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Experimental pole ﬁgures are an important input for microstructure homogenization models. In this
paper, we derive an exact analytical formulation to quantify the uncertainties in homogenized properties
due to uncertainty in the experimentally measured pole ﬁgures. The pole ﬁgures are acquired from a set
of Ti-7Al alloy samples. These samples were obtained from the same process: by compressing a beta
forged ingot at room temperature followed by annealing. The samples were taken from different regions
of the original ingot, and this created variability in the resulting pole ﬁgures. The joint multivariate
probability distributions of the computed orientation distribution function (ODF) is then found using the
method of characteristic functions based on a Gaussian model of the pole ﬁgures. Engineering properties
such as elastic modulus can be obtained by volume averaging over the ODF. We also show that uncertainty in elastic properties can be analytically obtained using direct transformation of random variables
in the homogenization approach.
© 2016 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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1. Introduction
Integrated Computational Materials Engineering (ICME) (Allison
et al. [1]) is an emerging paradigm for materials design that emphasizes integration of material models at multiple length scales
with engineering analysis of products and processes. Critical inputs
of these material models come from experiments, for example,
initial orientation distribution function of the polycrystalline
structure is a key input for multiscale crystal plasticity models.
However, microstructures are inherently stochastic in nature. In
other words, specimens made from the same manufacturing process have variations in microstructure both point-to-point in one
specimen and across all specimens. One of the pillars of ICME is
uncertainty quantiﬁcation (UQ) and involves development of
mathematical tools to quantify the effect of stochasticity of
microstructure on the predicted engineering properties.
Current state of the art involves the use of expensive numerical
simulations such as Monte Carlo simulations (MCS), collocation and
spectral decomposition methods to quantify the uncertainties.
Creuziger et al. [2] examined the uncertainties in the orientation
distribution function (ODF) values of a microstructure due to the
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variations in the pole ﬁgure (PF) values by using Monte Carlo
Simulation (MCS). Juan et al. [3] used MCS to study effects of
sampling strategy on the determination of various characteristic
microstructure parameters such as grain size distribution and grain
topology distribution. Hiriyur et al. [4] studied an extended ﬁnite
element method (XFEM) coupled with an MCS approach to quantify the uncertainties in the homogenized effective elastic properties of multiphase materials. The uncertain parameters were
assumed to be aspect ratios, spatial distribution and orientation.
They used a strain energy approach to analyze the uncertainties of
in-plane Young's modulus and Poisson's ratio. Kouchmeshky and
Zabaras [5] presented propagation of initial texture and deformation process uncertainties on the ﬁnal product properties. They
used a data-driven approach to identify the joint probability distributions of random variables with Maximum Entropy Method,
and modeled the stochastic problem using a stochastic collocation
approach. Madrid et al. [6] examined the variability and sensitivity
of in-plane Young's modulus of thin nickel polycrystalline ﬁlms due
to uncertainties in microstructure geometry, crystallographic
texture, and numerical values of single crystal elastic constants by
using a numerical spectral technique. Niezgoda et al. [7] computed
the variances of the microstructure properties by deﬁning a stochastic process to represent the microstructure. They marked the
sensitive regions in the convex hull generated with Principal
Component Analysis (PCA), and calculated the probability
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distributions of stiffness and yield stress in case of low, medium and
high variances.
These computational methods presented in literature involve
using a numerical algorithm for uncertainty quantiﬁcation and
propagation. They represent the joint probability distributions of
uncertain variables either using interpolation functions or sampling for random points. These techniques are not computationally
efﬁcient as the problem complexity or the number of variables
increases since the number of interpolation terms or sampling
points will also increase. This is especially true for orientation
distribution functions that are discretized using ﬁnite element
nodes or spectral basis and contain large number of free parameters
whose joint distribution needs to be sampled. Another drawback is
the difﬁculty of satisfying design constraints (such as volume
fraction normalization) when using numerical approaches. Finally,
these methods do not take advantage of the linear transformations
involved in the conversion of pole ﬁgures to ODFs [8] that allow
analytical representations of uncertainty under certain cases. All
these disadvantages imply the necessity of developing analytical
solutions as a ﬁrst step in UQ.
In this work, we develop a set of analytical formulae to quantify
uncertainty in the ODF due to variability in the measured pole
ﬁgures. This uncertainty is ‘aleatoric’ [9] and arises from variations
in texture across specimens subject to the same process. The
measurements were taken across different beta forged Ti-Al samples that were subject to the same compression and annealing
process. The measurements were also taken from different regions
of these samples. The probability distributions of the PFs were
computed from these scans and were found to be roughly Gaussian
in nature. Then, the propagation of uncertainties on the ODFs are
computed using an analytical formulation. Note that pole ﬁgure
inversion is non-unique and several numerical methods have been
developed for this purpose dating back to Bunge (1969) [10]. These
different methods lead to a band of solutions for the true ODF. In
the UQ community, the uncertainty that arises from lack of an exact
solution is classiﬁed as ‘epistemic’ uncertainty [9], and such an
uncertainty is not considered in this work. In this context, Randle
and Engler [11] classiﬁed various inversion methods to categories of
‘harmonic’ or ‘direct’ methods and compared the methods against
each other. While all methods were found to yield reproducible
results, it was suggested to stay with a given method during a series
of experiments. In this work, we stay within the least squares
minimization method of Barton et al. [8] to compute the ODF. The
secondary uncertainty that comes from the X-ray instrument itself
is also not considered. Once the uncertainty in the ODF is quantiﬁed, we present an approach to identify the probability distributions of the material properties that are derived from the ODF such
as Young's modulus and shear modulus using the random variable
transformation method. The organization of this paper is as follows.
Section 2 discusses the problem statement. In Section 3, the
mathematical methods are described. Results and conclusions are
addressed in Sections 4 and 5 respectively.
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Fig. 1. ODF representation in the Rodrigues fundamental region for hexagonal crystal
symmetry showing the location of the k ¼ 50 independent nodes of the ODF in red
color. (For interpretation of the references to colour in this ﬁgure legend, the reader is
referred to the web version of this article.)

obtained from these independent nodes through symmetry. The
R
ODF also satisﬁes a normalization constraint, Adv ¼ 1, with the
integral computed over the fundamental region. The normalization
constraint can be written as a linear equation of the form
Pk
i¼1 qi Ai ¼ 1 (see Appendix A), with Ai denoting the ODF value at
node i.
The experimentally obtained pole ﬁgure for a particular
diffraction plane unit normal h contains the pole density function
P(h,yi) measured at locations y1,y2, …,yq on a unit sphere. The value
of P(h,yi) at location yi can be computed from the ODF (A) using a
single linear equation based on the algorithm of Barton et al. [8]:

Pðh; yi Þ ¼

k
X

Mij Aj

(1)

j¼1

where Mij are the values from a known system matrix M. One such
equation can be written for each of the m points in a pole ﬁgure.
This set of equations can be combined with a similar set of equations for n other pole ﬁgures with different diffraction normals h.
This leads to a global system of equations P ¼ MA. Here, P is a
column vector of size m  n, M is a matrix of size (mn)  (k) and the
ODF A is a column vector of size k containing the volume densities
of k independent nodes. In order to account for the normalization
P
constraint ki¼1 qi Ai ¼ 1, the overall system P ¼ MA is adjusted such
that Mij ¼ Mij 

Mik qj
qk

for j ¼ 1, …,k1 and Pi ¼ Pi  Mqkik .

The system of equations is overedetermined (ie. more pole
ﬁgure data as compared to the unknown ODF values) and direct
inversion is not possible. Instead following Barton et al. [8], the ODF
is retrieved from the experimental pole ﬁgures using least squares
minimization as follows:

2. Mathematical background

A ¼ CP
The complete orientation space of a polycrystal can be reduced
to a smaller subset, called the fundamental region, as a consequence of crystal symmetries. Within the fundamental region, each
crystal orientation is represented uniquely by a coordinate r, the
parametrization for the rotation (eg. Euler angles, Rodrigues vector
etc.). The ODF, represented by AðrÞ, describes the volume density of
crystals of orientation r. The ODF representation in the Rodrigues
fundamental region for Titanium (hcp) is shown in Fig. 1 and the
locations of the k independent nodes are shown. The volume
density of any other node in the fundamental region can be

(2)

where the coefﬁcient matrix, C ¼ ðM T MÞ1 M T is the
pseudoeinverse.
If the orientation-dependent property for single crystals, c(r),
are known, any polycrystal property can be expressed as an expected value, or average, over the ODF as follows:

<c> ¼

Z

cðrÞAðrÞdv ;

(3)
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Other properties may be derived from <c>. For example, the
elastic modulus can be written as E ¼ < S111 > where <S11> is a
component of the compliance matrix (S) computed from the lower
R
bound relation < S > ¼ SðrÞAðrÞdv.

linear relation in Eq. (2), the derivation of the joint multivariate
probability distribution is discussed below for a general case with
d Gaussian random variables using Method of Characteristic
Functions [12].

R

3.1. Method of characteristic functions
2.1. Problem statement
Polycrystalline microstructures are inherently stochastic in nature. Specimens made from the same manufacturing process have
variations in microstructure across point-to-point within one
specimen as well as across all specimens. This variability can be
quantiﬁed by using diffraction experiments to measure pole ﬁgures
at different locations (leading to known uncertainty in the vector P
in Eq. (2)). Given this measurement uncertainty in the pole ﬁgures,
the primary goals of this article is to:
(1) Develop analytical expressions for the probability distribution function of the ODF values.
(2) Compute the uncertainty in properties derived from the
homogenization equation (3) given the uncertainty in the
ODF.
The probabilistic methods employed are explained next.

Assume a d-dimensional multivariate normal distribution:
X N d ðm; SÞ, where vector of mean values m¼(m1, …,md)T ¼ E[X] and
covariance matrix Sjk ¼ covðXj ; Xk Þ ¼ E½ðXj  mj ÞðXk  mk Þ, j,k ¼ 1,
…,d are known. The characteristic function for the Gaussian
distributed variable, X, is given by:



1
¼ exp it T mX  t T SX t
2
1
0
d
d X
d
X
X
1
tj mj 
tj tk Sjk A
¼ exp@i
2 j¼1
j¼1
h

i

(4)

k¼1

For a one-dimensional Gaussian variable, Y  N1 ðmy ; s2y Þ:



1
2

jY ðtÞ ¼ exp it T my  t 2 s2y


(5)

Now we deﬁne a new random variable,

3. Methods
In this work, three pole ﬁgures (h ¼ <001>, <010> and <101>,
n ¼ 3) for a Titanium alloy were considered. The variability in the
pole density function P(h,yi) at each point yi for these three pole
ﬁgures were computed from 100 different samples drawn from the
specimen. The histograms of these variations were plotted and we
found the variability in P(h,yi) to have Gaussian features as shown
in Fig. 2.
Since the experimental samples show that the variations in the
PFs are consistent with Gaussian distribution, the solution
approach depends on two steps. The ﬁrst being to prove that the
variations in the ODFs are also consistent with Gaussian distribution. The second step is to compute the mean value and standard
deviation of the joint multivariate distributions for the ODFs. Once
the distribution type and statistical quantities are determined the
variation in the output variables can be identiﬁed. Considering the



jX ðtÞ ¼ E exp it T X

Z ¼ aT X ¼

d
X

aj Xj

(6)

j¼1

where a is a constant column vector. The characteristic function for
Z is given by:

h



jZ ðtÞ ¼ E½expðitZÞ ¼ E exp itaT X
0

jZ ðtÞ ¼ exp@it

d
X
j¼1

i

¼ jX ðtaÞ

1
d X
d
1 2X
aj mj  t
aj ak Sjk A
2

(7)

(8)

j¼1 k¼1

The comparison of this new characteristic function, jZ(t), with
the characteristic function for the one-dimensional variable, jY(t),
shows that they are almost equivalent, except my is replaced by
P
mz ¼ dj¼1 aj mj ¼ aT mX ,
and
s2y
is
replaced
by
P
P
d
d
2
T
sz ¼ j¼1 k¼1 aj ak Sjk ¼ a SX a. Since the characteristic function
of Z is equivalent to the characteristic function of Y, the distributions
must also be equal. Therefore, Z is also Gaussian distributed. The
above derivation can be generalized to a matrixevector product,
Z ¼ AX. The characteristic function for vector Z is given by:

h



jZ ðtÞ ¼ E exp it T Z


i


h

i

¼ E exp it T AX ¼ jX AT t
1
2

jZ ðtÞ ¼ exp it T AmX  t T ASX AT t

(9)


(10)

Here, the mean and covariance of vector Z is given by:

Fig. 2. Probability histograms of a few representative pole density values (P(h,yi)). The
labels indicate the PF1, PF2 and PF3 indicate the pole ﬁgures h ¼ <001>, <010> and
<101> respectively from which these densities are obtained.

mZ ¼ AmX

(11)

SZ ¼ ASX AT

(12)

3.2. Computation of the ODF uncertainty
From Eq. (2), the ODF is retrieved from the equation A ¼ CP.
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From the known mean vector (mP) and covariance matrix (SP) of the
pole density vector P obtained from experiments, the mean and
covariance matrix of the ODF A can be computed using Eq. (11) and
Eq. (12) as mA ¼ CmP and SA ¼ CSP C . These expressions give the
mean values and covariance matrix of the ﬁrst k1 independent
ODF values. The PDF of the kth ODF value is then computed using
the normalization constraint. Knowing the volume density of the
ﬁrst k1 nodes, the volume density of the kth node can be found as:
T

Ak ¼

k1
X

ci Ai þ

i¼1

1
q
; where ci ¼  i
qk
qk

(13)

This is similar to the linear equation (6) with an added constant,
and mean and variances can be obtained as mk ¼ cT mA þ q1k and
variance of s2k ¼ cT SA c.

Remark: The full covariance matrix S*A of k independent nodes
of the ODF can also be computed as a postprocessing step, but is not
required for property analysis. The covariance matrix of the ﬁrst
k1 independent ODF values SA is a (k1)  (k1) square matrix.
The full covariance matrix is a k  k square matrix given by:

S*A ¼



SA
ST

S



s2k

(14)

where, S is a column vector whose values are given by
k1
1 X
Si ¼ 
q ðS Þ
qk j¼1 j A ij

(15)

3.3. Computation of uncertainty in linear properties
The next step is to identify the probability distributions of the
material properties. Elements of the compliance matrix can be
computed using an averaged linear relation in terms of the ODFs
R
< S11 > ¼ S11 AdV which can be written in the form S11 ¼ pTA þ r
(see appendix). Since the ODFs are already identiﬁed as Gaussian
distributed, these linear relations imply that the probability distributions of compliance components such as <S11> and <S66> are
also Gaussian, and their mean values and standard deviations can
be computed as mS11 ¼ pT mA þ r, and s2S11 ¼ pT SA p using Eq. (8).
3.4. Uncertainties in the material properties for nonlinear
properties
When the probability distribution of a property is not linear in
the ODF, the PDF can still be computed using Transformation of
Random Variables. Given the input parameter, x, and the output
parameter, y, we assume that the relation between x and y can be
identiﬁed using y ¼ h(x), and can be inverted as x ¼ u(y). This
method computes a Jacobian value, J, based on this explicit relation
(where J ¼ du/dy), and ﬁnds the PDF of the output variable as a
product of input PDF and the Jacobian. Eq. (16) shows the computation of output PDF:



fy ðyÞ ¼ fx ½uðyÞ  J 

(16)

where fx and fy are the PDFs of input and output variables respectively. Since the input PDF, fx, and inverted function, u(y) are already
known, the output PDF, fy, can be computed using this method.
Then, the expected value, E[y], and variance, Var(y), of the output
parameter can be calculated using Eqs. (17) and (18) respectively
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[13].
ymax
Z

E½y ¼

y fy ðyÞdy

(17)

ymin

h
i
VarðyÞ ¼ E ðy  E½yÞ2

(18)

where ymin and ymax are the minimum and maximum values of the
output variable, y, can take. These values can be computed using
the relation y ¼ h(x) for the minimum and maximum values of the
input variable, xmin and xmax respectively. The approach is
demonstrated in the next section for computing the noneGaussian
PDF of the homogenized elastic modulus E1 ¼ 1/S11 and shear
modulus G12 ¼ 1/S66.
4. Results and discussion
This section discusses quantiﬁcation of uncertainties in the ODF
due to the texture variations across experimental samples. The
material studied is Ti-7wt%Al which is an alpha titanium alloy with
a beta transus temperature of 1050  C. The alloy was forged from a
7.5 inch round ingot to a 4 inch square ingot at 1142  C and air
cooled. Three different cylindrical samples 6 mm in diameter and
9 mm in height were machined from the forged ingot. The samples
were then subject to the same process: compression to a 20% height
reduction at a strain rate of 0.03 mm/min (5  105 s1) at room
temperature followed by annealing in a tube furnace at 800  C for
72 h followed by a water quench. The samples were sectioned
perpendicular to the compression axis, mounted in epoxy and
polished to a ﬁnal step of colloidal silica. Scans were also taken from
different regions of the processed samples to capture the texture
uncertainty within each specimen. A total of hundred pole ﬁgures
(h ¼ <001>, <100> and <101>) were obtained from these scans.
Microstructural variations arise due to stress and temperature
gradient variabilities during processing of the raw material.
Therefore, samples taken from different regions of an ingot that are
subsequently annealed may have varying degrees of internal
stresses which affects the resulting degree of recrystallization and
texture. Uncertainties can also arise from heat loss through the
mechanical press anvils during forging and variations in
compression height between each forging step. Another source for
variability is due to the temperature gradient that exists within the
tube furnace. Therefore, slight differences in furnace location can
create variations in annealing temperature from specimen to
specimen. These variations exist across different specimens as well
as point-to-point within a single specimen. Such variabilities are
the primary sources of error in computational models that use a
single microstructure representation (rather than a statistical distribution) to compute material properties.
Representative samples for the PFs obtained are illustrated in
Fig. 3, and indicate a weakly basal texture. We consider m ¼ 221
pole densities for each pole ﬁgure. Since three pole ﬁgures were
sampled, a total of 663 pole density values in total were used in the
UQ model. The HCP fundamental region discretized with 50 independent nodes as shown in Fig. 1 is used to model the ODF. To show
the statistical features, the mean values and coefﬁcient of variations
(ratio of standard deviation to the mean value) of the PFs are
depicted in Fig. 4 and Fig. 5 respectively.
Using Method of Characteristic Functions, the mean values and
standard deviations of the ODFs are identiﬁed. We ﬁrst solved for
the probability distributions of the 49 ODF values, and then
computed the probability distribution of the last ODF, ODF50, by
using the normalization constraint. The histograms for some of the
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Fig. 3. Representative <001>, <100> and <101> PF samples.

ODFs, including the last ODF (ODF50) are shown in Fig. 6. ODF50, in
particular, has a low standard deviation due to the strict normalization constraint. The statistical properties of the ODF distributions
(mean values, standard deviations and coefﬁcient of variations of
the ODFs) are plotted on the mesh in Fig. 7. We ﬁnd that some of the
ODF values with high mean values also have higher standard deviations. Thus, the coefﬁcient of variation (ratio of standard deviation to mean) of the ODFs is more uniform than the mean or
standard devations as indicated by Fig. 7.

The uncertainties in the ODFs and material properties are also
quantiﬁed using MCS to verify the proposed analytical model. In
this approach, we used the aforementioned 100 experimental pole
ﬁgure sets and directly computed the ODFs from each set, a total of
100 ODFs (using Eq. (2) and the normalization constraint). Then,
100 sets of material properties (S11,E1 etc.) were computed from
these ODFs using the homogenization relation (Eq. (3)). Histograms
of these ODFs and properties are directly compared to the Gaussian
analytical solution. The analytical solution is much faster, the
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Fig. 4. Mean values of the PFs.

Fig. 5. Coefﬁcient of variations for the PFs.

Fig. 6. Probability histograms of the ODFs.

solution times are 7 s for analytical model and 15 min for MCS on
the same computational platform. However, MCS provides exact
solutions since no Gaussian PDF approximations were made. The
MCS results for the probability distributions of ODF50, S11, S66, E1
and G12 are shown together with the analytical model results in
Figs. 6, 8 and 9.
Knowing the uncertainty in the ODF, the uncertainties in the
homogenized properties were quantiﬁed using analysis in Sec. 3.3.
The compliance elements, S11 and S66 are considered using the
lower bound approximation. The elastic constants of the single
crystals are considered for 750  C [14], and the values are taken as:
C11 ¼ 125.3 GPa, C12 ¼ 99.4 GPa, C13 ¼ 68.8 GPa, C33 ¼ 154.5 GPa and
C55 ¼ 31.6 GPa. The mean values and standard deviations are

computed using Method of Characteristic Functions due to the
linear relations of compliance elements with the ODFs. The probability distributions of S11 and S66 are shown in Fig. 8.
The next step considers the PDFs of the Young's Modulus along
sample xe direction, E1, and shear modulus, G12. Even though the
probability distributions of S11 and S66 are identiﬁed as Gaussian,
the probability distributions of E1 and G12 are not Gaussian due to
their inverse relations (E1 ¼ 1/S11 and G12 ¼ 1/S66). The PDFs of E1
and G12 are determined using Transformation of Random Variables
(Eq. (16)) in Sec. 3.4. To compute these PDFs, the transformation
function can be identiﬁed as u(y) ¼ 1/y according to relations between E and S11, and G and S66. Then the expected values and the
variances are calculated using Eqs. (17) and (18). The probability
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Fig. 7. Statistical features of the ODF probability distributions.

Fig. 8. Probability histograms of S11 and S66.

distributions of E1 and G12 are shown in Fig. 9.
The overall analysis is fully analytical when using the Gaussian
distribution. However, a drawback of Gaussian distribution is that it
allows for negative variables. All the variables considered here, ie.
ODFs, pole density functions and the properties are all positive.
PDFs with positive variables can instead be considered. Examples of
such PDFs include logenormal, exponential, gamma, weibull and
rayleigh distributions. Exact analytical treatment of linear system of

equations of correlated random variables (eg. Eq. (2)) are not
available in literature. Some analytical approximations are available
for independent random variables ([15]). However, it is important
to note that the pole density functions are highly correlated, as
modeled here, and cannot be assumed to be independent. This can
be seen from the fact that all pole density functions are derived
from the same underlying ODF. The only useful analytical result
that the authors could ﬁnd was the case of correlated sum of
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Fig. 9. Probability histograms of E1 and G12.

Gamma distribution variables with a constant size parameter
([16]). Extension of the approach for a linear system of equations of
correlated gamma variables could be pursued in the future. Even so,
a gamma distribution has an inﬁnite support. In contrast, the
properties have a ﬁnite support and are constrained within the
extremal values of single crystals [17]. Although a point in the
fundamental region can take any value in the positive real axis
(0,∞), numerically the ODF is also modeled to have compact support when the fundamental region is discretized. That is, the values
of Ai range from (0,1/qi). Thus, even with the positive PDFs, we run
into issues with exceeding the support space of the modeled variables - similar to the case of a Gaussian distribution. Thus, going
beyond Gaussian distributions, one needs to also pursue numerical
methods such as MCS and collocation techniques for exact UQ.
From our MCS analysis, we see that the mean values of the
probability distributions computed with MCS are in very good
agreement with the distributions of the analytical model for the
ODF and properties in Figs. 6, 8 and 9. However, the exact variances
found from MCS are larger than those from the analytical solution
due to the differences between the actual pole ﬁgure histograms
and the Gaussian approximation as seen in Fig. 2. However,
analytical methods are much faster, which is important when stochastic ODFs are employed in multiscale formulations ([18]) of
thermomechanical processes.
5. Conclusions
We address analytical techniques for quantiﬁcation of experimental uncertainties on material properties of microstructures as
obtained from volume averaged homogenization relationships. The
uncertainties in experimental pole ﬁgure data were identiﬁed using
titanium alloy specimens that were obtained identically through
the same process. The uncertainties in the pole ﬁgures were
quantiﬁed using 100 equally sized diffraction samples, and were
ﬁtted to a gaussian distribution. The ODF probability distributions
were computed using the linear relations and the method of
characteristic functions, and they were found to also be consistent
with the Gaussian distribution. The mathematical model for the
probability distributions of non linear properties was identiﬁed
using transformation of Random Variables. Using this approach, we

calculated the uncertainty bounds in the elastic and shear modulus
of the Titanium alloy specimen, that will be useful for engineering
models. These derivations are important for development of an
ICME toolbox for computing the uncertainty in multiscale homogenization models due to input uncertainties. Analytical representations have the drawback of having an inﬁnite support space
compared to the ﬁnite support of the discretized ODFs and properties. However, these methods provide a considerable reduction in
computational times compared to available numerical techniques.
Thus, it is recommended that the Gaussian approach presented
here be used as a ﬁrst step to verify more advanced UQ models.
Future effort in this direction includes development of (i) improved
methods for building ODFs from crystal aggregate data (using
microdiffraction), (ii) methods for modeling linear systems of
correlated PDFs with positive support space and (iii) methods for
ﬁnding PDFs for highly nonelinear homogenization relationships.
Another interesting UQ problem is the inverse (or materials design)
problem of ﬁnding the ODF and its uncertainty bounds in order to
achieve a set of desired property PDFs.
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Appendix A. Formation of property (p) and constraint (q)
vectors
ODF is assumed to be discretized into N independent nodes with
Nelem ﬁnite elements and Nint integration points per element. The
constraint that the ODF is normalized to unity over the fundamental region can then be written as:
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Z
Adv ¼

N
Nint
elem X
X

 
Aðr m Þwm Jn 

n¼1 m¼1

R

points is hereafter referred to as A.

1
ð1 þ r m ,rm Þ2

¼1

(19)
References

where A(rm) is the value of the ODF at the m-th integration point
with global coordinate rm of the n-th element, jJn j is the jacobian
determinant of the n-th element and wm is the integration weight
associated with the m-th integration point. This is equivalent to the
  1
 
linear constraint: qintT Aint ¼ 1, where qint
2 and
i ¼ wi Ji
ð1þri ,ri Þ

Aint
i ¼ Aðr i Þ, where i ¼ 1, …,Nint  Nelem. If the orientationdependent property for a single crystal c(r) is known, any polycrystal property can be expressed in a linear form as follows:

〈c〉 ¼

Z
R

cðrÞAðrÞdv ¼

nel X
nint
X

 

cðrm ÞAðrm Þwm Jn 

n¼1 m¼1

1
ð1 þ r m $r m Þ2
(20)

This is again equivalent to an equation linear in the ODF:
  1
int ¼ Aðr Þ, i ¼ 1,
 
<c ¼ pintTAint, where pint
2 and Ai
i
i ¼ cðr i Þwi Ji
ð1þri ,ri Þ

…,Nint  Nelem.
Crystallographic symmetry is enforced by considering the set of
independent nodal points instead of the integration points. Independent nodal points are the reduced set of nodes obtained by
accounting for symmetry conditions at the boundaries of the ODF
(see Fig. 1). Let H be the matrix converting the independent nodal
values Anode to the integration point values Aint through the shape
functions, then, Aint ¼ HAnode. The independent nodal values Anode
are sufﬁcient to describe the ODF due to the symmetry of the
fundamental region. The ODF constraint can then be written in
terms of the modiﬁed qT ¼ qintTH as qTAnode ¼ 1. Properties are
speciﬁed using the modiﬁed pT≡pintTH as <c ¼ pTAnode. In order to
Pk
account for the normalization constraint
i¼1 qi Ai ¼ 1, the property vector p is adjusted such that pi ¼ pi  pqk kqi for i ¼ 1, …,k1 and
P
pk
T
the property rewritten as < c > ¼ k1
i¼1 pi Ai þ qk ¼ p A þ r. Vector
containing the values of the ODF at ﬁrst k-1 independent nodal
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