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1 Introduction ing performance. Sefl5] for a method that results in a guaran-

Every physical control system has some kind of actuator “m1|:_eed cost in the presence of saturation. The design method pre-

tation or nonlinearitye.g., a motor can only supply limited torquezzgf eddlﬂntgzlasr %"éﬁglgfei;sst'g atgagftr fbﬁgﬁggftsoli ;ﬂggg’ﬁ ving a
and limited power. The actuator limitation ultimately limits the ' '
achievable closed-loop performance. Often, actuator constraints

impose more severe performance limitations than other sources .

such as modeling uncertaintiEs]. The effects of amplitude satu-2 ASsumptions

ration have been extensively studied for decades, but it is not theThe plant is given by the discrete-time system

only type of actuator saturation. Recently, increasing work has

been done on the control of systems where the output rate of x(t+1)=Ax(t)+Bsatu(t)), @)
change of the actuator is limite@.g.,[2—4].) Power saturation y(t)=Cyx(t) @)
depends on the product of two stafesg., voltage and current e

Other constraints are internal to the plant. A plant state variable Z(t) =Cyx(1), 3)

could, for example, be limited for safety reasons.
The design method presented in this paper deals with the des
of linear systems with input amplitude saturation. However, it cah®

H1 statexe R", controlled outputze R, output measurement
", and actuator output € 8. The saturation function is de-

be extended to handle other types of constraints. fined by

The traditional design approach for systems with amplitude u, if abgu)<umay
saturation has two-steps: A linear controller is designed first, ig- satu)=1 . . 4)
noring the effects of actuator saturation, and then an ad hoc anti- SIgNU)Umax,  If @bI(U)> Unay

windup (AW) scheme is designed to reduce the problems thatis assumed that,,,,, is known.C; is the identity matrix so that
arise due to saturation nonlinearities. Since the constraints are At state feedback,

considered in the linear design it may not take full advantage of
the available actuator capacity. Since the most severe wind-up u=—Kx=—Ky (5)

problems often come from integral control, that is where muGtyn pe used. The reference input is assumed to be zef, If
attention has been focused. See, e.g., the research on proportlogq[- the design method can still be used by designing a state

integral-derivative(PID) controllers in[5-9]. Another approachis gpserver. Segl6] for a discussion on the effect of the design of
to use guaranteed domains of attracti@DA) (invariant setst0  tne ghserver on the proposed design method.

design a reference governor that restricts the reference signal to
avoid saturation, sefl0]. See alsd11], which uses GDA:s to
avoid saturation by switching between increasingly “faster” con :
trollers as the states approaches the set point. 3 The Design Concept

The design procedure presented in this paper can be applied téh most research on saturating control it is assumed that a good
both full-state feedback and full-state feedback plus integral colinear design already exists, and the emphasis is on finding a
trol for single-input single-outputSISO systems. When integral method to minimize the effect of the saturation element on the
control is used, a simple AW scheme is added to improve syst&ystem performance. The emphasis here is different, in that there
performance. is no a priori linear design. The goal of the design is to come up

First, the general design concept will be described. Secorwith a linear controller thawith saturationminimizes the settling
several design examples are presented. They include simulafine of the system. A key idea is the scaling of the linear design
and experimental results that support the design approach. Adey-a paramete>0 which is chosen so that the system perfor-
tional examples that support the feasibility of the design meth#dance improves ag increases.
can be found if12]. It was shown in[17] how such a dependency g8 can be

The ideas presented in this paper are closely related to wahieved using linear quadratic regulatb@R) design. To make
presented in13] and[14], where the goal is to design a saturatinghings specific, let the performance be measured by the settling
controller that fully utilizes available control effort while optimiz-time and choose the scaling parameter by pole placement. Specifi-

cally, supposeB is determined by the following procedure:
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not saturate. However, gis increased beyongd,, the behavior

of the system starts to deteriorate due to saturation effects. Similar
results can be obtained using other performance measures, such as
the integral of the squared error. The extent to which the behavior
can be improved relative to the nonsaturating case are highly de-
pendent on the dynamics of the open loop plant.

The success of a controller designed in this manner may vary.
The 1 percent settling time for the time optimal bang-bang control
for the above example is 1.8 s, and, as can be seen from Fig. 2, it

» Re is possible to get quite close to that time by just using a linear
feedback and letting it saturate. Of course, the time-optimal con-
trol reaches the set-point in finite time, whereas the linear saturat-
ing controller asymptotically approach the set-point.

Similar conclusions have been drawn i8] for the
proportional-derivative(PD) control of second order systems.
They show it is possible to increase the closed-loop bandwidth
and decrease the root mean squ@&®S) error by choosing PD
feedback gains so that the controller saturates.

Since the design has been parameterized by a single design
parameterB it is easy to do a search ov@to find the optimal
value for a particular initial conditiofor step input size In gen-
eral, it is desirable to have a good response for a set of initial

pole locationsp, are defined byp.= Bpy, (see Fig. 1, or if dis- conditions, not just one particular initial condition. In this case, it

crete time control is usep,=e~#P2T, whereAT is the sampling S natural to minimize the worst case settling time, i.e.,

time. This way of scaling maintains the damping of the poles, _ ;

while changing the speed of the response. Bop=arg rr;lr(XTCe%ts), ©

3 Choose the feedback gaikqB), so that the closed loop ) - o - ] )
poles are given by, . where IC is the specified set of initial conditions. While the opti-

o o o mal solution to Eq(6) may be achieved numerically for systems
This simple scaling idea is fine for many plants. Indeed, thef very low order by repeated simulation, it is generally intrac-
performance costsettling timg will often be reduced ag@ in-  table. Another disadvantage of trying to solve E).is that noth-
creases. In general, though, a more advanced form of scaling Will is known about the robustness of the design.
be needed, such as the LQR based meth¢di7h For example, if  Another approach, which circumvents H@) is to construct a
the plant transfer function has poorly placed zeros, the overshepfaranteed domain of attractiof,(8). The “size” of Q(B)
and hence the settling time might increasegas increased. The generally becomes smaller gsncreases. The idea is to maximize

vectorp,, is assumed given and the nontrivial problem of how t® under the constraint that ICQ4(B). The resulting value o is
choose it are not addressed here. The method of scaling is not

critical to the design method as long as the performance cost is a Bsa= max p. (7
monotone decreasing function Bf ICCOp)

Clearly, if the control signal does not saturate, it is desirable to While it is generally true thaBs,is less than3,,, solving for
increases. In the presence of saturation there will be a limit to thés, is numerically feasible and it can produce efficient designs.
achievable performance, but that limit is generally not given byloreover, designs can also be made robust to disturbances and
the onset of saturation. Figure 2 shows the 1 percent settling tinm@rameter uncertaintigsee[16]). A method for constructing el-
as a function ofg, for the digital state feedback control of alipsoidal GDA'’s is described in the following section. Notice that
double integrator plantp,=[—1,—1] (i.e., a critically damped as long as a monotone dependence between a scalar design pa-
design, for an initial position displacement of 1, and a samplingameter and a performance cost can be identified any linear design
time of 0.01 s. technique(state space or frequency domedan be used to do the

From Fig. 2 it is clear that the performance can be improved Isgaling. In this paper, pole placement is used to perform the scal-
increasingg outside the interval (@®;,) Where the control does ing for the initial examples, and LQR design is used to do the

scaling for the experimental setup.

Fig. 1 Scaling of poles

4 A Guaranteed Domain of Attraction

2T
Onset of I ) First, we state a theorem that for fixéd determines an ellip-

1o [Saturation With Saturation | soidal domain of attraction for the saturated feedback system de-
= v Without Saturation termined by Eqgs(1)—(5). The proof depends on a simple appli-
g cation of the discrete-time Lyapunov equation. The proof for the
° continuous-time case can be obtained by using the continuous-
£ ”’ time Lyapunov equation instead of the discrete time Lyapunov
ot 6 Possible improvement ] equation.
k= Given anmxm, positive definite symmetric matriR, and a
g 4 feedback gain K that stabilizes the systenx(t+1)=(A
2 N —BK)x(t), let 0<ann<1, be a number such that the matrix

2 Y inequality
Ho B ST (A—aBK)TP(A— aBK)—P< —el (8)
0 2 4 6 8 10 is satisfied for allv e [ @i 1], for a fixedP, and for an arbitrarily
Design Parameter B small constane>0. Note thata,, will depend onK andP. A
necessary condition for the existence of a maRithat satisfies
Fig. 2 Scaling design for PD control of a double integrator Eq. (8) for all @ €[ ayn,1] is that all the eigenvalues of the matrix
plant A—aBK are placed inside the unit disk fare [ amin,1].
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Theorem 4.1. Define

YE(KPIKT) 0 e ©)
and
Q(K,P)2{xe R"x"Px=<y} (10)
Then the system
X(t+1)=A—BsatKx(t)) (11)

has an asymptotically stable equilibrium poinbat0 and () is a
guaranteed domain of attraction. Specificallf0) e (25 implies
X(t) € Qg for all t>0 and

X(t)—0 ast—ow (12)

Proof: First we show thatxe Q)¢ implies satkx) = a(x)Kx
where apn<a(xX)<1. It is clear thata(x)=1 when |KX|<Umpax
and a(x) is minimum when|Kx|, xe Qg, is maximum. The
condition ani,<a(X) is achieved by choosing’ appropriately.
The maxc o Kx exists since()g is compact. Moreover, a maxi-

mizing statex* must satisfy the multiplier rule for inequality con-

straints: \VKx =V (x"Px— ) at x=x*, A=0. Equivalentlyx*
=—(U2)P KT,

Substitutingx* = — (1/2\) P~ KT into x* TPx* = y and am,Kx*
= Upmax @and solving fory results in Eq.(9). Now let V(x) =x"Px
and form

V(x(t+1))=x"(t+1)Px(t+1). (13)

Since x(0) e Qg, a(x(0))=an,, is guaranteed to hold. Conse-

quently, the inequality in Eq:8) holds and

V(x(1))<V(x(0))— e|x(0)[>< y. (14)
Repeating the argument for increasinghows that
V(x(t)<y Vt=0. (15)
Thus, x(t) e Qg, t=0, also,
V(x(t+1))—V(X(1))< —¢€|x(t)]?> Vt=0. (16)

Result (12) is true if x(t)=0 for somet=0. Thus, suppose

However, the “size” and “shape” of the GDA) will depend on
the choice ofP. In the design procedure a search will be made to
find a matrixP, that results in 1€ Q.

The stability result obtained in Theorem 4.1 is sufficient, but
not necessary to guarantee asymptotic stability, and therefore the
obtained GDA will be conservative.

A similar method was used Kyt 1] to define domains of attrac-
tion, but they wanted to avoid saturation.[lt8] the use of higher
order Lyapunov functions were investigated to obtain a less con-
servative estimate of the set for which it can be guaranteed that
the controller will not saturate. If12] it was shown how the
obtained GDA can be made robust to bounded input disturbances
and parameter uncertainties that satisfies the matching condition.

If the inequality in Eq.(8) holds for all @ (0,1], then the
system in Eq(11) is globally asymptotically stabléGAS). This
was used in20-22 to ensure global stability for systems with no
right-hand poles or repeated poles on the imaginary axis. Since
the GDA is bounded, there is more freedom in changing the feed-
back gains compared to when global stability is required. The
method can also be applied to open-loop unstable systems. Dif-
ferent P will result in different values fora,,,, and different
“sizes” for the set()s. It is desirable to find a Lyapunov function
that results in a sufficiently larg@, which in general means a
small a,i, (see Eq(9)).

Satisfaction of the criterion IC () depends oK (3), and the
matrix P. As discussed in Section 3 it is desirable to maximize
to improve performance, while being able to guarantee stability.

By defining

inf
(A—aBK)TP(A— aBK)—P< — el

Amin= a, (18)

Vae[amnl]

the problem of finding the “best” controller for a gived can be
formulated as

Bsar

max
ICCO(P,K(B))

Thus, Q(P,K(B)) replaces(2(B) in Eq. (7).
Since()¢ is convex it follows that 1€ Q= colCC ). In ad-
dition, since Q¢ is symmetric around the origin

B. (19)

[x(t)|> eVt=0. SinceV(x(t)) is strictly decreasing, and boundedCC Qs=coICU—IC)CQs, where —IC={xeR"|-xeIC}.

from below it has to converge to a limit, s& . Using
V(x(1)—V(x(t—1))=¢€|x(1)|> VYt=0
it follows that |x(t)|—0. O

7

Consequently, it is sufficient to define a sefIConsisting of a
finite  number of points, where IC is chosen so that
ICCco(IC*U—IC*). Then, IC CQ=ICCQg will hold. This
means that the condition in EL9) only has to be checked for a

Theorem 4.1 is illustrated schematically for a second order efiRite number of points, 1€, even if the set of initial conditions,
ample in Fig. 3. Theorem 4.1 does not say anything about howfg, has an infinite number of possible initial conditions.

obtain the matrixP. Any choice ofP that satisfies Eq(8) for «
=1 can be used; it then follows that there exists @p,<1.

o Kx=u

min max
max

~2 l 1

oS
/ = “Unmax
EENN

Fig. 3 Two-dimensional example

Kx=u

Guaranteed domain of
attraction, Qg

Vg

> X
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A software that performs the design has been developed in
Matlab. In the developed software a numerical search is per-
formed to find the matriXP that results in the largess,. The
basic structure of the algorithm is described informally by the
following five steps:

1 Choose an initia8.

2 Repeat steps 3-5 unt is determined within a specified
tolerance.

3 Search for & that satisfies 1€ Q4(P,K(B)).

4 If a P can be found such that ICQ¢(P,K(B)), then in-
creaseB and go to 3.

5 If a P cannot be found such that @) 4(P,K(B)), then
reduceg and go to 3.

The key step is step 3 where tfematrix is obtained. The
matrix is obtained by defining the function

S(P,8)=y(P,K(B),Una) ~* maxx'Px.
xelC
When S(P,8)<1 holds, it follows from Eqg. (10) that
ICCQ((P,K(B)) holds. Since anyp(P,8) <1 guarantees the sta-
bility, it is desirable to minimizeS(P,8) with respect toP=P"
>0. Since S(P,B) is a well-defined objective function, any

(20)
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Table 1 Comparison of design methods, full state feedback

B = Brin 8 = Bopt 8 = Bsa
3 0.79 3.23 2.29
maz(ts) Vx € IC 12.0 45 5.9
K [0.37 0.870.49] | [7.47 20.20 32.43] | (4.77 14.36 11.66)

of a number of numerical optimization techniques can be used to

minimize S(P,B) for a fixed B, and thereby find & such that o8l g 4‘?
ICCQ(P.K(B)). 1) n Bl 8
There is no guarantee that there exists a Pa@ such that Eq. » _{’_________L_i i
(21) is satisfied for an open-loop unstable system, in fact, if a ‘ ‘ - ‘ s
system is open-loop unstable and the input control is bounded, 0 2 4 6 8 10 12

there exists initial states from which it is impossible to stabilize Time(s)

the system. To reduce the computation time, the search for the . . _ T
matrix P that minimizes the functioi®(P, ), can be interrupted I'I_J'g'o ;19 g'%mztr'%% EZSUIIS for x (@=[0 071 071]" and
as soon a$(P,B)<1 holds, since that is sufficient to guaranteé; T '
that ICCQ4(P,KB)). Most of the computation time is spent on

searching for the matri®, and, in general, the highe# is the conditions is a limited number of points in state space, it is pos-

harder it is to find & such that IG= Q(P,K(8)). sible to obtainS,, quite accurately. The accuracy is determined
by the size of the change in the paramegarsed when searching
5 Example 1 for Bopt-

Figure 4 shows the simulation results forx(0)
=[0 0.71 0.71 for the different designs. The computational ef-
-2 -1 0 1 fort required to find an approximate solution to E&) is not
o 0 0 0 insignificant(about 400 simulations were made to find an approxi-
X= x+| 9satu) (22)  mation to Bop), €ven though there are only seven initial condi-
0 1 0 0 tions. For this example it took 2 min 18 s to figl,, using a
Pentium 166 processor, compared to 6 min 30 s to ,ﬂag.l
z=[0 0 I As can be seen from the simulations the stability based design
The plant has open-loop eigenvaluesl, —1, 0], and u,,, resulted in improved performance relative to the controller that
=1. A sample time of 0.01 s is used, and a critically damped pof¢as designed to avoid saturation, and the result was relatively
structure pp=[—1,—1,—1]) is used for the scaling of the de-close to the optimal, WitiBsx< Bopt-
sign. The set of initial conditions IC are chosen to be seven poi

on the unit spherex{x=1), given by
It is often desirable to use integral control to reduce steady-state
Lhiopjofjornyron 0 0.58 errors, due to disturbances or model uncertainty, but integral con-
ICy[O],|1[,[0],)0.72},} O |,10.71],1 0.58] 1. (23) trol leads to integrator windup. Integrator windup may have se-
0] 10][1 0 0.71] 1 0.71] [ 0.58 vere effects on the system performance and can even render the
jBystem unstable. To reduce this effect an anti-windApVv)
heme can be used. There are many different AW schemes avail-

In this example a controller is designed for the plant

nés Integral Control

Notice that even if just a few points on the unit sphere we

EEOSS;’&?]{;S&nf(g)rt?ﬁ::ﬁfgﬁ;gg?ige;ggﬁ tg;(b%a_b:g/ Vgg al able in the literature, here a relatively simple AW method will be

choosing the set IC to be just a few points in state space #H ed, that is not necessarily better than other available AW meth-

numerical solution to Eq(6) can be computed approximatelyo s, t_)ut is effe(_:tive and has a simple structure suitable for the
without too much effort. Thus, making it possible to compare thfé)IIOWIng analysis. L ) .
result obtained using the stability based design to the opti |The AW _scheme, Wh'qh is used here, was first suggest_ed n
design. However, when the optimal solution is obtained nume -3]'. Later, it was shown ifig] that for a second order plant with
cally the result will only hold for the set of initial conditions that"© r!ght-hand poles, the sug'gesteq AW method ach|e\{es global
were used in the optimization, and not for the larger set defined B b'!'ty' To keep th_e equations S|mple no referenc_e Input are
coICU—IC). considered. The basic idea bghmd this AW. schem_e is to z;lways
sure that the value of the integral state is consistent with the

put generated from the saturated controller. This is done by
ﬁeesetting the integral state so that s#t()=u(t)=—Kx(t)
—K;x;(t) holds after the AW is applied, i.e., ifu(t) >u..) the
integral state is reset to

Table 1 shows the result of using the stability based desi
approach, compared to the case when the controller is not allo
to saturate, and to the optimal simulation based solution to t
min/max problem in Eq(6). P and y resulting from the stability
based design are given bhy=8.09, and

1.0000 2.0761 1.20 Xi(1) = (= Umax— KX (1))/K; (25)
p—|2.0761 5.3015 3.629 (24) and, u(t) updated. This is equivalent to the control implemented
=\ 2. ) ) ) by
1.2067 3.6290 3.18

The values forV(xy) for the seven initial conditions are: 1.0,
5.3,3.2,5.2,3.3,7.9, and 7.8, i.e., all of them satisfy the condition

V(XO) Vs .and are co_ntalned In the ﬁg . The programs used to fin@opt and By are still in their early stages and im-
The OPt'ma| SOIU“C’n. is obtained numenca”y and, C(_)nlsﬁ)'rovements can definitely be made in terms of the required computation time. These
quently, is only approximate. However, since the set of initiaksults are cited for comparison purposes only.

T(t) = — Kx (1) — K;x(1)
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then the describing function technique will be used to argue that

the system is not only stable, but asymptotically stable inside the
set, (.

_UQL Plant Fﬂ As mentioned earlier during saturation the integral state de-
pends only on the state. The following Lemma expresses the
form of this result.

ra Lemma 6.1. Suppose the control strategy in 26) (s applied
N and KB >0. If u(t)=u(t+1)=Upay Or u(t)=u(t+1)=—Um.. then
20 oL u(t)=sat —Kex(t)) (31)
L2 with
Fig. 5 Block diagram of AW Ke=—(K—KA - KiCZ)(KB)fl (32)
Proof: If u(t)=upay holds it follows that
T(t) = — Kx(t) = KiX;(t)=Umax (33)
u(t)=satT(t)) ~
U(t+1)=—K(AX(t) + BUpa) — K;(Cox(t)
Xj(t+1)=x;(t)+z(t)+ (TU(t) — satl(t)))/K;, 26
| i(t+1) .(_) (t)+(T(t) —satT(t)))/K; (26) (= U KX(1)/K) (34)
with plant statexe R", integral state; e %R, and controlled output
ze M. The AW is shown in block diagram form in Fig. 5, where =(K—=KA =K;C)x(t) + (1+KB)Upax-
q denotes the unit delay operator. This structure is very typical for (35)

many AW methods; what is special about this method is the spegr it +1)=u,,,, to hold

cial choice of the AW gain that results in the integral state becom-

ing a function of the stat& during saturation. K—KA = K;Cy)x(t) + KBuUp=0 (36)
Assuming that— Kx (t) — K;x;(t) > una and applying Eq(25)

to reset the integral state results in

Xi(t+ 1) =CX(t) + (— Upmax— KX (1))/K; . 27)

If the control strategy in Eq(26) is used for the same case th
integral state at timé+1 is given by

X (t+ 1) =% () + Cox() + (— KX (1) = KX (1) — U K - ~ KeX()=Unmax, (38)
(28)  whereK, is given by Eq(32). SinceK X(t) >Up is a condition
In the above equation the statecan be eliminated and the equafOr saturation to occur at timet1, the control u(t) has to be
tion reduces to E¢27). In other words, the two control strategiesdiven by Eq. (31). Exactly the same result holds for
applied the same control to the plant at titp@nd they result in *Kex(t)gf‘%maw 0 . - o o
the same states(t+1) andx;(t+1). The same result holds for The copdltlonKB >Q is restrlctlye, however, .|t is sat_lsfled for
Kx (1) + KX (1)< — Unax, and in both cases the control are nofmost designs. In particular, as will be shown, it is satisfied when

affected by the AW ifKx (t) + KX;(t)| < Upay, i.€., the two meth- LQR design is used to obtaid andK; for a c_ontinuoqs time-
ods results in exactly the same control. controller. The fact thakKB >0 holds for a continuous-time con-

Later, a slightly modified version of this AW method will petroller implies that it is likely to hold for a discrete time controller
used, where the modification makes it possible to find a GDARPtained using sufficiently small sampling time.
Qg, similar to what was done for the full state feedback controller Let

has to be satisfied. KB >0 then the above condition is equiva-
lent to

KB 1K —KA —K;Co)X(t) = Upay. (37)
el’he above condition can be restated as

without integral control in Sec. 4. A O
The closed-loop system with the controller given by EZf) A’=[ } (39)
can be written in the form of a single linear plant with a single C 0

nonlinearity sa) in the feedback path according to and B'=[B"0]" be the augmented plant matrices obtained by

including the integral state in the plant dynamics of a continuous

X(t+1) { A Ol x(t) B B ! _
= +| safl(t)) time plant. The augmented matrices can be used to solve the con-
X(tHL] G- KK 0fIxi(D) 1K tinuous time Ricatti equation and obtaitY =[KK;]=R™!B'P,
(29) where P is the positive definite solution to the continuous time
X(t) Ricatti equation.
U(t)=—[KK;] x(1)| (30) Partitioning the matrix? according to

The system is now in a form where Theorem 4.1 could be . P P 40
applied to find a GDA. However, doing that will, in general, result - Py P, (40)

in very conservative results. This is because during saturation ]

x;(t+1) is a function only of the state(t), and therefore behaves KB can be obtained as

very differently compared to when the control does not saturate _p-1pT

andx;(t+1) depends on botk(t) andx(t). This fact means that KB=R"'B'PB>0 (41)

it is hard to find a Lyapunov function that is valid both when theinceP;>0 follows from P>0.

controller saturates, and when it doesn't. Using Theorem 4.1 oftenLemma 6.1 states that during saturation, the control applied to

results inami,~0.99, which means that hardly any saturation catie plant is equivalent to the control that would be applied by a

be tolerated. full state feedback controller with feedback g&n. Notice that
Instead of directly applying Theorem 4.1 a combination of dé<, is the result of a particular choice & andK;, it is not a

scribing function and Lyapunov function analysis will be used téeedback gain being chosen by some design method. The Lemma

obtain a GDA. First, a Lyapunov function will be used to obtain aneans that, provided that the matix— BK, has all its eigen-

set()¢ inside which it can be shown that the system is stable, andlues inside the unit disk, it is possible to use Theorem 4.1 to
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obtain a positive definite Lyapunov function that will be stricthlemma 6.1 together with the fact th@t, is obtained as for a full
decreasing whenever the plant state is in§ideand the controller state feedback controller with feedback gafp, ensures that
saturates. V(AX(t) +Bu(t)) <y holds.

In other words, if the initial state are insid; and the control-  The set(); determines an invariant set for the plant stafe),
ler saturates it is guaranteed that the controller will be brought otgardless ok;(0). This follows from the fact that even ¥;(0)
of saturation and stay insideg while it is saturating. The condi- R, and hence is unboundexgi(t),t>0 belongs to a bounded
tion that A—BK, has all its eigenvalues inside the unit disk iset since once the AW is applied the integral staif) is
crucial in obtaining the sef)¢, this condition should be checkedbounded by
before using this AW method. However, this is not sufficient to
guarantee stability since it does not guarantee that the states stay ~ Umax— KX () <Xi(1) S Upay = Kx () V<0 (43)
inside the sef)s once the controller no longer saturates. To oveandx(t) belongs to the bounded s8t,. The fact thatx;(t) for
come this the AW method in E§26) is slightly modified accord- t>0 is bounded means that an invariant setxXandx; can be
ing to obtained from()g.

e Using this approach we have not been able to show rigorously
U(t) =~ Kx(t) —Kixi(t) that the system is asymptotically stable, i.e., thatQ implies

if V(Ax(t)+Bsatli(t)))<y then x(t)—0 and xi(t)ﬁ.O. Howeyer, this rgsult can be supported
strongly by describing function analysis. As long ¥$Ax(t)
u(t)=satT(t)) +Bu(t)) <y holds, the proposed AW is the same as the original
_ AW in Eq. (26). By using the describing function technique the
Xj(t+1)=x;(t) +2z(t) + (T(t) —satU(t)))/K; (42)  possibility of a nonconvergent oscillation will be made highly
if  V(Ax(t)+BsatTi(t)))>y then unlikely. A rigorous result cannot be obtained because the de-

scribing function approach is based on sinusoidal approximations

u(t)=sat — K x(t)) of the oscillating motion.
The linear system used for the describing function analysis that
Xi(t+1)=x;(t) +2z(t)+ (T(t) + sat K x(1)))/K; relatesu(t) to T(t) is given by
whereP and y are the parameters that defines the@giK . ,P) x(t+1) A x(t) B
in Theorem 4.1P and y are obtained in exactly the same manner X (t+ 1)} =| Com KIK. xi(t) { 1K, (U (44)
as if the control were given by a full state feedback controller with ' 2 ! :
feedback gainkK.. The above modification to the AW scheme 5 (t)
ensures that the states will stay inside the @et and that the u(t)=—[KKi], (1) (45)

integral state will always be consistent with the control applled to
the plant. If a sef) is obtained using Theorem 4.1 using state The equivalent gain; obtained using the describing function

feedback gairk . from Eq. (32) the following theorem holds. ~ for the saturation function is given ji24]

Theorem 6.1. A plant given by Eqg. (1) being controlled by the 1 e
control strategy in Eq. (42) with initial conditions inside the set (8)= (2fm)(sin(9)+6y1—5%) 1 o<1 (46)
Q¢ will stay inside the sef) for all times 1 if 6>1)’

Proof: Suppose, the theorem is not true. Then there exi

X(t) € Q. andx(t+ 1) & Q.. Thus, %ere& is the ratio between the saturation limit and the largest

amplitude of the sinusoidal signdl,. For details on describing

V(x(t+1))=V(Ax(t)+Bu(t))>y=u(t) function analysis se¢24]. Assuming that the linear Qesign is.
stable when the control does not saturate the Nyquist path will
=—satKx)=V(X(t+1))<y encircle the—1 point as many times as there are open loop poles

in T=G(s)u, whereG(s) is the continuous time approximation

of the system in Eq(44).

which is a contradiction] Figure 7 shows a sample Nyquist plot for a systéis). The
Figure 6 schematically illustrates Theorem 6.1 for a secorwdlue of » that results in—1/7(5) being equal to largest value

order example. Notice that the modification to the AW schemehere the Nyquist path intersects the real axis in the intdrva,

never affects the control when the controller saturates sincel) will be referred to asyy, . If 7> 7, the number of encircle-

=X(t+1)e Qg

Nyquist Diagram
I(K-KA- K C)xl < KBu , ,

max 4 Xo

% minfve *=Y nax = l
e 11 |
05| ]
-1/m(3)
_ ’ 0} - -+ I
> X
1 -05f
-1 L
o . 1.5}
Area where modification \

Imaginary Axis

to AW could effect the

-2 . . . . .
control. -2 -10 -8 -6 -4 -2 0 2
Real Axis
Fig. 6 Two-dimensional example with AW Fig. 7 Nyquist plot of J=G(s)u
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ments of the—1 point will not have changed compared to the ‘ ' '
stable design. Consequently, a sinusoidal signal withs,;,, can-

not exist and the system will be asymptotically stable. On the
other hand, if <7, the number of encirclements will have
changed and the system will not be asymptotically stable. If it will
grow exponentially or exhibit a limit cycle behavior will depend
on if there are additional intersections between the Nyquist path
and the negative real axis that will change the number of encircle-
ments of the point-1/%(8) when the amplitude of the sinusoidal
signalli increases, and thereby changes the value bfy(5). For
open-loop unstable systems with a stabilizing feedback there will
always exist an intersection between the Nyquist path and the
interval (—o, —1), therefore describing function analysis alone

can never be sufficient to conclude closed-loop stability for an , ’ “ Bopt

open-loop unstable system in the presence of saturation. However, » YA

given the invariant sef)  the amplitude of any sinusoidal that s : :

can exist can be bounded. 0 2 4 6 8 10 12

The maximum amount of saturatigratio between the satura-
tion limit, u,,,, and the amplitude @) for any sinusoidal signai

" Fig. 8 Simulation results for =0.93, 3.2, and 4.0
that can exist wheme (0 V't can be expressed as g B

S — minm(= min Umax have been obtained with the original AW scheme in 26). The
mn g, U e ogueu. (K—KA—=K;Cyx+u(1l+KB) results are shown in Tablc_e 2 a_md Fig. 8. To evaluate the _perfor-
S S mex (47) Mmance the 1 percent settling time are compared for the different

designs as well as the velocity error const#qt, with respect to

sinceTi(t+1) can be obtained from E¢35). _ a disturbance inputP and y resulting from the stability based
The value of§ can easily be obtained from E@7), since design are given by=7.5, and

x belongs to the compact s€t; and u belongs to compact set

[ = UmaxoUmax- T 7(Smin)> 7im the describing function indicates 1.0000 1.899 1.050
that any periodic sinusoidal signalwill result in an asymptoti- p—| 1.809 4.9604 3.285 49)
cally stable closed-loop responsexi{f0) e ). )
This means that the same procedure as for the full state feed- 1.0506 3.2859 3.300Q1
back contrc_)l_ can be used to obtain the GOA,, with the addi- The initial value forV(x,) for the seven initial conditions are 1.0,
tional condition that 5.0, 3.3, 4.9, 3.20, 7.4, and 7.2, i.e., all of them satisfy the condi-
7( Smin) > Mlim (48) tion V(xp)<1y.

has to be satisfied. It has been found that the inequality iri48. 8 Experiment
is, in general, satisfied with a “large” margifso far this has  The design method presented in this paper has also been ap-
always been the caidf the above inequality does not hold, thepjied to the position controlfoa 1 d.o.f robot arm with a DC

set{) has to be reduced by reducingn Eq. (10). The obtained mgtor. The equations of motion for the robot arm are given by
GDA for the case with integral control can now be used in exactly

the same way as for the case of full state feedback to find the .| —4.2039 9.68

solution to Eq.(19). X= X+ o |satu), (50)
1 0

7 Example 2 ©=[0 0.63x

In this example a controller is designed for the same plant ajfi€ré U is the input in voltage to the DC motor arfd is the
the same initial conditions of the plant as in Section 5 and witQUIPUt in rad measured using a variable potentiometer. The plant
but with integral control, AW, and;(0)=0 (the value ofx;(0) has open I.oop eigenvalues a#.2039 and 0. Thg plant has dy-
does not matter in the design since the GDA is expressed in terffdnics which are not modeled by Eg0). They exist somewhere
of the plant state only A sample time of 0.01 s was used with a" the frequency rang¢_120140 rad/s. Actuator saturation is in-
critically damped pole structuréPb=[—1,—1,—1,~1]). During troduced by the amplifier that can supply voltages betweén
the design it turned out that the constraints imposed by(&g). 2and+8YV,i.e, the input voltage to the DC motor is limited k8
never limited the choice of). For the particular IC set used inV- . . .
the simulation the modification to the AW was never activated | € controller is implemented using a sample time of 0.001 s.

and the response is, therefore, identical to the response that worigee not all the states are measured an observer is used to obtain
estimates of the states. Sgi?] for a discussion about the effect

of using an observer rather than full state feedback, as assumed
when obtaining()s. Instead of using an observer to obt&n a
differentiator could also have been used to obfainNotice that

it is important to include the saturation when the observer is
8 = Biin 8= Bopt 8= Bsat implemented to get correct estimates of the states. To do the scal-
ing of the design, the method based on LQR design described in
[16] are used, with the scaling paramej@ibeing given by the
maz(ts) ¥x € IC 1.5 45 55 inverse of the cost on the control in the quadratic cost function.
The set of initial conditions is defined by

Table 2 Comparison of design methods, full state feedback
plus integral control

8 0.93 4.0 3.2

K, 0.74 239 99
> ¢
K [1.714.16 3.20] | {13.489.8 241.2] | [10.4 57.9125.2 —+ <1, 51
! 1.9 118 (1)
K; 0.0074 2.39 0.99

or equivalently
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Table 3 Comparison of design methods for experiment 2 . . - ‘ 8
5 ST t) (rad) (Experiment =
B=fun | B=Bu | B=0m Bist PO T Y e Expariment) 163
z tob === y(t) (rad) (Simulation) <
8 2.67 1201 3906 T u() (Volt) 147
maz(t,) ¥x € IC 1.73 0.56 0.51 0.5 12
K [0.371.63] | [2.70 34.18] | [3.75 61.3] or i T e 0
-0.5F " -2
-1k ,' 1 -4
X2 X5 . - . o
+ 1. _15b it 1=
3.0 187 (52) 15¢ A 6
Table 3 shows the settling times for the optimum, the nonsaturat- ~ -2f=-=="" l 1-8
ing, and the stability based desigri®.and y resulting from the 25 . . ‘ )
stability based design are given hy840, o 02 0.4 Tme 8 0.6 0.8 1
me {s,

1.0000 4.9
P= (53) Fig. 11 Experimental and simulation result for full state feed-

499 7434 back plus integral control

Figure 9 shows the sé€) resulting from the design and the set of

initial conditions IC. ) )
Figure 10 shows the simulation and the experimental result éfmodeled dynamics. However, improved performance compared

using the stability based design method. to a linear nonsaturating design is obtained. The simulation and
Finally, the stability based method is applied to the case of fudixperimental results are shown in Fig. 11. The feedback gains

state feedback plus integral control for the same plant as in tHged are given bK=[3.38 68.§ and K;=0.499. Preliminary

previous example. In this case it turns out that the limiting factdesults for how to incorporate the unmodeled dynamics directly

is not the saturation, but the unmodeled dynamics. This medft® design are availablel2,16.

that the design paramet@rhas to be limited to avoid exiting the

9 Conclusions
In this paper, a new design method that directly incorporates

»s | the actuator constraints into the design procedure has been pre-
| sented. Even though the controller saturates, the stability of the
20 1 closed-loop system is guaranteed by finding a GDA such that all
015 1 initial conditions are contained in the GDA. The design procedure
g 10| can be applied to both full state feedback control, and full state
- feedback plus integral control for single input systems. Simulation
D and experimental results show that significant improvements in
performance relative to a nonsaturating linear design can be
S 1 achieved.
-10} 1 In this paper, it was assumed that the controller has access to all
-5} the plant states; in general, that will not be the case. When not all
20 the states are measured, the proposed design method can still be
sl | applied by designing a state observer; this was successfully done
, s s s s s ‘ - for the experiment included in this paper. The effects on the pro-
-3 2 -1 0 1 2 3 4 posed design method when using an observer to obtain the states
0 rad are discussed ifil6]. Preliminary results on robustness to unmod-
eled dynamics, parameter uncertainty, and disturbances are also
Fig. 9 Guaranteed domain of attraction Qg available in[16] and[12].

A Matlab based design software package has been developed
that implements the design approach presented in this paper.

®
®
®
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