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ABSTRACT: Thermal conductivity and phonon transport properties of
graphyne nanotubes (GNTs) and conventional carbon nanotubes (CNTs)
are studied using nonequilibrium molecular dynamics simulations. The
eﬀect of nanotube length on the thermal conductivity and phonon transport
transition from a ballistic to a diﬀusive regime is investigated. It is found
that the thermal conductivity is signiﬁcantly higher for CNTs in comparison
to that of GNTs across the entire ballistic−diﬀusive transport range. Among
GNTs, β- and γ-GNTs demonstrated the lowest and highest thermal
conductivities, respectively. In addition, ultralow ballistic to diﬀusive
transition length (4.5−7.6 nm) was observed in GNTs, which was
signiﬁcantly lower compared to CNTs. This behavior is due to the
extremely low phonon mean free path (MFP), which is primarily due to a
higher phonon scattering rate in a graphyne lattice. In the diﬀusive regime,
the thermal conductivity does not converge at lengths up to 200 nm for
both GNTs and CNTs; however, the rate of increase in thermal conductivity of GNTs as a function of nanotube length was
considerably lower compared to CNTs. Statistical analysis of umklapp phonon−phonon scattering events indicated that highenergy optical phonon modes which are generated by acetylene bonds in GNTs play a major role in scattering and limiting the
MFP of heat carriers, leading to signiﬁcantly shorter ballistic to diﬀusive transition length in GNTs. Because of a low rate of
electron−phonon scattering, the electron MFP in GNTs was estimated to be extremely large and in a microscale range at room
temperature. This, in conjunction with ultralow phonon MFP, provides a pathway toward high thermoelectric ﬁgure of merit in
long GNTs.
conductivity is more than 3000 W m−1 K−1.6 Guthy et al.
prepared SWNT−PMMA nanocomposites using random
SWNT orientation with nanotube loadings as high as 9 vol
%. They measured a 240% increase in the thermal conductivity
with nanotube loading of 6 vol %. They also showed that
increasing nanotube loading does not aﬀect the thermal
conductivity because of poor nanotube dispersion at high
concentration.7 Using the four-pad 3ω method, Wang et al.
reported that the thermal conductivity of individual SWNTs
increases along with length over the range of 0.5−7 μm.8

1. INTRODUCTION
Thermal properties of materials at the nanoscale have attracted
extensive attention of the scientiﬁc community in recent
years.1 Recent thermal management strategies in nanofabricated devices necessitate the development of more
eﬀective heat-conducting materials.2 Diﬀerent carbon allotropes such as graphene, diamond, and carbon nanotubes
(CNTs) are considered as materials with extremely large
thermal conductivity as a result of their atomic structures.3−5
Numerous experimental studies have been carried out to
measure the thermal conductivity of theses allotropes. For
example, Kim et al. measured the thermal conductivity of a
single-walled CNT (SWNT) using a microfabricated suspended device. They indicated that the phonon mean free path
(MFP) is 500 nm at room temperature and the thermal
© 2018 American Chemical Society
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Figure 1. Schematic representation of graphene and graphyne lattice structure, as well as armchair and zigzag nanotubes for (a) CNT, (b) α-GNT,
(c) β-GNT, and (d) γ-GNT.

bonds resulting in various optical, electronic, and thermal
properties.15 The atomic structure of graphyne has three main
symmetric types; α-, β-, γ-graphyne with 33.3, 28.6, and 20.0%
carbon triple bonds, respectively. Analogous to CNT, graphyne
nanotubes (GNTs) can be formed by rolling up the graphyne
sheet into cylinders.16 A number of studies have been
performed to investigate the thermal properties of graphynebased materials. Wang et al. studied the heat transport of
carbon allotrope sheets employing NEMD simulations and
reported that not only the acetylenic linkages signiﬁcantly
reduce the thermal conductivity, but they can also tune the
thermal conductivity through diﬀerent bonding methods. A
new approach was then proposed to manipulate the thermal
conductivity through the assembling of acetylenic linkages.17
Zhang et al. carried out RNEMD simulations to predict the
thermal conductivity of diﬀerent graphyne and graphene
sheets. It was found that in comparison with graphene,
graphyne has a lower thermal conductivity because of the
existence of acetylenic bonds. In addition, they reported that
the structure, external strain, and temperature have an
inﬂuence on the thermal conductivity of graphynes.5 Pan et
al. carried out NEMD simulations to explore the thermal
conductivity of graphyne nanoribbons as a function of
orientation and temperature. They reported that in comparison
with zigzag orientation, the thermal conductivity of armchair
orientation with identical length and width is larger. It was also
indicated that regardless of the orientation, as the temperature
rises from 200 to 800 K, the thermal conductivity decreases.18
Hu et al. investigated the heat transport of perfect-phase GNTs
using NEMD. The atomic structure of these materials, which
consist of a weak acetylenic linkage and a strong hexagonal
ring, contributes to a large vibrational mismatch, resulting in an
unprecedentedly low thermal conductivity.19
The main purpose of this paper is to determine the role of
an acetylene bond in phonon transport mechanism in GNTs
and the transition from a ballistic to a diﬀusive transport
regime. Therefore, NEMD simulations have been carried out

As thermal measurement of nanostructures is challenging
because of limitations of experimental techniques at nanoscales, atomistic techniques such as molecular dynamics (MD)
simulations are used as an alternative approach to explore the
thermal properties of nanostructured materials. On the basis of
classical MD techniques, we employed an atomistic model
using a force ﬁeld to describe interactions between atoms,
which follows classical Newtonian dynamics.9 Numerous
studies have employed MD simulations to calculate the
thermal conductivity of nanomaterials. Generally, four diﬀerent
MD methods can be used to calculate the thermal
conductivity: equilibrium MD which is based on the Green−
Kubo formula, nonequilibrium MD (NEMD) and reverse
nonequilibrium MD (RNEMD) which are based on the
Fourier’s law of heat conduction, and homogenous nonequilibrium MD in which an external ﬁeld is applied to the
system.10−12
Salaway and Zhigilei investigated the thermal conductivity of
(10, 10) CNTs in a wide range of lengths varying from 47 to
630 nm using the NEMD method. They demonstrated that for
CNTs shorter than 200 nm, the length dependence is much
stronger than that of longer CNTs, indicating a transition from
a ballistic to a diﬀusive−ballistic heat transport regime.13
Alaghemandi et al. performed RNEMD simulations to study
the eﬀect of temperature, length, and chiral index on the
thermal conductivity of single-walled and multi-walled CNTs
in a wide temperature range varying from 200 to 1000 K. It
was shown that as the temperature increases, the thermal
conductivity decreases; in addition, the thermal conductivity
increases with the nanotube length.14 Lukes and Zhong
employed equilibrium MD to investigate the thermal
conductivity of SWNTs as a function of temperature ranging
from 100 to 500 K at diﬀerent nanotube lengths using both
free and periodic boundary conditions. They reported that as
the temperature increases, the thermal conductivity decreases.2
Graphyne is a class of graphene allotropes which contains
sp- and sp2-hybridized carbon atoms forming C−C and CC
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Figure 2. Thermal conductivity as a function of length at 300 K for (a) CNTs and (b) GNTs.

ﬂux, J (W m−2) is calculated using eq 1, where V (m3) is the
system volume and εi (J) is the per atom total energy of atom i
obtained by summation of kinetic and potential energy of the
ith atom. Si is the symmetric per atom stress tensor (with units
of stress volume, i.e., N m) and vi (m s−1) is the velocity
vector.23

to determine the thermal transport parameters of α-, β-, and γGNTs with a wide range of nanotube lengths at room
temperature. Figure 1 depicts the atomic structures of GNT
and CNT in both zig-zag (n, 0) and armchair (n, n)
orientations used in MD simulations. The index numbers of
nanotubes are (4, 4) and (7, 0) for armchair and zigzag αGNT, respectively. Similarly, they are (4, 4) and (7, 0) for βGNTs, (3, 3) and (5, 0) for γ-GNT, and (11, 11) and (19, 0)
for CNTs, respectively.

J=

2. COMPUTATIONAL METHODOLOGY
2.1. Thermal Properties. Simulations are carried out to
investigate the phonon transport properties of single-walled
CNTs and GNTs as a function of length ranging from 4 to 200
nm in various phases and orientations at room temperature.
Calculations were done in the large-scale atomic/molecular
massively parallel simulator software package.20 The minimum
and maximum lengths are chosen in a wide range where the
transition length can be determined. Calculation of phonon
interaction rates and phonon spectrum requires inclusion of
both the harmonic and anharmonic interatomic force
constants, which were obtained using a second-generation
reactive empirical potential. A velocity-Verlet integrator was
used to integrate the equations of motion.21 Periodic boundary
conditions were applied in all directions, where the ﬁrst and
last rings of carbon atoms at the two ends of the nanotube have
been ﬁxed in order to prevent structural instability and
maintain the heat ﬂux direction along the nanotube axis during
the simulation. Furthermore, the initial structural energy
minimization is performed using the conjugate gradient
algorithm. In addition, a Nose−Hoover thermostat is used to
equilibrate the systems in a canonical ensemble (NVT) with
the time step of 1 fs for 0.5 ns.22 To avoid any instability in
calculation of the thermal conductivity, the total linear and
angular momentum of the systems are set to zero. To calculate
the thermal conductivity of CNTs and GNTs using NEMD
simulations, a stable-temperature gradient needs to be
stablished along the longitudinal direction by transferring
heat ﬂux from one region of the system (hot region) to another
one (cold region). The temperatures in the hot and cold bath
regions are set to be T + ΔT/2 and T − ΔT/2, respectively,
where T is the average temperature and ΔT is the temperature
diﬀerence created over the two ends of the nanostructure,
which is set to ΔT = 50 K for all simulations. To make sure
that the system has reached a nonequilibrium steady-state
condition, simulations are continued for 20 ns. After ensuring
that the temperature distribution is time-independent, the heat

1 jijj
j∑ εivi −
V jj i
k

zy

∑ Sivizzzzz
i

{

(1)

The nanostructure thermal conductivity can be obtained
according to Fourier law of heat conduction from eq 2,24
where kMD (W m−1 K−1) represents the MD thermal
conductivity, J is the heat ﬂux, and dT/dz is the temperature
gradient in the longitudinal direction of the nanotube. The
reported thermal conductivity values are obtained by averaging
over the last 2 ns of the simulations. As quantum eﬀects can
play a signiﬁcant role at temperatures below the Debye
temperature of a material,25 here, we have included the
quantum correction of thermal conductivity for nanotubes
where the estimated Debye temperature is lower than
simulation temperature (300 K). Details of this process can
be found in section S1 of the Supporting Information.
kMD = −

J
dT /dZ

(2)

3. MD RESULTS
3.1. Thermal Conductivity. To investigate the inﬂuence
of nanotube length on the thermal conductivity and phonon
transport in CNTs and GNTs, nanotubes with lengths ranging
from 4 to 200 nm are simulated. The quantum-corrected
values of thermal conductivity of CNTs and GNTs are plotted
versus nanotube length in Figure 2a,b, respectively. As can be
seen in this ﬁgure, CNTs possess remarkably higher
longitudinal thermal conductivity compared to GNTs at all
length scales. Among GNTs, β and γ phases show the lowest
and highest thermal conductivities, respectively. It is worthy to
note that the higher thermal conductivity of γ-GNT is
primarily a result of higher acoustic group velocity and higher
volumetric heat capacity because of a denser atomic network.
For α- and β-GTNs as well as the CNTs, over most of the
nanotube length scales, the thermal conductivity is higher in
the armchair form. This is not the case for γ-GNT where the
thermal conductivity of armchair and zigzag forms are very
similar over the entire range of nanotube lengths.
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Equation 3 shows the thermal conductivity as a product of
phonon heat capacity, Cph (J m−3 K−1), group velocity, uz (m
s−1), relaxation time, τ (s), and MFP, λ (m), integrated over
the entire frequency range of each phonon mode. On the basis
of eq 3, the thermal conductivity scales linearly with phonon
MFP. The length-dependent thermal conductivity at room
temperature can be attributed to the variation of phonon
MFP.26,27 In a system with a length scale shorter than the
MFP, the heat transfer is dominated by ballistic transport
where MFP is limited by scattering at the system boundaries;
therefore, the thermal conductivity scales linearly with system
length in the ballistic regime. As the system length increases to
values larger than the MFP, the phonon transport becomes
increasingly more limited by phonon−phonon scattering
processes rather than boundary scattering; in this condition,
the heat transfer is in the diﬀusive regime. The rate of
phonon−phonon scattering is generally higher for shorterwavelength phonons.28 Therefore, in the diﬀusive transport
regime, the contribution of short-wavelength phonons
saturates, whereas the contribution of long-wavelength
phonons still increases by increasing the system length, leading
to an increase in thermal conductivity at a slower pace (i.e., k ≈
Lβ, β ≤ 0.4).29,30
kzz =

∫0

νmax

Cphuz 2τ dv =

∫0

νmax

Cphuzλ dv

Table 1. Ballistic to Diﬀusive Regime Transition Length and
Length Dependence Exponent, β, in the Diﬀusive Regime (k
∝ Lβ)
system

exponent β in diﬀusive
regime (k ∝ Lβ)

ballistic to diﬀusive transition
length (nm)

α-GNT
armchair
α-GNT
zigzag
β-GNT
armchair
β-GNT
zigzag
γ-GNT
armchair
γ-GNT
zigzag
CNT
armchair

5.4

0.17

7.7

0.11

4.5

0.13

7.2

0.08

7.6

0.08

6.5

0.11

38.9, comparable to ∼40 nm for
(5, 5) CNT in ref 33

CNT
zigzag

38.5

0.22, comparable to 0.19
for (5, 5) CNT in ref
33
0.20

considerably shorter acoustic phonon MFP of GNTs at
room temperature.33
In the diﬀusive region, the length dependence exponent, β,
of GNTs falls within a range of 0.08−0.17, which is smaller
than the case of CNTs with a value of β ≈ 0.2, consistent with
previous studies.32 This can be attributed to the lower
population of long-wavelength phonons in GNTs, showing a
weaker contribution to thermal conductivity in the diﬀusive
regime.

(3)

Figure 3 illustrates the thermal conductivity for all the
simulated nanotubes in a log−log plot. It can be seen that the

4. DISCUSSION
4.1. Phonon Transport. Phonon transport properties of
graphyne and CNTs can be identiﬁed based on the vibrational
phonon density of states [DOS (m−3 J−1 or m−3 erg−1)],
dispersion relations, and phonon scattering rates. In the MD
simulations, the total phonon DOS is calculated by Fourier
transformation of the atomic velocity autocorrelation function
carried out over all the atoms in the sample as indicated by eq
4.34
D(ω) =

Figure 3. Fitted asymptotic power law curves, k ∝ Lβ, to diﬀerent
sections of thermal conductivity as a function of length for diﬀerent
nanotubes, shown by a solid line for armchair and a dashed line for
zigzag nanotubes. The ballistic to diﬀusive transition point is shown
by cross and ring signs for armchair and zigzag nanotubes,
respectively.

∫0

∞

e−iωt ⟨v(t ) ·v(t )⟩ dt

(4)

Figure 4 depicts the longitudinal phonon DOS for armchair
and zigzag orientations of CNTs and GNTs at four diﬀerent
lengths. A signiﬁcant diﬀerence is observed between the DOSs
of CNTs and GNTs. CNTs demonstrate a weak peak at ∼22
THz and a stronger peak at around 53 THz, which are
attributed to sp2-bonding networks’ bending and stretching
modes, respectively.35−37 The total DOS for GNT samples
shows two peaks at around 49 THz and 62−63 THz, which
originate from the stretching of C−C and CC bonds,
respectively. In addition, a peak is observed at 33 THz for αand β-GNTs, which can be attributed to the interaction or
combined stretching of two C−C and one CC bonds in

thermal conductivities of GNTs and CNTs do not converge at
large length scales up to 200 nm and show a power law length
dependence. In order to obtain the approximate ballistic to
diﬀusive transition point, two asymptotic power law curves of k
∝ L and k ∝ Lβ have been ﬁtted to the data at the limits of L →
0 and L → ∞, respectively. Refer to section S2 of the
Supporting Information for the ﬁtting process. The transition
point of a ballistic to a diﬀusive transport is deﬁned here as the
junction of k ∝ L and k ∝ Lβ curves. The values of transition
length and exponent β are listed in Table 1, and in case of
CNTs are in agreement with previous studies.31,32 The
transition length of GNTs are within a narrow range of 4.5−
7.6 nm, which is signiﬁcantly shorter compared to the
transition length of CNTs. This behavior is due to

series, νseries =

(

1
νCC

2

+

1
νCC

2

+

−1/2

1
νCC

2

)

, obtaining the

value of ∼30 THz, at the edge of the graphyne hexagon. It
is also observed that a larger number of high-frequency phonon
modes are accessible in GNTs compared to CNTs as the
percentage of carbon triple bond increases in the sample,
resulting in the dominance of a higher stretching frequency of
22691
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Figure 4. Longitudinal vibrational DOS for (a) armchair α-GNT, (b) zigzag α-GNT, (c) armchair β-GNT, (d) zigzag β-GNT, (e) armchair γGNT, (f) zigzag γ-GNT, (g) armchair CNT, and (h) zigzag CNT.

consistent with parabolic behavior previously reported for
ﬂexural modes of graphene sheet and nanotubes.38 The
acoustic bands in GNTs demonstrate a lower slope at k = 0,
which leads to lower phonon group velocity of GNTs
compared to CNTs.
4.2. Phonon−Phonon Scattering Processes. In the
monoatomic lattice of an isolated single-walled CNT or GNT,
the phonon relaxation times are primarily controlled by (a)
boundary scattering and (b) phonon−phonon scattering
processes. For independent scattering processes, the scattering
probabilities are additive; hence, the total relaxation time can
be obtained by eq 6.

carbon triple bonds. The length dependence of frequency
distribution shows a general trend for both GNTs and CNTs
in which the population number of high-frequency modes
decreases with increasing length as a result of phonon−phonon
scattering. On the other hand, the population number of lowfrequency modes either slightly increases with increase in
length or does not show signiﬁcant length dependence. Further
analysis of the length dependence of DOS can be found in
section S3 of the Supporting Information.
In order to obtain important thermal transport parameters
such as phonon group velocity and MFP, the dispersion
relations are calculated using atomic trajectories extracted from
MD simulations. In this analysis, a phonon state is described
by wave vector, k, and polarization, p, and has a relaxation
time, τ. By transforming the atomic trajectories to the
reciprocal space, the time-varying normal mode amplitude
A(k,p,t) can be obtained as shown in eq 5.28
A (k , p , t ) =

∑ (rn(t ) − rn )·Pn(k , p)·eik·r

τ −1 =

n

(6)

j

The relaxation time because of boundary scattering can be
FL
estimated using the relation, τb, i = |u | , where F is a geometric
i

n0

0

∑ τj−1

factor which is 1/2 for CNTs;39 here, we use the same value
for GNTs, L is the nanotube lengths, and ui is the phonon
group velocity of mode i. Here, the phonon−phonon
interactions are estimated using three-phonon processes
where one phonon decays into two other or two phonons
combine to form a third phonon. The momentum selection
rule and energy conservation for these processes are shown in
eqs 7 and 8, respectively, where G is equal to zero in case of a
normal (N) process and equal to a reciprocal lattice vector in
case of an umklapp process.

(5)

where rn(t) is the position of the nth atom, rn0 is the lattice
position, and Pn(k,p) are the corresponding polarization
vectors, which are the eigen-vectors of the dynamical matrices
obtained from lattice dynamics. For details about calculation of
these quantities, refer to ref 28. The phonon dispersion can be
obtained by Fourier transformation of the normal mode
amplitudes to the frequency domain and capturing the
dominant frequency of normal amplitude at each wave vector
k and polarization p. Figure 5 illustrates the dispersion curves
of CNTs and GNTs in armchair and zigzag orientations; it is
noteworthy that the dispersion curves do not show any
signiﬁcant variation with the change in the nanotube length.
Four acoustic branches, one longitudinal acoustic (LA), two
transverse acoustic (TA), one torsional acoustic (ToA), plus a
radial breathing mode, are observed for GNTs and CNTs. The
LA and ToA bands demonstrate linear dispersion, whereas the
TA band bends slightly for very small k values, which could be

k ± k′ = k″ + G

(7)

ℏω ± ℏω′ = ℏω″

(8)

The relaxation time of the three-phonon umklapp process
for a thermal mode k can be obtained using the ﬁrst-order
perturbation theory as shown in eq 9,40 where γ is the
Gruneisen parameter, M is the atomic mass, ug is the group
velocity, na is the number of atoms per unit cell, and the Dirac
22692
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Figure 5. Phonon dispersion relations of (a) armchair α-GNT, (b) zigzag α-GNT, (c) armchair β-GNT, (d) zigzag β-GNT, (e) armchair γ-GNT,
(f) zigzag γ-GNT, (g) armchair CNT, and (h) zigzag CNT.

Figure 6 shows the relaxation times in the U-process as a
function of wavenumber for diﬀerent nanotubes and for
acoustic and optical modes. It should be noted that, in this
ﬁgure, the relaxation times shown for optical modes are the
average of all optical branches having the same polarization. It
can be seen that, for all the nanotubes, the relaxation time of
acoustic modes generally increase closer to the k = 0 point.
The peaks in the scattering rate appear as local points of low
relaxation time in this plot. In addition, it can be seen that the
average relaxation times in optic modes are much lower than
those of the acoustic modes for all the GNTs; however, that is
not the case for CNTs. This indicates that the optical modes in
GNTs have on average higher scattering rate, speciﬁcally closer
to the k = 0 point. Although optical phonons do not directly
contribute to thermal conduction, this is an important
observation, which can be attributed to the higher energy of
optical phonons in GNTs compared to CNTs because of the
presence of the acetylene bond.
Furthermore, by statistical analysis of all the phonon−
phonon scattering events, the contribution of each of the
acoustic and optic modes in the scattering of primary heat
transfer modes, that are LA and ToA, can be calculated. To
this end, we deﬁne PY|X (eq 11) as the probability that in all the
U-process events, A + B ⇔ C, phonon B belongs to the mode

delta function ensures that the energy conservation is satisﬁed.
N0′ and N0″ are the phonon equilibrium occupancies of modes
k′ and k″, respectively, given by the Planck distribution. The
Gruneisen parameter is shown in eq 10 where u is the acoustic
group velocity, Cp is the per mass heat capacity at constant
pressure, and α is the linear thermal expansion coeﬃcient. The
linear thermal expansion coeﬃcient was obtained for all the
nanotubes by varying the MD simulation temperature in the
range of 50−400 K in previous studies.33
1
=
τU

∑
k′

8γ 2ℏωω′ω″
πδ(ω ± ω′ − ω″)(N0′ − N0″)
3naug 2M

αu 2
i dP y
γ = V jjj zzz =
Cp
k dε {V

(9)

(10)

In order to obtain the relaxation τu at mode k, it is required
to integrate over all the possible k′ modes using the phonon
dispersion relation. The frequencies and wave vectors should
satisfy the quasimomentum and energy conservation shown in
eqs 7 and 8. In this calculation, all the possible three-phonon
scattering events, that are a + a ⇔ a, a + a ⇔ o, a + o ⇔ o, and
o + o ⇔ o where o and a stand for optic and acoustic modes,
respectively, have been included.
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Figure 6. Relaxation times of the U-process as a function of wavenumber for acoustic and optical branches for (a) α-GNT armchair, (b) β-GNT
armchair, (c) γ-GNT armchair, and (d) CNT armchair.

5. POTENTIAL APPLICATION OF GNTS FOR
THERMOELECTRIC ENERGY CONVERSION
Detailed analysis and understanding of the underlying phonon
transport mechanism in GNTs enables the use of these
materials in energy- and transport-related applications. The
authors have previously discussed the application of zigzag αGNTs as tunable phonovoltaic energy-conversion materials
owing to their high occupancy of ultra-high-energy optical
phonons (∼260 meV), which are more energetic from the
direct electronic band gap at room temperature. In this section,
we will focus on thermoelectric properties of GNTs as another
potential energy-conversion application. The thermoelectric
transport properties of γ-GNTs have been previously
calculated using density functional-based tight-binding methods for γ-GNTs as a function of tube diameter.1 However,
these calculations have been performed on a supercell
containing only a few unit cells. Therefore, the eﬀect of
nanotube length and the transition from a ballistic to a
diﬀusive regime has not been studied.
It has been reported by both numerical and experimental
studies that the electron MFP in CNTs can be extremely long
(10 μm or more); even at room temperature, values higher

Y, given that phonon A belongs to mode X. These probabilities
are calculated directly from MD simulations, and the results
are shown in Figure 7 for scattering events involving at least
one acoustic phonon (i.e., either A or B is an acoustic
phonon).
∀ A, B ∈ {A + B ⇔ C};
PY | X = P(B ∈ Y|A ∈ X)

(11)

As can be seen in Figure 7a−c, in all the GNTs, optical
phonons have collectively considerably higher contribution to
scattering of acoustic phonons in all the polarizations. This is
not the case for CNTs, which show a contribution on the same
order of magnitude from both acoustic and optical modes in
scattering oﬀ acoustic modes. Therefore, the primary heat
transfer modes in GNTs, LA and ToA bands, are limited by
low MFP because of scattering with high-energy optical
phonons. This is also reﬂected in the low length of ballistic to
diﬀusive thermal transport in GNTs.
22694
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Figure 7. Probability, PY|X, that a phonon, A, with polarization shown in the x-axis, is scattered with a phonon, B, with polarization shown in the
ﬁgure legend in the U-process: A + B ⇔ C, for (a) α-GNT armchair, (b) β-GNT armchair, (c) γ-GNT armchair, and (d) CNT armchair.

Figure 8. Electronic band structure (from ref 21) and electron MFP obtained from electron−phonon scattering rate estimation (eq 12) for (a) (3,
3) β-GNTs and (b) (4, 4) β-GNTs.

than 1 μm have been reported.41−43 Here, the electron MFP is
estimated using the relation lel = τelvg,el, where τel and vg,el are
the electron relaxation time and group velocity, respectively.
For calculation of the former, we have assumed electron−
phonon collision to be the primary mechanism of electron
scattering. This assumption is valid here as we are considering
a material with no lattice defects where no defect scattering
occurs. In addition, unless at very low temperatures, the
electron−phonon scattering becomes the dominant mechanism even in the presence of lattice defects. By time-dependent
perturbation theory, the total collision rate of an electron at
state |k⟩ with phonons at suﬃciently high temperatures of kBT
≫ ℏvphk can be estimated using eq 12.44
C 2m*kkBT
1
=
τel(k)
πvph 2ρℏ3

Figure 8 shows the electronic band structure21 as well as the
wave vector-averaged electron MFP as a function of energy for
(3, 3) and (4, 4) β-GNTs as two examples. It can be seen that
the electron MFP can be extremely long, of order 1 μm and
above, for a large range of electron energies. This calculation is
consistent with previous theoretical studies on electronic
transport in a graphyne sheet, which have suggested higher
electron mobility and therefore MFP for graphynes compared
to graphene because of a lower rate of electron−phonon
scattering.45
Therefore, in GNTs, the ballistic to diﬀusive transition
length is ultralow for phonons, less than 10 nm, whereas it is
extremely long for electrons, on average ∼1 μm for armchair βGNTs. This behavior potentially can lead to a high
thermoelectric ﬁgure of merit in long GNTs as discussed
below. Equation 13 shows the thermoelectric ﬁgure of merit,
ZT, where G, C, and S are the electrical conductance, thermal
conductance, and Seebeck coeﬃcient, respectively.46

(12)

In eq 12, the eﬀective mass, m* =

ℏ2
∂ ε / ∂k 2
2

(kg), and the

1 ∂ε
,
ℏ ∂k

have been calculated from
electron group velocity, vel =
the electronic band structures of GNTs obtained from ref 21.

ZT =
22695

GS2T
C

(13)
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Similarly, the cause of the diﬀerence in thermal conductivity
among GNTs is mainly the diﬀerence in acoustic group
velocity and atomic network density.
The thermal conductivity does not converge at lengths up to
200 nm for both GNTs and CNTs. A quantitative value of the
ballistic to diﬀusive transition length is obtained as the junction
of k ∝ L and k ∝ Lβ asymptotes of the thermal conductivity
versus nanotube length curve. The rate of increase in thermal
conductivity as a function of length in the diﬀusive regime, that
is β, is smaller in GNTs compared to CNTs. It is observed that
the transition lengths of all the GNT structures studied here
fall within a range of 4.5−7.3 nm at room temperature, which
is signiﬁcantly shorter than that of CNTs with a transition
length of ∼39 nm. Ultralow acoustic phonon MFP is the
primary contributor to this behavior, which is caused by a
lower acoustic phonon group velocity and signiﬁcantly shorter
acoustic phonon relaxation times in GNTs compared to CNTs.
To gain a mechanistic insight into the scattering process, the
rate of phonon−phonon scattering is estimated by threephonon processes. A statistical analysis of the umklapp
scattering events indicates that in the GNT lattice, irrespective
of the phonon polarization, it is highly probable that the
acoustic phonons which are the main heat carriers be scattered
oﬀ a highly energetic optical phonon which is generated by
acetylene bonds in GNTs. Conversely, in CNTs, both optical
and acoustic phonons have similar contributions to scattering
heat carriers. Although the high-energy optical modes in GNTs
do not directly contribute to heat conduction, they play a
major role in inhibiting thermal transport by limiting the MFP
of primary conduction bands, LA and ToA, which is in
accordance with the small ballistic to diﬀusive transition length
of thermal transport in GNTs. The ultralow phonon MFP, as
well as extremely large micrometer-scale electron MFP at room
temperature in GNTs, provides a pathway toward obtaining a
high thermoelectric ﬁgure of merit in long GNTs.

Figure 9 shows the calculated values of electrical
conductance based on the relaxation time approximation and

Figure 9. Thermal and electrical transport regimes of (3, 3) β-GNT at
300 K. The central grayed region indicates diﬀusive thermal and
ballistic electrical transport where G/C ratio is expected to increase
with nanotube length. The thermal conductance shows a calculated
value based on MD simulations; however, the electrical conductance
shows the estimated trend.

thermal conductance based on the NEMD calculations as a
function of nanotube length for (4, 4) β-GNT. It can be seen
that the electronic transport remains ballistic for a large range
of nanotube lengths; therefore, for a ballistic channel, the
conductance remains constant (equal to quantum conductance
G0) as the nanotube length increases. However, the phonon
transport becomes diﬀusive in much shorter length scales,
leading to reduction in thermal conductance as a function of
nanotube length. This behavior can lead to improved ZT as the
nanotube length increases in a wide range of length scales
where the thermal transport is diﬀusive and electronic
transport is ballistic. The dependence of ZT on nanotube
length has a functional form of ZT ∝ S(L)2L(1−β), where β is
the power law exponent of thermal conductivity in the diﬀusive
regime, which is ∼0.1 for the β-GNT in Figure 9.46 Therefore,
compared to the ﬁrst principle calculations in the purely
ballistic regime, it is expected that the ZT value would enhance
as the nanotube length increases up to an extremely long
length of order micrometer. The theoretical discussion in this
section and the expected trends of ZT are of a qualitative
nature. The quantitative calculation of ZT as a function of
length for long GNTs can be done within the relaxation time
approximation of the Boltzmann transport equation,46,47 which
is the subject of future research.
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