic samples, a graphical method and five different metrics of statistical
variability are developed. Next, the propagation of the microstructural uncertainty on homogenized properties
is studied using an analytical uncertainty quantification (UQ) algorithm and Gaussian Process Regression
(GPR).
1. Introduction

Microstructure reconstruction techniques have rapidly evolved over
the past few years as they can save the cost and time required for purely
experimental approaches to characterize microstructure information in
large domains. Some of these techniques include two point correlations
either with simulated annealing [1–6] or phase recovery algorithm [7,
8], ellipsoid or geometric distribution based reconstruction [4,9], Sup-
port Vector Machine (SVM) [10], Markov Random Field (MRF) [11–
15], machine learning [16–20], image inpainting [21], experimental re-
construction through milling [22,23]and Voronoi tessellation [24,25].
All image-based reconstruction techniques aim to generate statistically-
equivalent synthetic microstructure representations. However, they do
not account for the variability arising from the algorithmic uncertainty
that affects the synthesized microstructures and thus the homogenized
material properties.

There are two classes of microstructural uncertainty. The first class
is the aleatoric uncertainty that is related to the lack of knowledge for
identifying the correct pixel intensity information in the EBSD image.
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The second class, epistemic uncertainty, arises from inherent random-
ness in the MRF algorithm. Both aleatoric and epistemic uncertainty
can propagate on material properties and alter the expected perfor-
mance of components. To improve the reliability and performance of
materials, it is crucial to understand the effects of the uncertainty.
The present work investigates the epistemic uncertainty associated with
computational microstructure reconstruction to understand its effects
on homogenized mechanical properties of metallic alloys.

Although there are previous efforts to quantify crystallographic tex-
ture uncertainty [26–30], the impacts of the microstructure uncertainty
on grain shapes are not extensively studied to the best of the authors’
knowledge. The characterization and quantification of grain shapes
of polycrystalline microstructures are significant to understand the
effects of the uncertainty on different grain shapes and homogenized
properties.

The quantification of grain shapes is challenging due to a wide
variety and complexity of possible grain shapes, including highly non-
convex or concave grains [31]. Many practical methods to quantify
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the grain shapes were based on intuitive approaches involving ex-
periments [32,33]. For example, the widely-used two-point correla-
tions [34–36] provide implicit information of the grain shapes. A
similar yet more informative descriptor is the 2 point cluster correlation
which can be used to quantify the microstructure in 3D domains as
well [37]. However, they do not explicitly determine the size and
shape of individual grains [38]. Unlike point based functions, line based
comparisons are also attempted [13,16] using linear path functions
which do not cover entire microstructure both in 2D and 3D domains.
Geometrical shape based descriptors are introduced for quantifying
grain shapes [18,37]. However, these descriptors are not ideal for
quantifying complex grain shapes, such as those arising from additively
manufactured microstructures. The shape quotient is another measure
that is used to capture the grain shape of common geometries [39].
Nevertheless, none of the shape descriptors and correlation functions
discussed above explicitly capture the shape. Therefore, they cannot be
used as a universal metric to characterize the uncertainty of different
grains.

The application of moment invariants for measuring shapes has also
been investigated to quantify grain shapes of 2-D and 3-D microstruc-
tures. [40–48]. MacSleyne et al. [44] discussed the applications of
dimensionless moment invariants (denoted by 𝜔1 and 𝜔2) and intro-
duced normalized moments as a shape descriptor, specifically for 3D
microstructures [45,46]. In addition, MacSleyne et al. [45] have de-
rived a moment invariant formulation for each geometrical shape such
as a circle, square, rectangle, and introduced moment invariant density
maps plotted for both 2D [45] and 3D shapes [43]. Their application in-
cludes a range of studies including classification of particle shapes [42],
comparison of experimental and synthetic grains [45], and quantifi-
cation and analysis of precipitate shapes [45,46,49] through common
geometric shapes. While these methods work well for not-so-complex
grain shapes, the highly irregular grain shapes of the additively manu-
factured materials cannot be quantified by these techniques as they may
significantly differ from standard geometries. To address this problem,
the present study aims to quantify the grain shapes of microstructures
without the need of comparing them to another geometry.

The presented strategy is based upon the use of the moment in-
variants. We explore different measures to quantify the effects of the
uncertainty in 2D and 3D grain shapes of microstructures using these
descriptors. The moment invariants were initially formulated by Hu
as a special set of image moments that are invariant to translation,
scale, and rotation [50]. In particular, these moments are a measure
of the pixel intensity of an image with respect to the location as
they describe the distribution of the pixel intensities over the image.
They have applications in multiple disciplines, ranging from a simple
object shape detection to the human face recognition [51–56]. For
instance, Žunić [57–60] studied the application of the first Hu moment
to measure the circularity, ellipticity, and ellipsoidness of 2D and 3D
shapes.

The image moments have been applied before in our previous
work [61] to compare experimental and synthesized 2D microstructure
images at global and local levels. The present work proposes to use the
concept of moment invariants to study the uncertainty propagation on
the grain features of 2D or 3D synthetic microstructures. This objective
is achieved by developing a graphical method using principal eigen-
value moments (PEM). The development of such graphical approach
is advantageous for deriving different statistical parameters that can
measure the uncertainty of microstructural texture and topology.

Many state-of-the-art models have been developed for uncertainty
quantification (UQ) using numerical and analytical techniques [26,62–
66]. The numerical UQ algorithms pose some challenges. For instance,
the Monte Carlo Simulation (MCS) is a computationally expensive
method that can be numerically intractable for quantifying the un-
certainty of large 3D microstructure samples [62]. As an alternative
strategy, surrogate models have been developed using machine learning
2

(ML) techniques [65]. While these methods demonstrate significant 𝜙
promise, the image-based ML methods require substantial amounts of
data. Therefore, the present study explores the effects of the epistemic
uncertainty on grain shapes and resulting homogenized properties of
microstructures by utilizing an analytical UQ method and a Gaussian
Process Regression (GPR)-based surrogate model that is parametrically
developed in terms of the moment invariants. The organization of the
paper is as follows. Section 2 explains the methodology behind the
MRF algorithm. Section 3 discusses the concept of moment invariants.
Section 4 addresses uncertainty quantification for 2D-to-2D microstruc-
ture reconstruction and introduces new statistical parameters. Section 5
explains the extension of the presented methodology in Section 4 to 3D
microstructures. Section 6 discusses the propagation of the uncertainty
on homogenized mechanical properties.

2. Microstructure reconstruction using MRFs

The Markov Random Field (MRF) method is applied in this work to
reconstruct the microstructures of Ti-7Al alloy in 2D and 3D domains. A
brief explanation about the concept of MRF, studied previously [13,61],
is provided next.

The MRF is related to the concept of a probabilistic graphical model
which is constructed from a set of Random Variables (RV) based on
their conditional dependence. There are two categories of probabilistic
graphical models: Directed Graphical Model (DGM) and Undirected
Graphical Model (UGM). The difference between both of them lies in
assigning a direction to the edges connecting two random variables.
A classical example of a directed model is the Bayesian network where
each RV depends on the previous one. However, due to the absence of a
direction, a neighborhood analysis is defined in the undirected models.
Conventionally, the UGM is also known as Markov networks. The
graphical network is designed in a way to have conditional dependence
on each pixel’s neighbors exhibiting a joint probability distribution
globally throughout the image. Due to the resemblance of Markov
networks to a lattice-based constructed model, MRF is represented by
an Ising model [67] where the joint probability density of all particles
is defined by the local Markovian property. In an Ising model, each
particle, representing the pixels, conditionally depends on its neighbors.
In other words, the edge connecting two particles of the lattice is absent
if they both are conditionally independent. The joint probability of
directed models has a dependency on its previous state whereas the
joint probability indicating the edges connecting two variables in the
MRF is represented by a potential function. Markovian property states
that the probability of a value (𝑋) is conditionally independent of all
other values that are placed outside of its neighbors. When this method
is applied to an image, each particle represents a pixel of the image
while the value represents the pixel intensity. More information on MRF
can be found in [13]. This approach is implemented to reconstruct a
simple cobblestone image and the microstructures of the Ti-7Al alloy
produced by forging and additive manufacturing. The samples are
reconstructed both in 2D (Fig. 1) and 3D (Fig. 4) domains and the
microstructural uncertainty is quantified using five different parameters
based on Hu moments.

3. Statistical meaning and significance of Hu moments

Hu moments are defined as the set of seven invariant numbers
for shape transformations (Eqs. (1)–(7)). The first two Hu moments
are the second-order moments, whereas the remaining functions are
purely of third-order moments, except the fiveth Hu moment, which has
both second and third-order terms. They are invariant to translation,
rotation, and scale, which is a useful feature for applications in diverse
fields [51–53]. They are used not only to identify a shape in an image
but also to capture a pattern [50].

𝜙1 = 𝜂20 + 𝜂02 (1)

2 2

2 = (𝜂20 − 𝜂02) + 4𝜂11 (2)
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Fig. 1. Original experimental images of (a) Cobblestone of size 36 × 36, (b) Forged Ti-7Al of size 100 × 100, (c) Additively manufactured material of size 93 × 93, (d) Reconstructed
example of the cobblestone image with resolution 56 × 56, (e) Reconstructed example of the forged Ti-7Al with resolution 150 × 150, and (f) Reconstructed example of the
additively manufactured material with resolution 140 × 140.
𝜙3 = (𝜂30 − 3𝜂12)2 + (3𝜂21 − 𝜂03)2 (3)

𝜙4 = (𝜂30 + 𝜂12)2 + (𝜂21 + 𝜂03)2 (4)

𝜙5 = (𝜂30 − 3𝜂12)(𝜂30 + 𝜂12)[(𝜂30 + 𝜂12)2 − 3(𝜂21 + 𝜂03)2]

+ (3𝜂21 − 𝜂03)(𝜂21 + 𝜂03)[3(𝜂30 + 𝜂12)2 − (𝜂21 + 𝜂03)2]
(5)

𝜙6 = (𝜂20 − 𝜂02)[(𝜂30 + 𝜂12)2 − (𝜂21 + 𝜂03)2]

+4𝜂11[(𝜂30 + 𝜂12)(𝜂21 + 𝜂03)]
(6)

𝜙7 = (3𝜂21 − 𝜂03)(𝜂30 + 𝜂12)[(𝜂30 + 𝜂12)2 − 3(𝜂21
+𝜂03)2] − (𝜂30 − 3𝜂12)(𝜂21 + 𝜂03)[3(𝜂30 + 𝜂12)2

−(𝜂21 + 𝜂03)2]
(7)

These seven Hu moments consist of normalized central moments
(Eq. (8)), which are defined as the ratio of central moments (Eq. (9))
to the image area. The central moments are statistically equivalent to
the variance.

𝜂𝑖𝑗 =
𝜇𝑖𝑗

(𝑚00)𝛾
where 𝛾 =

2 + 𝑖 + 𝑗
2

(8)

𝜇𝑖𝑗 =
∑

𝑥

∑

𝑦
(𝑥 − �̄�)𝑖(𝑦 − �̄�)𝑗𝐼(𝑥, 𝑦) (9)

where �̄� and �̄� are the (𝑥, 𝑦) coordinates of the centroid of the image,
and I(𝑥, 𝑦) represents the pixel intensity value.

The central moments are developed in the form of multi-variate
distributions. Hence, the second-order central moments represent the
covariance (𝜇20, 𝜇02, 𝜇11) of an image while the third-order normalized
central moment contains the skewness information of the same image.
Similarly, a fourth-order moment would provide information about the
kurtosis of the image. The present work focuses on the utilization of the
second-order Hu moments, which are used to quantify the grain shapes.
Interested readers are referred to [68] for more information about the
statistical meaning of the higher order Hu moments.

By calculating all the second-order central moments, the covariance
matrix can be formed as:
[

𝛴𝑥𝑥 𝛴𝑥𝑦
𝛴𝑥𝑦 𝛴𝑦𝑦

]

=
[

𝜇20 𝜇11
𝜇11 𝜇02

]

(10)
3

Similarly, a 2 × 2 covariance matrix for the normalized central
moments can be defined as:
[

𝜂20 𝜂11
𝜂11 𝜂02

]

(11)

The eigenvalues can be formulated in terms of the Hu moments, as
follows:

𝜆1∕2 =
𝜙1 ±

√

𝜙2

2
(12)

The present work uses the Principal Eigenvalue Moments (PEM)
based graphical domain to derive five parameters to quantify the uncer-
tainty arising from the reconstruction of 2D and 3D microstructures. A
similar approach was presented earlier [44,45] with a map of 𝜔1 and 𝜔2
for comparing grain shapes. Here, 𝜔1 and 𝜔2 are the dimensionless mo-
ment invariants. The map developed from these moments can be used
to characterize the grain and particle shapes. However, in this work, the
focus is on quantifying the uncertainty propagated on the reconstructed
microstructures with a map of PEM. Furthermore, the PEM map can
be used as a universal measure for understanding the uncertainty
propagated on both 2D and 3D reconstructed microstructures.

4. Uncertainty quantification for 2D-to-2D microstructure recon-
struction

Three different images are used to predict the larger scale evolution
of microstructures. While two of these images (Fig. 1(b) and (c)) show
the Ti-7Al microstructure samples produced by forging and additive
manufacturing, a cobblestone sample (Fig. 1(a)) is also used to compare
its results to other microstructures. Using the MRF method, a total of
1000 images are reconstructed for each image. Fig. 1 (d-f) shows one
example selected among 1000 synthesized images. The probability of
finding the optimum pixel intensity value for the synthetic structure is
achieved through a Gaussian distributed weight parameter by the MRF
algorithm [13]. The synthesized microstructure texture quantified by
the PEM has also yielded a similar probability distribution (Fig. 2). The
advantage of the Gaussian distribution feature is taken for modeling the
uncertainty of material properties. The absolute PEMs are calculated
for the whole image and their values are plotted (Fig. 3) in natural
logarithmic scale. Fig. 3 shows the ln|𝜆| values of both experimental
and synthetic microstructures. Here, the synthetic data (represented
with 𝜆 ) forms a cluster around the experimental eigenvalue (𝜆 ). The
𝑠 𝑒
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Fig. 2. (a)–(c) Standard normal distributions of 𝜆1 for additively manufactured Ti-7Al microstructure, forged Ti-7Al microstructure, and cobblestone sample, (d)–(f) Standard normal
distributions of 𝜆2 for additively manufactured Ti-7Al microstructure, forged Ti-7Al microstructure, and cobblestone sample.
Fig. 3. PEM based Map for (a) Cobblestone (b) Forged Ti-7Al microstructure, (c) Additively manufactured Ti-7Al microstructure.
Table 1
Parameters to statistically validate 2D images.

R d𝜆 𝜁 𝜌𝑎 𝜌𝑝
Cobblestone 0.0708 0.0055 0.0186 2.9417 1.4678
Forged 0.1187 0.0159 0.0336 2.3579 1.3828
Additively manufactured 0.4348 0.0981 0.1186 5.8036 2.1048

eigenvalues are calculated using Eq. (12) for any particular image.
While 𝜆𝑒 is constant for a single experimental image, 𝜆𝑠 varies within
𝜆𝑠1, 𝜆𝑠2, . . . , 𝜆𝑠𝑁 for the synthetic images ranging from 1 to 𝑁 , where
𝑁 represents the total number of reconstructed samples. The mean of
the eigenvalues for all the synthesized images is also plotted (𝜆𝑠) and
it is found to be in close proximity to the experimental data points,
𝜆𝑒, for all three cases. To study the UQ problem for the reconstructed
microstructures, five different parameters are derived from the PEM
map.

The first parameter is the radius (𝑅) of the enclosed circle that com-
pletely covers the cluster of all synthesized eigenvalue points where the
center of the circle is defined as the eigenvalue of the experimental im-
age (𝜆𝑒). The radius parameter measures the maximum possible extent
of the data spread in the eigenspace with respect to the experimental
value.

The second parameter is the average distance (𝑑�̄�), which measures
the distance between the average eigenvalue of all synthesized images
4

(𝜆𝑠) and the eigenvalue of the experimental image (𝜆𝑒). 𝑑�̄� helps in
evaluating the average of the data spread for a given reconstruction
procedure. This is because the PEM of an image as a whole predom-
inantly depends on the image size and the pixel area, which is the
sum of all pixel intensities of all three color channels (Red–Green–
Blue). However, the ratio of the radius over this average distance can
distinguish different images vividly.

𝑑�̄� = ‖𝜆𝑠 − 𝜆𝑒‖ (13)

The next parameter, 𝜁 , is the mean of the distances between all
the synthesized points with respect to the experimental eigenvalue.
𝜁 is defined to demonstrate the statistical similarity of 2D and 3D
reconstructed microstructures to the experimental data where 𝑁 stands
for the total number of synthesized samples.

𝜁 =
∑

(‖𝜆𝑠 − 𝜆𝑒‖)
𝑁

(14)

The last two parameters, 𝜌𝑎 and 𝜌𝑝 are the ratios of the area and
perimeter of the enclosed circle to that of a convex hull. The circle
covers the maximum area enclosed by the spread of all the 𝜆𝑠 points.
On the other hand, the convex hull is the closure of the smallest area
covered by the spread of all the 𝜆𝑠 points.

𝜌𝑎 =
Area of the enclosed circle

Area of the convex hull (15)

𝜌 = Perimeter of the enclosed circle (16)
𝑝 Perimeter of the convex hull
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Fig. 4. (a) Original and reconstructed 3D microstructures of the cobblestone image, (b) Original and reconstructed 3D microstructures of forged Ti-7Al image.
Table 2
Developed metrics for statistical quantification of 3D microstructure samples.

R d𝜆

X Y Z X Y Z

Cobblestone 0.1317 0.1694 0.1518 0.0602 0.0564 0.0567
Forged 0.1024 0.1057 0.0905 0.0303 0.0335 0.0291

One can use these five parameters to investigate the uncertainty of
the reconstructed samples. In this study, the additively manufactured
microstructure images are expected to demonstrate higher variations in
microstructural features due to their complex grain shapes [69]. This
hypothesis is also verified using the radius parameter defined above.
However, the high 𝜌𝑎 value computed for the additively manufactured
microstructure reveals that the level of uncertainty associated with each
reconstruction is different. These calculations show that the synthesized
image may differ significantly from the experimental image due to the
epistemic uncertainty.

According to the comparison provided in Table 1, the reconstruction
of cobblestone is found to be more robust than the other examples.
This also implies that if the statistical information available for the
input image is sufficient, MRF can generate images at larger scales,
irrespective of the image size.

𝜁
X Y Z

Cobblestone 0.0684 0.0644 0.0640
Forged 0.0509 0.0453 0.0428

𝜌𝑎 𝜌𝑝
X Y Z X Y Z

Cobblestone 4.8099 7.7365 9.6451 1.9377 2.3866 2.4066
Forged 4.3381 4.2662 2.8814 1.7343 1.9250 1.6044

5. Uncertainty quantification for 2D-to-3D microstructure recon-
struction

While comparing 2D and 3D samples is more challenging, it is still
possible using PEM. The same set of five parameters is used here as well
to quantify the uncertainty in microstructural features and show the
statistical similarity of the reconstructed microstructures to the input
samples. Two cases of synthesized microstructures are reported here
using MRF with isotropic reconstruction (the 3D microstructure is build
upon the plane sections that are consisted of the same 2D input sample)
(Fig. 4).

For example, a 2D image of cobblestone is reconstructed using the
MRF technique to obtain a 3D microstructure (Fig. 4(a)). Each stone
and the gap separating them in the 2D image and 3D structure are
assumed to represent a grain and grain boundary of a microstructure.
The grain boundary thickness is defined for the 3D microstructure to
5

have a separate cluster of 3D shapes.
For illustration, a microstructure image of the forged Ti-7Al is used
to reconstruct a 3D microstructure using the MRF approach. However,
unlike the previous example of the cobblestone, each voxel here con-
tains three sets of values representing the color intensity values of
Red–Green–Blue (RGB) channels. The MRF technique applies a voxel-
by-voxel filling approach based on matching the neighbor window
of a voxel with the 2D image locally in addition to using a global
optimization approach, as discussed in Ref. [11]. Therefore, it is im-
portant to include each pixel and voxel value while comparing the
2D and 3D microstructures to understand if the reconstructed data is
statistically equivalent to the input 2D data. The eigenvalues for all
the plane-sections normal to 𝑋, 𝑌 , and 𝑍 directions are calculated
and plotted in the PEM map (Fig. 5(a–f)). However, the data points of
the 3D reconstructed microstructure are located within a range around
the original eigenvalues of the input 2D image. This proves that the
reconstructed sample is statistically similar to the input data which can
also be observed in Table 2.

The histogram of PEM for 1000 synthesized microstructures demon-
strates a normal distribution (Fig. 2) as MRF uses a Gaussian distributed
weight parameter to determine the probability information. This result
is significant since the Gaussian-distributed features can be used to
model uncertainty propagation (on material properties) using linear
transformation or Gaussian Process Regression (GPR). The PEM, on
the other hand, does not have a linear relationship with the material
characteristics.

6. Uncertainty quantification for homogenized mechanical prop-
erties

To study the propagation of the uncertainty on homogenized me-
chanical properties, the reconstruction is performed for the additively
manufactured microstructures (Fig. 1(c)) by generating 1000 samples
for 2D and 10 samples for 3D domains. The epistemic uncertainty
arising from the reconstruction propagates on the microstructure, as
reflected by the variations in the grain shapes. This microstructural
uncertainty can also propagate on homogenized properties. To compute
the variations in properties, crystal plasticity behavior is simulated us-
ing PRISMS plasticity [70]. Uniaxial tension simulations are performed
for the 2D and 3D microstructures as presented in Fig. 6.

6.1. Quasi-linearity assumption

In the first application, the grain shape descriptors and material
properties are assumed to involve a quasi-linear relationship to apply
an analytical UQ algorithm [26–28,71–73]. This is because the analyti-
cal algorithm utilizes the linear transformation feature of the Gaussian
distribution that captures the variations in the eigenvalue descriptors.

In particular, the analytical method solves for the expected values
and covariance of the outputs using Eqs. (17) and (18) by assuming
that the inputs are Gaussian distributed:
[𝑎]2𝑥2[𝜇𝜆]2𝑥1 = [𝜇𝑀 ]2𝑥1 (17)
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Fig. 5. (a)–(c) Eigenspace for X, Y and Z sections of 3D forged Ti-7Al microstructure, (d)–(f) Eigenspace for X, Y and Z sections of 3D cobblestone.
Fig. 6. (a) Experimental image; (b)–(d) 2D reconstructed microstructures; (e)–(g) 3D reconstructed microstructures.
[𝑎]2𝑥2[𝛴𝜆]2𝑥2[𝑎𝑇 ]2𝑥2 = [𝛴𝑀 ]2𝑥2 (18)

where 𝜇𝜆 and 𝛴𝜆 represent the expected values vector and covariance
matrix for the eigenvalue descriptors, 𝑎 is the constant values vector
that defines the presumed quasi-linear relationship between the grain
shape description and homogenized properties, defined by the vector
of 𝑀 .

The variations in the microstructural features quantified by PEM
and computed homogenized Young’s modulus and yield strength val-
ues are plotted in Fig. 7. The standard deviations computed for the
synthesized 2D and 3D microstructures are shown in Tables 3 and
4. Note that the standard deviation is calculated using the real mean
(of the experimental microstructure) instead of the population mean
(mean value of reconstructed samples). For a better representation,
the absolute value of the natural logarithm of PEM is plotted. For 3D
6

microstructures, PEM is calculated for each cross section in all three 𝑋,
𝑌 , and 𝑍 directions.

The difference in standard deviations of PEM representing the 2D
image (Table 3) and the 3D reconstructed microstructures (Table 4) are
found to be low. However, this small difference leads to a significant
change in the standard deviation of the mechanical properties. The
reason for the uncertainty propagation on properties is due to the ran-
domness of the MRF algorithm and the erroneous pixel intensity values
of the input experimental image. Even though the MRF can amplify
the uncertainty due to an imperfect image resolution, it is crucial to
maintain its algorithmic stochasticity to represent the inherent mate-
rial uncertainty. However, the quality of experimental microstructure
images can be improved through a smoothing algorithm that averages
the distribution of the pixel intensity.

The experimental data is plotted in the black vertical dash line
(Figs. 7 and 8) The red vertical dash line is representing the mean
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Fig. 7. (a)–(b) Distribution of PEM quantifying the 2D reconstructed microstructure images; (c)–(d) Distribution of material properties of the 2D reconstructed microstructures;
(e)–(f) Distribution of material properties of the 3D reconstructed microstructures.

Fig. 8. (a)–(b) Distribution of 𝜆1 and 𝜆2 for the 3D additively manufactured microstructure cross sections in 𝑥 direction, (c)–(d) Distribution of 𝜆1 and 𝜆2 for the 3D additively
manufactured microstructure cross sections in 𝑦 direction, (e)–(f) Distribution of 𝜆1 and 𝜆2 for the 3D additively manufactured microstructure cross sections in 𝑧 direction.
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Fig. 9. (a)–(b) GPR predictions and test data for Young’s modulus and yield strength respectively, (c)–(d) Probability distributions of 2D additively manufactured microstructures
for Young’s modulus and yield strength respectively.
Table 3
Standard deviation of different distributions of 2D microstructures.

𝜆1 𝜆2 E (GPa) 𝜎𝑌 (MPa)

2D 0.0594 0.1176 2.7108 20.6666

value obtained from the reconstructed microstructures. The differences
between these two mean values are associated with the epistemic
uncertainty of MRF.

Finally, the probability distributions for the microstructural cross-
sections of the 3D domain are shown in Fig. 8. Similarly, the exper-
imental data is plotted in the black vertical dash line. The red verti-
cal dash line shows the mean value obtained from the reconstructed
microstructures.

6.2. Non-linearity assumption

By acknowledging that the relationship between the microstructure
and homogenized properties can be nonlinear, the Gaussian Process
Regression (GPR) is employed using the kriging method [74–77]. With
the use of the GPR method, the covariance of the outcomes is automat-
ically predicted in addition to the mean value estimations. Therefore, it
leads to an efficient approach to study the uncertainty propagation on
outputs. In this study, the DACE toolbox is utilized to build the kriging
model [78]
8

A Gaussian Process is a collection of random variables that agree
with a joint Gaussian probability function [79]. Here, the mechanical
properties, such as Young’s modulus and yield strength, are defined as
a function of the microstructures represented by the PEM without nor-
malization. Kriging model uses a second-order polynomial regression
along with the following exponential correlation function to predict the
mechanical properties.

𝑐𝑜𝑟𝑟(𝑋𝑖, 𝑋𝑗 ) =
∏

𝑒−𝜃𝑗𝑘|𝑋𝑖𝑘 ,𝑋𝑗𝑘| (19)

where 𝜃 is the hyper-parameter which is obtained with a minimum
error strategy between test points and predictions. Eq. (19) measures
the correlation between the (𝑋𝑖𝑘) and (𝑋𝑗𝑘). The kriging surrogate
model is developed using 70% of the data samples for training and 30%
of the data samples for test.

The predictions of the surrogate model are illustrated in Fig. 9. The
predictions indicate an average error of 2.1719 GPa and 20.0685 MPa
for Young’s modulus and yield strength, respectively. The probability
distributions of the test data and kriging predictions given in Fig. 9
demonstrate a good match.

The similarity between the GPR-predicted outcomes and test data
(Fig. 9(a) and (b)) implies that the link between the material properties
and PEM may agree an exponential relationship.
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Table 4
Standard deviation of different distributions of 3D microstructures.

𝜆1 𝜆2 E 𝜎𝑌
X Y Z X Y Z

3D 0.1070 0.1004 0.1061 0.0969 0.0963 0.1051 6.1456 66.3130
7. Conclusion

This work proposes Principal Eigenvalue Moments (PEM) based
on Hu moments as a descriptor to quantify the uncertainty of mi-
crostructural features and homogenized properties arising from the
computational reconstruction of the synthetic samples. A graphical map
based on PEM is developed to statistically validate the synthesized
data of 2D and 3D reconstruction and quantify the uncertainty. Five
different parameters are derived from the graphical map to understand
and analyze the quality of the reconstruction. The propagation of the
uncertainty on homogenized mechanical properties is studied under
two assumptions based on the relationship between the PEM and
mechanical properties (i.e., Young’s modulus and yield strength). The
quasi-linear assumption employs an analytical UQ algorithm to find the
uncertainty of properties by utilizing the linear transformation feature
of the Gaussian-distributed microstructural features. The non-linearity
assumption predicts the uncertainty of properties by developing a GPR-
based surrogate model as a function of the PEM. In the future work, the
presented five parameters may be extended to analyze the uncertainty
arising from the 3D to 3D reconstruction of additively manufactured
microstructures.
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