Analysis of a System of Linear
Delay Differential Equations

A new analytic approach to obtain the complete solution for systems of delay differential
equations (DDE) based on the concept of Lambert functions is presented. The similarity
with the concept of the state transition matrix in linear ordinary differential equations
enables the approach to be used for general classes of linear delay differential equations
using the matrix form of DDEs. The solution is in the form of an infinite series of modes
written in terms of Lambert functions. Stability criteria for the individual modes, free
response, and forced response for delay equations in different examples are studied, and
the results are presented. The new approach is applied to obtain the stability regions for
the individual modes of the linearized chatter problem in turning. The results present a
necessary condition to the stability in chatter for the whole system, since it only enables
the study of the individual modes, and there are an infinite number of them that contribute
to the stability of the systenfDOI: 10.1115/1.1568121
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Introduction in [12], and an exact methodology, which reveals stability regions

faor a system of linear delay differential equations in the time delay

Delays are inherent in many physical and engineering systems. ~ . oo o
In particular, pure delays are often used to ideally represent gﬁ%ma'” and indicates the number of unstable characteristic roots
in"any given stability region, is presented[it3].

effects of transmission, transportation, and inertial phenomena.l.he delay operatofl) can be expressed in the form of an
Delay differential equation€DDES) constitute basic mathematical. Y op P

models for real phenomena. for instance in endineerin mech|nf_inite series. The principal difficulty in studying delay differen-
. P Y 9 9, | equations lies in its special transcendental character. Delay
ics, and economics. This paper presents a new analytic approE

based on Lambert functions, for the solution of a system of nof- blems always lead to an infinite spectrum of frequencies. The
; ' ; S >y getermination of this spectrum requires a corresponding determi-
homogeneous linear DDEs and its applications in the stabili

nalvsis of the linear chatter problem ation of zeros of certain analytic functions. If one is interested
analysis of the linear chatter probiem. . only in connections between the theory and problems of oscilla-

There are applications Of. de_lay in active vi_bration_ and no's‘[ﬁ)ns, then most of these difficulties can be set aside, since it
control [1]. Some other applications of delay differential SyStemr'?ﬂght not be the entire infinite spectrum of frequencies, but only a

tal rolli t lat del . " ' few of them that are actually responsible for the appearance of
metal rofling system, population mModels, economic Systems, geqe oscillations. This can simplify the problem considerably.
mote control, urban traffic, electric transmission line, heat e

o Bne of the approximation methods of this kind is the well-known
changers, control systems for nuclear reactors with time 8y p,jeapproximation, which results in a shortened repeating frac-
artificial nueral networks, manufacturing systefa$ and capac- {jo for the approximation of the characteristic equation of the
ity managemenES]: _ ) delay[14-16..

Delay differential equations, also known asifference-  aAnother approach to the delay problem is not to approximate
differential equationsare a special class of differential equationg,q delay, but to look at the problem with the entire delay spec-
called functional differential equations. Delay differential equaym. Delay differential equations are often solved using numeri-
tions were initially introduced in. the 18th century by Laplace angdy, methods, asymptotic solutions, and graphical tools. Applying
Condorce{2]. However, the rapid development of the theory ang nge-Kutta methods to obtainsé0)-stable numerical algorithm
applications of those equations did not come until after the Secopflgg|ye homogenuous linear DDEs is studied 1. Many re-
World War, and continues today. The basic theory concerning t8garch studies have attempted to find asymptotic solutions using
stability of systems described by equations of this type was devglturbation methods for the chatter problem. For example, stabil-
oped by Pontryagin in 1942. Important works have been writtggy, analysis of machine tool chatter using perturbation methods
by Bellman and Cooke in 193], Smith in 1957[7], Pinney in ¢an pe found if11]. Another stability analysis of a similar chatter
1958, Halanay in 1966, El'sgol'c and Norkin in 1971, Myshkis iyroblem using complex analysis can be found9h One of the
1972, Yanushevski in 1978, Marshal in 1979, and Hale in 197&grly approaches which deals with the design of control systems
The reader is referred to the detailed review2ih ~ with delay is the so calleBmith predictopresented by O.J. Smith

An important application of delay equations is the reduction G his seminal paper in 1957]. The Smith predictor converts the
chatter in machining processes. Machine tool chatter is one of thgyplem into a delay free one. This simplifies the control design
major constraints that limits productivity of the machining propy alleviating the rational time delay approximation problem.
cesses. Chatter is a self-excited vibration, which is a result of theggyeral attempts have been made to find an analytical solution
interaction between the tool structure and the cutting process gyr delay differential equations by solving its characteristic equa-
namics[8] and[9]. Extensive research has been done on undgfon under different conditions. A recent related study on analytic
standing the mechanisms behind the chatter problem in machigiution of linear DDEs can be found if8]. A Fourier-like
ing. The fundamentals of chatter are outlinedi0], and a survey analysis of the existence of the solution and its properties for the
of the previous research can be found1i]. A root-locus-based nponlinear DDEs is studied by Wright9]. Similar approaches to
approach to the stability problem of delay differential equation§near and nonlinear DDEs are also reported by Bellf@inThe
and a discussion on regenerative machine tool chatter is presenigfueness of the solution and its properties for the linear DDEs
with varying coefficients is studied by Wright9]. Solution prop-
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functions called Lambert functions, is presented. The advantagecalled a Lambert function. This concept is applied to solve the
of this approach compared to other available analytical solutitranscendental characteristic equation of the delay differential
techniques lies in the fact that the form of the solution obtainezfjuation. Equatiod4) can be written as:

is analogous to the general solution form of ordinary differential ST

equations, and the concept of the state transition matrix in ODEs (stp)e’’=—a ©®)
can be generalized to DDEs using the concept of Lambeylultiplying both sides of Eq(6) by Te”T, yields

functions. The solution technique is first presented for a scalar (s+B)T -

first-order linear DDE, then generalized to find the complete T(stp)e =—aTe’ ()
solution to general classes of linear delay differential equationsased on the definition of the Lambert function in Eg), it is
The method is then used to study a machine tool linear chattggar that
problem.

W(—aTefT)eW-aTe D= _ 4 TeT ®)
Comparing Eqgs(7) and (8)
First-Order Problem T(s+B)=W(—aTe") ©)

us, the solutions of the equation which describe the character-

description of delay systems, has the property that input and o fic spectrum of Eq(3) can be written as

A pure time delay, an essential element in the modeling aqzt
put are identical in form, and the only difference is that of trans%

lation along the time axis. The transfer function representing a 1 -
delay operator with delay tim& can be represented by, s= fW(—aTeﬂ )—B (10)
G(s) = X(s) 1) Similarly, the solution of the characteristic equation for the sim-
(s)= U(s) - (1) plest form of linear DDE wherg=0 is
where the inputu(t) results in a responsg(t) equal tou(t _ 1W T 11
—T). In many complex systems, such as feedback control sys- =7 (—aT) (11)

tems, there will be more than one delay. These delays may be, for

example, in measurement at the output, in control at the input ¥the most general form, the Lambert function is a complex func-
in the feedback path. tion with infinite branches. Calculation of the principal branch is

It was stated earlier that DDEs are a special case of a classPsgsented in series form by Caratheod{#$] and given below:

differential equations called functional differential equations. A oo (=1
general homogeneous first order functional differential equation is WO(S):E —" (12)
given by: = n!

y(t)=f(t,y(t),y(Z(1))) (2) Calculation of other branches of the Lambert function, kor

) o ) i ) =—o, ..., is presented bj24]
This type of equation is useful in modeling various complex phe-
nomena in which the change in a quantity is dependent upon how (In(In, (s))™
the quantity is affected by some other mechanism. Linearizing the Wk(s) = In(s) —In(In(s)) + > > CImW
time-invariant form of Eq(2) with respect toy and defining the =0 m=1 K 13
function {(t)=t—T results in a simple form of a homogeneous (13)
first order delay differential equation as represented by the bourvdhaere In(s)=In(s) +27ik indicates thek-th logarithm branch, and

©

ary value problem: the coefficientsC,,, can be expressed in terms of Stirling Cycle
. numberg 25]:
y()+ay(t—T)+By(t)=0 T>0
1 [ 1+m
y()=¢(t) te[0T] ®) Cm=mr ("D 141 14

for all cases of the constants 8, andT. The interval[0,T] is A detailed discussion of the convergence of these doubly infinite
called thepre-interval and ¢(t) is called thepreshape function geries and algorithms to calculate them are presentef@6h
which corresponds to the initial configuration yft) on the pre-

interval. As expected from first-order differential equations, the

solution exhibits exponential growth or decay. What is, perhaps,  100— , ! , ,
unexpected is that this first-order problem may also have solutions 55k e B R N T
that are oscillatory or even unstable. The nature of each solution % :
depends heav”y upon the relatlonsh|p between the Valu%ﬁf B0 fossmmens DO vvvvvvvvvvvvv vvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvv 4
andT as well as the preshape functigift). ok °o° B

The theorems of existence and uniqueness of the solution to Eq.@,
(3) for the special case witg=0 are given in[18], and for the & 20
general case if6]. Assuming a candidate solution in the form of <
y(t)=Ce®, and substituting it into Eq3), we get the nonlinear, g
transcendental characteristic equation; =20

F(s)=(s+B)es™+a=0 4) ~40

The difficulty in the analysis of the DDEs lies in finding an ana- 80
lytic method to solve this transcendental equation. 80

To solve Eq.(4), a new approach based upon a class of func-
tions, W(s), called Lambert functions, is presented. By a defini- 199 =4 3 > ) 0
tion presented in 1758 by Lambdr21] and Euler[22], every REAL[s]
function W(s) that satisfies

Fig. 1 Roots of the characteristic equation in Eq. (11) when
W(s)eW®=s (5) a=T=1,and B=0
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For Eq.(3) with the values off =1, =1, andB=0, the first 30 for any acceptable choice @ corresponding to a specified pre-
roots of the characteristic equation are shown on the complstiape function. The values @&, can be obtained using the
plane in Fig. 1. Each pair of complex roots are derived using tmeethod presented in the Appendix and considerifgt)
corresponding branches of the Lambert function. As shown, theg(1m W(—aTe!D=p)t \yhich yields:
critical poles closest to the imaginary axis, which determine the
stability of the system, correspond to the principal branch in Eq. T
(12). Using Egs.(11) and(12), it can be observed that instability y(t)= > lim{Q YT,N)®}, e W-aTD-pt  (16)
occurs whenevewT>7/2. This relationship leads us to exactly k== Now
determine the stability condition for the first order DDE with rewhere Q(T,N) is defined in the Appendix as a matrix with the
spect to the variation of its parametessand T. This stability functionsg,(t) as its elements, and} represents the" element
criteria is associated with the stability of the principal root of thef the corresponding vector. The vectrcontains the preshape
characteristic equatiofi1), and it is shown in Fig. 2. Note that function evaluated in<[0,T] as its elements.
similar curves for other roots of this equation can also be ob- As a numerical examp|e, the methodok)gy represented in the
tained. However, they lie above the curve shown in Fig. 2 for thgypendix is used to find the general solution for this delay differ-
principal root and do not affect the shape or size of the stabd@tial equation with given parameter values. The behavior of the
region in thea—T plane. However, as it will be seen subsemodes g, (t), £,(t), andé&,(t)) for this solution for the parameter

quently, this is not necessarily true for the systems with highejajues ofa=1, 5=1, andT=1 is shown in Fig. 4. The preshape
order dynamics; more steps need to be taken to study the stabif{{yiction is assumed to be

of these systems. Considering the behavior of the principal root

for the characteristic equatigi0), the stability condition for this $(H)=1 te[0T] (7
delay differential equat_ion with respect to the variation of _aII tShereT=1. The general homogeneous solution for this equation
parametersy, 5, andT is shown in Fig. 3. It should be noticed consideringg(t) =1 is shown in Fig. 5. As shown in the figure,
that small values.obz, and Iz?lrge values 98,.move j[he equation using the methodology presented in the Append(x) converges
toward stable region, and higher delay tifiés required to move for |arge values oN. Fig. 6 also shows the convergence of the

©

to the unstable region. , , solution and the required minimum value for the number of itera-
The complete homogeneous solution for B8}, using the re- tions N needed for convergence. Different solution responses for

sults in Eq.(10), can be written as: this equation for different values of the time delByare shown in

o Fig. 7.
y(t)= 2 Cem Wy(—aTefT)—p)t (15) Similarly, the homogeneous solution to the simplest first order
k=—c homogeneous DDE fo8=0 can be written as,
y(t)= 2 Ckell'l' Wi (—aT)t (18)
k=—x

First Root for any acceptable choice @&, which are derived based on the
Secaond Root preshape function in Ed3) (see Appendik

©

Third Root

= _ ; -1 UT Wi (—aT)t

= y(O= 2 [m{Q7HTNhe!T Dt (19)
=]

§ 1 where agair)(T,N) is defined in the Appendix as a matrix with

s the functionsé,(t) =e™ W~ Dt as jts elements.

2 It can be observed that the form of the solution obtained in
o8 Eq. (18 can be compared to the general solution form of
a.4 il sl 2 the first-order linear ordinary differential equation. The solution

y(t) shown in Eq.(18) is a linear combination of the infinite
numbers of modes™ Wk(=eDt \which characterize the delay
a z 4 8 8 10 12 14 16 s =zo equation. Note that the modes, based on the Lambert functions,

0.2t STABLE REGION

Fig. 2 Stability criteria for DDE in Eq.  (3) with =0

Princ}pal Mode
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Fig. 3 Stability criteria for the generalized first order DDE in Fig. 4 Principal (k=0), second (k=1), and third (k=2)
Eqg. (3) modes in the free solution form for Eq. (15)
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W, (—«aT), play a role similar to the state transition matrix forTo obtain the particular solution to EQR0), assume the solution
linear ODEs. This property can then be used to extend the solutimmm
to the more general vector-matrix cases of systems of linear ©

DDEs. This will be presented in a subsequent section.

The non-homogeneous version of the delay differential equa-

tion (3) can be written as
y+ay(t=T)+py(t)=u(t)
y(h=¢() te[0T]

(20)

whereu(t) is a continuous function representing the external ex-
Multiplying the terms inside the summation in the second term

citation to the delay equation, and it can be written as,

U= 2 it (21)

= 1
wherey,(t) are any given orthonormal functions, and the coeffi- >, pk(t)gk(t—T)[—Wk(— aTefNH—p
cientsf, can be obtained using Fourier integrals. In the case that k=-= T

(1) = e W=aTe!N =t \which are not orthonormal functions,

ZORIOLE (24)

Differentiatingy,(t) with respect to time yields

- - 1
V(= 2 pUDEMD+ X pk<t>hwk<—aTeﬁT>—B}§k<t>
(25)

on the right hand side of Eq(25 by (e Wk~ aTe"N+AT)
(e Wk(—aTe"N+ 8Ty and using the properties in E(23) yields

eWi(—aTefT) g— BT

(26)

the corresponding coefficients can be obtained using the meth&88-

ology given in the Appendix,
fi=lim {Q~1(b,N)ul,

N0
b

(22)

whereu is a vector withu(t) as its elements fote[0b] (see

Appendiy. The Lambert mode of the EQq(3) is §&(t)
= (T W—aTe!N=A)t with properties:
. 1
&)= $Wk(_01TeBT)_,3 &(t)
(23)

Et—T)= e (T wk(—aTeﬁT)—ﬁ)Tgk(t)

Sobution for N =5

Solutaontor M =2

Salution lor N =1

2 PNEI=T)

X lwk(_aTeﬁT)eWk(—aTgﬂT)e—ﬁT_Igewk(—ah/ﬁ)—m
T

~

(27)
and therefore,

16

L]

F

Comvergance Ermor
£ o

Convergence Region

L]

=]

a 5 10 15 20 25 a3
Mumber of lterations (M)

Fig. 6 Convergence of the free solution for Eq. (15) for large
values of N and parameter values a=1, =1, and T=1

Solution far N = 50

o
a1
o 1 3 E] 4 -]
o 05 1 15 2 25 3 35 4 45 &
Tirme (sec.)

Fig. 5 Free solution for Eq. (15) for large values of N and pa-
rameter values a=1, B=1, and T=1
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Fig. 7 Free solution for Eq. (15) for different values of time
delay with =1, =1, and 7=0,0.5,1,2,4
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=2 ckfkm)

%

(28) >

K=o

—a X pNEI=T)=B 2 0 —T)eM o
=&

N0
b0

f lim{Q " Y(b,,N)uhd7| &) (36)
Assuming thep,(t), have the property 0

Pr(t—=T)=pi(t) (29) or
reduces Eq(28) to the form

%

t
ck+f lim {Q (b, ,N)u},dr|elT Wi{=aDt
0

yity= >,
N— oo

—ay,(t=T)=Byy(t) (30) . '

Substituting this back into the second term on the right hand side (37)
of Eqg. (25) yields

Please note that E@35) is identical to Eq.(36) except for their
* corresponding Lambert modeg,(t), as elements of the matrix

Yo(t)= 2 Pr(t) (1) — ayp(t—T) = By,y(t) (31) €Q(b,,N). The complete solution for E20) with a unit step

k=—o input for parameter valueg=1, B=1, andT=1, is shown in

and this leads to Fig. 8.
o Generalization to Systems of DDEs. A further generaliza-
u(t)= 2 b(t)edT W (—aTefT) - p)t 32) tion of Eq. (3) is the matrix form
“ y(t)+Ay(t—T)+By(t)=0 (38)
and from Eqs(21), (22), and(32) one obtains whereA andB arenx n matrices, ang(t) is annx 1 vector. The
t . characteristic equation can be written in matrix form as
pk(t)_ jO,\lllinw{Q (br ,N)U}de (33) sl +Ae_ST+ B=0 (39)
bh— oo
or
whereQ(b,,N) is defined in the Appendix as a matrix with the o o
functions&,(t) = eWT W(~aTeN-A)t a5 its elements. The particu- sle”’=—-A-Be (40)
lar solution can then be written as wherel is the identity matrix. Multiplying both sides of the equa-
o tion by T,
yp(t):kE ( f lim {Q~* bT,N)U}de> &) (34) (sTie’’=(-A)T-BTe" (41)
=— ON—o
b It can be shown that
and the total solution is given by: [(e3T)=e(sT! (42)
- and
yo=| > ck§k<t>)
ST A(eS)=AleN=Aels™ (43)
2“: t . substituting Eqs(42) and (43) into Eq. (41)
+ lim{Q™*(b,,N)u},d t 35
o ( jON[T]x{ ( T )u}k T) fk( ) ( ) (ST)Ie(ST)I ( A)T BTes (44)
b—o

an
Similar results can be obtained for the simplest form of linear
DDE where 8=0 in Eqg. (20). For brevity, only the results are (sl+B)TeSN'=(-A)T (45)

presented here: Multiplying both sides bye®™

(sl+B)TeSBT=(—A)TeBT (46)
15 One can define the generalized matrix form of the Lambert
’ function as
W(—A)eWEA=—p (47)
whereW(—A) is a squaren X n matrix and the branches for this
1 1 generalized matrix form of the Lambert function are obtained as
s Wi (—A)=In(—A)+27mikl —In(In(—A) + 27ikl)
§ oo o<}
osh ] +§ Z Cy, IN"(In(—A)+ 27k 1) (In(— A)
+2mikl)~!n (48)
for k=—o0 ., . o0,
o Considering Eq(46), and using the definition of the general-
0 ® ime (506, 10 5 jzed Lambert function in Eq47) yields
_ _ _ _ (sl+B)T=W(—ATe®") (49)
Fig. 8 Complete solution for Eq.  (20) for a unit step input and
parameter values a=1, =1, and T=1 and the characteristics roots are
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1 = . +eUTW_a(-ADtc 4 QUTWo(-ATtc
sl==W(-ATe")—B (50) y(v) ! 0
T +elm wl(—AT)tC1+ o (59)
In the special case whei=0, the result becomes or
1 —44.49-73.0% 0 1
sl = TW(_AT) (51) y(t)=... +e[ 5.74-0.64 —33—74.36}‘ [zz'l]
-1

The roots of the characteristic equatitqg. (39)) are the eigen- 111 o h

values of the matrix TW(—ATe®T)—B, and describe the sta- +e[71.ss 74.89}1 [0

bility of the vector delay differential equation. The roots from the %

general equatiofb0) can be obtained using the same approach by —44.49+73.07 0 ol

diagonalizing the matrix- ATe®T. The free solutiory(t) can then +e{ 5.74+0.64 733+74.3a]t [+ - (60)
be described as; 1

o where the dominant modes of the equation’s behaviorare
y(t)= >, eWTW-ATEN B, (52) ande *%% which are stable modes associated with the principal
K=—o branch(i.e.,Wy(—AT)). The non-complex form of the first mode

_ f : H H —44.49 o;
where theC, values arenX1 vectors determined from the(leﬁgl) Pl "“ef;; _comblnatlon Of,e?,a sin(73.01),
preshape-function states. e "™ cos(73.07), e >+ sin(74.3@), ande™ °* cos(74.36).

As a specific example, consider a simple2vector DDE: The_ non-homoge_neous matrix form of the delay differential
equation can be written as
Y1(1) +y(t=T)=0

G20yt T)4 Byt T)=0 (53) Y(0)+Ay(t=T)+By(t)=Bu(t) (61)
2 1 2 -

whereB is annxr matrix, andu(t) is arx1 vector. The par-

or ticular solution to Eq.(61), similar to the scalar case, can be
) 1 0 written as:
ym+ g yt=T)=0 (54) .
- (UT Wy (—ATeBT) —B)t
The diagonalized and modal matrices for matrix yp(D) k;x (e “ ]
1 0 t ~
A=l 3 x( f lim {Q‘l(bT,N)Bu}kdr) (62)
ON—
are b
3 0 where Q is B? square compound Tatrix containing,(t)
A=[ } =e(TW=ATET)"B)t 35 its elements, arigiu is a compound vec-
01 tor with Bu(t) as its elements.

and The complete solution is given by the superposition of 68)
and the homogeneous solution presented in(&%),

0 0.89

11 —0.44 y(t)= 2 e(lrrwk(—ATeBT)—B)tCk

The matrix Lambert functioW(A) can be computed from k=—e
W(A)=VW(A)V ! (55) i E [e(llTWk(—ATeBT)—B)I]

where fork=0 k=—o

A wE) o 1040 6 X Jtl' {QY(b,,N)Bu},d (63)
= = im . uhdr
W=y wiTl o os (56) ON—= «
b—

and therefore, . . .
The general results given in Eq$2) and(63) can be used in a

1.04 O . 056 O wide variety of applications. One of the interesting engineering
= (57)  applications in which these analytical tools can provide a better
0 05 0.24 1.0 > ; . :
understanding of the system is the chatter problem described in
It is easy to verify thatW(A)eV®W=A, the next section.
The homogeneous solutioy(t) can then be described, in a
form similar to the free solution in terms of the state transition
matrix in ODEs, as

W(A)=v{

Machining Chatter Example

y(t)= 2 el Wil -ADC, (58) As an example of ap_plying the_presented approac_:h toa pra}ctical
o problem, consider a simple turning problem resulting in a single
) degree of freedom linear chatter equation linearized about an
where theC, values arenx1 vectors determined from the pre-gqyilibrium point such as a steady cutting condition. The linear-
shape function states. For the example vector DDE in(B8). jzed model is expressed by a set of linear time invariant delay
choosingT=0.1, the solution differential equation§9]. The stability of such a linearized model
yy(1) can be used to determine the.condit_iorj.s for thg onsglt of chattgr,
y(t):[ (t)} but does not capture the amplitude limiting nonlinearities associ-
Y2 ated with chatter vibrations. The linearized chatter equation can be
can be obtained: expressed in state space form as representg@lin
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d(6x) stability of the system. Stability lobes for the roots associated with
T Box(t)+Adx(t—T) (64) the three branches of the Lambert functidn=(—1,0,1) given by
the equations above wher&=0.05, w,,= 150, andu=1, are ob-

where T is the time needed for one spindle revolution in théained numerically using Eq68) and shown in Fig. 9. It needs to
turning processB andA are the linearized coefficient matrices ofoe emphasized that these lobes represent the stability conditions
the process model and are functions of the machine-toddt the six related roots associated witk —1,0,1 only, and the
workpiece structural parameters such as natural frequency, darsgability of the whole system depends on all the roots of the infi-
ing, and stiffness. Comparing E@4) with Eq. (38) demonstrates nite spectrum. However, considering the resultfli#], the simu-
the similarity of the two equations and this suggests the opportiation results shown in Fig. 9 indicate that the stability of the
nity to apply the results presented in solving chatter equatiorss/stem is dominated by the two distinct roots associated with the
Considering a one-degree-of-freedom dynamic system with tpeincipal branch of the Lambert functiok€0).
parameters provided 9], and definingdx=[%], Eq.(64) can be Furthermore, the methodology presented here can yield the
written as closed form solution to the linearized chatter delay differential
equation(65). The results presented in E2) can be used to

d(8x) 0 1 express the closed form solution to the homogeneous chatter
-~ K SX equation(64) as;
c| 2 (t)
K/ X i (AT W (ATe BTy +B)t 69
t)= e K
0 0 () Py K (69)
+ Ke , 0 oX(t—=T) (65) whereB and A are shown in Eq(66) and theC, values aren
K @n X 1 vectors representing the preshape function states.
m
whereB andA are Summary and Conclusions
0 1 In this paper, a new approach for the stability analysis, free
B= ¢\ solution, and forced solution of systems of linear delay differential
—| 14— oy —2{w, equations has been presented. The solution obtained using Lam-
m (66) bert functions is in a form analogous to the state transition matrix
0 0 in systems of linear ordinary differential equations. A generalized
A=l K matrix Lambert function is then introduced to solve systems of
N M_CwZ 0 linear delay differential equation in vector-matrix form. Stability
Km " analysis, free response and forced response for several cases of

Applying the results obtained in the previous sections, the rod@PES based on their parameters is presented in the paper based
of the characteristic equations for E@5) can be written using ©N this new solution approach. As an example, The new approach
Eq. (50) as is applied to find an_analytl_c_ solution to a linear machine tool
chatter problem, and its stability lobe for the three branches of the
Lambert function is obtained.

The main advantage of the presented analytical approach is its
N . ) o ability to provide a closed form solution to systems of homoge-
The stability conditions are obtained by finding the roots of thgeouys linear delay differential equations in a compact form similar
characteristic equation: to systems of ordinary differential equations. The solution is in the

1 form of an infinite series of modes, which are expressed in terms
det{ sl—|=W(ATe BT)+B|{=0 (68) of Lambert functions. It provides a tool to study the behavior of
T the individual modes of the equation. The solution, however, is
This equation, for each branch of Lambert functiopresented by a linear combination of all the modes in the form of
(k=—2...,—1,0,1 ...%), has two roots. It is shown i[f12] that an infinite series. A numerical approximation to this infinite series
there are two distinct pairs of characteristic roots dictating tean be computed by the methodology presented in the Appendix.

1
sl=3W(ATe" BH+B (67)
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- Appendix
Ke o Any given continuous functiord(t) can be represented as an
Km infinite series using the Lambert coefficiertg, and the Lambert
0.4 modes,&(t)
0.3 ~
N 0= 2 L&t te[0p] (70)
0.1 f S Wher_e the Lambert moo!esk(t) are the r_nodes generated by the
" | g solutions of the delay differential equations, dmaan go to in-
] 10 20 ag a0 5O &0 finity (b—o0).
Spindle Speed (1/T) To find the values of the coefficients,, assume that the most
dominant modes are the firlst modes wheré\ is a large number
Fig. 9 Stability lobes for the chatter equation (N—), and that the function can be approximated by,
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N
o~ 2 L&t te[0p] (71)

By dividing the interval 0b] into 2N divisions, Eq.(71) can be
written as,

0(b)
( b
G\b—m)
( 2b
0\b—m)
L 000) |
—_—
®
[ & u(b) En(b)
%) Sl
AT ooyl |[ T
~N+1
= 2b 2b L_wis
§7N\b—m) §N\b_ﬁ) :
: : Ly
£_4(0) n(0) v

Q(b,N) 72)

The particular solution for the delay differential equation is

&(T)
)
TN
o2
TN
[ #(0) |
- -
b
[ £ D) En(T)
T T
Eon|T— ﬁ) §N\T_m
= 2T 2T
&N\T— m) EnT— 55
L &-m0) En(0)
h Q(T,N)

Ck: ||m {Q_l(T,N)(I)}k

N—o

(78)

where the vectoC represents an N-term approximation ©f,
and consequentlZ, can be represented as

(79)

where the vectol represents an approximation for the coeffiobtained assuming that the external excitation functi¢r) can
cientsL, for large values olN. The functioné(t) can then be be represented as

written as "
N U= 2 fidt) te[0bly .
o(t)= lim Lié&(t) te[0b] (73)
N—ock=—N For the particular solution, Eq72) can be written as
and assuming that the [+ 1) X (2N+ 1) matrix Q is invertible, u(b)
L can be obtained as b
u|l b— —)
L=Q"'b,N)® (74) 2N
2b
andL, can also be represented as ul b= 5N
L= lim {Q 1(b,N)®}, (75) :
N- 1(0)
| —
where{.}, represents thk'" element of the corresponding vector. "
Finally, Eq.(73) can be written as & n(b) En(D)
b b
N
. ng b__) §N bh— — f*N
6= lim > {0 Yb,N)®L&(N) te[0b]  (76) 2N NI v
Noe N - 2b N
N _ _ & n b—ﬁ En b—ﬁ :
Coefficients of homogeneous and particular solutions of the de- ' ' .
lay differential equations can be evaluated using the approach : : Iy
presented. For the homogeneous solution, the preshape function £ .(0) £4(0) f
@(t) can be written as L - w(
Q(b,N)

$(= 2 C&(t) te[0T] (77)

consequentlyf, can be represented as

where &,(t) = eWT Wd(—aT¢*N=A)t for the delay equation in Eq.
(3), andg,(t) = em Wk(=«Dt for the delay equation in E¢3) with
B=0. For the homogeneous solution E@2) can be written as
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fo= lim {Q~1(b,N)u},
N—o
b—o

(80)

(81)

where vectorf represents an N-term approximation fyf, and

(82)

Transactions of the ASME



References erative Machine Tool Chatter,” Journal of Machine Tools and Manufacture,
. . o ) i 38(7), pp. 783-798.
. (C)l)gni(r:c’)lNo.f’ gligzg'ult::.t’! g(;ss‘teelz(m'\sﬂuz::% %i?;;gld l\lgéstaggc’)r /\mr\wleA\élcbégr'nggls] Olgac, N., and Sipahi, R., 2002, “An Exact Method for the Stability Analysis
Feedback,” ASME J. Dyn. Syst., Meas., Contrblg, pp. 380—389. g;?me—Delayed LTI Systems,” IEEE Trans. Autom. Contrd¥(5), pp. 793—

[2] Gorecki H., Fuksa, S., Grabowski, P., and Korytowski, A., 1988alysis and 14 . o . .
Synthesis of Time Delay Systeishn Wiley and Sons, PWN-Polish Scientific [14] Lam, J., 1991, “Balanced Realization of Pade Approximants df' (All-Pass

Publishers-Warszawa. Case,” IEEE Trans. Autom. Control36(9), pp. 1096—-1110.
[3] Abdelrahman, M., Moore, K. L., and Naidu, D. S., 1996, “Generalized Smith[15] Lam, J., 1993, “Model Reduction of Delay Systems Using Pade Approxi-
Predictor for Robust Control of Nuclear Reactors with Time Delaysgc. of mants,” Int. J. Control57(2), pp. 377-391.
the ANS International Topical Meeting on Nuclear Plant Instrumentation [16] Golub, G. H., and Van Loan, C. F., 198@atrix ComputationsJohns Hopkins
Pittsburgh, PA, pp. 1-6. Univ. Press, Baltimore.
[4] Asl, F. M., Ulsoy, A. G., and Koren, Y., 2000, “Dynamic Modeling and Sta- [17] Guglielmi, N., and Hairer, E., 1999, “Order Stars and Stability for Delay
bility of the Reconfiguration of Manufacturing System&foc. of Japan-USA Differential Equations,” Numer. Math83(3), pp. 371-383.
Symp. on Flexible AutomatipAnn Arbor, MI. [18] Falbo, C. E., 1995, “Analytic and Numerical Solutions to the Delay Differen-
[5] Asl, F. M., and Ulsoy, A. G., 2002, “Capacity Management in Reconfigurable tial Equations,”Joint Meeting of the Northern and Southern California Sec-
Manufacturing Systems with Stochastic Market DemandSME Int. Me- tions of the MAASan Luis Obispo, CA.
chanical Engineering Congress and ExpositioNew Orleans, LA.. [19] Wright, E. M., 1946, “The Non-Linear Difference-Differential Equation,” Q.
[6] Sellman, R., and Cooklf, K. L., 196Bifferential-Difference EquationsAca- J. Math., 17, pp. 245-252.
emic Press, New York. ) ) 20] Wright, E. M., 1948, “The Linear Difference-Differential Equation With As-
[7] Smith, O. J., 1957, “Closer Control of Loops with Dead Time,” Chem. Eng. (20] ymgtotically Constant Coefficients,” Am. J. MattZ0(2), pp. 221—238.

Prog.,53, pp. 217-219.

[8] Ulsoy, A. G., 1998, “Dynamic Modeling and Control of Machining Pro-
,” Chap. 2, pp. 33-5B ics of Material P i d Manufac- ; o o .
fuer?r?gsby Flag. Mo%’; John V)\//ri}zg”lg:sdosonz;ena rocessing and Manufac [22] Euler, L., 1777, “Deformulis exponentialibus replicatis,” Leonardo Euleri Op-

[9] Chen, S. G., Ulsoy, A. G., and Koren, Y., 1997, “Computational Stability ___ €ra Omnia.l(15), pp. 268-297. , ‘
Analysis of Chatter in Turning,” ASME J. Manuf. Sci. End194), pp. 457— [23] Caratheodory, C., 1954 heory of Functions of a Complex Variablehelsea,

[21] Lambert, J. H., 1758, “Observationes Varies in Mathesin Purahtta Hel-
vetica, Physico-mathematico-anatomico-botanico-medcap. 128—168.

460. New York, 1954.
[10] Arnold, R. N., 1946, “The Mechanism of Tool Vibration in the Cutting of [24] De Bruijn, N. G., 1961 Asymptotic Methods in Analysislorth-Holland.
Steel,” Proc. Inst. Mech. Eng154(126), pp. 261-284. [25] Graham R. L., Knuth, D. E., and Patashnik, O., 199dncrete Mathematics

[11] Pakdemirli, M., and Ulsoy, A. G., 1997, “Perturbation Analysis of Spindle Addison-Wesley.
Speed Variation in Machine Tool Chatter,” J. Vib. Contra(3), pp. 261-278.  [26] Corless, R. M., Jeffrey, D. J., and Knuth, D. E., 1997, “A Sequence of Series
[12] Olgac, N., and Hosek, M., 1998, “New Perspective and Analysis for Regen- for the Lambert Function,Proc. ISSAC '97 Maui, pp. 197-204.

Journal of Dynamic Systems, Measurement, and Control JUNE 2003, Vol. 125 / 223



