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a b s t r a c t
A new numerical method is presented for reconstructing three-dimensional (3D) microstructures from
two-dimensional (2D) sections, imaged on orthogonal planes, by exploiting the complete red–green–
blue (RGB) color space. The algorithm reconstructs 3D models through sampling voxel neighborhoods
to representative 2D micrographs, based upon a Markovian assumption. The sampling is followed by an
optimization procedure, ensuring smoothness across the orthogonal sections of the synthesized voxels.
Previous 3D Markov random field (MRF) microstructure reconstruction techniques were restricted
to traditional grayscale images only. This method now enables the use of the entire RGB spectrum,
employing a histogram matching step. This paper examines the algorithm’s accurate representation
of orientations and morphologies, encompassing a variety of micrographs from electron backscatter
diffraction (EBSD) and polarized light microscopy.
Published by Elsevier Ltd.

1. Introduction
Many aspects of microstructures (e.g., size, shape, and connectivity of phases in a multiphase material) are not readily apparent from a two-dimensional (2D) sectional measurement [1].
Yet, the majority of conventional microstructural characterization
procedures are limited to only 2D observations [2,3]. Threedimensional (3D) microstructural information is essential to
computational techniques, used for understanding structure–
property relationships. As a result, advances in destructive metallographic methods have gained considerable attention for a 3D
model generation. The serial sectioning method and its variants
are now commonly used to derive 3D microstructural information
from 2D sectional images [4–6]. In serial sectioning, layers of
controlled thickness are repeatedly removed. This allows for
image acquisition of each section, followed by reconstruction
of the layers into a 3D representation of the microstructure.
The 3D data collected via serial sectioning can then be used
as the basis for computer simulations, such as crystal plasticity
modeling of mechanical deformation [7,8]. The drawback of these
characterization techniques is that they are fairly laborious for
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routine engineering applications, due to the time and the effort
involved. In response to these limitations several non-destructive
experimental techniques for 3D microstructural information acquisition have recently been realized. X-ray based computed
tomography (CT) methods are generally deficient in achieving
the desired resolution for detailed analyzes of many phenomena
in metallic materials [9–11]. High-energy diffraction microscopy
(HEDM) techniques can probe the microstructures at or below the
grain-scale more accurately [12–15]. However, a lack of general
availability for high-energy beam sources restricts their common
application in computational modeling development. For these
reasons, new numerical techniques that can rapidly synthesize
3D microstructural models have gained significant interests in the
materials community.
Advances in microscopy have allowed for data collection on
the surfaces of a specimen at a rate of several hundred points
per second [16]. As a result, the direct problem of capturing 2D
sections using optical or micro-diffraction techniques is considerably more straightforward, compared to the aforementioned 3D
acquisition procedures. Current numerical techniques for
computer-aided microstructure reconstruction methods, such as
geometry-based (e.g., Voronoi tessellations) or feature-based (e.g.,
simulated annealing), often use 2D sectional information to
generate 3D microstructures. Feature-based reconstruction algorithms have long been used to categorize various microstructural snapshots based on common sets of underlying features
[17–26]. Some of these features include marginal histograms [17],
multi-resolution filter outputs (e.g., Gaussian and wavelet filters)
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Nomenclature

w
G
n

θ
V
Vv
V xv , V yv , V zv
V xv,u , V yv,u , V zv,u
S x, S y, S z
S x,w , S y,w , S z ,w
S xu,w , S yu,w , S zu,w
S xv , S yv , S zv
S xv,u , S yv,u , S zv,u
y
x
z
ωv,
u , ωv,u , ωv,u

E(.)
H2D (.)
H3D (.)
P(.)
F (.)

Sampling window size (in lattice units)
Number of color levels in each RGB
channel
Axis of rotation associated with each
node in the fundamental Rodriquez
space
Counterclockwise rotation angle associated with each node in the fundamental
Rodriquez space
Synthesized 3D microstructure
RGB triplet of voxel v in the synthesized
3D microstructure
Spatial neighborhoods of voxel v in
sections orthogonal to x, y, and z axes
RGB triplets of voxel u in respective V xv ,
V yv , and V zv sections
Orthogonal input 2D images corresponding to x, y, and z axes
Windows of size w in input 2D micrographs corresponding to x, y, and z
axes
RGB triplets of pixel u in respective S x,w ,
S y,w , and S z ,w windows
Best-matching windows to neighborhoods of voxel v in respective x, y, and
z input 2D images
RGB triplets of pixel u in respective S xv ,
S yv , and S zv windows
Gaussian weighting factors associated
with pixel u in respective S x,w , S y,w , and
S z ,w windows
Cost function based on a Euclidean
distance of matching windows
Reference cumulative probability distribution function of colors for input 2D
images
Cumulative probability distribution
function of colors for synthesized 3D
model
Apparent 2D grain-size distribution
function
Actual 3D grain-size distribution function

[18,19,27], and point probability functions (e.g., autocorrelation
function) [20–25]. Although these methods are efficient at modeling the global features of the microstructure, they usually fail
at capturing the local information in the form of per-pixel data,
when reconstructing polycrystalline structures [19]. A popular
geometry-based tool for 3D reconstructions of microstructures
is DREAM.3D [28–30]. DREAM.3D extracts statistical information from images, such as grain morphology as well as orientational features. From such information it generates a full 3D
geometrical model, capturing the overall crystalline structure.
The super-ellipsoidal grain approach associated with DREAM.3D
reconstruction tends to idealize the crystal morphology [31].
Hence, the above-mentioned numerical methods run into difficulties when modeling complexities of microstructures such as
non-equilibrium grain structures, non-convex grains, twins, second phases, precipitates, and cell structures [32,33]. Such features

naturally arise from materials processing, playing an important
role in their properties and performance. Accordingly, the need
to develop robust numerical algorithms for 3D microstructure
reconstruction is critical. Such algorithms can provide insight into
the microstructure–property relationship of materials; ultimately
advancing the development of smarter, multifunctional, and more
sustainable structural systems.
It is experimentally observed that sufficiently large slices along
a particular direction taken from a 3D polycrystalline microstructure generally ‘look alike’ [26,34–37]. This gives evidence to
the notion of stationary probability distribution, which underlies microstructure formations [38,39]. Consequently, the inverse
problem of synthesizing 3D polycrystalline structures from 2D
sectional images taken along the orthogonal directions is of
specific interest to this paper. Here, the 2D input sections are
in the form of pixels that contain red–green–blue (RGB) color
values representing different constituent phases or orientations.
The outcome of the inverse problem is a 3D solid microstructural
model made of voxels (i.e., volumetric pixels) that are colored
consistently with the 2D orthogonal input images, such that any
arbitrary x, y, or z slice of the 3D model is ‘similar’ to its corresponding 2D input micrograph. The measurement of similarities
between the slices of the synthesized 3D microstructure and the
given 2D sectional images is based on a least-square distance
(i.e., Euclidean-norm) cost function. Minimizing the cost function
ensures that the local neighborhood of any voxel on a 2D slice
taken along the x, y, or z direction through the synthesized 3D
microstructure is representative of some neighborhood in the
given 2D micrograph, taken along the same direction. This approach is consistent with the Markov random field (MRF) model
of texture synthesis [40–42] that recently has been successfully
applied for microstructure reconstruction [39,43–46]. The underlying assumption states that the probability density of each
pixel within the microstructure can be fully defined, based on
a limited number of its surrounding pixels, not necessarily all
the pixels in the micrograph [38,39]. To estimate an unknown
voxel in the 3D synthesized model, small windows in the 2D
micrographs are first identified as being the best-match to the
unknown voxel’s neighborhood. Once identified, the matching
windows are sampled. The state of the unknown voxel is then determined by the coloring of the center pixels in the best-matching
windows. Previous works in 3D microstructure reconstruction
using MRF have shown that such an approach can effectively
capture microstructural features [38]. However, the results were
restricted to grayscale coloring only. This work has laid the
foundation for the use of the entire red–green–blue (RGB) color
spectrum, through the exploitation of an image histogram matching step (also known as histogram specification). In the image
processing community, this step is often performed to achieve
consistent intensity (e.g., illumination or contrast) across two
datasets (i.e., the reference and the target images) [47,48]. In this
paper, the efficacy of this new approach to model 3D features in
the polycrystalline structure using orthogonal 2D image datasets
is examined. Using the MRF algorithm, it is shown that both
global features such as grain size, texture distribution, and grain
neighborhood correlations as well as localized information such
as precipitates and grain boundary networks closely resemble
those of the experimental images.
2. Methodology
The objective here is to first summarize the sampling methodology, used in Reference [38]. The histogram matching extension,
which provides the ability to reconstruct color images, is described next. Following this, the computational costs associated
with MRF modeling and its relation with sampling window size
is discussed in detail.
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2.1. Sampling algorithm
In the following discussion, let S x , S y , and S z denote the set
of orthogonal slices of the microstructure along their respective
x, y, and z directions. The symbol V indicates the synthesized 3D
microstructure. Whereas, V v represents the color of voxel v in
the solid microstructure. In the previous work, G distinct color
levels in the range {0, 1, .., G − 1} were used to represent the
microstructural data. In the current algorithm, three layers of
color in the red, green, and blue channels (as a triplet) are allowed
for representation of the phase information. The exploitation of
RGB scheme allows for significant flexibility in the choice of the
microstructural colormap, enabling direct visualization of colors
throughout the reconstruction.
The following algorithm presented here is the same as in
Ref. [38], except that the averaging step is performed on each
color channel separately. For pedagogy, let us consider how one
of the color channels in the 3D microstructure is reconstructed.
The hypothesis in the sampling approach is that the color assigned to any voxel follows a Markovian property. That is, the
probability density function (PDF) of a voxel given the states of its
spatial neighborhood is independent of the entire dataset. Thus,
here the neighbors are chosen over relatively small user-assigned
windows around the voxel v . The vectors denoting the spatial
neighborhood of voxel v in the slices orthogonal to the x, y, and
z axes are denoted as V xv , V yv , and V zv , respectively (see Fig. 1(a)).
Let S x,w , S y,w , and S z ,w denote a window of the same size in
the input 2D micrographs. In order to find the coloring of an
unknown voxel v given the neighbor voxels in the x–plane, one
needs to compute the conditional probability density of V v given
colorings of x–plane neighbors of v . Explicit construction of such
a probability density is often computationally intractable. An
alternative approach is to estimate the most likely RGB value of
the voxel v by identifying a window S x,w that is most similar to
V xv in the 2D input micrograph. This window is denoted by S xv
(see Fig. 1(b)). Similarly, matching windows to the y and the z
plane neighborhoods of voxel v are found in the corresponding
2D sectional images (denoted as S yv and S zv , respectively). Each
of these matching windows S xv , S yv , and S zv may have different
RGB coloring for the center pixel. Thus, an optimization methodology is employed to effectively merge these disparate values and
to identify a unique coloring for the voxel v . The optimization
approach is described next.
Let the value V xv,u denote the RGB coloring of voxel u in the
neighborhood V xv . Let the values S xv,u and S xu,w , respectively denote
the RGB color of pixel u in the windows S xv and S x,w . Consequently, the 3D microstructure can be synthesized by posing the
problem as a Euclidean distance (L2 ) minimization of the energy
function (also known as the cost function), as formulated below:
E(V ) =

∑ ∑∑
v

i∈{x,y,z }

i
i
i
2
ωv,
u ∥V v,u − S v,u ∥

(1)

u

i
Here, ωv,
u denotes a per-pixel weighting factor. In order to preserve the short-range correlations of the microstructure as much
as possible, a Gaussian weighting is used such that the weights
for nearby pixels are taken to be higher than pixels farther away.
For instance, if the pixel u along the x–plane is placed at a relative
location (yu , zu ) (in lattice units) with respect to the voxel v , then
x
ωv,
u is given as:

(
exp −
x
ωv,
u =

y2u + zu2

(
∑

j

exp −

)

2σ 2
y2j + zj2
2σ 2

)

(2)

3

The summation in the denominator is taken over all the pixels
in S x,w . Here, the standard deviation σ , is taken to be 0.16 × w ,
y
z
where w refers to the window size [43]. Similarly, ωv,u and ωv,
u,
y,w
z ,w
respectively denoting per-pixel weighting factors in S
and S ,
can be computed.
The optimization of the energy function E(V ), is carried out
in two steps: (i) the searching step, and (ii) the expectation step.
In the first step, the energy function is minimized with respect
to S iv . Here, the assumption is that the most likely sample from
the conditional probability distribution of the center voxel in the
3D model along a particular direction is the center pixel of the
best-matching window in an experimentally-obtained 2D slice on
the corresponding plane. Hence, the best-matching neighborhood
of voxel v along the x–plane is selected by solving the following
minimization problem:
S xv = arg min
S x,w

∑

x
x,w 2
x
ωv,
u ∥V v,u − S u ∥

(3)

u

This is an exhaustive search that compares all the windows in the
input 2D micrograph to the corresponding x–slice neighborhood
of voxel v and identifies a window that leads to a minimum
weighted squared distance.
Thus, for each voxel v , a set of three best-matching neighborhoods within the experimental images are identified. Generally
the center pixel values in each of these neighborhoods are composed of different RGB colorings. Yet, a unique value of v needs to
be found by weighting colors pertaining to location v in not only
the matching windows of voxel v but also its surroundings. This is
done in the second step of the optimization procedure. Here, the
optimal color of voxel v is computed by setting the derivative of
the energy function to zero, with respect to V v . This leads to the
following weighted-average expression for the color of voxel v :
Vv = (

∑ ∑
i∈{x,y,z }

u

ωui ,v S iu,v )/(

∑ ∑
i∈{x,y,z }

ωui ,v )

(4)

u

Note that the subscripts u and v are switched in the above expression, compared to Eq. (1). This implies that the optimal color
of the voxel v is the weighted-average of the colors at locations
corresponding to voxel v in the best-matching windows of voxels
u (i.e. S iu ) found within the synthesized 3D solid microstructure.
The color channels are averaged independently in the equation
above. Since V v is continuously changing after each step, the set
of closest input neighborhoods S iv varies accordingly. Hence, the
above two steps are repeated until convergence; that is until the
set S iv remains unchanged.
2.2. Histogram matching algorithm
The primary issue with the above equations is the assumption
that the color space is continuous. Such an assumption allows
for the partial derivatives of the energy function to be obtained.
However, the color space is typically discrete and range bound.
Consequently, the averaging performed in Eq. (4), always tends to
shrink the color levels. For example the color level 0 always tends
to increase, since it is repeatedly averaged with all the color levels
that are greater or equal to 0. Similarly the maximum color level
G of each RGB channel (typically equals to 255) has a tendency to
decrease, due to it being averaged with other color levels that are
always smaller or equal to G. However, the general assumption
in MRF reconstruction remains, that the two datasets (i.e., input
images and solid synthesized model) have the same range of color
levels. To solve this issue, histogram matching is applied after
each iteration, allowing for the color levels to be appropriately
stretched back to values from 0 to G at each channel.
The stretching process is based on the cumulative distribution
function (CDF) of colors in the input micrographs. That means, the
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Fig. 1. (a) The neighborhoods of the voxel v in the slices orthogonal to the x, y, and z axes are shown. (b) The windows in the input 2D micrograph shown in
dotted lines are denoted by S iv for i = x, y, and z. These windows closely resemble the neighborhoods of the voxel, v .

Although the general approach presented in this work is not
tied to a specific input resolution, all the input images are resampled to 128 × 128 pixels prior to MRF reconstruction. As
a starting condition for 3D reconstruction, a random RGB color
from the input 2D images is assigned to each voxel v . The reconstruction process is then carried out in a multi-resolution (or
multi-grid) fashion [38]: starting with a coarse voxel mesh while
progressively interpolating the results to a finer mesh once the
coarser 3D image has converged to a local optimum. The multiresolution approach drastically increases the convergence rate
to an optimum cost function. As such, three resolution levels
(323 , 643 , and 1283 ) are used for the following three numerical
examples. Respective window sizes of 7, 9, and 11 are chosen
in the three resolution levels. The pseudocode in Algorithm 1
summarizes the sampling and reconstruction schemes:
Fig. 2. Histogram matching algorithm: the color Gi in the synthesized 3D image
is switched for each channel independently. The new color Gj has the same
cumulative distribution function as in the 2D images.

2D micrographs are considered as the reference images, whereas
the 3D solid model’s color histogram is to be matched following
each iteration. Here, all three orthogonal images are lumped
together in order to generate the reference cumulative probability
distribution. In current implementation, the histogram matching
algorithm is applied separately, for each color channel. Given the
reference (2D) and the target (3D) images, the color histograms
are obtained by binning the pixels into G discrete intervals. Subsequently, CDFs of the two color histograms H2D and H3D are
computed and normalized. For each voxel (with RGB color value
V v ) in the 3D synthesized model, the color level X in the 2D
image is found such that H2D (X ) = H3D (V v ). Accordingly, the color
level associated with V v (in the 3D model) is replaced with color
level X (from the 2D images). The histogram matching scheme is
depicted in Fig. 2.
The application of histogram matching using an RGB image is
illustrated in Fig. 3. The first reconstruction (shown on the top of
Fig. 3) is based on the algorithm presented in Ref. [38]. Note, that
phase information (e.g., grain size, shape, orientation, boundary
networks, etc.) is lost within the first few iterations. Though
with the current implementation (using histogram matching) the
volume fraction of each color level is preserved with the input images. The result of which is the reconstruction of a representative
3D microstructure. In Fig. 3, the same 2D micrograph is considered as the reference image for both reconstruction schemes. The
snapshots of the 3D solid models at iterations 0, 7, 21, and 35 are
shown, respectively.

Algorithm 1: Pseudocode for 3D MRF reconstruction of size N 3 .
Require: Orthogonal 2D images of size N 2 as well as the
sampling window size for each level
Ensure: Optimum cost function given in Eq. (1)
Resize 2D images to L2 , where L = N /4
Initialize a random 3D microstructure of size L3 , where L = N /4
Initialize level index: lev el ← 1
while level < 4 do
while level unchanged do
Use Eq. (3) to identify the best matching windows in
orthogonal 2D images (Searching Step)
Use Eq. (4) to compute the expected voxel channel values
(Expectation Step)
for each channel do
Compute CDFs of 2D images (H2D ) and 3D solid model
(H3D )
Find color level X in the 2D images such that
H2D (X ) = H3D (V v )
Replace voxel channel color with color level X
(Histogram Matching Step)
end
end
Update image size: L ← 2L
Resize 3D synthesized model to L3 and 2D images to L2
Update level index: lev el ← lev el + 1
end

2.3. Computational cost vs. window size
Although there are several free parameters throughout the
reconstruction strategy, window size is chosen to be the only
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Fig. 3. Effect of histogram matching: without histogram matching (as illustrated on the first row), the color space continuously shrinks and phase information is
lost after first few iterations; contrarily, with histogram matching (as shown on the bottom), the color space remains consistent with the input reference image
throughout the simulation.

adjustable variable for simplicity. Window size plays an important role in the MRF reconstruction model. At window sizes
much smaller than the correlation lengths, false matches lead to
inaccurate reconstructions. Contrarily, at very large window sizes,
not enough matching windows can be identified. Additionally,
high window sizes require extensive computational power for
both sampling and reconstruction. Between these two extremes,
there is an ideal window size that needs to be realized through
numerical trials. Normally, the window size should be larger than
the average microstructural features, especially at low-resolution
levels. This allows the algorithm to capture global attributes
(e.g., grain boundary network, inter-connectivity, size distribution, etc.) in the polycrystalline microstructure at early iterations
while reconstructing finer details (e.g., precipitate, twin, etc.)
at later resolution levels. Fig. 4 depicts the effect of window
size (within the highest resolution level, 1283 ) on the quality of
synthesized 3D images. Note that only odd values are allowed for
the window size, so that the sampled neighborhood is symmetric
around the center voxel.
The computational cost to obtain 3D solid models is directly
related to the voxel resolution. In other words, higher voxel
resolutions (1283 vs. 643 ) require more computational power
to perform searching and expectation steps. Table 1 provides a
breakdown of the computational cost as a function of the sampling window size associated with the highest resolution level.
The processing times here correspond to the solid models shown
in Fig. 4. Note, simulation times generally vary drastically depending on iteration number as well as the features being sampled. As
shown in Table 1, most of the computational burden is related to
identifying the best-matching windows in the orthogonal input
images (i.e., searching step). This is expected as the searching
stage consists of an exhaustive approach that compares all the
windows in the input micrographs, in order to identify a neighborhood that leads to a minimum weighted squared distance,
formulated in Eq. (3). Furthermore, note that the computational
burden associated with performing the histogram matching step
is typically related to the 3D voxel resolution, and it is independent of the sampling window size. Given this reason, histogram
matching is excluded from Table 1. At the highest grid resolution,
the typical time required to perform histogram matching is minimal (usually fewer than 5 s) when compared to expectation and
searching steps.

Table 1
Breakdown of computational cost associated with highest resolution (128 ×
128 × 128) level of the MRF reconstruction. For reference, all reconstructions
are executed using a single processor and 4 GB of memory.

Window
Window
Window
Window
Window

Size
Size
Size
Size
Size

3
5
7
9
11

Relative time (%)
Searching step

Relative time (%)
Expectation step

Average time
(min)

65.05
71.94
74.31
78.80
81.31

34.95
28.06
25.69
21.20
18.69

1.69
5.53
11.09
20.37
32.25

In light of the above discussion regarding computational burden caused by different window sizes, it is expected that mapping
sample images to lower resolutions would significantly improve
the overall computational efficiency of the current algorithm.
Note, the reconstruction scheme presented in this work is not
tied to a specific input resolution. Thus, any 2D image resolution
can be reconstructed, if needed. The implication is that the user
should specify a sufficient pixel resolution that would capture the
phenomena of interest.
3. Results and discussion
In the example below, the MRF algorithm is examined by
comparing grain sizes for a previously studied sample in Reference [38] using the Saltykov method. Following this, the reconstruction procedure is applied to an orthogonal set of EBSD
images and polarized light microscope data of an Aluminum
alloy. Thereafter, the restrictions of current MRF microstructural
modeling is highlighted.
3.1. Example 1: Validation of 3D grain size
Here, a polycrystal grayscale micrograph is chosen. The image
is reconstructed in the RGB color space using the present algorithm. In this example, the ability of MRF to accurately model 3D
grain size distribution as predicted by the stereological formula
is studied. Such validation has not been done previously for 3D
MRF algorithms. Grain size distribution is essential for simulating
mechanical properties in polycrystals via Hall–Petch models [49].
The Saltykov approximation method provides a closed-form expression for the 3D grain sizes, given a 2D observation. The
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Fig. 4. Effect of window size: none of the sections in 3D images look identical to the sample image, but the image generated with window size of 11 has statistical
correlation function similar to that of input image.

where R corresponds to the 3D grain size, r1 and r2 are lower and
upper limits of the interval for 2D grain size, and P(r1 < r < r2 )
is the probability to cut the section within the defined interval.
The probability that a plane cuts a sphere of radius R is 2R
(per unit length). The likelihood of cutting such spheres not only
depends on their numbers but also on their sizes, since larger
spheres are more likely to intersect a random section plane, as
shown in Fig. 6(c). Also, the likelihood of a sphere of radius R in
the unit volume is F (R)∆. Here ∆ = (Rmax − Rmin )/k denotes the
size of each bin, where k equals the total number of bins. Hence,
the probability a 2D section of radius r can be numerically written
by taking a product of the equation above with 2RF (R)∆ and by
summing it over all bins (Saltykov formula):
Fig. 5. An experimental 2D polycrystalline microstructure (as shown on the left)
is used as an exemplar for 3D reconstruction. The 3D MRF reconstructed model
is depicted on the right.

assumption is that the grains are approximately equiaxed, which
is reasonable given that only one micrograph is used for all three
orthogonal sections. The 3D reconstruction is shown in Fig. 5.
The Saltykov formula is used to unfold the 2D apparent grainsize distribution into the actual 3D PDF (F (R)), as shown in
Fig. 6(a). The results are then compared against the 3D grain
size distribution of the MRF reconstruction. The assumption in
the Saltykov formula is that the reconstructed volume and the
2D images are of unit volume and unit area,
√ respectively. The
derivation is based on Fig. 6(b), where z = R2 − r 2 corresponds
to a random cut location across a sphere of radius R with r being
its apparent 2D grain size. Since the probability of z follows a
uniform distribution (i.e., P(z) = R1 ), the probability of r can be
computed in a closed-form by the change of variables, as follows:

⏐

⏐

⏐ dz ⏐
r
Pr (r) = P(z) ⏐⏐ ⏐⏐ = √
2
dr
R R − r2

(5)

Integrating this expression leads to:
P(r1 < r < r2 ) =

∫

r2

Pr (r)dr =
r1

1
R

(√

R2

−

r12

−

√

R2

−

r22

)
(6)

P(r1 < r < r2 ) = 2∆

∑(√

R2i − r12 −

√

)

R2i − r22 F (Ri )

(7)

i

For the Saltykov formula, the same number of bins (k = 24)
in the 2D and 3D case is used such that the above set of equations (one equation for each 2D bin) can be exactly inverted
to obtain F (R) [50]. In this example, the 2D grain statistics are
captured in the following manner. The incomplete grains on the
outer-edge adjacent to the borders of the image are removed.
For every inner grain, the maximum possible diameter at all
its boundary points is computed in pixel units. The PDF of the
raw diameter data is then calculated over 24 bins using a lognormal fit. The result of the Saltykov algorithm on this data is
plotted as solid points in Fig. 7. To obtain the 3D grain size
distribution, edge detection is first performed on the solid MRF
volume, followed by segmentation of grains. In the segmentation
algorithm, grains are described by the number of connected faces
(six-fold connectivity) of a similar color. To obtain the grain size
distribution, the same process is followed as that used in the
2D image. That is the external grains are first eliminated, and
for each inner grain, the maximum diameter for every boundary
voxel is obtained. As illustrated in Fig. 7, a close agreement of the
Saltykov estimation and the sampled grain size distribution from
the MRF reconstruction is observed. Deviations from Saltykov
estimates are seen at the tails of the distribution, where the 3D
reconstruction marginally predicts a higher probability of small
and large grains.
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Fig. 6. Schematic explaining the Saltykov formula: (a) Grains are assumed as spheres with a random section seen in the 2D image. (b) Probability of a given 3D
grain size R given a 2D section radius r can be obtained by a change of variables. (c) In the case where multiple 3D grain sizes exist, the Saltykov estimate takes
into account the probability that a plane can cut a sphere of radius R. Hence, the spheres of larger radii are more likely to intersect the section plane.

Fig. 7. (a) Comparison of the grain size distribution (PDF) of the 3D microstructure along with the Saltykov prediction. (b) Comparison of cumulative distribution
function (CDF) of 3D grain sizes with Saltykov prediction.

For the 3D model presented here, one reference image is supplied as an exemplar for all three orthogonal directions. Therefore, the model is assumed to be an equiaxed microstructure.
This implies that slices taken from the diagonal directions should
exhibit similar statistics as orthogonal planes in the solid 3D
model. Hence, for comparison, the grain size distributions of
these sections are studied. The process is carried out for total
of 15 orthogonal planes (five in each direction) and 18 oblique
sections (three in every face-diagonal direction) across the 3D
microstructure. A number of these sectional images are shown
in Fig. 8.
To acquire the sectional grain statistics, same process as described for 2D input image, is employed. The partial grains adjacent to the borders are eliminated, and for each inner grain,
the maximum diameter at every boundary node is calculated
using pixel units. The probability density of diameters for both
orthogonal and diagonal sections are then computed over 50 bins.
As illustrated in Fig. 9, a close trend between the two data is
observed.

3.2. Example 2: 3D reconstruction based on EBSD data
The following EBSD images, shown in Fig. 11, correspond to an
Al-Li alloy after forging to 2.5-inch thickness. Here, three orthogonal sections are characterized and used for MRF reconstruction.
Experimentally, EBSD data is obtained using a scanning electron
microscope (SEM) equipped with detectors normal to each plane.
To ensure a consistent MRF sampling across all EBSD sections, the
orientations need to be remapped such that all the images are
observed in the same sample coordinate system.
Here, the raw Euler angle data is mapped to nodes in a discretized orientation distribution function (ODF). The ODF is a
one-point probability function. It describes the volume fractions
of crystals as a function of orientation. The orientation is represented here using an axis-angle format initially proposed by
Rodrigues. The format is based on the unique association of
orientation with an axis of rotation, n, and a counterclockwise
rotation angle, θ about n [51,52]. The Rodrigues’ parametrization,
r, is scaled as r = n · tan( θ2 ). A proper rotation, R, relates the
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Fig. 8. Several sectional images of the 3D reconstructed model along diagonal (shown on the left) and orthogonal (shown on the right) directions are illustrated.
The grain sizes and shapes along these sections nearly resemble the 2D reference image.

Fig. 9. (a) Comparison of probability density distributions of the 3D grain sizes along oblique and orthogonal sections. (b) Comparison of cumulative distribution
function of the 3D microstructure across oblique and orthogonal directions.

Fig. 10. (a) Rodrigues fundamental region for cubic symmetry. (b) A coarse discretization with independent nodes colored blue. (c) A finer discretization. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 11. The colormap shows the RGB values of individual nodes in the face-centered cubic (FCC) fundamental region. The pixels RGB values in the raw 2D orthogonal
EBSD images are mapped to the closest node (in Euclidean norm sense) using the colormap. The orientation distribution functions of all three input images are
similar, after adjusting the relative alignments of the detectors with respect to the sample.

sample orientation to the crystal orientation. Here, the example material (Al–Li alloy) lattice is of cubic symmetry. The 3D
orientation space can be reduced to a small subset called the
fundamental region that accounts for the cubic symmetry. The
resulting Rodrigues fundamental region is shown in Fig. 10(a).
For numerical analysis, the fundamental region is discretized
using a finite-element mesh. The symmetry of the ODF is an
additional constraint that must be properly considered. Due to
cubic symmetries, several of the nodes in the grid are equivalent.
Hence, the ODF is represented using a smaller set of independent
nodes, as shown in Fig. 10(b), (c).
Each EBSD data point is mapped to the closest independent
node in the ODF. If the orientation is close to a non-independent
node, the node that is the symmetry equivalent to the node is
chosen. The 2D EBSD images are then colored according to the
nodal numbers. A simple choice for the colormap is to apply the
Rodrigues vector itself as an RGB triplet, after normalization of
each Rodrigues vector component to a range of [0, 255]. Fig. 11
shows the orthogonal set of images from the rolled sample; grains
are elongated in the rolling direction and shortened in the transverse directions. The grains are colored based on a colormap in
Fig. 11, depicting the color of each independent node in the ODF.
Here, three 700 × 700 EBSD sections are chosen and resampled
to 128 × 128 images for the reconstruction. The ODFs for all
three sections are comparable after correcting for the relative
orientation of the camera with respect to the sample, as shown in
Fig. 11. The 3D reconstruction from the MRF algorithm is shown
in Fig. 12(b). A number of different sections of the reconstructed
model are shown in Fig. 12(c).
In this example, the averaging algorithm tends to smoothen
the noise, and it supplies an overall smoother reconstruction
compared to the input 2D images which consist of a significant
amount of noise. Since the averaging step in the MRF algorithm
introduces deviation of colors from the original 2D colors, an additional step is employed to remap the colors to the independent
nodes of the ODF through the colormap shown in Fig. 11. The
top four closest colors in the ODF that closely match the voxel
color are found first. If it is a match within a threshold error,
the voxel color remains unaltered. Otherwise, the closest colors
(in Euclidean norm sense) to the colormap are identified. Of the

colors identified as best matching, one randomly picked to recolor
the voxel. It is found that the resulting ODF and pole figures of the
MRF reconstructed microstructure matches exceptionally well to
the measured ODF, as shown in Fig. 13.
In addition, a new analysis is performed, where the reconstruction algorithm is run sequentially, using random slices of
previous 3D model as the input exemplars for the next synthesis.
Such an analysis exemplifies the ability of 3D MRF algorithm
to preserve texture statistics, generate distinct equivalent microstructures, and most importantly demonstrates how errors
can be accumulated after every reconstruction. An example for
sequential reconstruction is shown in Fig. 14. These sequences
reveal that our 3D reconstruction strategy succeeds in preserving
the original exemplars’ orientation distribution. Despite all, due
to the averaging step, at some point deviations in statistics are
expected to creep into reconstructions. This only happens after a
significantly larger number of reconstructions.
3.3. Example 3: Reconstruction of polarized light micrograph
The third example is an optical micrograph of an Aluminum
alloy from Reference [53]. In this example, the microstructure is
first etched with Barker’s reagent. Next, an electric field is applied
to produce a thick oxide layer over the Aluminum grains. When
exposed to the cross-polarized light, interference in these oxide
layers produces colors that depend on the grain orientation. For
reconstruction purposes, the image is preprocessed such that all
grain boundaries are accentuated to demarcate the grains clearly.
The 2D microstructure is depicted in Fig. 15(a). Only one sectional
representation is taken, and the other sections are assumed to
be identical (similar to Example 1). The microstructure is then
reconstructed using MRF algorithm, and several sections of the
3D synthesized model in Fig. 15(b) is indicated in Fig. 15(c).
The goal here is to examine the nearest neighbor–grain correlation, which is a critical descriptor relating mechanical properties [54]. For this purpose, the grains are classified in terms of
four predominant colors observed in the image: purple (P), blue
(B), orange (O), yellow (Y). The 2D and 3D microstructures with
grains marked by this classification are shown in Fig. 16 (left). For
all yellow grains, the number of blue neighbors, as well as all the
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Fig. 12. (a) Experimental 2D polycrystalline microstructures imaged in orthogonal planes. (b) 3D MRF reconstructed model. (c) Sectional images of the reconstructed
microstructure.

Fig. 13. Comparison of the ODFs and various pole figures of the 2D sample images against the synthesized 3D microstructure.

other neighbors (purple, orange, and yellow), are counted. The
same process is repeated for the remaining colors. Similar data
is gathered from five slices in each direction (total of 15 slices)
across the 3D microstructure. The neighbor statistics of the colors
are compared in Fig. 16 (right). In this figure, the x–axis denotes
the color of the chosen grain, while the color bars indicate the
probability of occurrence of a yellow, orange, purple, or blue
neighbor for that specific grain. There are two bars for each
neighbor color, one for the 2D microstructure (located on the left
hand side) and another for the 3D reconstructed model (located
on the right hand side) as indicated by the legend. The range bar
on the tip of the 3D bars shows the maximum and minimum
values of the neighbor color percentages along the x, y, and z
planes. The numbers on the bars indicate the relative percentage
difference between the 2D and 3D statistics. The maximum error
between the 2D and 3D neighbor statistics is only 3.32% which
is associated with having a purple grain neighboring another
purple grain. This example indicates that the MRF algorithm is

exceptional in maintaining the nearest grain neighborhoods in
the reconstructed image, as is also observed in the two-point
short-range correlation study in Reference [38].
3.4. Example 4: Limitation of Markov random field modeling
The presumption behind MRF reconstruction methodology is
that given surface images are representative (i.e., having similar
grain morphology and textural information) to every slice in their
respective directions. This requires the user to carefully select
volumetric regions in which one single image can adequately
describe the entire dataset along that particular axis. As shown in
previous examples, this approach is efficient in capturing a wide
variety of microstructural features. However, there are samples
for which above requirement is insufficient. Fig. 17 demonstrates
a synthesized 3D microstructure with a non-uniform morphology.
Here, grains are densely populated at z = 128 and scarcely generated on z = 0 slice. Due to the nature of the given microstructure,
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Fig. 14. Texture sequence analysis is shown for MRF algorithm. Each reconstruction uses the random slices of the previous 3D model (shown on its left) as its input
exemplars. Here, the orientation distributions of each reconstruction exceptionally match with the original exemplars’ ODF. (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this article.)

Fig. 15. (a) Experimental 2D polycrystalline microstructure. (b) 3D MRF reconstructed model. (c) Sectional images of the reconstructed microstructure.

no single image can thoroughly capture the varying morphology
along the z direction. As a result, to reconstruct an equivalent 3D
model using MRF, one needs to take into account the statistics of
additional orthogonal or oblique sections in their exemplars [46].
4. Conclusions
A numerical method for reconstructing diverse 3D multicolor microstructures from 2D micrographs imaged on orthogonal
planes is presented. The algorithm reconstructs 3D solid models
by matching orthogonal sections of the synthesized microstructure to the representative 2D micrographs through an iterative
minimization procedure. The principal contribution in this paper

is the extension of the algorithm to true color (RGB) images via
implementing a histogram matching step after every iteration.
Such an extension is essential for accurate representation of
descriptors such as orientation distribution functions. In this
paper, the new algorithm is applied for a wide variety of morphologies, particularly equiaxed and elongated grains. Through
the reconstruction of optical and EBSD datasets, it is shown that
the MRF approach is able to precisely capture crucial features
of polycrystalline microstructure, such as grain size, orientation
distribution, and grain neighborhood correlation. The method can
be useful to rapidly create a library of 3D microstructures from
2D micrographs for modeling and simulation purposes.
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Fig. 16. (left) Four predominant colors (purple (P), blue (B), orange (O), yellow (Y)) as marked on the 2D and 3D microstructures. (right) Neighbor statistics of the
colors; the x-axis denotes the color of the chosen grain, and the bars indicate the probability of occurrence of colored neighbor grains. There are two bars for each
neighbor color, one for the 2D image and another for the 3D reconstructed microstructure. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)

Fig. 17. This example is specifically selected to illustrate the shortcomings of
the MRF algorithm, as presented in this paper. The varying morphology of the
given microstructure along the z direction, cannot be captured by only one single
image orthogonal to that axis. As a result, the MRF algorithm cannot be used to
properly reconstruct such a 3D model. Here, the slices on the right hand side
correspond to z = 0, 64, and 128, respectively.
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