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orientation distribution function
averaged stiffness
Young’s modulus along axis 1
shear modulus in 1–2 plane
thermal conductivity coefficient
thermal expansion coefficient
thermal expansion coefficient of epoxy
epoxy volume fraction
single-walled carbon nanotube volume fraction

I.

Introduction

P

OLYMER-MATRIX composite materials are widely used in
high-performance applications due to their high specific strength,
high specific stiffness, fatigue resistance, and ease of manufacturing.
Thermoset polymers are the most predominant type of matrix system,
and epoxies specifically are preferred for aerospace-grade components
due to their superior mechanical properties and resistance to
environmental degradation due to moisture. Carbon nanotubes (CNTs)
have been researched extensively due to their outstanding mechanical
[1–3], electrical [4–6], and thermal properties [7,8]. Because of
these exceptional properties and very high aspect ratios, forming
CNT-polymer nanocomposites has become an attractive option to
improve the properties of the polymer. This work particularly focuses
on single-walled carbon nanotubes (SWNTs). SWNTs are an atomthick single layer of graphene with a cylindrical structure and an elastic
modulus around 1 TPa [9]. We have addressed a multiscale modeling
and optimization methodology to further improve the structural and
thermal performance of the SWNTs.
The interface between the CNTand epoxy plays an important role in
the thermomechanical properties of nanocomposites. Experimental
characterization of this interface is difficult, and thus molecular
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modeling becomes an essential tool for relating molecular interfacial
structure to bulk thermomechanical properties. Molecular dynamics
(MD) was used previously to explore the effects on the mechanical and
dilatometric properties by adding pristine and covalently functionalized SWNTs to cross-linked polymers [10,11]. MD allows for the
effects of mechanical and thermal loading to be isolated and visualized
in regions of interest where it may not be possible with experiments.
MD, however, has well-known limitations regarding time and length
scales; for example, the time step of an MD simulation is typically
on the order of femtoseconds. It is defined by the fastest motion in
the system, and vibrational frequencies are up to 3000 cm−1 ,
corresponding to the period on the order of 10 fs [12]. The limiting
factor of the length scale is the number of atoms that can be included in
the simulation, on the order of 103 –108 atoms, leading to a simulation
on the order of 10–100 nm [12]. To address these issues, a number of
different multiscale approaches have been implemented by various
researchers to model SWNT-polymer nanocomposites. Liu et al. used a
multiscale approach, via MD and micromechanics, to study the effect
functionalization of CNTs on the damping characteristics of SWNTpolymer composites [13]. Seidel and Lagoudas calculated the effective
elastic properties for CNT-reinforced composites through a variety of
micromechanics techniques [14]. To accurately model the macroscopic behavior, many authors employ numerical techniques such as
the finite element method (FEM). Li and Chou examined the effect of
interfacial load transfer on the stress distribution, as well as the
compressive behavior in CNT-polymer composites via a molecular
structural mechanics model combined with FEM [15,16]. Namilae
and Chandra also studied interfacial properties and developed a
hierarchical multiscale methodology to link MD and FEM through
atomically informed cohesive zone model parameters [17]. Spanos and
Kontos developed a multiscale Monte Carlo and FEM for the effective
elastic properties of SWNT-polymer nanocomposites [18]. Tserpes
et al. used a multiscale representative volume element for modeling the
tensile behavior of CNT-reinforced composites to integrate
nanomechanics and continuum mechanics. [19]. Ionita used multiscale
modeling via atomistic and mesoscale simulations to study SWNTepoxy composites [20]. Yang et al. developed a sequential multiscale
bridging model to characterize the CNT size effects and weakened
bonding effects at the interface of CNT-polyproplyene composites
using MD and continuum micromechanics [21,22]. In many of the
previous works, effects of preferential nanotube alignment are often
modeled using expensive numerical (e.g., FEM) techniques.
In this work, we introduce a multiscale modeling technique that
allows efficient control over the volume fraction and alignment of
SWNTs. SWNT alignment in a composite is modeled using a
compact representation of the orientation space while accounting for
symmetry. The nanocomposite structure is represented using an
orientation distribution function (ODF) that captures the volume
density of different SWNT orientations. The averaged material
properties, such as the stiffness elements, thermal conductivity, and
thermal expansion, are calculated using the volume averaging
equations that are linear in terms of the ODF values. Several studies
focusing on the improvement/optimization of SWNT chemical and
physical properties such as position, shape, linkage, morphology,
flame synthesis, and spectroscopic properties are addressed in the
literature [23–26]. However, the present study introduces a fully
automated multiscale design optimization framework for the first
time to identify the optimum nanotube alignments of SWNTs in
different macroscale engineering problems. We first develop an
optimization methodology using linear programming (LP) to
calculate the optimal values of the ODFs to enhance the mechanical
and thermal properties of the SWNT. The objective of the LP problem
is defined as the maximization of the stiffness parameter, C 11 . The
design constraints are defined to ensure that the optimum design
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provides improvement in other stiffness parameters as well as the
thermal conductivity and thermal expansion values in comparison
with the randomly oriented nanotube alignment. In the next
application, a cantilever beam problem is solved to minimize the
thermal expansion, and the problem is constrained for vibration
tuning. The sequential quadratic programming (SQP) is employed to
find the optimum ODF values and satisfy the predefined vibration
tuning constraints. The organization of the paper is as follows.
Section II discusses the modeling of the material. Section III
introduces the ODF approach to compute the properties of the
nanocomposites. The optimization problem based on the LP
approach is defined and the results are reported in Sec. IV. Section V
addresses the SQP algorithm–based optimization for the thermal
expansion problem. A summary of the paper with the potential future
directions is given in Sec. VI.
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II.

Material Modeling

Diglycidyl ether of bisphenol A (DGEBA) is the epoxy chosen for
this study. The curing agent used is diamino diphenyl sulfone (DDS).
The epoxy molecules were cross-linked (cured) with 3-3’ DDS. A
major hurdle in creating accurate models for molecular simulation of
industrial-grade epoxies is attaining realistic cross-linking densities,
where a conversion percentage of 70%–95% is typically seen when
measured through near-infrared (NIR) spectroscopy [27]. We use a
method introduced by Christensen [28,29] to build epoxy networks
using a “dendrimer” growth approach, which was previously
presented by the authors [10,11].
The dendrimer growth approach was used to build the epoxy
network in Materials Studio [30] containing 36 amine groups and 71
epoxy groups. An example representation of the dendrimer growth
approach can be seen in Fig. 1. Simulations were performed under
periodic boundary conditions, and the consistent valance force field
(CVFF) [31] potential was used for bonded and nonbonded
interactions in LAMMPS [32]. This force field has been used in
previous studies to accurately predict thermodynamic properties of
epoxy [33,34]. Of available epoxy sites, 75% were cross-linked,
which is representative of many structural epoxies. To verify the
accuracy of the initial dendrimer structure, the dilatometric curve
simulated by MD was compared with experimental results, and the
full elastic stiffness matrix was generated by conducting tensile and
shear tests via MD to verify that the structure is isotropic. The thermal
conductivity and elastic properties of these unit cells were reported in
our previous publications [10,11].
To build the CNT/epoxy nanocomposites, a vacancy was created in
the epoxy by moving atoms radially outward from a chosen point,
and an single-walled armchair nanotube (4,4) was inserted in the
space as shown in Fig. 2. Moving atoms caused many bonds to
displaced from their equilibrated length, and so the same annealing
process ran previously via a sequence of conjugate gradient (CG)
minimization and dynamics above and below glass transition
temperature was used to minimize potential energy until the density
converged. The methodology to add discontinuous CNTs is in a
recent paper [35].

Fig. 1

Fig. 2 Example nanotube spacing for discontinuous nanotubes that
span 11/15 of the cell.

III.

Modeling of Nanocomposites with the
ODF Approach

MD has a well-known length scale restriction, with the dimension
of each side of the MD lattice being limited to a few hundred
angstroms. Thus, only a limited set of CNT volume fractions can be
accessed using this approach. To achieve low CNT volume fractions
that are representative of commercially available nanocomposites,
excessively large unit cells need to be built. Instead, multiscale
modeling based on the ODF approach is considered in this work. The
ODF is a one-point probability function [36] and here it is used to
describe the volume fractions of SWNTs as a function of orientation.
The orientation (or alignment of the nanotube) is represented using an
axis-angle format proposed by Rodrigues [37–39]. Here, the 3D
rotation is based on the unique association of an orientation with an
axis of rotation, n, and a rotation angle, θ, about the axis. The details
for the Rodrigues parameterization and ODF representation can be
found in our earlier studies [40,41]. Because the SWNT-epoxy lattice
is transversely isotropic and contains hexagonal symmetry, the 3D
orientation space can be reduced to a small subset called the
fundamental region that accounts for hexagonal symmetry.
Given the orientation-dependent property for an SWNT unit cell,
χr, any equivalent macroscropic property can be expressed as a
value or expectation value over the ODF given by
Z
χrAr; t dv
(1)
χ 
R

The above equation is used to find the averaged values of the
SWNT properties [42,43]. In this work, the upper-bound averaging is

Representation of dendrimer growth approach.
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used to compute the stiffness, thermal expansion, and conductivity
parameters, for example, χ r  C ijkl , resulting in averaged stiffness
 ODFs can be constructed to represent a fully random composite,
C.
fully aligned composite, and various percentages of aligned
nanotubes. The orientation-dependent property obtained from Eq. (1)
has the same volume fraction as the representative SWNT-epoxy
lattice, which is the microscopic basis for the ODF. The volume
fraction of SWNT is 3.7%, which is 7% by weight of unit cell. For
numerical analysis, the fundamental region is discretized using a
finite element mesh. The derivation of the property matrices with the
finite element discretization is explained in details on our previous
works [40,41]. The finite element discretization leads to a linear
equation for the homogenization of the microstructural properties,
such that χ  pT A, where p is the property matrix, and χ is the
averaged property of the SWNT. Different SWNT orientations are
modeled with the finite element discretization in the Rodrigues
orientation space, and each orientation is associated with a particular
ODF value.

IV.

/

The proposed optimization problem aims to maximize the value of
the stiffness element, C 11 of the SWNT while assigning design
constraints to ensure that the other design criteria (stiffness elements,
thermal conductivity, and thermal expansion) should have enhanced
values compared with a randomly oriented design. The thermal
expansion and conductivity elements used in the applications are the
(1,1) elements of the corresponding tensors. The optimization
problem of interest is defined below:

Optimization of Nanotube Alignment Using
Linear Programming

The orientation of the nanotubes can be controlled, which makes it
possible to study the effects of nanotube alignment. The unit cell
alignment of each element is assigned through the independent nodal
point ODFs. The ODF representation is discretized using an FEM
approach in Rodrigues fundamental region as shown in Fig. 3. These
nodes are assigned weights based on the number of symmetric nodes
and sampling volume in orientation space. The exact weight per
node depends on how many equivalent nodes exist, and the volume
weightage, q, of the node in the normalization constraint. The randomly
oriented design assumes that each orientation has the same volume
fraction values. However, the material properties can be further
improved by assigning different ODF values to different orientations.
In the optimization applications the goal is to identify the optimal
SWNTorientations given a fixed amount of epoxy (the SWNT volume
fraction is always 3.7%). The first problem of interest here is to identify
these optimal ODF values to optimize the averaged material properties
by taking the advantage of the linear volume averaging equations with
an LP solution. Some of the property matrices (pT ) for the material
properties (stiffness, thermal expansion, and conductivity) in the first
problem are shown in terms of the single crystal values in Fig. 4.

Fig. 3
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max C 11

(2)

 random
subject to: C opt
12 ≥ C12

(3)

α opt ≤ α random

(4)

kopt ≥ krandom

(5)

qT A  1

(6)

s  Ai ;

where i  1; 2; : : : ; 50

(7)

where α shows the thermal expansion, and k shows the thermal
conductivity. The superscripts opt and random denote the optimum
and random designs. The optimization problem definition is modified
according to a standard LP problem definition. The optimum results for
the SWNT parameters provide an improvement in the objective
function value as well as satisfying all the design constraints. These
optimum results are given in Table 1 for all the design criteria in
comparison with a random design. The optimum ODF design is also
shown in Fig. 5.

V.

Optimization of Nanotube Alignment for Thermal
Expansion and Vibration Tuning

The next application is a nonlinear optimization problem for a
cantilever beam. The objective of this optimization problem is to find
the optimum ODF distribution of the SWNT that minimizes the
thermal expansion coefficient of the beam while satisfying design
constraints for natural frequencies. For this purpose the first bending
and torsion natural frequencies of the beam are expected to vary in
between some particular numerical values for vibration tuning.

ODF representation for SWNT in the Rodrigues fundamental region for hexagonal crystal symmetry.
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Single crystal properties for stiffness, thermal expansion and conductivity.

The thermal expansion coefficient of the SWNT can be computed
using volume averaging equations that are linear in the ODF. However,
the natural frequency design constraints are nonlinear in terms of the
design variables (ODF values) as shown in Eqs. (8) and (9):
π
t 
ω
2L
s
E 1 I 1
 b  βL2
ω
mL4

s
G 12 J
ρI p

and

(8)

0

βL  1.87510

Fig. 5

where G 12  1∕S66 , E 1  1∕S11 , and S11 and S66 are the compliance
elements. In these formulations, J is torsion constant, ρ is density, I p is
polar inertia moment, m is unit mass, L is length of the beam, and I1 is
moment of inertia along axis 1. To solve the problem, the length of
the beam is taken as L  0.45 m and the beam is considered to have
a rectangular cross section with dimensions a  20 mm and
b  3 mm. The formulation of the first bending and torsion natural
frequencies as well as the geometric aspects of the same cantilever
beam problem for a Galfenol material have been also recently
discussed in our earlier works [40,41]. Because of the nonlinear nature
of the vibration tuning design constraints, the optimization is solved by
implementing the sequential quadratic programming solver to the
multiscale design framework of the SWNT. The mathematical
representation of the optimization problem is given below:

Table 1

min α

(10)

 t ≤ 4 Hz
subject to: 3 Hz ≤ ω

(11)

 b ≤ 11 Hz
10 Hz ≤ ω

(12)

qT A  1

(13)

Optimization results for the LP problem

α (1∕K)
C 11 (GPa) C 12 (GPa)
Random design
9.7231
6.9760
3.8781 × 10−5
Optimum design
9.8259
7.2237
9.7176 × 10−6

5

10

15

30

25

20

35

(9)

k (W∕mK)
0.3333
0.4991

0

Optimum ODF representation for nanocomposite.

10

20

30

40

50

Fig. 6 Optimum ODF solution of the thermal expansion and vibration
tuning problem.

s  Ai ;

where i  1; 2; : : : ; 50

(14)

The optimum ODF solution of the problem is identified as a
polycrystal. The optimum design is shown in Rodrigues space in
Fig. 6. The optimum design criteria are shown and compared with the
random alignment design in Table 2.
Table 2 Optimization results for the thermal
expansion and vibration tuning problem
α (1∕K)
Random design 3.8781 × 10−5
Optimum design 1.7796 × 10−5

 t (Hz)
ω
3.2351
3.3950

 b (Hz)
ω
10.3008
10.6087
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alignment. In the next application, a thermal expansion and vibration
tuning problem for a cantilever beam is considered. The objective of
the optimization is to find the optimum ODFs that minimize the
thermal expansion of the beam. The design constraints are defined for
the first bending and torsion natural frequencies of the beam for
vibration tuning. Because of the nonlinear nature of the constraints, the
sequential quadratic programming is implemented to the multiscale
modeling environment. The optimum designs of both applications
provide very considerable improvement on thermal and mechanical
properties of the SWNT. Future work in this area will focus on
analyzing the effect of uncertainties to the multiscale design
environment developed for SWNTs. Another important future topic
would be the investigation of the manufacturing routes of the optimized
SWNT solutions. New technology manufacturing techniques using
electric and magnetic fields will be studied to improve the variability of
designs that can be processed and thus increase the probability for
manufacturability.
Fig. 7 Variation of the thermal expansion coefficient with respect to
SWNT volume fraction.

The automated multiscale optimization methodology provides a
very considerable improvement on the thermal and mechanical
performance (54.11% decrease for minimum design objective) of the
SWNT as indicated by Table 2. This multiscale design framework is
powerful because it can easily be implemented to any macro-level
engineering application. Another important result here is that the
optimization can achieve a design that performs better than the random
design even with a lower SWNT volume fraction. The averaged
material property values of the nanocomposite can be calculated using
volume averaging relations [44]. The following equation shows the
example computation for the averaged thermal expansion coefficient,
α, of the nanocomposite:
α  α × 1 − Φepoxy   α epoxy × Φepoxy

(15)

where α is the thermal expansion coefficient of the SWNT that is
optimized in this example application, α epoxy is the thermal expansion
coefficient of the epoxy (where α epoxy  5.53 × 10−5 1∕K), and
Φepoxy is the epoxy volume fraction. Figure 7 shows the change in
minimum thermal expansion coefficient of the optimum nanocomposite design with respect to the SWNT volume fraction (ΦSWNT )
in comparison with the randomly oriented design.
As indicated by Fig. 7 the optimized nanocomposite design still
achieves a more desirable thermal expansion coefficient even with
lower SWNT volume fraction values compared with the fixed volume
fraction value (3.7%) used in the randomly oriented design. Having a
lower SWNT volume fraction is advantageous because it provides a
considerable cost reduction. The final nanocomposite design with the
optimized SWNT orientations still offers a better solution compared
with the random design when SWNT volume fraction is as low as 2%.

VI.

Conclusions

This paper outlines a new multiscale modeling and optimization
approach for epoxy-SWNT nanocomposites. SWNT alignment in a
composite is modeled using a compact representation of the orientation
space with a one-point probability descriptor, orientation distribution
function (ODF). The ODF representation captures the volume density
of different SWNTorientations. The averaged material property values
are computed using the volume averaging equations that are linear in
terms of the ODF values. The optimal SWNTalignments are identified
for two different engineering applications. In the first application, the
optimum ODF values representing the optimal SWNT alignment are
identified by implementing an optimization methodology based on
linear programming (LP). The objective of the optimization problem is
to maximize the averaged value of the SWNT stiffness parameter, C 11 .
Additional design constraints are defined to improve the other
parameters, such as the stiffness elements, thermal conductivity, and
thermal expansion, compared with randomly oriented nanotube
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