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Analysis of a System of Linear
Delay Differential Equations
A new analytic approach to obtain the complete solution for systems of delay differe
equations (DDE) based on the concept of Lambert functions is presented. The sim
with the concept of the state transition matrix in linear ordinary differential equatio
enables the approach to be used for general classes of linear delay differential equa
using the matrix form of DDEs. The solution is in the form of an infinite series of mo
written in terms of Lambert functions. Stability criteria for the individual modes, f
response, and forced response for delay equations in different examples are studie
the results are presented. The new approach is applied to obtain the stability region
the individual modes of the linearized chatter problem in turning. The results prese
necessary condition to the stability in chatter for the whole system, since it only en
the study of the individual modes, and there are an infinite number of them that contr
to the stability of the system.@DOI: 10.1115/1.1568121#
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Introduction
Delays are inherent in many physical and engineering syste

In particular, pure delays are often used to ideally represent
effects of transmission, transportation, and inertial phenome
Delay differential equations~DDEs! constitute basic mathematica
models for real phenomena, for instance in engineering, mec
ics, and economics. This paper presents a new analytic appro
based on Lambert functions, for the solution of a system of n
homogeneous linear DDEs and its applications in the stab
analysis of the linear chatter problem.

There are applications of delay in active vibration and no
control @1#. Some other applications of delay differential syste
in modeling and analysis are reported in@2# for conveyor belts,
metal rolling system, population models, economic systems,
mote control, urban traffic, electric transmission line, heat
changers, control systems for nuclear reactors with time delay@3#,
artificial nueral networks, manufacturing systems@4#, and capac-
ity management@5#.

Delay differential equations, also known asdifference-
differential equations, are a special class of differential equatio
called functional differential equations. Delay differential equ
tions were initially introduced in the 18th century by Laplace a
Condorcet@2#. However, the rapid development of the theory a
applications of those equations did not come until after the Sec
World War, and continues today. The basic theory concerning
stability of systems described by equations of this type was de
oped by Pontryagin in 1942. Important works have been writ
by Bellman and Cooke in 1963@6#, Smith in 1957@7#, Pinney in
1958, Halanay in 1966, El’sgol’c and Norkin in 1971, Myshkis
1972, Yanushevski in 1978, Marshal in 1979, and Hale in 19
The reader is referred to the detailed review in@2#.

An important application of delay equations is the reduction
chatter in machining processes. Machine tool chatter is one o
major constraints that limits productivity of the machining pr
cesses. Chatter is a self-excited vibration, which is a result of
interaction between the tool structure and the cutting process
namics@8# and @9#. Extensive research has been done on und
standing the mechanisms behind the chatter problem in mac
ing. The fundamentals of chatter are outlined in@10#, and a survey
of the previous research can be found in@11#. A root-locus-based
approach to the stability problem of delay differential equatio
and a discussion on regenerative machine tool chatter is prese
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in @12#, and an exact methodology, which reveals stability regio
for a system of linear delay differential equations in the time de
domain and indicates the number of unstable characteristic r
in any given stability region, is presented in@13#.

The delay operator~1! can be expressed in the form of a
infinite series. The principal difficulty in studying delay differen
tial equations lies in its special transcendental character. D
problems always lead to an infinite spectrum of frequencies.
determination of this spectrum requires a corresponding dete
nation of zeros of certain analytic functions. If one is interes
only in connections between the theory and problems of osc
tions, then most of these difficulties can be set aside, sinc
might not be the entire infinite spectrum of frequencies, but on
few of them that are actually responsible for the appearance
these oscillations. This can simplify the problem considerab
One of the approximation methods of this kind is the well-know
Padéapproximation, which results in a shortened repeating fr
tion for the approximation of the characteristic equation of t
delay @14–16#.

Another approach to the delay problem is not to approxim
the delay, but to look at the problem with the entire delay sp
trum. Delay differential equations are often solved using num
cal methods, asymptotic solutions, and graphical tools. Apply
Runge-Kutta methods to obtain at~0!-stable numerical algorithm
to solve homogenuous linear DDEs is studied in@17#. Many re-
search studies have attempted to find asymptotic solutions u
perturbation methods for the chatter problem. For example, sta
ity analysis of machine tool chatter using perturbation meth
can be found in@11#. Another stability analysis of a similar chatte
problem using complex analysis can be found in@9#. One of the
early approaches which deals with the design of control syst
with delay is the so calledSmith predictorpresented by O.J. Smith
in his seminal paper in 1957@7#. The Smith predictor converts th
problem into a delay free one. This simplifies the control des
by alleviating the rational time delay approximation problem.

Several attempts have been made to find an analytical solu
for delay differential equations by solving its characteristic eq
tion under different conditions. A recent related study on analy
solution of linear DDEs can be found in@18#. A Fourier-like
analysis of the existence of the solution and its properties for
nonlinear DDEs is studied by Wright@19#. Similar approaches to
linear and nonlinear DDEs are also reported by Bellman@6#. The
uniqueness of the solution and its properties for the linear DD
with varying coefficients is studied by Wright@19#. Solution prop-
erties for the linear DDEs with asymptotically constant coe
cients are also studied by Wright in@20#.

In this paper, a new approach to solve the transcendental c
acteristic equation of a system of DDEs, based upon a clas

ary
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functions called Lambert functions, is presented. The advan
of this approach compared to other available analytical solu
techniques lies in the fact that the form of the solution obtain
is analogous to the general solution form of ordinary differen
equations, and the concept of the state transition matrix in OD
can be generalized to DDEs using the concept of Lamb
functions. The solution technique is first presented for a sc
first-order linear DDE, then generalized to find the compl
solution to general classes of linear delay differential equatio
The method is then used to study a machine tool linear cha
problem.

First-Order Problem
A pure time delay, an essential element in the modeling

description of delay systems, has the property that input and
put are identical in form, and the only difference is that of tran
lation along the time axis. The transfer function representin
delay operator with delay timeT can be represented by,

G~s!5
X~s!

U~s!
5e2sT (1)

where the inputu(t) results in a responsex(t) equal to u(t
2T). In many complex systems, such as feedback control
tems, there will be more than one delay. These delays may be
example, in measurement at the output, in control at the inpu
in the feedback path.

It was stated earlier that DDEs are a special case of a clas
differential equations called functional differential equations.
general homogeneous first order functional differential equatio
given by:

ẏ~ t !5 f ~ t,y~ t !,y~z~ t !!! (2)

This type of equation is useful in modeling various complex p
nomena in which the change in a quantity is dependent upon
the quantity is affected by some other mechanism. Linearizing
time-invariant form of Eq.~2! with respect toy and defining the
function z(t)5t2T results in a simple form of a homogeneo
first order delay differential equation as represented by the bou
ary value problem:

ẏ~ t !1ay~ t2T!1by~ t !50 T.0

y~ t !5f~ t ! tP@0,T# (3)

for all cases of the constantsa, b, andT. The interval@0,T# is
called thepre-interval and f(t) is called thepreshape function,
which corresponds to the initial configuration ofy(t) on the pre-
interval. As expected from first-order differential equations,
solution exhibits exponential growth or decay. What is, perha
unexpected is that this first-order problem may also have solut
that are oscillatory or even unstable. The nature of each solu
depends heavily upon the relationship between the values ofa, b,
andT as well as the preshape functionf(t).

The theorems of existence and uniqueness of the solution to
~3! for the special case withb50 are given in@18#, and for the
general case in@6#. Assuming a candidate solution in the form
y(t)5Cest, and substituting it into Eq.~3!, we get the nonlinear
transcendental characteristic equation;

F~s!5~s1b!esT1a50 (4)

The difficulty in the analysis of the DDEs lies in finding an an
lytic method to solve this transcendental equation.

To solve Eq.~4!, a new approach based upon a class of fu
tions, W(s), called Lambert functions, is presented. By a defi
tion presented in 1758 by Lambert@21# and Euler@22#, every
function W(s) that satisfies

W~s!eW(s)5s (5)
216 Õ Vol. 125, JUNE 2003
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is called a Lambert function. This concept is applied to solve
transcendental characteristic equation of the delay differen
equation. Equation~4! can be written as:

~s1b!esT52a (6)

Multiplying both sides of Eq.~6! by TebT, yields

T~s1b!e(s1b)T52aTebT (7)

Based on the definition of the Lambert function in Eq.~5!, it is
clear that

W~2aTebT!eW(2aTebT)52aTebT (8)

Comparing Eqs.~7! and ~8!

T~s1b!5W~2aTebT! (9)

Thus, the solutions of the equation which describe the charac
istic spectrum of Eq.~3! can be written as

s5
1

T
W~2aTebT!2b (10)

Similarly, the solution of the characteristic equation for the si
plest form of linear DDE whereb50 is

s5
1

T
W~2aT! (11)

In the most general form, the Lambert function is a complex fu
tion with infinite branches. Calculation of the principal branch
presented in series form by Caratheodory@23# and given below:

W0~s!5(
n51

`
~2n!n21

n!
sn (12)

Calculation of other branches of the Lambert function, fork
52`, . . . ,̀ , is presented by@24#

Wk~s!5 lnk~s!2 ln~ lnk~s!!1(
l 50

`

(
m51

`

Clm

~ ln~ lnk~s!!!m

~ lnk~s!! l 1m

(13)

where lnk(s)5ln(s)12pik indicates thek-th logarithm branch, and
the coefficientsClm can be expressed in terms of Stirling Cyc
numbers@25#:

Clm5
1

m!
~21! lF l 1m

l 11 G (14)

A detailed discussion of the convergence of these doubly infi
series and algorithms to calculate them are presented in@26#.

Fig. 1 Roots of the characteristic equation in Eq. „11… when
aÄTÄ1, and bÄ0
Transactions of the ASME
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For Eq.~3! with the values ofT51, a51, andb50, the first 30
roots of the characteristic equation are shown on the comp
plane in Fig. 1. Each pair of complex roots are derived using
corresponding branches of the Lambert function. As shown,
critical poles closest to the imaginary axis, which determine
stability of the system, correspond to the principal branch in E
~12!. Using Eqs.~11! and ~12!, it can be observed that instability
occurs wheneveraT.p/2. This relationship leads us to exactl
determine the stability condition for the first order DDE with r
spect to the variation of its parametersa and T. This stability
criteria is associated with the stability of the principal root of t
characteristic equation~11!, and it is shown in Fig. 2. Note tha
similar curves for other roots of this equation can also be
tained. However, they lie above the curve shown in Fig. 2 for
principal root and do not affect the shape or size of the sta
region in thea2T plane. However, as it will be seen subs
quently, this is not necessarily true for the systems with high
order dynamics; more steps need to be taken to study the stab
of these systems. Considering the behavior of the principal r
for the characteristic equation~10!, the stability condition for this
delay differential equation with respect to the variation of all
parametersa, b, andT is shown in Fig. 3. It should be noticed
that small values ofa, and large values ofb, move the equation
toward stable region, and higher delay timeT is required to move
to the unstable region.

The complete homogeneous solution for Eq.~3!, using the re-
sults in Eq.~10!, can be written as:

y~ t !5 (
k52`

`

Cke
(1/T Wk(2aTebT)2b)t (15)

Fig. 2 Stability criteria for DDE in Eq. „3… with bÄ0

Fig. 3 Stability criteria for the generalized first order DDE in
Eq. „3…
Journal of Dynamic Systems, Measurement, and Control
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for any acceptable choice ofCk corresponding to a specified pre
shape function. The values ofCk can be obtained using th
method presented in the Appendix and consideringjk(t)

5e(1/T Wk(2aTebT)2b)t, which yields:

y~ t !5 (
k52`

`

lim
N→`

$V21~T,N!F%ke
(1/T Wk(2aTebT)2b)t (16)

whereV(T,N) is defined in the Appendix as a matrix with th
functionsjk(t) as its elements, and$.%k represents thekth element
of the corresponding vector. The vectorF contains the preshap
function evaluated intP@0,T# as its elements.

As a numerical example, the methodology represented in
Appendix is used to find the general solution for this delay diff
ential equation with given parameter values. The behavior of
modes (j1(t),j2(t), andj3(t)) for this solution for the paramete
values ofa51, b51, andT51 is shown in Fig. 4. The preshap
function is assumed to be

f~ t !51 tP@0,T# (17)

whereT51. The general homogeneous solution for this equat
consideringf(t)51 is shown in Fig. 5. As shown in the figure
using the methodology presented in the Appendix,y(t) converges
for large values ofN. Fig. 6 also shows the convergence of t
solution and the required minimum value for the number of ite
tions N needed for convergence. Different solution responses
this equation for different values of the time delayT are shown in
Fig. 7.

Similarly, the homogeneous solution to the simplest first or
homogeneous DDE forb50 can be written as,

y~ t !5 (
k52`

`

Cke
1/T Wk(2aT)t (18)

for any acceptable choice ofCk which are derived based on th
preshape function in Eq.~3! ~see Appendix!,

y~ t !5 (
k52`

`

lim
N→`

$V21~T,N!F%ke
1/T Wk(2aT)t (19)

where againV(T,N) is defined in the Appendix as a matrix wit
the functionsjk(t)5e1/T Wk(2aT)t as its elements.

It can be observed that the form of the solution obtained
Eq. ~18! can be compared to the general solution form
the first-order linear ordinary differential equation. The soluti
y(t) shown in Eq.~18! is a linear combination of the infinite
numbers of modese1/T Wk(2aT)t, which characterize the dela
equation. Note that the modes, based on the Lambert functi

Fig. 4 Principal „kÄ0…, second „kÄ1…, and third „kÄ2…
modes in the free solution form for Eq. „15…
JUNE 2003, Vol. 125 Õ 217
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Wk(2aT), play a role similar to the state transition matrix fo
linear ODEs. This property can then be used to extend the solu
to the more general vector-matrix cases of systems of lin
DDEs. This will be presented in a subsequent section.

The non-homogeneous version of the delay differential eq
tion ~3! can be written as

ẏ1ay~ t2T!1by~ t !5u~ t !
(20)

y~ t !5f~ t ! tP@0,T#

whereu(t) is a continuous function representing the external e
citation to the delay equation, and it can be written as,

u~ t !5 (
k52`

`

f kck~ t ! (21)

whereck(t) are any given orthonormal functions, and the coef
cients f k can be obtained using Fourier integrals. In the case t

ck(t)5e(1/T Wk(2aTebT)2b)t, which are not orthonormal functions
the corresponding coefficients can be obtained using the met
ology given in the Appendix,

f k5 lim
N→`
b→`

$V21~b,N!u%k (22)

whereu is a vector withu(t) as its elements fortP@0,b# ~see
Appendix!. The Lambert mode of the Eq.~3! is jk(t)

5e(1/T Wk(2aTebT)2b)t with properties:

j̇k~ t !5S 1

T
Wk~2aTebT!2b D jk~ t !

(23)

j~ t2T!5e2(1/T Wk(2aTebT)2b)Tjk~ t !

Fig. 5 Free solution for Eq. „15… for large values of N and pa-
rameter values aÄ1, bÄ1, and TÄ1
218 Õ Vol. 125, JUNE 2003
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To obtain the particular solution to Eq.~20!, assume the solution
form

yp~ t !5 (
k52`

`

pk~ t !e(1/T Wk(2aTebT)2b)t (24)

Differentiatingyp(t) with respect to time yields

ẏp~ t !5 (
k52`

`

ṗk~ t !jk~ t !1 (
k52`

`

pk~ t !F1

T
Wk~2aTebT!2bGjk~ t !

(25)
Multiplying the terms inside the summation in the second te

on the right hand side of Eq.~25! by (e2Wk(2aTebT)1bT)/

(e2Wk(2aTebT)1bT) and using the properties in Eq.~23! yields

(
k52`

`

pk~ t !jk~ t2T!F1

T
Wk~2aTebT!2bGeWk(2aTebT)e2bT

(26)
or

(27)

and therefore,

Fig. 6 Convergence of the free solution for Eq. „15… for large
values of N and parameter values aÄ1, bÄ1, and TÄ1

Fig. 7 Free solution for Eq. „15… for different values of time
delay with aÄ1, bÄ1, and TÄ0,0.5,1,2,4
Transactions of the ASME
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Assuming thepk(t), have the property

pk~ t2T!5pk~ t ! (29)

reduces Eq.~28! to the form

2ayp~ t2T!2byp~ t ! (30)

Substituting this back into the second term on the right hand s
of Eq. ~25! yields

ẏp~ t !5 (
k52`

`

ṗk~ t !jk~ t !2ayp~ t2T!2byp~ t ! (31)

and this leads to

u~ t !5 (
k52`

`

ṗk~ t !e(1/T Wk(2aTebT)2b)t (32)

and from Eqs.~21!, ~22!, and~32! one obtains

pk~ t !5E
0

t

lim
N→`
b→`

$V21~bt ,N!u%kdt (33)

whereV(bt ,N) is defined in the Appendix as a matrix with th

functionsjk(t)5e(1/T Wk(2aTebT)2b)t as its elements. The particu
lar solution can then be written as

yp~ t !5 (
k52`

` S E0

t

lim
N→`
b→`

$V21~bt ,N!u%kdt D jk~ t ! (34)

and the total solution is given by:

y~ t !5S (
k52`

`

Ckjk~ t !D
1 (

k52`

` S E0

t

lim
N→`
b→`

$V21~bt ,N!u%kdt D jk~ t ! (35)

Similar results can be obtained for the simplest form of line
DDE whereb50 in Eq. ~20!. For brevity, only the results are
presented here:

Fig. 8 Complete solution for Eq. „20… for a unit step input and
parameter values aÄ1, bÄ1, and TÄ1
Journal of Dynamic Systems, Measurement, and Control
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y~ t !5S (
k52`

`

Ckjk~ t !D
1 (

k52`

` S E0

t

lim
N→`
b→`

$V21~bt ,N!u%kdt D jk~ t ! (36)

or

y~ t !5 (
k52`

` FCk1E
0

t

lim
N→`
b→`

$V21~bt ,N!u%kdtGe1/T Wk(2aT)t

(37)

Please note that Eq.~35! is identical to Eq.~36! except for their
corresponding Lambert modes,jk(t), as elements of the matrix
V(bt ,N). The complete solution for Eq.~20! with a unit step
input for parameter valuesa51, b51, and T51, is shown in
Fig. 8.

Generalization to Systems of DDEs. A further generaliza-
tion of Eq. ~3! is the matrix form

ẏ~ t !1Ay~ t2T!1By~ t !50 (38)

whereA andB aren3n matrices, andy(t) is ann31 vector. The
characteristic equation can be written in matrix form as

sI1Ae2sT1B50 (39)

or

sIesT52A2BesT (40)

whereI is the identity matrix. Multiplying both sides of the equa
tion by T,

~sT!IesT5~2A!T2BTesT (41)

It can be shown that

I ~esT!5e(sT)I (42)

and

A~esT!5AI e(sT)5Ae(sTI ) (43)

substituting Eqs.~42! and ~43! into Eq. ~41!,

~sT!Ie(sT)I5~2A!T2BTesTI (44)

and

~sI1B!Te(sT)I5~2A!T (45)

Multiplying both sides byeBT,

~sI1B!Te(sI1B)T5~2A!TeBT (46)

One can define the generalized matrix form of the Lamb
function as

W~2A!eW(2A)52A (47)

whereW~2A! is a squaren3n matrix and the branches for thi
generalized matrix form of the Lambert function are obtained

Wk~2A!5 ln~2A!12p ikI2 ln~ ln~2A!12p ikI !

1(
l 50

`

(
n51

`

Cln lnn~ ln~2A!12p ikI !~ ln~2A!

12p ikI !2 l 2n (48)

for k52` . . . `.
Considering Eq.~46!, and using the definition of the genera

ized Lambert function in Eq.~47! yields

~sI1B!T5W~2ATeBT! (49)

and the characteristics roots are
JUNE 2003, Vol. 125 Õ 219
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sI5
1

T
W~2ATeBT!2B (50)

In the special case whereB50, the result becomes

sI5
1

T
W~2AT! (51)

The roots of the characteristic equation~Eq. ~39!! are the eigen-
values of the matrix 1/T W(2ATeBT)2B, and describe the sta
bility of the vector delay differential equation. The roots from t
general equation~50! can be obtained using the same approach
diagonalizing the matrix2ATeBT. The free solutiony(t) can then
be described as;

y~ t !5 (
k52`

`

e(1/T Wk(2ATeBT)2B)tCk (52)

where the Ck values aren31 vectors determined from th
preshape-function states.

As a specific example, consider a simple 232 vector DDE:

ẏ1~ t !1y1~ t2T!50
(53)

ẏ2~ t !1y1~ t2T!13y2~ t2T!50

or

ẏ~ t !1F1 0

1 3Gy~ t2T!50 (54)

The diagonalized and modal matrices for matrix

A5F1 0

1 3G
are

L5F3 0

0 1G
and

V5F0 0.89

1 20.44G .
The matrix Lambert functionW~A! can be computed from

W~A!5VW~L!V21 (55)

where fork50

W~L!5FW~3! 0

0 W~1!
G5F1.04 0

0 0.56G (56)

and therefore,

W~A!5VF1.04 0

0 0.56GV215F0.56 0

0.24 1.04G (57)

It is easy to verify thatW(A)eW(A)5A.
The homogeneous solutiony(t) can then be described, in

form similar to the free solution in terms of the state transiti
matrix in ODEs, as

y~ t !5 (
k52`

`

e1/T Wk(2AT)tCk (58)

where theCk values aren31 vectors determined from the pre
shape function states. For the example vector DDE in Eq.~53!,
choosingT50.1, the solution

y~ t !5Fy1~ t !
y2~ t !G

can be obtained:
220 Õ Vol. 125, JUNE 2003
e
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y~ t !5 . . . 1e1/T W21(2AT)tC211e1/T W0(2AT)tC0

1e1/T W1(2AT)tC11 . . . (59)

or,

y~ t !5 . . . 1eF244.49273.07i 0

5.7420.64i 233274.36i G t @
C

21
2

C21
1

#

1eF21.11 0

21.88 24.89G t @
C

0
2

C0
1

#

1eF244.49173.07i 0

5.7410.64i 233174.36i G t @
C

1
2

C1
1

#1 . . . (60)

where the dominant modes of the equation’s behavior aree21.11t

ande24.89t, which are stable modes associated with the princi
branch~i.e.,W0(2AT)). The non-complex form of the first mod
(k561) is a linear combination of e244.49t sin(73.07t),
e244.49t cos(73.07t), e233t sin(74.36t), ande233t cos(74.36t).

The non-homogeneous matrix form of the delay different
equation can be written as

ẏ~ t !1Ay~ t2T!1By~ t !5B̃u~ t ! (61)

where B̃ is an n3r matrix, andu(t) is a r 31 vector. The par-
ticular solution to Eq.~61!, similar to the scalar case, can b
written as:

yp~ t !5 (
k52`

`

@e(1/T Wk(2ATeBT)2B)t#

3S E0

t

lim
N→`
b→`

$V21~bt ,N!B̃u%kdt D (62)

where V is a square compound matrix containingjk(t)

5e(1/T Wk(2ATeBT)2B)t as its elements, andB̃u is a compound vec-
tor with B̃u(t) as its elements.

The complete solution is given by the superposition of Eq.~62!
and the homogeneous solution presented in Eq.~52!,

y~ t !5F (
k52`

`

e(1/T Wk(2ATeBT)2B)tCkG
1 (

k52`

`

@e(1/T Wk(2ATeBT)2B)t#

3S E0

t

lim
N→`
b→`

$V21~bt ,N!B̃u%kdt D (63)

The general results given in Eqs.~52! and~63! can be used in a
wide variety of applications. One of the interesting engineer
applications in which these analytical tools can provide a be
understanding of the system is the chatter problem describe
the next section.

Machining Chatter Example
As an example of applying the presented approach to a prac

problem, consider a simple turning problem resulting in a sin
degree of freedom linear chatter equation linearized about
equilibrium point such as a steady cutting condition. The line
ized model is expressed by a set of linear time invariant de
differential equations@9#. The stability of such a linearized mode
can be used to determine the conditions for the onset of cha
but does not capture the amplitude limiting nonlinearities ass
ated with chatter vibrations. The linearized chatter equation ca
expressed in state space form as represented in@9#:
Transactions of the ASME
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d~dx!

dt
5Bdx~ t !1Adx~ t2T! (64)

where T is the time needed for one spindle revolution in t
turning process,B andA are the linearized coefficient matrices
the process model and are functions of the machine-t
workpiece structural parameters such as natural frequency, da
ing, and stiffness. Comparing Eq.~64! with Eq. ~38! demonstrates
the similarity of the two equations and this suggests the oppo
nity to apply the results presented in solving chatter equatio
Considering a one-degree-of-freedom dynamic system with
parameters provided in@9#, and definingdx5@ ẋ

x#, Eq. ~64! can be
written as

d~dx!

dt
5F 0 1

2S 11
Kc

Km
Dvn

2 22zvn
G dx~ t !

1F 0 0

m
Kc

Km
vn

2 0G dx~ t2T! (65)

whereB andA are

B5F 0 1

2S 11
Kc

Km
Dvn

2 22zvn
G

(66)

A5F 0 0

m
Kc

Km
vn

2 0G
Applying the results obtained in the previous sections, the ro
of the characteristic equations for Eq.~65! can be written using
Eq. ~50! as

sI5
1

T
W~ATe2BT!1B (67)

The stability conditions are obtained by finding the roots of
characteristic equation:

detH sI2F1

T
W~ATe2BT!1BG J 50 (68)

This equation, for each branch of Lambert functio
(k52` . . . ,21,0,1, . . .`!, has two roots. It is shown in@12# that
there are two distinct pairs of characteristic roots dictating

Fig. 9 Stability lobes for the chatter equation
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stability of the system. Stability lobes for the roots associated w
the three branches of the Lambert function (k521,0,1) given by
the equations above where,z50.05,vn5150, andm51, are ob-
tained numerically using Eq.~68! and shown in Fig. 9. It needs to
be emphasized that these lobes represent the stability condi
for the six related roots associated withk521,0,1 only, and the
stability of the whole system depends on all the roots of the i
nite spectrum. However, considering the results in@12#, the simu-
lation results shown in Fig. 9 indicate that the stability of t
system is dominated by the two distinct roots associated with
principal branch of the Lambert function (k50).

Furthermore, the methodology presented here can yield
closed form solution to the linearized chatter delay differen
equation~65!. The results presented in Eq.~52! can be used to
express the closed form solution to the homogeneous ch
equation~64! as;

dx~ t !5 (
k52`

`

e(1/T Wk(ATe2BT)1B)tCk (69)

whereB and A are shown in Eq.~66! and theCk values aren
31 vectors representing the preshape function states.

Summary and Conclusions
In this paper, a new approach for the stability analysis, f

solution, and forced solution of systems of linear delay differen
equations has been presented. The solution obtained using L
bert functions is in a form analogous to the state transition ma
in systems of linear ordinary differential equations. A generaliz
matrix Lambert function is then introduced to solve systems
linear delay differential equation in vector-matrix form. Stabili
analysis, free response and forced response for several cas
DDEs based on their parameters is presented in the paper b
on this new solution approach. As an example, The new appro
is applied to find an analytic solution to a linear machine to
chatter problem, and its stability lobe for the three branches of
Lambert function is obtained.

The main advantage of the presented analytical approach i
ability to provide a closed form solution to systems of homog
neous linear delay differential equations in a compact form sim
to systems of ordinary differential equations. The solution is in
form of an infinite series of modes, which are expressed in te
of Lambert functions. It provides a tool to study the behavior
the individual modes of the equation. The solution, however
presented by a linear combination of all the modes in the form
an infinite series. A numerical approximation to this infinite ser
can be computed by the methodology presented in the Appen
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Appendix
Any given continuous functionu(t) can be represented as a

infinite series using the Lambert coefficients,Lk , and the Lambert
modes,jk(t)

u~ t !5 (
k52`

`

Lkjk~ t ! tP@0,b# (70)

where the Lambert modes,jk(t) are the modes generated by th
solutions of the delay differential equations, andb can go to in-
finity (b→`).

To find the values of the coefficientsLk , assume that the mos
dominant modes are the firstN modes whereN is a large number
(N→`), and that the function can be approximated by,
JUNE 2003, Vol. 125 Õ 221
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u~ t !' (
k52N

N

Lkjk~ t ! tP@0,b# (71)

By dividing the interval@0,b# into 2N divisions, Eq.~71! can be
written as,

(72)

where the vectorL represents an approximation for the coef
cients Lk for large values ofN. The functionu(t) can then be
written as

u~ t !5 lim
N→`

(
k52N

N

Lkjk~ t ! tP@0,b# (73)

and assuming that the (2N11)3(2N11) matrixV is invertible,
L can be obtained as

L5V21~b,N!Q (74)

andLk can also be represented as

Lk5 lim
N→`

$V21~b,N!Q%k (75)

where$.%k represents thekth element of the corresponding vecto
Finally, Eq. ~73! can be written as

u~ t !5 lim
N→`

(
k52N

N

$V21~b,N!Q%kjk~ t ! tP@0,b# (76)

Coefficients of homogeneous and particular solutions of the
lay differential equations can be evaluated using the appro
presented. For the homogeneous solution, the preshape fun
f(t) can be written as

f~ t !5 (
k52`

`

Ckjk~ t ! tP@0,T# (77)

where jk(t)5e(1/T Wk(2aTebT)2b)t for the delay equation in Eq
~3!, andjk(t)5e1/T Wk(2aT)t for the delay equation in Eq.~3! with
b50. For the homogeneous solution Eq.~72! can be written as
222 Õ Vol. 125, JUNE 2003
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(78)

where the vectorC represents an N-term approximation ofCk ,
and consequentlyCk can be represented as

Ck5 lim
N→`

$V21~T,N!F%k (79)

The particular solution for the delay differential equation
obtained assuming that the external excitation functionu(t) can
be represented as

u~ t !5 (
k52`

`

f kjk~ t ! tP@0,b#b→` (80)

For the particular solution, Eq.~72! can be written as

(81)

where vectorf represents an N-term approximation off k , and
consequentlyf k can be represented as

f k5 lim
N→`
b→`

$V21~b,N!u%k (82)
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