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Abstract 

This work presents a method to incorporate the micro Hall-Petch equation into the crystal plasticity finite element (CPFE) framework 
accounting for the microstructural features to understand the coupling between grain size, texture, and loading direction in magnesium alloys. 
The effect of grain size and texture is accounted for by modifying the slip resistances of individual basal and prismatic systems based on 
the micro Hall-Petch equation. The modification based on the micro Hall-Petch equation endows every slip system at each microstructural 
point with a slip system-level grain size and maximum compatibility factor, which are in turn used to modify the slip resistance. While 
the slip-system level grain size is a measure of the grain size, the maximum compatibility factor encodes the effect of the grain boundary 
on the slip system resistance modification and is computed based on the Luster-Morris factor. The model is calibrated using experimental 
stress-strain curves of Mg-4Al samples with three different grain sizes from which the Hall-Petch coefficients are extracted and compared 
with Hall-Petch coefficients predicted using original parameters from previous work. The predictability of the model is then evaluated for a 
Mg-4Al sample with different texture and three grain sizes subjected to loading in different directions. The calibrated parameters are then 
used for some parametric studies to investigate the variation of Hall-Petch slope for different degrees of simulated spread in basal texture, 
variation of Hall-Petch slope with loading direction relative to basal poles for a microstructure with strong basal texture, and variation of yield 
strength with change in grain morphology. The proposed approach to incorporate the micro Hall-Petch equation into the CPFE framework 
provides a foundation to quantitatively model more complicated scenarios of coupling between grain size, texture and loading direction in 
the plasticity of Mg alloys. 
© 2023 Chongqing University. Publishing services provided by Elsevier B.V. on behalf of KeAi Communications Co. Ltd. 
This is an open access article under the CC BY-NC-ND license ( http://creativecommons.org/licenses/by-nc-nd/4.0/ ) 
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. Introduction 

The low density of Mg alloys allows for significant weight
eduction in product development, making them strong candi-
ates for applications in the aerospace [1] , automotive [2] and
edical [3] sectors. However, one of the major drawbacks in

heir widespread use is their poor formability and ductility at
oom temperature that arises from the hexagonal close-packed
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rystal structure (c/ a = 1.624). Unlike Al alloys with a cu-
ic crystal structure which possess twelve equivalent slip sys-
ems to accommodate plastic deformation, Mg alloys depict
ignificant plastic anisotropy where prismatic and pyramidal
ystems have significantly higher critical resolved shear stress
CRSS) relative to the three basal slip systems. Due to this
imitation, efforts have focused on tailoring the microstructure
o enhance the ductility of Mg alloys. Strategies that attempt
o achieve this include, but are not limited to, precipitation
ardening [4–7] , solid-solution strengthening [8–10] , texture
ontrol [11 , 12] and grain refinement [13 , 14] . 
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The study of the effect of grain refinement on the yield
trength dates back to the classical work by Hall [15] and
etch [16] , where a linear relationship was drawn between

he lower yield point of mild steel ( σ Y ) and the inverse
quare-root of the average grain size ( d ), loosely based on
he Eshelby-Frank-Nabarro solution [17] to a discrete dislo-
ation pile-up model: 

Y = σ0 + 

K HP √ 

d 

(1)

here σ 0 is the intercept (Hall-Petch intercept) of the linear
elationship and denotes the grain size-independent compo-
ent of the yield strength, and K HP is the slope of the linear
elation. K HP is referred to as the “locking parameter” or Hall-
etch slope; we use the latter in the paper. Similar empiri-
al power-law relationships have also been found for other
echanical properties of polycrystalline materials in alloys

ther than mild steel [18] , which motivated a myriad of sim-
lar studies for various Mg alloys [13 , 19-25 ]. Cordero et al.
26] have presented an extensive review of the Hall-Petch ef-
ect while Yu et al. [14] have reviewed previous work on
all-Petch relationship with specific focus on Mg alloys. 
A characteristic of Mg alloys is the strong dependence of

he Hall-Petch slope on the crystallographic texture, as ev-
denced by previous experimental studies [13 , 20 , 24 , 27] . For
xample, Wang et al. [24] studied the tensile behavior of a
ommercial Mg AZ31B alloy exhibiting basal texture, relative
o four average grain sizes and five different loading direc-
ions. They reported values of σ 0 in the range 12 - 42 MPa
nd the Hall-Petch slope K HP in the range 158 - 411 MPa
m 

0.5 . In another study, Wang et al. [20] studied the ten-
ile deformation of friction stir processed and extruded Mg
Z31B alloy specimens with a set of different grain sizes

long the advancing direction. They observed a strong tex-
ure dependence of the yield strength on the grain size for ex-
ruded samples recording σ 0 ≈ 80MPa and K HP ≈ 303 MPa
m 

0.5 . This was in contrast to relatively weaker texture depen-
ence for friction stir processed samples with σ 0 ≈ 10MPa
nd K HP ≈ 160 MPa μm 

0.5 [20] . Guan et al. [12] proposed
 simple equation based on a dislocation pile-up model to
ompute K HP for Mg AZ31B alloy for different textures de-
ending on two effective parameters, which are based on the
xpected active slip systems. 

Simulations based on crystal plasticity constitutive mod-
ls have proven to be a powerful tool to derive insights into
he mechanical behavior of polycrystalline microstructures by
ntegrating the single-crystal constitutive models with the gov-
rning equations of continuum mechanics. While classical
rystal plasticity constitutive models have been extremely use-
ul [28–33] , by construction they are unable to capture the
ifference in mechanical behavior that arises from changes in
he internal microstructural length scale, like the grain size.
o address this issue, one alternative has been the strain-
radient plasticity approach, which has proven particularly
seful in capturing the intrinsic size effects arising in several
lasticity-related phenomena [34–38] . However, these models
re relatively expensive to evaluate and also pose a challenge
Please cite this article as: A. Lakshmanan, M.T. Andani, M. Yaghoobi et al., A 
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or parameter calibration since they involve a large number
f internal variables. Additionally, the microscopic variables
erived from the strain gradients are used to inform the hard-
ning behavior while the effect of the microstructural length
cale on the initial CRSS is set phenomenologically. A sim-
ler alternative has been to include a grain size-dependent
ontribution to the CRSS of individual slip systems by sim-
ly extending the Hall-Petch relationship to individual slip
ystems (see, e.g., Lakshmanan et al. [39] ). Based on such a
odification, there have been very few computational studies

ddressing the coupling between grain size and texture in Mg
lloys. Jain and coworkers [40 , 41] have conducted studies us-
ng a grain size-dependent viscoplastic self-consistent crystal
lasticity (VPSC) model on a rolled Mg alloy to investigate
he role of grain size associated with prismatic slip during the
ensile experiment. Raesinia et al. [42] fit the affine VPSC
odel to the data in Jain et al. [41] through uniform scaling

f the CRSS to establish a slip system-level Hall-Petch rela-
ionship, which involves the slip system-level Hall-Petch co-
fficient and the average grain size. Such VPSC models have
lso been used to explore the role of grain size on the twin
rowth [43] , the density of twins [44] , and also the correla-
ion between the crystallographic orientation of the grain and
he corresponding twin variant selected [45] . Ganesan et al.
46] calculated the slip system-level Hall-Petch coefficient for
ifferent slip systems in WE43 Mg alloy using CPFE simu-
ation. Ravaji et al. [47] investigated the interacting effects
etween the grain size, loading direction and texture on the
esponse of an Mg alloy. They investigated the role of grain
ize-texture coupling in reducing the net plastic anisotropy,
he tension-compression asymmetry and the tempering of ex-
ension twinning with grain refinement across different tex-
ures and loading directions. Common in all these important
tudies is that a single average grain size is used to modify
he CRSS for all the grains in the simulated microstructure.

oreover, this modification to the CRSS at the slip system
evel, which resembles the linear dependence on the inverse
quare-root of the average grain size, uses a constant Hall-
etch type parameter for a particular slip system for all the
rains in the microstructure. In other words, the microstruc-
ural features are not captured directly in the parts of the
onstitutive model accounting for the grain size effect. 

Such an inclusion of the microstructural features builds
n our recent work [48–50] which uses the micro Hall-Petch
quation as the basis for including the grain size effect in our
onstitutive model: 

α = τα
0 + τα

g = τα
0 + 

k αμ√ 

d 

α
(2)

here τα denotes the initial slip resistance (identical to CRSS)
ssociated with slip system α, decomposed into a grain size-
ndependent contribution ( τα

0 ) and grain size-dependent con-
ribution ( τα

g ). Additionally, this grain size-dependent contri-
ution has a form similar to the classical Hall-Petch equa-
ion but extended to the slip system level where k αμ denotes
he micro Hall-Petch parameter and d 

α is a measure of the
lip system-level grain size. Taheri Andani et al. [49 , 50] inte-
combined experimental and crystal plasticity study of grain size effects in 
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https://doi.org/10.1016/j.jma.2023.05.008


A. Lakshmanan, M.T. Andani, M. Yaghoobi et al. / Journal of Magnesium and Alloys xxx (xxxx) xxx 3 

ARTICLE IN PRESS 

JID: JMAA [m5+; June 27, 2023;3:52 ] 

Fig. 1. A schematic representative for slip transmission through a GB. � b in : Burgers vector of the incoming slip system, � b out : Burgers vector of the outgoing 
slip system, � n in : Slip plane normal of the incoming slip system, � n out : Slip plane normal of the outgoing slip system, � l in : Intersection line of the incoming slip 
plane and GB, � l out : Intersection line of the outgoing slip plane and GB, � d in : Slip direction of the incoming slip system, � d out : Slip direction of the outgoing 
slip system, θ : Angle between the two slip plane traces on the grain boundary plane, κ: Angle between slip directions, ψ : Angle between slip plane normal, 
δ: Angle between the incoming slip direction and the incoming slip plane trace on the grain boundary plane. 
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rated experimental measurements of pile-up stress ahead of
lip bands blocked by a grain boundary, with a dislocation
ile-up model and crystal plasticity simulations, to obtain an
mpirical power-law relationship between k αμ and certain ge-
metrical descriptors of the grain boundaries for basal and
rismatic slip systems: 

k αμ = K 

α
μ [ 1 − cos ( θ ) cos ( κ) ] c 

α

(3)

here K 

α
μ is the micro Hall-Petch multiplier and c α is the mi-

ro Hall-Petch exponent, respectively, for the slip system α. θ
nd κ denote angular quantities obtained from knowledge of
he slip systems in neighboring grains and the grain boundary
nclination, respectively ( Fig. 1 ). As a result of these stud-
es, K 

α
μ and c α were estimated for basal [49] and prismatic

50] slip systems, providing quantitative insights into the role
f grain boundaries in informing the grain size-dependent
ontribution to the slip resistance. Additionally, in the interest
f implementing such a relationship in crystal plasticity con-
titutive models, a similar power-law relationship was drawn
here instead of the angle θ , the angle ψ , was used: 

k αμ = K 

α
μ [ 1 − cos ( ψ ) cos ( κ) ] c 

α

(4)

here the factor cos ( ψ)cos ( κ) is also commonly referred to
s the Luster-Morris factor [51 , 52] . This aspect is particu-
arly important in the context of computational representation
f microstructures since grain boundary inclination in syn-
hetic microstructures is sensitive to the mesh used in their
iscretization. The relationship in Eq. (4) provides a way to
idestep the grain boundary information, and as a first attempt
nly includes the relative crystallographic orientation between
rains as the key factor in parametrizing the micro Hall-Petch
arameter. 

In this work, we present our attempts to implement the
icro Hall-Petch equation into a crystal plasticity simula-

ion framework. We first briefly outline the rate-dependent
rystal plasticity constitutive model implemented into the
pen-source PRISMS-Plasticity crystal plasticity finite ele-
Please cite this article as: A. Lakshmanan, M.T. Andani, M. Yaghoobi et al., A 
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ent (CPFE) framework [53–57] , that is used for all our
imulations. Then, we outline the procedure to compute the
icro Hall-Petch parameter, k αμ, and the slip system-level

rain size, d 

α , which forms part of the preprocessing step to
hen modify the slip resistances based on the micro Hall-Petch
quation. Subsequently, the model is calibrated with experi-
ental stress-strain curves of Mg-4Al samples from which

he Hall-Petch parameters are extracted, followed by a com-
arison with predictions from original parameters reported in
revious work [49 , 50] . The calibrated set of parameters are
hen used to perform three parametric studies: (i) Study the
ariation of the Hall-Petch slope for different degrees of sim-
lated spread of basal texture, (ii) Study the variation of the
all-Petch slope for different angles of loading direction rel-

tive to basal poles for a microstructure with strong basal
exture, and (iii) Study the variation of the yield strength
elative to changes in the morphology of the grains in the
icrostructure. 

. Computational and experimental methods 

.1. Crystal plasticity model 

A rate-dependent crystal plasticity constitutive model is
dopted within the framework of finite deformation contin-
um mechanics. The primary kinematic quantity is the defor-
ation gradient, F , which maps tangent vectors in the refer-

nce configuration to corresponding vectors in the deformed
onfiguration. Assuming F abides by a multiplicative decom-
osition [58 , 59] into elastic ( F 

e ) and plastic ( F 

p ) components
s follows: 

 = F 

e F 

p (5)

F 

p encodes the distortion of the body as a result of crystal-
ographic slip via dislocation motion on specific slip systems
nd maps the reference configuration to an intermediate con-
guration where the underlying lattice remains unchanged.
combined experimental and crystal plasticity study of grain size effects in 
a.2023.05.008 
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e captures the elastic stretch and lattice rotation and maps
he intermediate configuration to the deformed configuration.
ince plasticity is inherently deformation path-dependent we

nvoke certain deformation rates to further develop the consti-
utive model. Using Eq. (5) , the velocity gradient, L = 

˙ F F 

−1 ,
an be decomposed into elastic and plastic components: 

 = 

˙ F 

e F 

e −1 ︸ ︷︷ ︸ 
Elast icpart 

+ F 

e ˙ F 

p F 

p−1 F 

e −1 ︸ ︷︷ ︸ 
Plast icpart 

(6)

Contributions to the velocity gradient from elastic and plas-
ic parts are both defined in the deformed configuration. We
an alternatively work with the plastic part of the velocity
radient defined on the intermediate configuration, L 

p , as: 

 

p = 

˙ F 

p F 

p−1 (7)

Noting that the kinematics of crystallographic slip effec-
ively involves shearing of the lattice on specific crystallo-
raphic slip planes along with specific crystallographic slip
irections, we have 

 

p = 

˙ F 

p F 

p−1 = 

n s + n t ∑ 

α=1 

˙ γ αm 

α
� n 

α = 

n s + n t ∑ 

α=1 

˙ γ αS 

α (8)

here ˙ γ α is the shearing rate on slip system α, n s is the
umber of slip systems, n t is the number of twin systems,
 

α and n 

α are slip direction and slip plane normal unit vec-
ors, respectively. S 

α , referred to as the Schmid tensor for
he slip/twin system α, is a shorthand for the dyadic product
f m 

α and n 

α . We note that m 

α and n 

α are crystallographic
ectors in the intermediate configuration. 

We adopt a rate-dependent crystal plasticity framework,
here the shearing rate ˙ γ α is a function of the resolved shear

tress τα through a phenomenological power law as follows
60] : 

˙ α = ˙ γ0 

∣∣∣∣τ
α

s α

∣∣∣∣
m 

sign ( τα) (9)

here ˙ γ0 is the reference shearing rate, m is the strain
ate sensitivity exponent, τα is the resolved shear stress on
lip/twin system α, s α is the slip resistance on slip/twin sys-
em α and ‘sign’ refers to the signum function. The resolved
hear stress is expressed in terms of the second Piola-Kirchoff
tress in the intermediate configuration [61 , 62] , T , via the fol-
owing relation 

α = 

(
F 

eT F 

e T 

)
: S 

α (10)

here ‘: ’ denotes the inner product of second order tensors
efined as A : B = A ij B ij . Eq. (10) is derivable by equating
he plastic part of the internal mechanical power to the power
xpended in crystallographic shearing of slip/twin system α

ith resolved shear stress τα and shearing rate ˙ γ α . The sec-
nd Piola-Kirchoff stress in the intermediate configuration is
inked to the elastic Green-Lagrange strain as follows: 

 = L · E 

e = 

1 

2 

L · (
F 

eT F 

e − I 
)

(11)

here E 

e is the elastic Green-Lagrange strain tensor, L is
he elastic stiffness tensor (a fourth-order tensor) and I is the
Please cite this article as: A. Lakshmanan, M.T. Andani, M. Yaghoobi et al., A 
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econd-order identity tensor. ‘ · ’ denotes the product between
 fourth-order tensor and second-order tensor to furnish a re-
ultant second-order tensor, defined as ( L · A ) i j = L i jkl A kl .
e additionally note that the Cauchy stress, σ, and the first

iola-Kirchoff stress in the reference configuration, P , are re-
ated to T as follows: 

 = F 

e −1 P F 

T F 

e −T = det ( F 

e ) F 

e −1 σ F 

e −T (12)

Finally, the evolution of slip resistance for slip system α,
hich governs isotropic hardening, is defined as follows [62] :

˙  α = 

∑ 

β=1 

h 

αβ ˙ γ β (13)

here h 

αβ denotes the hardening rate on slip/twin system α

ue to the slip on system β. The initial slip resistance for
ach slip/twin system is defined as follows: 

 

α ( 0 ) = s α0 + s αg = s α0 + 

k αμ√ 

d 

α
(14)

here s α0 and s αg denote the size-independent and size-
ependent contributions, respectively, to the initial slip re-
istance. s αg is assumed to hold a functional-form identical
o the classical Hall-Petch equation, but now extended to the
evel of an individual slip system, with k αμdenoting the micro
all-Petch multiplier and d 

α denoting a measure of the slip
ystem-level grain size. The hardening moduli h 

αβ are pre-
cribed via a power-law relationship involving the combined
ffect of work hardening and recovery, with both self and
atent hardening contributions as follows: 

 

αβ = 

⎧ ⎪ ⎨ 

⎪ ⎩ 

h 

β

0 

[ 
1 − s β

s βs 

] a β
; coplanar systems 

h 

β

0 q 

[ 
1 − s β

s βs 

] a β ; otherwise 
(15)

Where h 

β

0 denotes the hardening parameter for slip/twin
ystem β, q is the latent hardening ratio, s βs is the saturation
lip resistance for slip/twin system β, and a 

β is a material
onstant for slip/twin system β governing the sensitivity of
he hardening moduli to the slip resistance. 

The final aspect of the model is to capture reorientation
ue to twinning. In the current framework, the PTR scheme
eveloped by Tomé et al. [63] is incorporated to capture twin-
ing. The twinning is modeled as pseudo-slip system, and the
ominal twin volume fraction for k th twin system, i.e., f k ∗tw 

,
an be evolved as follows: 

˙ f k ∗tw 

= 

˙ γ k 

S 

(16) 

here S is the characteristic twin shear strain, which is cal-
ulated as 0.129 for Mg [53] . According to the PTR scheme,
hen f k ∗tw 

for any twin system becomes larger than a specific
hreshold of F T , the grain will be reoriented according to
hat twin system. The threshold F T can be defined as follows
53 , 63] : 

 T = A + B 

F E 

F R 
(17)
combined experimental and crystal plasticity study of grain size effects in 
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Fig. 2. Illustration depicting the workflow described in Section 2.2 to compute d α and k αμ. (a) Voxelated microstructure from DREAM.3D. (b) For any 
microstructural point in grain G and line passing through it with slip direction m 

α , find the neighboring grains G 1 and G 2 based on the points of intersection 
of the line with the boundary. (c) The slip system level grain size d α is computed for every point in the microstructure by finding the length of the line 
segment passing through that point connecting the two points on the grain boundary with direction m 

α . (d) To compute k αμ the primary quantity is the 
maximum compatibility factor which is computed using the knowledge of slip systems corresponding to the neighboring grains G 1 and G 2 . The neighboring 
grains are identified by the neighbors of G that share each of the two points on the grain boundary that were found for computing d α . 
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1 Since the grain G need not be a convex set. 
here F E is the total reoriented twin volume within the sam-
le and F R is the total nominal twin volume fraction within
he sample. The twinning model constants are set to A = 0.7
nd B = 0 similar to the values used in Yaghoobi et al.
53] . The constitutive model is implemented in the PRISMS-
lasticity CPFE code [53 , 54] an open-source, scalable soft-
are framework to simulate elasto-plastic boundary value
roblems built on top of the deal.II [64] open source finite
lement (FE) library. 

.2. Micro Hall-Petch constitutive model 

The initial slip resistance consists of a size-independent
nd a size-dependent contribution, with the size dependent
ontribution dictates by the micro Hall-Petch parameter, k αμ,
nd slip system-level grain size, d 

α . The computation of k αμ
ncludes information concerning the grain neighbors while d 

α

ncodes the information of both the grain size and grain mor-
hology. We now outline the procedure followed in computing
hese key quantities, as shown in Fig. 2 . 

Let’s assume we are given a microstructure discretized as
 uniform grid of voxels, along with information about the
rains, i.e., a set of grain identifiers (integers), and the orien-
ation associated with those identifiers. With this input, d 

α is
omputed for each voxel of the microstructure as follows: 
Please cite this article as: A. Lakshmanan, M.T. Andani, M. Yaghoobi et al., A 
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1. Consider any particular voxel defined by its centroidal co-
ordinates p c = ( x c , y c , z c ) along with the corresponding
grain, G , it belongs to. With this voxel fixed, consider slip
system α for which we wish to compute k α and d 

α . Let
m 

α denote the slip direction associated with slip system α.
2. For grain G , identify its boundary ∂G , which is essentially

a collection of rectangular faces. 
3. Find the point p 1 on ∂G closest 1 to point p c along direction

m 

α and denote this closest distance by d 

α
1 . 

4. Find the point p 2 on ∂G closest to point p c along direction
- m 

αand denote this closest distance by d 

α
2 . 

5. Define the slip system-level grain size d 

α by d 

α = d 

α
1 +

d 

α
2 . A very similar methodology has been adopted by

Nieto-Valeiras et al. [65] , where the computed distances
were used in dislocation-density evolution equations to
study the effect of slip transfer at GBs on the strength
of FCC polycrystals. 

In the next step, k αμ is computed as follows: 

1. Having computed points p 1 and p 2 the neighboring grains
sharing these points with grain G are first found. Denote
them by G 1 and G 2 , respectively. 
combined experimental and crystal plasticity study of grain size effects in 
a.2023.05.008 
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2. Define ψ 

αβ

1 as the angle satisfying the relation
cos ( ψ 

αβ

1 ) = n 

α · n 

β

1 where n 

α is the slip plane normal
corresponding to slip system α and n 

β

1 is the slip plane
normal corresponding to slip system β in G 1 . Define κ

αβ

1 

as the angle satisfying the relation cos ( καβ

1 ) = m 

α · m 

β

1 
where m 

α is the slip plane corresponding to slip system α

and m 

β

1 is the slip plane corresponding to slip system β

in G 1 . 
3. Compute the compatibility factor defined as

| cos ( ψ 

αβ

1 ) cos ( καβ

1 ) | (| . | denotes the absolute value)
for all β and identify the maximum over all β. Denote
this maximum by μα

1 . 
4. Define ψ 

αβ

2 as the angle satisfying the relation
cos ( ψ 

αβ

2 ) = n 

α · n 

β

2 where n 

αis the slip plane corre-
sponding to slip system α and n 

β

2 is the slip plane cor-
responding to slip system β in G 2 . Define κ

αβ

2 as the
angle satisfying the relation cos ( καβ

2 ) = m 

α · m 

β

2 where
m 

αis the slip plane corresponding to slip system α and m 

β

2 
is the slip plane corresponding to slip system β in G 2 . 

5. Compute the compatibility factor defined as
| cos ( ψ 

αβ

2 ) cos ( καβ

2 ) | for all β and identify the maximum
over all β. Denote this maximum by μα

2 . 
6. Define μα := max ( μα

1 , μα
2 ) and compute k αμ using

the micro Hall-Petch equation as k αμ = K 

α
μ ( 1 − μα) c 

α

,
where K 

α
μ is the micro Hall-Petch multiplier, c α is the mi-

cro Hall-Petch exponent fixed for the material under con-
sideration and μα is referred to as the maximum compati-
bility factor, which is computed for every slip system and
every microstructural point. Typically, the lower the mis-
orientation is between grains, the higher is the maximum
compatibility factor, with the maximum possible value be-
ing 1 since it is computed from a multiplication of cosines.

The computation of d 

α and k αμ outlined above is imple-
ented in an open-source MATLAB script (see Code Avail-

bility below), which is used as a preprocessor to generate
his data in a format readable by PRISMS-Plasticity CPFE. 

.3. Materials and experimental procedures 

Extruded Mg-4Al (wt.%) bars provided by CanmetMate-
ials are used in this work, with the following composition
wt%): Al-3.4, Cu-0.005, Fe-0.006, Mn-0.02, Ni-0.005, Si-
.08, Zn-0.01. As-received extruded samples were used in
his study, along with heat treated samples (to increase grain
ize) and compressed and heat-treated samples (to provide a
ariation in texture). The texture of the as-received material
nd the compressed samples (5% compression along the ex-
rusion direction following heat treatment at 300 °C for 3 h)
ith average grain sizes of 55 μm and 68 μm, respectively,

re shown in Fig. 3 (a) and Fig. 3 (b). The average grain sizes
ere calculated directly from the OIM images using grain-to-
rain measurements. Additional heat treatment was conducted
n the as-received samples to provide specimens with average
rain sizes of approximately 187 μm (515 °C for 15 min) and
Please cite this article as: A. Lakshmanan, M.T. Andani, M. Yaghoobi et al., A 
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33 μm (550 °C for 150 min) with textures very similar to the
tarting texture (Texture 1). Similarly, additional heat treat-
ent was conducted on the compressed samples to provide

pecimens with average grain sizes of approximately 227 μm
515 °C for 15 min) and 343 μm (550 °C for 150 min) with
extures very similar to the texture of the compressed sample
Texture 2). 

Crystallographic orientation information was obtained us-
ng electron backscatter diffraction (EBSD). Scans were con-
ucted using a Tescan Mira 3 scanning electron microscope
quipped with an EDAX Hikari XP EBSD detector. Each scan
as captured at a voltage of 30 kV and a beam intensity of 20
A with an average step size of 1 μm. The samples are me-
hanically ground using SiC papers up to a grit of 1200. Pol-
shing is completed using three steps 6 μm, 3 μm, and 1 μm
iamond suspensions, followed by a final polish using Buehler
asterpolish on a Buehler Chemomet polishing cloth. Finally,

amples are chemically etched in acetic-nitric solution (60 mL
thanol, 20 mL water, 15 mL acetic acid, and 5 mL nitric
cid) for 3–5 s. Tensile tests are conducted on samples with
he gauge dimensions of 10 mm × 2 mm × 2 mm using
NSTRON load frame equipped with a 100 kN load cell at a
onstant displacement rate of 1 μm/second. The macroscopic
train was measured using an extensometer attached to the
ample. Mechanical testing was performed on three samples
er texture-loading pair. 

.4. Preprocessing 

.4.1. Synthetic microstructure generation 

The procedure to generate synthetic microstructures for the
PFE simulation using DREAM.3D [66] is presented in this

ection. The primary inputs required by DREAM.3D to gener-
te microstructures are texture and grain size distribution. For
ach of the nine cases, the input from microscopy is an EBSD
rientation map consisting of the orientations of the pixels in
he pixelated image of a 2D section of the microstructure
 Fig. 4 a). MTEX [67] , a free MATLAB toolbox for texture
nalysis, is used to read in the EBSD map, compute the ODF
nd pole figures ( Fig. 4 d), and write out this EBSD data in a
ormat readable by DREAM.3D. For the grain size distribu-
ion data, the equivalent grain sizes for all the grains in the 2D
ection are straightforward to obtain using MTEX. However,
his furnishes a 2D measure of grain size, which is always an
nderestimation of the real grain size because these EBSD
aps are 2D sections. The way we addressed this issue is

o use the 2D equivalent grain size statistics ( Fig. 4 b) ob-
ained from MTEX along with the Scheil-Schwartz-Saltykov
ethod [68–70] to obtain the 3D grain size statistics, as-

uming equiaxed grains. Saltykov [70] proposed a general
lgorithm to compute the probability distribution of spheres
f different sizes, given information about the apparent sizes
from 2D sections). The 3D grain size statistics are then fit
ith a lognormal distribution ( Fig. 4 c), whose characteristic
arameters (mean and variance) are fed into DREAM.3D to
enerate synthetic microstructures ( Fig. 4 e). When comparing
he mean 2D grain size with the mean from the lognormal
combined experimental and crystal plasticity study of grain size effects in 
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Fig. 3. (a) Texture 1: As-extruded texture for which the specimens with the three average grain sizes are deformed in tension along the extrusion direction 
(z-direction), (b) Texture 2: Close to basal texture for which the specimens with the three average grain sizes are deformed in two separate ways: (i) tension 
along the z-direction and (ii) tension along the x-direction. 

Fig. 4. Illustration depicting the workflow described in Section 2.4.1 to obtain necessary inputs for synthetic microstructure generation in DREAM.3D. (a) 
2D microstructure section from experiment, (b) 2D grain size statistics extracted from microstructure section, (c) Use Saltykov’s method to obtain 3D grain 
size statistics and fit it with lognormal distribution, (d) Pole figures from experimental texture data, (e) Use best-fit lognormal distribution parameters and pole 
figures as input to DREAM.3D to generate synthetic microstructure. 
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Table 1 
List of slip direction and slip plane orientations for different slip/twin systems 
for Mg alloys. 

Slip/Twin System ID Slip Direction Slip Plane 

Basal 1 [ 11 ̄2 0 ] (0001) 
2 [ ̄2 110 ] (0001) 
3 [ 1 ̄2 10 ] (0001) 

Prismatic < a > 4 [ 1 ̄2 10 ] ( 10 ̄1 0 ) 
5 [ 2 ̄1 ̄1 0 ] ( 01 ̄1 0 ) 
6 [ 11 ̄2 0 ] ( ̄1 100 ) 

Pyramidal < c + a > 7 [ ̄1 ̄1 23 ] ( 11 ̄2 2 ) 
8 [ 1 ̄2 13 ] ( ̄1 2 ̄1 2 ) 
9 [ 2 ̄1 ̄1 3 ] ( ̄2 112 ) 
10 [ 11 ̄2 3 ] ( ̄1 ̄1 22 ) 
11 [ ̄1 2 ̄1 3 ] ( 1 ̄2 12 ) 
12 [ ̄2 113 ] ( 2 ̄1 ̄1 2 ) 

Twin < c + a > 13 [ ̄1 011 ] ( 10 ̄1 2 ) 
14 [ 10 ̄1 1 ] ( ̄1 012 ) 
15 [ ̄1 101 ] ( 1 ̄1 02 ) 
16 [ 1 ̄1 01 ] ( ̄1 102 ) 
17 [ 0 ̄1 11 ] ( 01 ̄1 2 ) 
18 [ 01 ̄1 1 ] ( 0 ̄1 12 ) 

Table 2 
Elastic stiffness constants (in GPa) for Mg-4Al alloy [ 71 , 72] . 

C 33 C 12 C 13 C 44 

59.4 61.6 25.61 21.44 16.4
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istribution for all the cases considered in this study, a max-
mum relative difference of about 18% was observed, hence

otivating the use of methods to extract the 3D grain size
istribution. Once these microstructures are generated using
REAM.3D, the relevant information is passed into the MAT-
AB preprocessor script to compute d 

α and k αμ for all voxels
onstituting the microstructure, using the procedure described
n Section 2.2 . 

.4.2. Constitutive parameters 
All crystal plasticity simulations were performed consid-

ring the activity of 12 slip systems; 3 basal, 3 prismatic, 6
yramidal < c + a > , and 6 extension twin systems ( Table 1 ).
able 2 lists the elastic stiffness constants used in calibra-

ion [71 , 72] . In the hardening law, the latent hardening coef-
cient was set to q = 1.0, while the flow rule parameters were

˙ 0 = 0. 001 and m = 34. The plastic constitutive parame-
ers are included in Section 3.1 which covers the calibration
f these parameters along with a comparison of stress-strain
urves against some of the parameters obtained from local-
zed pile-up stress measurements and parametric curve fitting
49 , 50] . 

. Results and discussion 

.1. Original vs calibrated parameters 

Synthetic microstructures were generated for Texture 1 and
exture 2 for three different grain size distributions. For each

exture and grain size case, DREAM.3D was fed the input
Please cite this article as: A. Lakshmanan, M.T. Andani, M. Yaghoobi et al., A 
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exture and lognormal distribution parameters to generate a
icrostructure represented as a 50 × 50 × 50 voxelated grid

ontaining approximately 500 grains. In the current work, the
xperimental data have been divided into two sets for model
alibration and model validation. The calibration data set in-
ludes the stress-strain curves from microstructures with three
rain size distributions with Texture 1 deformed along the z-
irection under tension with periodic boundary constraints to
 strain of 1%. The micro Hall-Petch exponents for basal and
rismatic systems were kept constant during the calibration.
dditionally, since a micro Hall-Petch model for twinning
asn’t been developed, a basic Hall-Petch modification of the
winning resistance is considered. Here, the slip resistance for
winning, s t , is assumed to be of the form s t = s t 0 + 

K t √ 

d eq 
,

here d eq is the mean equivalent grain diameter, which is a
ingle number for a particular microstructure. Table 3 presents
he calibrated crystal plasticity parameters using the calibrated
ata set of Texture 1 with three different grain sizes. Fig. 5 (a)
hows that the stress-strain curves obtained by CPFE simu-
ations compare well with those of the experiments for the
alibration data set. 

In the next step, the predictability of the model is evaluated
sing the validation data sets, which include microstructures
ith three grain size distributions with Texture 2 subjected

o two different loading conditions of tension along the z-
irection up to a strain of 0.35% and tension along x-direction
p to a strain of 1%, both with periodic boundary constraints.
igs. 5 (b) and (c) depict the stress-strain curve comparison
etween CPFE simulations and experiments for all six vali-
ation cases. In the case of samples with Texture 2 subjected
o uniaxial tensile deformation along z-axis, Fig. 5 (b) shows
hat although some discrepancies are observed for the initial
ielding behavior between the calibrated model and experi-
ent, the CPFE model can predict the stress-strain for strains

arger than ∼0.2% reasonably well. In the case of samples
ith Texture 2 subjected to uniaxial tensile deformation along
-axis, Fig. 5 (c) shows a similar discrepancy for the initial
ielding behavior. However, the calibrated model successfully
redicts the response for strains larger than ∼0.55%. This is
he first step towards developing a predictive CPFE model to
ncorporate not only the grain size, but also the grain bound-
ry information along with the grain shape. 

Figs. 6 (a)-(c) show the yield strength ( σ Y ) plotted against
he corresponding inverse square-root of grain size ( 1 / 

√ 

d )

ased on the simulations with the calibrated parameters. The
ield strength, σ Y , for all cases is defined as the 0.2% offset,
nd the Hall-Petch intercept, σ 0 and Hall-Petch slope, K HP 

re the intercept and slope, respectively, of the corresponding
inear least-squares fit from σ Y vs 1 / 

√ 

d dataset. Additionally,
n the σ Y vs 1 / 

√ 

d plots, d refers to the grain area average
rain size computed from the corresponding 2D dataset, since
his is the measure of grain size that has been traditionally
sed in such plots due to the availability of only the 2D grain
ize information. Table 4 shows the comparison between the
all-Petch coefficients, i.e., the Hall-Petch intercept ( σ 0 ) and
all-Petch slope ( K HP ) for all three texture-loading direction
combined experimental and crystal plasticity study of grain size effects in 
a.2023.05.008 
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Table 3 
Crystal plasticity constitutive model parameters post-calibration. 

Mode s α0 (MPa) h α0 (MPa) s αs (MPa) a α K 

α
μ ( MPa μm 

0. 5 ) c α

Basal < a > 9.3 300 150 1.0 60 0.6 
Prismatic < a > 51 600 150 1.0 1000 1.07 
Pyramidal < c + a > 140 0 200 1.0 0 0 
Twin < c + a > 17.5 500 100 1.0 25 0 

Table 4 
Comparison of Hall-Petch coefficients between CPFE simulations and experiments with calibrated parameters. 

Hall-Petch 
coefficients 

Texture 1: Exp. Texture 1: CPFE Texture 2, 
z-direction 
loading: Exp. 

Texture 2, z- 
direction loading: 
CPFE 

Texture 2, x- 
direction loading: 
Exp. 

Texture 2, x- 
direction loading: 
CPFE 

σ 0 (MPa) 110.06 112.59 37.66 37.52 97.44 91.84 
K HP (MPa μm 

0.5 ) 372.42 308.36 69.44 68.96 254.62 200.52 

Table 5 
Original parameters which includes the basal and prismatic slip resistances and micro Hall-Petch multipliers [ 49 , 50] . The rest of the parameters 
are set identical to Table 3 for all the simulations with original parameters. 

Mode s α0 (MPa) h α0 (MPa) s αs (MPa) a α K 

α
μ ( MPa μm 

0. 5 ) c α

Basal < a > 4.34 300 150 1.0 159 0.6 
Prismatic < a > 42.54 600 150 1.0 699 1.07 
Pyramidal < c + a > 140 0 200 1.0 0 0 
Twin < c + a > 17.5 500 100 1.0 25 0 

Table 6 
Comparison of Hall-Petch coefficients between CPFE simulations with original parameters and experimental values. 

Hall-Petch 
coefficients 

Texture 1: Exp. Texture 1: CPFE Texture 2, 
z-direction 
loading: Exp. 

Texture 2, 
z-direction 
loading: CPFE 

Texture 2, 
x-direction 
loading: Exp. 

Texture 2, 
x-direction 
loading: CPFE 

σ 0 (MPa) 110.06 91.02 37.66 30.55 97.44 73.06 
K HP (MPa μm 

0.5 ) 372.42 267.96 69.44 120.07 254.62 216.77 
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ases between experiments and CPFE simulations with the
alibrated parameters. 

Figs. 7 (a)-(c) present the stress-strain curve comparison be-
ween CPFE simulations and experiments for all nine cases
onsidered 3 texture-loading pairs and 3 grain size distribu-
ions, with the original parameters extracted from the exper-
ment [49 , 50] ( Table 5 ). The only parameters modified com-
ared to the calibrated parameters presented in Table 3 are the
asal and prismatic slip resistances and micro Hall-Petch mul-
ipliers, while the rest of the parameters are identical to the
alibrated parameters in Table 3 . It is interesting to note that
ven though the stress-strain curves don’t all match with a sin-
le parameter set, they produce quite reasonable stress-strain
urves. This is especially because the slip resistance values
sed here were fed to dislocation pile-up models, and the
icro Hall-Petch coefficients were then obtained from local-

zed pile-up stress measurements ahead of slip bands blocked
y grain boundaries. Figs. 8 (a)-(c) show the yield strength
 σ Y ) plotted against the corresponding inverse square-root of
rain size ( 1 / 

√ 

d ) based on the simulations with the orig-
nal parameters. Table 6 shows the comparison between the
all-Petch coefficients, i.e., the Hall-Petch intercept ( σ 0 ) and
all-Petch slope ( K HP ) for the three texture-loading direction
Please cite this article as: A. Lakshmanan, M.T. Andani, M. Yaghoobi et al., A 
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ases between experiments and CPFE simulations with the
riginal parameters. 

We note that the calibrated values of the basal and pris-
atic slip resistances and micro Hall-Petch multipliers ( Ta-

le 3 ) are not in agreement with the original values ( Table 5 ).
he calibrated basal slip resistance is about twice that of the
riginal basal slip resistance, which was adopted from Akhtar
t al. [73] who studied the substitutional solution hardening
f magnesium single crystals with different alloying elements.
he higher calibrated value indicates additional factors con-

ributing to the initial slip resistance (without size effect con-
ribution) possibly stemming from the underlying defect mi-
rostructure in the polycrystalline sample. The calibrated pris-
atic slip resistance is, however, not very different from orig-

nal prismatic slip resistance because the original values were
stimated from yield strength of polycrystalline stress-strain
urves rather than studies on single crystals. 

The calibrated basal micro Hall-Petch multiplier is about
.4 times that of the original basal micro Hall-Petch mul-
iplier obtained from localized measurements of the pile-up
tress ahead of blocked slip bands and parametric curve fit-
ing. Here it is important to note that the original basal micro
all-Petch multiplier was obtained by fitting the micro Hall-
combined experimental and crystal plasticity study of grain size effects in 
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Fig. 5. Stress-strain curve comparison between CPFE simulations and exper- 
iments using calibrated parameters for (a) Texture 1, z-direction tensile load- 
ing, (b) Texture 2, z-direction tensile loading and (c) Texture 2, x-direction 
tensile loading. 

Fig. 6. Yield strength ( σ Y ) with error bars vs inverse square-root grain size 
( 1 / 

√ 

d ) comparison between CPFE simulations and experiments using cali- 
brated parameters for (a) Texture 1, z-direction tensile loading, (b) Texture 
2, z-direction tensile loading and (c) Texture 2, x-direction tensile loading. 
Dotted lines denote corresponding linear-fit. 
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etch parameters for eight grain boundaries to a power-law
ype function of the maximum compatibility factor. The micro
all-Petch parameters for those eight grain boundaries were
btained by fitting pile-up stress measurements ahead of a
locked slip band, to expressions obtained from a continuum
islocation pile-up model. On the other hand, the crystal plas-
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Fig. 7. Stress-strain curve comparison between CPFE simulations and exper- 
iments using original parameters for (a) Texture 1, z-direction tensile loading, 
(b) Texture 2, z-direction tensile loading and (c) Texture 2, x-direction tensile 
loading. 

Fig. 8. Yield strength ( σ Y ) with error bars vs inverse square-root grain size 
( 1 / 

√ 

d ) comparison between CPFE simulations and experiments using orig- 
inal parameters for (a) Texture 1, z-direction tensile loading, (b) Texture 
2, z-direction tensile loading and (c) Texture 2, x-direction tensile loading. 
Dotted lines denote corresponding linear-fit. 
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icity finite element simulation forms a homogenized repre-
entation of the microstructure where a large number of points
n the simulated microstructure accommodate slip as opposed
o localized slip bands in experiments. Since all microstruc-
ural points in the synthetic microstructures are endowed with
 micro Hall-Petch coefficient and an underlying slip system-
combined experimental and crystal plasticity study of grain size effects in 
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evel grain size, this implies that a lower value of the basal
icro Hall-Petch multiplier is sufficient to capture the contri-

ution of basal slip to the grain size effect. We additionally
ote that if not all microstructural points but only select num-
er were endowed with the basal micro Hall-Petch multiplier,
he calibrated basal micro Hall-Petch multiplier will increase
nd be closer to the original basal micro Hall-Petch multiplier.

In contrast, the calibrated prismatic micro Hall-Petch mul-
iplier is about 1.4 times that of the original prismatic micro
all-Petch multiplier obtained from localized measurements
f the pile-up stress ahead of blocked slip bands and para-
etric curve fitting. Here again the original prismatic micro
all-Petch multiplier was obtained by fitting the micro Hall-
etch parameters for seven grain boundaries to a power-law

ype function of the maximum compatibility factor. The mi-
ro Hall-Petch parameters for those seven grain boundaries
ere obtained by fitting pile-up stress measurements ahead
f a blocked slip band (initiated from a notch within a grain),
o expressions obtained from a continuum dislocation pile-up
odel. In this case, the implication is that even with a homog-

nized model like crystal plasticity where each microstructural
oint has a contribution to the size effect, a relatively higher
rismatic micro Hall-Petch multiplier is necessary to capture
he grain size effect. In other words, the effect of grain bound-
ries on prismatic slip is possibly more profuse when analyz-
ng many different boundaries as compared to just the seven
oundaries. 

We also note that the implementation of the micro Hall-
etch constitutive model accounts for the maximum compati-
ility factor purely dependent on the orientation of neighbor-
ng grains without accounting for grain boundary inclination,
hich is not very straightforward to account for universally
ecause it is dependent on the underlying mesh used for com-
utational studies. However, if a possible standardization can
e achieved in the inclusion of grain boundary information
cross microstructure generation frameworks, then this infor-
ation can be included without much additional effort provid-

ng better insights and possibly even better agreement between
alibration parameters and experimentally informed parame-
ers. Next, we carry out some simple parametric studies with
he calibrated parameters to explore different examples where
he grain size and texture are coupled. 

.2. Effect of simulated spread in texture 

Here we simulate and study the behavior of the Hall-Petch
lope for microstructures whose crystallographic textures are
epresented by predominantly basal texture superposed with
 spread in orientations. This spread is representative of ori-
ntations spreading almost uniformly, away from the basal
oles. The purpose of this study with simulated orientation
pread alludes to the fact that different processing routes re-
ult in different textures, which in turn affect the mechanical
roperties. 

All the microstructures used in this study were generated
sing DREAM.3D in which the respective textures were cre-
ted by specifying the Euler angle (Bunge convention) triplet
Please cite this article as: A. Lakshmanan, M.T. Andani, M. Yaghoobi et al., A 
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f (0, 0, 0) with a weight equal to 100 and spread (denoted
y ε) equal to a positive value denoting the respective spread
n the orientations. For each texture, a base microstructure
as first generated for the smallest grain size using the log-
ormal distribution parameters corresponding to the small-
st grain size for Texture 2. This base microstructure was
hen uniformly scaled to twice, thrice and four times its size,
o generate geometrically similar microstructures with differ-
nt grain sizes. For a measure of the average 2D grain size,
e directly use the grain area average grain size of the ex-
erimental 2D microstructure from which the 3D lognormal
istribution parameters were obtained. Then for the smallest
rain size case, the grain area average grain size is 68 μm , and
ccordingly, 136 μm , 204 μm and 272 μm for the microstruc-
ures scaled to twice, thrice and four times the smallest size,
espectively. Additionally, to better represent the underlying
exture, microstructures with larger number of grains were
reated for the textures corresponding to ε = 20, ε = 23 and
andom texture. Figs. 9a-9i depict the pole figures generated
or different values of the spread considered, denoted by the ε
alue, along with the approximate number of grains contained
n the synthetic microstructure for that texture. 

Simulations were performed in which the microstructures
ere deformed in tension along the z-direction to 1% strain,
ith periodic boundary constraints. Fig. 10 a shows the plots
f the predicted yield strength ( σ Y ) vs inverse square-root
f grain size ( 1 / 

√ 

d ) for the different textures from which
 linear least-squares fit (denoted by dotted line) yields the
all-Petch intercept and the Hall-Petch slope ( Fig. 10 c). Here
 denotes the measure of average 2D grain size noted earlier.
ig. 10 b depicts the variation of the size-dependent compo-
ent of the yield strength for the different textures and grain
izes to better visualize the Hall-Petch slope. The Hall-Petch
lope increases progressively from 49 MPa μm 

0.5 for ε = 5
o 79 MPa μm 

0.5 for ε = 23, close to the Hall-Petch slope
or random texture at about 93 MPa μm 

0.5 . First a gradual
ncrease is observed from 49 MPa μm 

0.5 for ε = 5 to 58
Pa μm 

0.5 for ε = 15, after which the increase is more dras-
ic to 79 MPa μm 

0.5 for ε = 23. 
A measure of the slip activity of different slip system fam-

lies is investigated to better understand the observed behav-
or. Fig. 11 shows the average accumulated slip on the basal,
rismatic and twin systems at the end of deformation for the
mallest grain size. The average accumulated slip for a partic-
lar slip system type (basal, prismatic or twin) is computed by
veraging the total slip contribution of all slip systems associ-
ted with that slip system type, over the entire microstructure.
or example, for the basal system the total slip contribution
rom the three basal slip systems is computed for all points in
he microstructure, and then the mean is taken over all those

icrostructural points. 
The Hall-Petch slope is a reflection of the activity of in-

ividual slip systems, since even physically, slip has to ensue
n individual slip systems for the effect of the grain bound-
ries (or alternatively the grain size) to be felt. As the spread
ncreases from ε = 5 to ε = 15, there is an increase in the
verage basal accumulated slip and a decrease in the average
combined experimental and crystal plasticity study of grain size effects in 
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Fig. 9. Pole figures for increasing values of the ε value or spread in orientations and the approximate number of grains constituting the synthetic microstructure. 
Since, random texture corresponds to a uniform distribution of orientations, the pole figures were not generated in the same manner as the previous pole 
figures. Instead, a sample of random orientations was created using MTEX and specified as input to DREAM.3D. 
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Fig. 9. Continued 
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Fig. 9. Continued 

Fig. 10. (a) Predicted yield strength ( σ Y ) vs inverse square-root grain size ( 1 / 
√ 

d ) for different spreads of basal texture, and random texture. Dotted lines 
denote corresponding linear least-squares fit. (b) Size-dependent contribution of yield strength to visualize difference in Hall-Petch slopes, (c) Hall-Petch slope 
for different ε values, (d) Hall-Petch intercept for different ε values. 
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due to delocalization of texture – more diffuse texture = > 
win accumulated slip. Note that for twinning there does not
xist a maximum compatibility factor when accounting for
he size-dependent contribution to the slip resistance, while
or the basal systems the micro Hall-Petch coefficient is mul-
iplied with a power-law type function of the maximum com-
atibility factor. Additionally, for twinning there is a single
verage grain size used in the expression to modify the slip
esistance, while for basal systems the slip system-level grain
ize, which is a heterogeneous property, comes into play. As
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 result, while the effect of twinning is almost homogeneous
cross all points where twinning accommodates deformation,
hat is not the case for basal slip which shows a larger spread
n its contributions. Then there are two competing factors – (i)
he decrease in twinning activity with an increase in ε which

educes the contribution of twinning to the Hall-Petch slope,
hile (ii) Increased basal activity combined with a spread in

exture increases basal contribution to the Hall-Petch slope
combined experimental and crystal plasticity study of grain size effects in 
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Fig. 11. Comparison of average accumulated slip on basal, prismatic and twin systems at the end of deformation for different values of the spread ε. The 
average accumulated slip for a particular slip system type is computed by averaging the total slip contribution of all slip systems associated with that slip 
system type, over the entire microstructure. B – Basal, P – Prismatic, T – Twin. 
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ower values of maximum compatibility factor = > increased
ontribution of basal slip to the grain size effect. The in-
rease in the Hall-Petch slope signifies the dominance of in-
reased basal slip activity over twinning activity as we go
rom sharper texture for ε = 5 to more diffuse texture for
 = 15. Beyond ε = 15 the Hall-Petch slope increases and
his can be attributed to further delocalization of texture and
he activation of prismatic systems, which have a relatively
igh micro Hall-Petch coefficient compared to basal system.
ven though prismatic slip systems don’t show significant ac-

ivity, combining the high micro Hall-Petch coefficient of pris-
atic slip with smaller values maximum compatibility factor

nd increased prismatic slip activity ensures a steady increase
n the Hall-Petch slope as the texture approaches random tex-
ure. The variation of σ 0 which is predominantly dictated by
he texture, can be explained by the accumulated slip plot.
he lower values of σ 0 for lower values of ε is attributed to

he presence of only basal and twin activity, both of which
ossess much lower slip resistance relative to the prismatic
ystems. The decrease in σ 0 up to ε = 11 is attributed to
he increased activity of basal and decreased activity of twin,
ombined with the facts that basal slip resistance is lower than
winning and there is no prismatic activation. The subsequent
ncrease in σ 0 beyond ε = 11 is attributed to the increase in
rismatic activity which becomes the dominant deformation
echanism in the face of lower twinning activity, while basal

ctivity remains almost unaltered. 

.3. Effect of loading direction 

In this section, we study computationally the Hall-Petch
lope of microstructures with sharp basal texture relative to
he angle ϕ, made between the loading direction and direc-
Please cite this article as: A. Lakshmanan, M.T. Andani, M. Yaghoobi et al., A 
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ion of basal poles. This is in principle very similar to the
xperimental study presented by Wang et al. [20] which was
erformed for Mg-AZ31 alloy with a more diffuse basal tex-
ure. Similar to that study, we consider five values of ϕ – 0 °,
2.5 °, 45 °, 67.5 °and 90 ° For each ϕ, a microstructure was first
enerated for the smallest grain size using the lognormal dis-
ribution parameters corresponding to the smallest grain size
or Texture 2. This microstructure was then uniformly scaled
o twice, thrice and four times its size, hence generating the
ame microstructure with different grain sizes. Similar to the
revious study, for the smallest grain size case, the grain area
verage grain size is taken to be 68 μm , and accordingly,
36 μm , 204 μm and 272 μm for the microstructures scaled
o twice, thrice and four times the smallest size, respectively.
ach microstructure was constructed as a 50 × 50 × 50 vox-
lated grid with approximately 500 grains. The synthetic mi-
rostructures were then deformed in tension along z-direction
o a strain of 1% with periodic boundary constraints. 

Fig. 12 a depicts the pole figures representing the orienta-
ion distribution based on which the synthetic microstructures
ere generated for this study. Fig. 12 b depicts the plots of

he yield strength ( σ Y ) vs inverse square-root of grain size
 1 / 

√ 

d ) for different ϕ, from which a linear least-squares fit
denoted by dotted line) yields the Hall-Petch intercept and
all-Petch slope ( Fig. 12 d). Here d denotes the measure of

verage 2D grain size noted earlier. Fig. 12 c depicts the vari-
tion of the size-dependent component of the yield strength
ith inverse square-root of grain size for the different ϕ. 
A very interesting behavior is observed here where the

all-Petch slope first decreases to a minimum at ϕ = 45 

o after
hich it increases again to ϕ = 90 

o . Fig. 13 shows the aver-
ge accumulated slip on the basal, prismatic and twin systems
t the end of deformation for the smallest grain size. As ϕ
combined experimental and crystal plasticity study of grain size effects in 
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Fig. 12. (a) Pole figures of strong basal texture were used to generate the microstructures for this study. (b) Predicted yield strength ( σ Y ) vs inverse square-root 
grain size ( 1 / 

√ 

d ) for different relative loading directions given by ϕ. Dotted lines denote corresponding linear-fit. (c) Size-dependent contribution of yield 
strength. (d) Hall-Petch slope plotted for different ϕ values (e) Hall-Petch intercept plotted for different ϕ values. 
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Fig. 12. Continued 
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5  
aries from 0 

o to 45 

o , the activity of basal slip increases while
he twinning activity decreases. Unlike the previous paramet-
ic study, the texture is the same for different relative angles
f loading and the decrease in the effect of twinning activ-
ty dominates over the increased basal activity, resulting in
 decrease in the Hall-Petch slope from 47 MPa μm 

0.5 when
winning predominates at 0 

o to 15 MPa μm 

0.5 when basal
redominates at 45 

o . Subsequently, as ϕ increases from 45 

o 

o 90 

o prismatic activity increases significantly while basal
ctivity decreases and twinning activity remains negligible.
ue to the relatively high micro Hall-Petch coefficient of the
rismatic system compared to the basal system, the increase
n prismatic activity dominates the decrease in basal activ-
ty, contributing to the net increase in the Hall-Petch slope
rom 45 

o to 90 

o . The variation of σ 0 which is predominantly
ictated by the texture, can be explained by the accumulated
lip plot. The lower values of σ 0 for ϕ< 45 ° is attributed to
he presence of only basal and twin activity, both of which
ossess much lower slip resistance relative to the prismatic
Please cite this article as: A. Lakshmanan, M.T. Andani, M. Yaghoobi et al., A 
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ystems. The decrease in σ 0 for ϕ< 45 ° is attributed to the
ncreased activity of basal and decreased activity of twinning,
ombined with the facts that basal slip resistance is lower
han twinning and there is no prismatic activation. The sub-
equent significant increase in σ 0 beyond ϕ= 45 ° is attributed
o the increase in prismatic activity in the face of no twinning
ctivity and decreasing basal activity. 

.4. Yield strength variation with grain morphology 

In this section, we study the variation of the yield strength
f simulated microstructures with different grain morpholo-
ies with underlying crystallographic texture corresponding to
he Texture 1 from experiments ( Fig. 3 a). First, a microstruc-
ure was generated for the smallest grain size using the log-
ormal distribution parameters corresponding to the smallest
rain size. The synthetic microstructure used for this study is
 50 × 50 × 50 voxelated grid consisting of approximately
00 grains. Different morphologies are quantified by the as-
combined experimental and crystal plasticity study of grain size effects in 
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Fig. 13. Comparison of average accumulated slip at the end of deformation for basal, prismatic and twin systems for different angles ϕ. B – Basal, P –
Prismatic, T – Twin. 
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Fig. 14. Yield strength ( σ Y ) for different aspect ratios of grains. Note the 
asymmetry in the yield strength relative to the logarithm of the aspect ratio 
α. 
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ect ratio α, which is used to modify the voxel spacings de-
ending on the relative aspect ratios along three orthogonal di-
ections. Let us consider a microstructure containing equiaxed
rains with voxel resolutions of �l along the x, y and z-
irection, for which we wish to construct a microstructure
ith grains possessing an aspect ratio of α. Then the triplet
f resolutions for the equiaxed microstructure, ( �l , �l , �l )
s transformed to the new triplet ( α−1/3 �l , α−1/3 . �l , α2/3 �l ).
his preserves the volume of each voxel and hence the entire
rain, as a result preserving the grain size statistics as well.
dditionally, the aspect ratio α now corresponds to the ra-

io of the transformed resolution along the z-direction to that
long the x (or y)-direction. This eventually affects the com-
utation of slip system-level grain size and hence the micro
all-Petch contribution to the slip resistance. Earlier work on

ncorporating the grain size effect has focused on modify-
ng the slip resistance based on the average grain size alone,
hich in this case is the same for all microstructures since

he grain volumes are preserved. As a result, the morphology
f the grains cannot be captured in those models, unlike the
resent one where the morphology affects the slip system-
evel grain sizes. 

CPFE simulations are performed on the microstructures
hich are deformed in tension along the z-direction to 1%

ngineering strain with periodic boundary constraints. Nine
ifferent aspect ratios are considered: α = 

1 
5 , α = 

1 
4 , α =

1 
3 , α = 

1 
2 , α = 1 , α = 2, α = 3 , α = 4 and α = 5. Fig. 14

hows the variation of the yield strength with change in as-
ect ratio. It is interesting to note that the variation on yield
trength is non-monotonic relative to the logarithm of the
spect ratio. To explain this behavior, we obtain the rele-
ant expressions using elementary geometry and some crys-
allographic and plastic properties particular to as-extruded

exture. t  
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We first note that the microstructures for different aspect
atios used in this study are generated by uniform stretches
long the three orthogonal directions of a microstructure with
quiaxed grains. Since equiaxed grains are essentially space
lling representations of spheres, the grains in microstruc-

ures with aspect ratios different from 1 are prolate or oblate
pheroids depending on α > 1 or α < 1, respectively, with
he axis of circular symmetry coinciding with the z-direction.
ow consider such an ellipsoid with axes lengths abiding the

atio dictated by the triplet of resolutions used to generate the
icrostructure. Denote the semi-axes lengths along the x, y

nd z directions by a, b and c respectively, and let R denote
he radius of the sphere representing the equivalent sphere
combined experimental and crystal plasticity study of grain size effects in 
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Fig. 15. (a) (0001) pole figure, (b) ( 10 ̄1 0 ) pole figure, and (c) theoretical arrangement of HCP unit cells symmetrically about the extrusion direction with the 
( 10 ̄1 0 ) plane normal pointing along the extrusion direction. 

Fig. 16. The average accumulated slip on the three basal and three prismatic slip systems. The integers on the x-direction denote a specific slip direction: ‘1 ′ 
- [ 11 ̄2 0 ] , ‘2 ′ - [ ̄2 110 ] and ‘3 ′ - [ 1 ̄2 10 ] . 
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rain diameter of the equiaxed grain from which the ellip-
oidal grain was obtained. Then the semi-axes lengths must
e a = α−1/3 R, b = α−1/3 R and c = α2/3 R resulting in the
ollowing equation of the ellipsoid: 

x 2 

a 

2 
+ 

y 2 

b 

2 
+ 

z 2 

c 2 
= 1 ⇒ 

r 2 

α−2/ 3 
+ 

z 2 

α4/ 3 
= R 

2 (18)

here r 2 = x 2 + y 2 . In the context of the as-extruded texture,
he ( 10 ̄1 0 ) poles are concentrated in the extrusion direction,
s seen in the ( 10 ̄1 0 ) pole figure. In addition to this, the basal
lane normals are aligned perpendicular to the extrusion di-
ection, with almost uniform distribution as evidenced by the
lose to vertical band in the (0001) pole figure. This suggests a
heoretically uniform arrangement of the HCP unit cells about
he extrusion direction with the ( 10 ̄1 0 ) prismatic plane nor-
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al being parallel to the extrusion direction ( Fig. 15 ). From
he perspective of plasticity, the basal and prismatic systems
re the primary slip systems activated when this texture is
eformed along the extrusion direction. Fig. 16 depicts a plot
f the percentage contribution to average accumulated slip
t the end of deformation by the three individual basal and
rismatic slip systems. 

Even though there is some difference in the average accu-
ulated slip by slip systems corresponding to different slip

irections, let’s assume for theoretical purposes that they are
qual. In other words, slip systems corresponding to each
lip direction contribute equally to the total average accumu-
ated slip due to basal and prismatic systems. This means that
mong the three slip directions one of them is always perpen-
icular to the extrusion direction while the remaining two are
combined experimental and crystal plasticity study of grain size effects in 
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Fig. 17. (a) Variation of yield strength with aspect ratio (b) δ plotted against 
log ( α) as described in Eq. (19) . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

t 30 ° to the extrusion direction. In our case, slip direction ‘1 

′ 

s perpendicular to the extrusion direction, while the remain-
ng two directions are at 30 ° to the extrusion direction. Let’s
ow consider the measure of grain size for a particular slip
irection as the length of the line segment passing through
he center of the ellipsoid with direction coinciding with the
lip direction. Denote this grain size measure for slip direc-
ion ‘i’ by d i . With knowledge of the slip directions relative
o the ellipsoid the grain size measures are straightforward to
btain using Eq. (18) : 

 1 = α−1 / 3 R; d 2 = d 3 = 

2R √ 

3 

(
α2/ 3 

3 

+ α−4/ 3 

)−1 / 2 

(19)

With the earlier assumption of equal contribution of slip
rom the slip directions, the size-dependent contribution to the
ield strength can be expressed as being proportional to the
uantity β defined using Eq. (17) with the inverse square-root
ependence on grain size measure: 

:= 

1 √ 

d 1 
+ 

1 √ 

d 2 
+ 

1 √ 

d 3 
= 

δ ( α) √ 

R 

(20)

here: 

( α) = 

√ 

α1 / 3 + 

√ 

2 

(
α2/ 3 + 3 α−4/ 3 

)1 / 4 
(21)

δ ( α) encodes the dependence of the yield strength on
he aspect ratio α. This function is visualized by plotting it
 Fig. 17 ). We retrieve a curve very similar to the variation
aptured in Fig. 14 , demonstrating that the trends in the role
f aspect ratio on the yield strength based on the micro Hall-
etch equation can be captured to a good extent using simple

heoretical arguments. 
While our proposed approach provides one way to incor-

orate the micro Hall-Petch equation in crystal plasticity, this
pproach can be refined in multiple ways, a few of which we
ote below: 

1) Presently, the maximum compatibility factor used in the
model is solely dependent on the orientation of neighbor-
ing grains and the slip systems under consideration. This
maximum compatibility factor can further be refined to
include the grain boundary inclinations, which formed an
important part of our previous work [49 , 50] . This, how-
ever, must also be supplemented with usage of microstruc-
ture meshes which can furnish this information of the grain
boundary inclinations and that this information is indepen-
dent of the meshing itself. More importantly, apart from
texture and grain size distributions, some information as-
sociated with the grain boundary inclinations must also
be included in synthetic microstructure generation algo-
rithms. This lack of inclusion of grain boundary inclina-
tions in our current approach makes it particularly easy
to interface with existing synthetic microstructure gener-
ation software, but at the expense of not including grain
boundary geometry information. 

2) The micro Hall-Petch coefficients obtained from our previ-
ous work involving localized experiments associated with
Please cite this article as: A. Lakshmanan, M.T. Andani, M. Yaghoobi et al., A 
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slip bands blocked by grain boundaries, are not in agree-
ment with the parameters obtain post-calibration with
stress-strain curves. This is not unexpected since the basis
of these two approaches is quite different – pile-up stress
measurements are localized while crystal plasticity consti-
tutive modeling is homogenized. One possible line of study
could be trying to relate the two sets of coefficients through
some multiscale modeling approach, in which the micro
Hall-Petch coefficients obtained from calibration can be
derived (to some degree of approximation) through coarse
graining the micro Hall-Petch coefficients obtained from
pile-up stress studies. 

3) While the micro Hall-Petch modification was incorporated
for basal and prismatic slip systems, extending the ap-
proach to twinning is a natural next step. To accomplish
this will involve developing a model to obtain expressions
of the pile-up stress ahead of a twin blocked by a grain
boundary. There has been some earlier work in the descrip-
tion of twins using dislocation models [74–77] and asso-
ciated applications [78–81] . This work can be integrated
with experimental pile-up stress measurements ahead of
combined experimental and crystal plasticity study of grain size effects in 
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a twin blocked by a grain boundary and then relate the
micro Hall-Petch parameters to some measure of compat-
ibility [82–85] . 

. Conclusions 

A procedure to incorporate the micro Hall-Petch equation
nto a CPFE framework to simulate the plastic behavior of
icrostructures including the grain size and texture effects
as developed. We presented a comparison of the stress-strain

urves between CPFE and experiments using parameters pro-
osed in previous work, before calibration using four param-
ters – the basal and prismatic slip resistances and the basal
nd prismatic micro Hall-Petch multipliers. Using the cali-
rated parameters, two sets of parametric studies were per-
ormed to investigate the Hall-Petch slope predictions - (i)
asal texture superposed with different degrees of spread,
nd (ii) Angle of loading direction relative to basal poles
or strong basal texture. In the first study, the simulations
redicted a gradual increase in the Hall-Petch slope with an
ncrease in the spread from ε = 5 to ε = 15, which then
ncreased drastically towards ε = 30. The reduction in maxi-
um compatibility factor with delocalization of texture com-

ined with increasing basal slip contribution dominates the
ffect of reduced twinning activity, resulting in a gradual in-
rease in the Hall-Petch slope. The subsequent increase in
all-Petch slope was attributed to an increase in prismatic slip

ctivity combined with further texture delocalization, where
he high micro Hall-Petch coefficient for prismatic systems
ontributes to this increase. In the second study, the simu-
ations predicted a decrease in the Hall-Petch slope with the
ngle of loading direction from ϕ = 0 

o to ϕ = 45 

o which was
xplained based on the domination of a decrease in twinning
ctivity compared to an increase in the basal activity where
he localized basal texture reduced the contribution of basal
lip due to maximum compatibility factors close to one. The
ncrease in Hall-Petch slope from ϕ = 45 

o to ϕ = 90 

o was at-
ributed to the high micro Hall-Petch coefficient for prismatic
lip combined with the increase in prismatic activity, against
he decrease in basal activity. Finally, the effect of the aspect
atio on the yield strength of as-extruded microstructures was
tudied to obtain a non-monotonic dependence of the yield
trength on the logarithm of the aspect ratio. This qualitative
rend was derived using the inverse square-root dependence
f the yield strength on a measure of the slip system-level
rain size, combined with simple geometry, crystallography,
nd basic plasticity assumptions. Through this we demon-
trate a theoretical approach to explain the effect of texture
nd the grain morphology on the yield strength and plastic
tress-strain response. 

Our proposed approach to incorporate the micro Hall-Petch
quation into crystal plasticity provides a foundation to quan-
itatively model more complicated scenarios of coupling be-
ween grain size, texture and loading direction in the plastic-
ty of Mg alloys. When combined with our previous work on
his topic, it provides an integrated framework of combining
heory, experiment, and computation to build models incor-
Please cite this article as: A. Lakshmanan, M.T. Andani, M. Yaghoobi et al., A 
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orating the grain size effect in plasticity for arbitrary alloy
ystems. 
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