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Design of Belt-Tensioner Systems:
for Dynamic Stability

Belt drive systems are an effective means for power transmission which offer the
advantages of light weight, low cost, quietness, and efficiency. Recently in
automotive applications there has been a trend to power several accessories with a
single drive belt in order to reduce overail vehicle size and weight. Since these belts
are typically longer than conventional belts, a tensioner component is added to
maintain acceptable beit tension levels. In this paper we describe several potential
instability mechanisms for belt-tensioner . systems, and present a design
methodology to ensure good dynamic performance of such systems. A
mathematical model of the beit-tensioner system, and numerical solution methods,
are utilized to develop a computer-aided design procedure. Numerical resuits, and
confirming experimental data, are presented for a particular automotive belt-

tensioner system.

1 Introduction

I'he vibration of axially moving belts belongs to a class of
problems referred to as axially moving material vibration
problems {1]. This class includes such diverse technologies as
band saws (2]; moving threadlines [3]; power transmission
chains [4]; pipes transporting fluids [5]; and moving belts [6,
7, 8,9, 10). In addition to resonance due to direct excitation,
axially moving materials can exhibit a standing wave (or
divergence buckiing) type instability at a critical speed [11], a
dynamic (or flutter) type instability at speeds above the
criticai [12], and Mathieu type instabilities due to parametric
excitation (9, 11, 13]. Reviews of this diverse literature can be
foundin (1, 2).

The purpose of this paper is to modei and anaiyze the
transverse vibration and stability of coupied belt-tensioner
systems, to develop a computer-aided design methodology,
and to provide general recommendations for design. As
shown in Fig. 1, the tensioner pulley is placed between spans |
and 2 and is pinned to a tensioner arm of length /,. The
tensioner arm is attached to a torsional spring, with spring
constant X, at the pivot point P;. This paper wiil show that
the tensioner plays several important roles affecting the
dynamic performance of the belt system. These include
maintaining an acceptable static belt tension, reducing belt
tension variations due to dynamic loading, and increasing the
critical belt speed by introducing pulley compliance. The
engineering problem of interest is an automotive accessory
drive system, aithough similar problems may be encountered
in other technological areas.

In the belt-tensionier system the belt can exhibit some

*Presently Project Engineer, Cordis Corporation.

Contributed by the Technical Committee on Vibration and Sound for presen-
tation at the Design Engineering Technical Conference. Cincinnati, Ohio,
Seprember 10-13, 1985 of THE AMERICAN SOCIETY OF MECHANICAL ENGINEERS.
Manuscript received at ASME Headquarters, May 13, 1988, Paper No.
85-DET-6.

2821/ Vol. 107, JULY 1985

Tenswoner

Drive
Pulley

Fig.1 Schematic of a beitl-tensioner system

combination of longitudinal, torsional, and transverse
vibration. Since the natural frequencies associated with
longitudinal and torsional vibrations are quite high for typical
belt material and geometries, only transverse belt vibrations

"are considered here. There are four primary transverse in-

stability mechanisms that must be considered in Fhe design 9f
belt-tensioner systems; these are schematically illustrated in
Fig. 2 and described below:

I Tensioner resonance occurs when an excitation
frequency (e.g., due to accessory loading) is equal to the
natural frequency of the tensioner. o

2 Beit resonance can also occur if a transverse excitation
frequency is equal to a belt natural frequency.
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Fig. 2 Four mechanisms of transverse instability in beit-tensioner
systems

3 A Mathicu type instability, due to parametric ex-
citation, can also occur when n2/2 times the belt tension
variation frequency is approximately equal to a belt natural
frequency, particularly the fundamental (n = 1,2, 3...).
This mechanism has been described in detail in (14), and in
[11] for moving belts.

4 A standing wave instability occurs when the belt fun-
damental naturat frequency goes to zero at a belt critical speed
equal to the wave velocity of the materiai [11].

[n the automotive accessory drive system of interest the belt
resonance mechanism was not active, since the belt excitation
is longitudinal rather than transverse. The longitudinal belt
excitation is translated by the tensioner to transverse ex-
citation, but the tensioner acts as a low pass filter and at-
tenuates the higher frequencies which could otherwise lead to
belt resonance problems. It was also found that tensioner
resonance could be limited to engine speeds well below the
operating speed range, and the belt critical speeds could be
kept well above the operating speed range. Thus, the most
important instability mechanism is the Mathieu type, and
must be given careful consideration in the design of belt-
tensioner systems.

In Section 2 we present a mathematical model of the
coupled belt-tensioner vibration problem, and also a
numerical solution method based on finite differencing. For
the purpose of model validation, experimental studies were
also undertaken and are described in Section 3. Results from
both the experiments and the analyses are presented and
discussed in Section 4. Finally we summarize the results of
these studies and present design recommendations in section
5.

2  Theory and Analysis

The tensioner, shown in Fig. 3, is modeled as a single degree
of freedom system which is subject to an input moment due to

Fig.3 Schematic of the tensioner

the belt tension. The moment of inertia of the tensioner pulley
about its center (P, in Fig. 3) is neglected, and the in-
stantaneous belt tension in each span is assumed to be equal
(i.e., T, = T, in Fig. 3). The equation of motion is obtained
by a dynamic equilibrium of moments about the pivot point
P, in Fig. 3 (see Appendix A for the complete derivation),

16,+C,8,+K,0,=K,8,+P,+£(8,) )

where 6, is the tensioner arm angle, 7, is the effective moment
of inertia about P,, C, is the effective viicous damping
coefficient, X, is the torsional spring stiffness, 8, is the initial
tensioner arm angie, P, is the tensioner preload moment, and

/f(8,) is a nonlinear moment due to the belt tension.
The equations of motion for the transverse vibration of the

belt are based on an axially moving string model (11]. The
bending stiffness of the belt is neglected, since the belt tension
is assumed to dominate the transverse stiffness. It is further
assumed that the belt axial veiocity c is constant, and that the
transverse displacement of the belt from equilibrium u(x, ¢) is
small. The equation of motion for each span is

PAU," +2pA€u,,, + (KMCz el T)uln'*'ﬁ(ut[ +Cll,x) =0
(2)

where pA is the mass per unit length of the belt, u(x, ¢) is the
belt displacement from equilibrium, T is the belt tension, « is
the pulley support system constant, and g is the beit damping
coefficient. Equation (2) is used for each belt span with simple
support boundary conditionsatx, = 0andx, = {,. Atx, =
/; and x; = 0 the belt is subject to 2 time varying transverse
tensioner force. Thus, the tensioner is excited by the belt

Nomenclature
A = beit cross-sectionai area about pivot point P; (see
¢ = belt axial velocity Figs. I and 3) ¥ = nondimensional belt tension
¢* = nondimensional belt r; = radiusof pulleyi (i = 1,2) variation amplitude
velocity = ¢/ (Ty/xpA)"? r, = radius of tensioner pulley 0, %= initial static tensioner arm
C, = tensioner viscous damping t = time angle
coefficient T: = belttensioninspani (i =1,  8,(¢) = tensioner arm angle
I, = tensioner effective moment 2) x = pulley support constant: 0
of inertia about pivot point To = initial static belt tension sx<l(andp=1-«)
P; (see Figs. 1 and 3) u(x,t) = belt transverse displacement p = belt material mass density
K, = tensioner spring constant x = spatial coordinate along belt w, = one-half the belt tension
l; = lengthof spani (i =1,2) longitudinal axis variation frequency
I; = length of tensioner arm 8 = belt viscous damping w, = belt natural frequency for
P, = tensioner preload moment coefficient mode n
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Fig. § Typical compressor characteristics at 1500 rpm: (8) tension
variation versus time: (b) spectrum

tension in equation (1), and the tensioner motion excites the
belt through boundary conditions at x, = /, and x, = 0, Note
that the contact points between the belt and the pulleys, and
the span lengths /, and /,, depend on the tensioner motion and
the system geometry (see Fig. 1). The necessary relationships
are derived in Appendix B.

The belt is subject to parametric excitation due to variations
in the tension T in equation (2). These beit tension variations
arise from the loading of the puileys by the belt-driven ac-
cessories (e.g., air conditioning compressor) in the automotive
system of interest. They may also arise in other systems due to
?ullcy eccentricities. Thus, the belt tension is represented by

11
T =To(l +(npACc*/Ty) + 2y cos 2 w,{) (&)

where T, is the initial static belt tension, and 2v cos 2w,/ is
used to represent the tension variation produced by the belt-
driven accessories. The pulley support constant, 0 < 4 < 1,
represeats the compliance of the puiley support system, and «
= | = 7 in equation (2). The effect of x or 7 on the belt
vibration problem has been thoroughly described in [11], and
a brief discussion is included in Appendix C.

The equations (1)-(3), together with boundary conditions at
x =0,x, =4, x; =0, and x, = /,, and initial conditions
for 6, and u(x, 1) in each span describe the vibration and
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stability of the coupled belt-tensioner system. The boundary
conditions at x, = 0 and x, = /, are given by ¥ = 0. The
boundary conditionsatx, = /, andx, = Oareu = U(4,, 1).
The transverse boundary displacements U(8,, ¢) for each
span are calculated from the geometry and tensioner motion
as described in Appendix B.

The numerical solution of the coupled belt-tensioner system
can be obtained utilizing a finite difference method in both the
spatial and temporal variables. Forward differencing in time
is used for both the tensioner and belt equations. A hybrid
differencing scheme is used to spatiaily discretize the beit
equations in each span, i.c.,

du; _ m{l—-c*)
ax 2
m(l +c*)
2

This is a weighted combination of central and backward
differencing, where m is the number of spatial segments, ¢* =
¢/ (To/xkpA)? is the nondimensional belt speed, and the
indices { and j refer to the spatial and temporal segments,
respectively. This hybrid scheme resuits in a central difference
at low (¢* << 1) belt speeds, and a backward difference at
high (¢* = 1) belt speeds. The numerical solution aigorithm
proceeds as follows:

(/) Initialize tensioner and belt variables and set = 0.

(ii) Solve for 6, at time ¢ = jAt, and compute the trans-
verse displacements at the belt-tensioner contact
points.

(iii) Solve for the belt transverse displacements u; ; fori =
1,2,...,m — 1t for both spans given the boundary
conditions u, ; and u,, ; computed in(ii}.

(iv) Setj = j + | and go to (i) if G + 1)Ar < {q,,,
otherwise stop.

Uiy, +metu;
4)

Uiy,

3 Experimental Studies

To validate the mathematical model described in the
previous section an automotive accessory belt-drive system
was tested in a dynamometer test cell at the Walter Lay
Automotive Laboratory, a facility of the Department of
Mechanical Engineering and Applied Mechanics at the
University of Michigan. A production automotive engine,
complete with belt-driven accessories, was motored by the
dynamometer throughout the normal operating speed range.
The beit vibration was monitored using a capacitance type
proximity probe, the tensioner vibration was measured using
a reluctance type proximity probe, and the loading from the
air conditioning compressor was measured by attaching strain
gages to the compressor pulley. The experimental setup is
schematically illustrated in Fig. 4, where only the capacitance
probe is shown for clarity.

Tests were run with two different air conditioning (AC)
compressor units, and the following data were collected:

(i} belt natural frequency spectra at selected crankshaft
rotational speeds between 1000 and 4500 rpm with no AC
compressor loading;

(if) compressor torque amplitude versus time data and
frequency spectra for the two AC compressors at selected
crankshaft speeds; ’

(iii) belt and tensioner frequency spectra at selected
crankshaft rotational speeds with AC compressor loading.

The data from (i) were used to calculate a value of the
pulley support constant . As described in [11] the vaiue of «
determines the rate at which the belt natural frequencies
decrease with increasing belt speed. A value of x = 0.3 was
obtained for the experimental system with both compressors.
The data in (i) were used to characterize the excitation from
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Fig.8 Experimental results for the two lowest belt naturai trequencies
versus crankshaft speed

the AC compressors. Figure 5 shows a typical time history and
spectrum for one of the AC compressors tested. This type of
excitation data was used to determine the values for the
tension variation amplitude (2y7T,) and frequency (2w,) in
equation (3). it should be noted that. although the excitation
waveform is more complex, it is represented by a single cosine
function in (3). The data in (i} above was used to determine
the crankshaft rotational speeds at which tensioner resonance
and beit Mathieu instabilities occur. This data is presented in
the next section and compared to the resuits obtained from the
analyses.

4 Resuits and Discussion

The experimental results which identify the Mathieu in-
stability regions are shown in Fig. 6. This is an isometric ptot
which shows the change in the amplitudes of the power
spectra of the first and second vibration modes as a function
of crankshaft rotational speed. While actual values of the
amplitudes are not very meaningful, large amplitude regions
do indicate the speed ranges where Mathieu instabiiities
occur. Prolonged operation of the engine and AC compressor
at one of these speeds (e.g., with ‘‘cruise control’’ on a flat
highway) would probably resuit in belt failure.
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Fig. 8 Tensioner arm angle versus time based on a coupied analysis:
() 0 to 2500 rpm sweep; (b) 2500 to 5000 rpm sweep

Two sets of analytical results were also generated for this
automotive system for comparison to the experimental data.
The results shown in Figs. 7 and 8 are based on an uncoupled
analysis of the two belt spans as described in [11]. The curves
in the figures labeled » = 1, 2, and 3 show the values of
(w,/w,), while the lines emanating from the points (w,/w, )
= | and 4 represent the Mathieu instability criteria as a
function of the belt velocity ¢ [11). The intersections of these
curves and lines indicate potential Mathieu instability regions
about the intersection points. These potential instability
regions may be ‘‘narrow’’ or even ‘‘closed’’ depending on the
amplitude of the belt tension variation and on the belt
damping [11, 14). This uncoupied analysis does not account
for these factors. Note also that at low crankshaft rotation
speeds (i.e., ¢ = Q) we have the usual Mathieu instability
criteria (w,/w,) = i> wherei = 1,2,3, ..., etc. This is the
approximate criterion indicated in Fig. 2 forn = l andi = 1.

Figures 9-11 show the results from a simulation of this
automotive system based on the coupled belt-tensioner

288/ Vol. 107, JULY 1985

analysis in Section 2. These figures show the vibration of the
tensioner and the midpoint of the belt in each adjacent span as
a function of time. The crankshaft rotational speed is swept
through a specified range during the simulation, and
crankshaft rotationai speeds are also given along the
horizontal axis. The modeling of the belt vibration was based
on a constant belt speed, thus the rotational speed range must
be swept in a quasi-steady manner (i.e., the change in the
rotational speed at each time step must be small). These
results are presented in two parts, for a 0 to 2500 rpm and
2500 to 5000 rpm range of the crankshaft rotational speed.
The tensioner resonance occurs at a low speed (< 250 rpm),
and the amplitude of the tensioner motion is quite small for
speeds > 2000 rpm. The tensioner equilibrium position shifts
upward (i.e., 8, decreases) with increasing speed due to belt
tension increase as shown in equation (3). The belt vibration
in both spans is due to the tensioner motion at low speeds. At
higher speeds we observe large amplitude vibrations at certain
operating speed ranges which arise from the belt tension

Transactions of the ASME
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Fig. 10 Beit midpoint displacement in Span 1 versus time based on a
coupled analysis: (g) 0 to 2500 rpm sweep; (b) 2500 to 5000 rpm sweep

variations. These ‘‘buiges’” in the envelope of the belt
vibration indicate operating speed ranges where Mathieu
instabilities are expected to occur.

The results indicating operating speeds at which Mathieu
instabilities are expected to occur (from Figs. 6 to 11) are
compared in Table 1. Although the results from the un-
coupled analysis are useful there are certain instability regions
predicted which were not experimentally observed, probably
since the effect of damping is to make some of these regions
closed for smail tension variation amplitudes [11, 14]. The
results from the coupied analysis are even more encouraging.
The crankshaft speed predictions from the coupied analysis
are within 5-15 percent of those experimentally observed.
This is considered to be reasonable, especially since it is
difficuit to pinpoint these speeds experimentally due to the
violent belt dynamic behavior. The model also characterizes
the tension variation as a singie cosine function, whereas the

lacemal nf Hihvatlan Annnstine Clrans and Dallahilléuin Naslme

actual wave form is more complex (see Fig. 5). The uncoupled
analysis is computationally much more efficient than the
coupled analysis, and gives useful results. Thus, it should be
preferred for preliminary design work. The coupled analysis
gives a more compiete picture of the dynamic behavior of the
belt-tensioner system since the amplitude of belt tension
variation and belt damping can be directly accounted for. The
results of the coupled analysis may also be easier to interpret
for the designer, since he or she can directly observe large
amplitude vibration regions (buiges) as in Figs. 10and 11. The
two analytical methods compiement each other well as design
tools.

5 Summary and Conclusions

A mathematical model and numerical solution method for
analyzing the transverse vibration and stability of belt-
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tensioner systems has been presented. The model has been
validated by comparison to experimental data collected on a
production automotive accessory beit drive system.

There are four primary mechanisms for transverse belt
instability: (/) tensioner resonance, (ii) belt resonance, (iff)
Mathieu instabilities due to belt tension variations, and (iv)
belt critical speed. Tensioner resonance can be avoided by
selecting a low tensioner spring constant such that excitation
frequencies which could lead to tensioner resonance are kept
below the operating speed range. If the excitation sources are
primarily longitudinal, this will eliminate.the belt resonance
problem since the tensioner will act to attenuate high-
frequency excitation which could otherwise excite beit natural
frequencies. A low tensioner spring constant also acts to
increase belt critical speed by introducing pulley compliance
into the system. A final advantage of a soft tensioner spring is
that it acts as a spring in series with the beit stiffness and
reduces the magnitude of belt tension variations due to ac-
cessory loading. This helps to minimize the effects of the
Mathieu instabilities.

288/ Vol. 107. JULY 1988

The mathematical model and numericai solution method
presented form the basis for a computer-aided design
procedure for belt-tensioner systems. The effects of changes
in geometric and operating parameters on the belt dynamic
performance can be quickly and inexpensively evaluated. The
uncoupled analysis for the belt and tensioner is com-
putationaily more efficient than the coupled belt-tensioner
model and can be useful for preliminary design work.
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‘Table 1 Comparison of measured and predicted values of
crankshaft rotation speeds around which Mathieu instability

regions are expected (Span 2)
Results
from: Crankshaft rotation speed {(rpm)

1575
Experiments*® 2000
(Fig. 6) 3100
4075

Uncoupled 1500 (mode 1)

analysis 1600 {mode 1)

(Figs. 7-8) 2800 (mode 2)

3200 {(mode 2)

3900 (mode 3)

4000 (mode 1)

4700 (mode 3)

4800 (mode 4)

Coupied 1500 :

analysis 1700
(Figs. 9-11) 2900
4300
4300

*Tests run from 1000 to 4500 rpm only.
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APPENDIX A

Derivation of the Tensioner Equation of Motion

Referring to Fig. 3 and summing moments about the fixed
pivot point P,, we equate the inertiai moment to the sum of
the moments caused by the torsional spring, the belt tension,
gravity, and damping.

LB, =M, +M,+ M, +M, (Al)
where the tensioner moment of inertia is
1 =m ,”1 ‘2 (AZ)

and m,, is the effective mass of the tensioner arm and pulley.
The moment due to the torsional spring is

Joumnai of Vibration. Acoustics. Stress. and Reliability in Desian

Fig. 12 Tensioner arm geometry for calculation of ths moment due to
belt tension

Fig. 13 Geometry for caiculation of the span length dependence on
tensionar arm angle, and the beit-tensioner contact pgtml

Kp T Ky

Loose Span

Tight Span

A/

Orive Kb
Pulley

Lood
Pulley

Fig. 14 Simpiified schematic of the beit-tensioner system

M=K, (8,-6,) +P, (A3)

where K, is the torsional spring constant, 6, is the initial
tensioner arm angle, and P, is the constant spring preioad
torque. ' .

The calculation of the moment due to the belt tension about
the fixed pivot point P; is performed in terms of components
of the belt tension parailel and perpendicular to the tensioner
arm. Referring to Figs. 3 and 12 we write

My =F \per? 1per + Frpar?1par + Frpert 2per + Frparl 2par (A4)

where
Fiper =1, +1, sint ¢
Fipar =1 COS ¥y
Fiper =T COS Y3 +1,
Faper =1, SiN ¥y
Flpe =T, sin ¢,
Fipe =T, cos ¥,

(A3)
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Fipee=~T, cos ¥
F;w, = - Tz Sil’l 1{/2
The angles ¢, and ¢, defined in Fig. 12, are given by
¥1=6,- f,

(A6)
Yy = % —0,-0,

Fin;lly, summing all the moments about P; and in-
troducing a linear damping moment

my=C,8, (A7)
leads to the equation of motion
1161 +C191 +K, (6, —6)=P,
+F1, (sin(8, — 8,) —sin(f, + 6,)) (A8)

whc{e 7.'1 = T, = T is the instantaneous beit tension. The
gravitational moment approximated by

M, =m,,itg cos 8, (A9)

can glso be included in the above equation when the effect of
gravity is significant,

APPENDIX B

Belt Span Length Dependence on Tensioner Arm Angile

From the geometry shown in Fig. 13, the two span lengths
are given by ,
I =(@—(ry +r,)%)"2 (B1)
and
ly=(b*~(ry +r )} (B2)

Given the points P, = (P, P;,), wherei = 1,2, 3, and r|,
ry, r, 1, and 8, we can calculate

Py =Py +1, cos 8,

Py=P;, +{ sin 6,

@ =(Py — P, )2 +(P), —P,)*

b? = (Py — Poe)? +(Pyy, = Pyy)?
Thus,

I =[(P,, =Py =1, cos 8,)* +(P,, = Py, —I, sin §,)?

12
—(r +r,)1} (B3)
12=[(P2x_P3x_lt €os 01)2+(P2y—P3J‘_!' sin 6,)?
n
—(r2+r,)2] (B4)

Belt-Tensioner Contact Points and Boundary Con-
ditions

The contact angles (see Fig. 13) are given by
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da=tan-! (,/(ry +r,}) (BS)

dp=tan~! (L,/(r, +r,)) (B6)
P, —-P
- -1 1y 4y
bomtant () (87)
P, -P
yp=tan"! ( B8
b ( P, —P,, ) (B8)
8,=¢,-y, (B9)
0s=0dy— ¥, (B10)

For two consecutive time steps, denoted by j and j + 1,
define

« =P!x.j+l _'ij.i (B11)
B =Py 1 — Py, (B12)
Y= (x/2)— 8, ;+tan"'(B/a) (B13)

where & = a or b depending on the span. The displacement at
the contact point perpendicular to the belt is then given by

(a®+8%)"2 siny, fora, B3>0 (B14)

d={
— (a2 +8)2siny, fora, f<0 (B19%)

and becomes the beit boundary dispiacement condition.
APPENDIX C

Tensioner Compliance

The compiiance of the tensioner piays important roles in
determining both the static belt tension T, and the dynamic
belt tension 7°(¢). A certain amount ¢f belt stretch is normal,
and the tensioner acts to maintain an acceptable level of static
tension as stretch occurs. The change in static tension T, for
a given amount of belt stretch, is reduced as the tensioner
compliance is increased. The amount of dynamic tension
variation, represented by 7,y in (3) is also reduced by in-
creasing the tensioner compliance. Referring to the simplified
belt-tensioner schematic in Fig. 14, the stiffness of the ten-
sioner is represented by X, and the stiffness of the belt
material by X,. When a load is applied a change in tension 47,
in the tight span results and a stretch of 8L = 47,/K, occurs.
The tension variation 87 in the loose span is then determined
by

_ Kle )
8T, = (K,+K., oL

The belt stiffness and tensioner stiffness behave as springs in
series in the loose span. Thus, the tension variation 67T, is
reduced by lowering the tensioner stiffness X,.

The tensioner stiffness aiso affects the belt critical speed as

(03)}

" described in [11]. The pulley support constant « is directly

proportionaito K, (¢« —0as K, — 0,and x — | as K, — ).
The rate at which the belt natural frequencies decrease with
increasing belt velocity is dependent on «. Since critical speed
occurs when the beit fundamental frequency goes to zero, a
lower value of x or X, acts to increase the belt critical speed.
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