
The roles of toughness and cohesive
strength on crack deflection at

interfaces

J. P. Parmigiani1∗ and M. D. Thouless1,2

1Department of Mechanical Engineering
2Department of Materials Science & Engineering

University of Michigan
Ann Arbor, MI 48109

August 30, 2005

Abstract
In order to design composites and laminated materials, it is necessary to

understand the issues that govern crack deflection and crack penetration at
interfaces. Historically, models of crack deflection have been developed using
either a strength-based or an energy-based fracture criterion. However, in gen-
eral, crack propagation depends on both strength and toughness. Therefore, in
this paper, crack deflection has been studied using a cohesive-zone model which
incorporates both strength and toughness parameters simultaneously. Under
appropriate limiting conditions, this model reproduces earlier results that were
based on either strength or energy considerations alone. However, the general
model reveals a number of interesting results. Of particular note is the apparent
absence of any lower bound for the ratio of the substrate to interface tough-
ness to guarantee crack penetration. It appears that, no matter how tough
an interface is, crack deflection can always be induced if the strength of the
interface is low enough compared to the strength of the substrate. This may
be of significance for biological applications where brittle organic matrices can
be bonded by relatively tough organic layers. Conversely, it appears that there
is a lower bound for the ratio of the substrate strength to interfacial strength,
below which penetration is guaranteed no matter how brittle the interface. Fi-
nally, it is noted that the effect of modulus mismatch on crack deflection is
very sensitive to the mixed-mode failure criterion for the interface, particularly
if the cracked layer is much stiffer than the substrate.

∗Current address: Department of Mechanical Engineering, Oregon State University, Corvallis,
OR 97331
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1 Introduction

1.1 Contribution of crack deflection to toughening

Crack deflection and delamination at interfaces play a major role in the performance
of many composite systems. Brittle materials such as ceramics, concrete or epoxies
can be toughened by the addition of relatively brittle fibers, provided crack deflection
occurs at the interfaces between the fibers and the matrix. If crack deflection does
not occur, a crack propagating through the matrix will continue unimpeded when it
encounters the fiber. This results in little or no toughening, as relatively little energy
is dissipated by fracture of a brittle fiber. Conversely, if crack deflection does occur,
then the crack is effectively blunted. Furthermore, if the crack circumvents the fibers
and continues to propagate without penetrating them, the intact fibers left behind in
the crack wake bridge the crack surfaces (Fig. 1a). Significant contributions to tough-
ening can then be provided by energy that is dissipated by friction at the debonded
fiber-matrix interfaces [1, 2, 3, 4]. Similar effects occur during the fracture of compos-
ites reinforced by whiskers or particles [5, 6, 7], or of polycrystalline materials [8, 9].
Deflection along interfaces in these materials results in toughening by crack bridging,
frictional pull-out, or crack deflection [10, 11] (Fig. 1b).

Laminated composites provide another class of engineering materials for which
crack deflection at interfaces plays a crucial role in their mechanical properties [12,
13, 14, 15, 16] (Fig. 1c). Deflection along multiple interlaminar interfaces results in
dissipation of energy by the delamination process. In addition, cracks often need to
be re-initiated in undamaged plies in such materials; this process also contributes to
the strength of the composite. Deflection of cracks along the interfaces in single and
multilayer coatings (Fig. 1d) provides the same mechanism for protecting substrates,
which is of particular use in wear applications [17, 18].

Many natural materials are composites, and rely upon crack deflection to provide
exceptional levels of toughness [19, 20, 21, 22]. For example, wood consists of aligned
long, hollow cylindrical cells [23, 24], and common experience shows that attempts
to fracture wood perpendicular to its grain are hindered by crack deflection along
the grains. Shells of many animals provide examples of materials with exceptional
toughness created by combining a hard, brittle, inorganic mineral with a compliant
protein [25]. The protein exists at the interfaces between the mineral components,
and provides a bonding agent that can delaminate and dissipate energy when an
attempt is made to fracture the shell. It is clear that the balance between the organic
interface and inorganic matrix is highly optimized for the evolutionary purposes of
the shell.
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1.2 Previous analyses of crack deflection

The optimization of composites that exhibit crack deflection and interfacial delami-
nation requires an understanding of how the interfacial and bulk properties affect the
mechanics of the problem. The role of crack deflection at interfaces was first recog-
nized and analyzed about forty years ago by Cook and Gordon [26]. Their analysis
used a strength-based fracture criterion. They considered a matrix crack perpendicu-
lar to a fiber having identical elastic properties as the matrix. The matrix crack was
modeled as an ellipse with a very high aspect ratio, and the results of Inglis [27] were
used to investigate the stresses around the crack tip. Cook and Gordon [26] noted
that the maximum normal stress ahead of, and co-planar with, the crack is about five
times greater than the maximum normal stress perpendicular to the crack tip. Based
on this observation, they suggested that a fiber needs to be about five times stronger
than the interface between it and the matrix to prevent fiber fracture, and to allow
crack deflection to occur.

This concept was extended many years later by Gupta et al. [28], who used earlier
work [29, 30, 31] on the stress field around a sharp crack at bimaterial interfaces,
to look at the criterion for determining whether a crack at normal incidence to a
bimaterial interface would deflect or not. Comparisons between the maximum nor-
mal stress across the interface and the maximum normal stress ahead of the crack
allowed predictions to be made about whether deflection or penetration should occur.
For example, in an elastically homogeneous system, the results indicated that crack
deflection should occur if the material ahead of the crack is more than about three
and a half times stronger than the interface. While giving a slightly different value
for the ratio of the two strengths required for deflection, this result is consistent with
the earlier work of Cook and Gordon [26]. Furthermore, this work showed that crack
deflection along the interface becomes much less likely if the cracked matrix is stiffer
than the second phase, with crack deflection becoming essentially impossible if there
is a compliant second phase embedded in a rigid matrix. Conversely, the tendency
for crack deflection increases slightly when the second phase is stiffer than the matrix.

These analyses follow an Inglis [27] or strength-based approach to fracture. Both
analyses lead to design criteria for composites and laminates that are based on the ra-
tio of the strengths of the interface and second phase. An alternative approach using
interfacial fracture mechanics [32] follows that of Griffith [33] and others [34, 35, 36],
and is based on an energy criterion. Many authors have used linear-elastic fracture
mechanics to look at crack deflection from an energy perspective [37, 38, 39, 40, 41, 42].
These generally follow the approach of Cotterell and Rice [43], where the energy-
release rates of kinks at different angles ahead of a main crack are considered. The
ratio of the energy-release rates in different directions is taken to be proportional to
the critical ratio of the toughnesses required to trigger fracture in the different direc-
tions.
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Of particular note is the work by He and Hutchinson [37], with corrections [40, 39].
In their work, the problem of determining whether crack deflection or penetration oc-
curs when a crack impinges a bimaterial interface in a normal direction was examined
by comparing the energy-release rate at the tip of a small kink extending across the
interface, Gp, with the energy-release rate at the tip of a small kink deflected along
the interface, Gd (Fig. 2). The condition for crack deflection along the interface can
be written as

Γi

Γs

<
Gd

Gp

, (1)

where Γi is the toughness of the interface under the appropriate mixed-mode condi-
tions, and Γs is the toughness of the material (substrate) ahead of the interface. One
particularly well-known result is that when the elastic properties across the interface
are identical, and the kinks are vanishingly small, crack deflection occurs if the tough-
ness of the material on the other side of the interface is more than approximately four
times the mixed-mode toughness of the interface [37, 38].

1.3 Problem addressed in the present work

In the analyses described above, two different fracture criteria were used: a stress-
based criterion and an energy-based criterion. These lead to two different types of
material parameters forming the basis for design of interfaces. A stress-based frac-
ture criterion leads to the deflection-penetration criterion being expressed in terms
of the relative strengths of the interface and second phase. An energy-based fracture
criterion leads to the deflection-penetration criterion being expressed in terms of the
relative toughnesses of the interface and second phase. At the present time, there is
no crack deflection analysis that bridges these two historically distinct views of frac-
ture. It is this gap in the understanding of the mechanics of interfaces that motivated
the present study.

The cohesive-zone view provides a coherent analytical framework for fracture that
naturally incorporates both strength and energy criteria. Cohesive-zone modeling has
its origins in the early models of Dugdale [44] and Barenblatt [45] that considered the
effects of finite stresses at a crack tip. A cohesive-zone model incorporates a region
of material ahead of the crack (the “cohesive zone”) having a characteristic traction-
separation law that describes the fracture process. In a typical traction-separation
law, the tractions across the crack plane increase with displacement up to a maximum
cohesive strength, and then decay to zero at a critical opening displacement. When
the critical displacement is reached, the material in the cohesive zone is assumed to
have failed, and the crack advances. This approach to modeling fracture became par-
ticularly useful with the advent of sophisticated computational techniques, since it
allowed crack propagation to be predicted for different geometries [46, 47, 48, 49, 50].
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The fracture behavior in a single mode of deformation tends to be dominated by two
characteristic quantities of the traction-separation law - a characteristic toughness
(the area under the curve), Γ, and a characteristic strength (closely related to the co-
hesive strength for many traction-separation laws), σ̂. Cohesive-zone models provide
a particularly powerful approach for analyzing fracture since their predictions appear
to be fairly insensitive to the details of the traction-separation law, being dependent
only on these two characteristic parameters.1

The dependence of cohesive models on both strength and toughness parameters
makes them a natural bridge between the two traditional views of fracture [53]. By
varying the parameters of a cohesive model it is possible to move from a regime in
which fracture is controlled only by the toughness, through a regime in which both
toughness and strength control fracture, to a regime in which only strength dominates
fracture. The relative importance of these two parameters is indicated by compar-
ing the fracture-length scale, EΓ/σ̂2 (where E is the modulus of the material) to
the appropriate characteristic length, L of the geometry [54]. When the fracture-
length scale is relatively small, i.e., the non-dimensional group EΓ/σ̂2L is very small,
the toughness controls fracture; when the fracture-length scale is relatively large, the
strength controls fracture. In the intermediate range, both parameters are important.

Consideration of the fracture-length scale immediately highlights an inherent prob-
lem with energy-based analyses of crack deflection at interfaces. These models invoke
a pre-existing kink along the interface. This kink has to be very small in comparison
to any other characteristic dimension of the problem, so that asymptotic solutions
for the crack-tip stress field can be used. However, the length of the kink then be-
comes the characteristic dimension that the fracture-length scale must be compared
to, in order to determine whether fracture is controlled by energy or stress. There-
fore, the kink has to be short compared to any other dimensions of the problem, for
crack-tip asymptotic solutions to be valid; but, simultaneously, the kink has to be
long compared to the fracture length scale, so that an energy criterion for fracture is
appropriate. If it is assumed that an interface can support singular stresses, the kink
can be taken to the limit of zero length with no conceptual difficulty. However, if an
interface with a finite cohesive strength does not contain a physical kink of a finite
length, both energy and stress are expected to play a role in initiating fracture along
the interface.

In this paper, a cohesive-zone model is used to analyze the problem of crack
deflection at interfaces. Of major concern are (i) an elucidation of the roles of the
interfacial strength, the interfacial toughness, the substrate strength and the substrate
toughness on crack deflection, and (ii) an understanding of the conditions under

1The shape of the traction-separation curves can occasionally affect fracture. For example, there
are laws in which the characteristic strength is not related to the cohesive strength [51, 52].
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which any of these parameters might dominate design considerations. These issues
are addressed by using a cohesive-zone analysis to look at the general problem of crack
deflection at different fracture-length scales, in the absence of any pre-existing kinks.
The results of the calculations are presented in non-dimensional terms for a wide range
of parameter space, so that the effects of different strength and toughness values on
the transition are fully explored. The roles of mixed-mode failure criteria and modulus
mismatch across the interface are also explored. Finally, in the Appendix, cohesive-
zone models are used to look at kinked cracks. The results of these calculations are
used to make a connection with existing energy-based analyses of crack deflection,
and to show that the numerical approach used in this paper can accurately capture
the classical energy-based criteria for this phenomenon, provided the fracture-length
scales are small enough, and that appropriate assumptions about the kinks are made.

2 Numerical Results

2.1 Cohesive-zone model

A cohesive-zone model was used to analyze crack deflection at interfaces. This prob-
lem requires a mixed-mode implementation of the model. Often, mixed-mode effects
are modeled by combining normal and shear displacements into a single parameter
that is used in a traction-separation law to indicate overall load-carrying ability [55].
However, an alternative approach is to use separate and independent laws for mode
I and mode II, each being functions of only the normal and shear displacements,
respectively. The ability to specify the mode-I and mode-II strength and tough-
ness values independently appears to be necessary to capture some experimental
results [56, 57, 58]. Since the traction-separation laws are prescribed independently,
they need to be coupled through a mixed-mode failure criterion. Such a failure crite-
rion relates the normal and shear displacements at which the load-bearing capability
of the cohesive-zone elements fail. In this work, a linear failure criterion of the form

GI/ΓI + GII/ΓII = 1 (2)

was used, where GI is the mode-I energy-release rate, ΓI is the mode-I toughness,
GII is the mode-II energy release rate, and ΓII is the mode-II toughness. In this
formulation, the toughness is defined as the total area under the traction-separation
law, and the energy-release rate is defined as the area under the traction-separation
law at any particular instant of interest [56]. While simple, this linear criterion allows
for a fairly rich range of mixed-mode behavior to be mimicked, from what we will call
a “Griffith criterion” for which there is a single value of the critical energy-release
rate required for fracture (i.e., ΓII = ΓI), to one in which fracture occurs only in
response to mode-I loading (ΓII � ΓI). The use of Eqn. 2 in cohesive-zone analyses
has been shown to do an excellent job of describing experimental results [56, 57, 58],
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and it can mimic mixed-mode fracture criteria for linear-elastic fracture mechanics
(LEFM), if the phase angle is defined as

ψ = arctan
√
GII/GI , (3)

where ψ has its usual definition under LEFM conditions of ψ = arctan(KII/KI), and
KII and KI are the nominal mode-II and mode-I stress-intensity factors acting at a
crack tip [59].

The general forms of the mode-I and mode-II traction-separation laws used in this
study are shown in Fig. 3. The mode-I cohesive strength is σ̂, the mode-II cohesive
strength is τ̂ , the mode-I toughness is ΓI , and the mode-II toughness is ΓII . Gen-
eralized forms for the traction-separation laws have been used, as the precise shape
does not generally have a significant effect on fracture. The strength and toughness
(area under the curve) are the two dominant parameters that control fracture, and
cracks can propagate only if both the stress and energy criteria are met. As discussed
above, the use of separate mode-I and mode-II laws allows for a general investigation
of fracture, encompassing problems in which shear fracture has physical significance
and problems in which pure shear only results in slip, not fracture.

The cohesive-zone modeling was implemented within the commercial finite-element
package ABAQUS (version 6.3-1), as described by Yang [60]. Three- and four-node,
linear, plane-strain elements were used for the continuum elements. The elements
for the cohesive zone were defined using the ABAQUS UEL feature, the traction-
separation laws of Fig. 3, and the failure criterion of Eqn. 2. These were implemented
in a FORTRAN subroutine. An example of the code used is given in Ref. [61].

While several different geometries could have been used to study the problem of
crack deflection, the work in this paper focuses on a laminated system subject to a
uniform tensile displacement, as shown in Fig. 4. A layer of thickness h, with an elastic
modulus of Ef and a Poisson’s ratio of νf , is bonded to a substrate of thickness d.
The layer of thickness h has a crack that extends from the free surface to the interface,
and that is normal to the interface. The substrate has an elastic modulus of Es and
a Poisson’s ratio of νs. For all the calculations reported in this paper, the substrate
is ten times thicker than the cracked layer, so that d = 10h. Plane-strain conditions
are assumed, so that the two Dundurs parameters can be defined as [62]

α =
Ēf − Ēs

Ēf + Ēs

, (4)

and

β =
Ēf (1− 2νs)/(1− νs)− Ēs(1− 2νf )/(1− νf )

2(Ēf + Ēs)
, (5)
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where, Ē = E/(1 − ν2). If the substrate cracks, it will do so under pure mode-I
conditions; therefore, only the mode-I fracture properties of the substrate are required.
The mode-I substrate toughness is designated as Γs, and the mode-I strength is
designated as σ̂s. The interface fails under mixed-mode conditions, and a mixed-
mode analysis is required for crack propagation along the interface. The mode-I
cohesive parameters of the interface are designated as ΓIi and σ̂i, while the mode-II
cohesive parameters of the interface are designated as ΓIIi and τ̂i.

2.2 Effects of fracture length-scales on crack deflection

In this section, a general study of the effect of fracture parameters on crack deflection
is presented. A macroscopic crack is assumed to impinge directly on an interface as
shown in Fig. 4. There are no pre-existing kinks or flaws ahead of this main crack,
and there is an axis of symmetry along the plane of the crack. Two rows of cohesive
elements are placed at the tip of the crack; one row along the interface, and the other
row in the substrate. A uniform tensile displacement is applied to the ends of the
specimen. The required mesh density for the numerical calculations was determined
by selecting several meshes, running the simulations, and analyzing the results to
verify what mesh density gave consistent solutions that were within an acceptable
range for the uncertainty of the results.

The transition between crack deflection and crack penetration for the geometry
shown in Fig. 4 depends on the following material and geometrical parameters:

Ef , Es, νf , νs,ΓIi,ΓIIi,Γs, σ̂i, τ̂i, σ̂s, h, d.

Using the Dundurs result for the effects of mismatched moduli across plane inter-
faces [62], these parameters can be re-expressed in the following non-dimensional
groups for the plane-strain conditions considered in this paper:

α, β,Γi/Ēfh, ĒfΓi/σ̂
2
i h, σ̂s/σ̂i,Γs/ΓIi,ΓIIi/ΓIi, τ̂i/σ̂i, d/h

The additional non-dimensional parameters δ1/δc and δ2/δc which describe the shape
of the traction-separation laws (Fig. 3) were kept at constant values of 0.01 and 0.75
throughout the paper. These parameters do not play a significant role in the fracture
process and transition in failure mechanism.

The quantity Γi/Ēh was fixed at 1.0 × 10−6 for all the results presented in this
paper. This is a physically reasonable value for the parameter, and numerical stud-
ies indicated that even fairly significant changes around this level had a negligible
influence on the failure transition. The initial studies were conducted with α = 0,
and β = 0 (so that Ef = Es = E, and νf = νs = ν), and with ΓIi = ΓIIi = Γi

and τ̂i = σ̂i. With these parameters fixed, a series of calculations was performed
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holding the non-dimensional interface fracture-length scale at a constant value of
ĒΓi/σ̂

2
i h = 0.01. After running numerical calculations with a given set of σ̂s/σ̂i and

Γs/Γi, a note was made as to whether the crack first began to grow along the inter-
face or through the substrate. In these calculations, the onset of crack growth along
either plane was defined as occurring when the first element in a cohesive zone failed.2

A systematic exploration of how the failure mechanism depended on the magni-
tude of σ̂s/σ̂i and Γs/Γi allowed a failure-mechanism map to be plotted, as shown in
Fig. 5. In this figure, which has axes of σ̂s/σ̂i and Γs/Γi, constant values of the non-
dimensional substrate fracture-length scale follow a parabolic form. The error bars
on this figure are associated with numerical considerations, and show the uncertainty
with which the boundary of the transition could be determined. In this context, it
should be noted that, occasionally, the demands of the geometry created numerical
difficulties close to the transition. In the worst cases, the numerical simulation failed
before the onset of crack growth. When this happened, the transition was quantified
by examining the values of Gp/Γs and Gd/Γi at the point of the numerical instability,
where Gp is the energy-release rate for penetration of the crack into the substrate and
Gd is the energy-release rate for deflection of the crack along the interface. These
ratios measure the extent of the appropriate traction-separation law that has been
traversed, and indicate how close the elements of the cohesive zone are to failure.

As might be intuitively expected, the failure-mechanism map of Fig. 5 shows that
crack deflection is promoted by high values of both σ̂s/σ̂i and Γs/Γi. Conversely, crack
penetration is promoted by low values of these two ratios. At larger values of the
non-dimensional substrate fracture-length scale, the failure mechanism is controlled
by the strength ratio; at smaller values, it becomes more sensitive to the toughness
ratio. However, even in this latter range, there is no indication that only toughness
controls the failure mechanism. Indeed, if there is a lower bound on the toughness
ratio required to guarantee crack penetration, it is much lower than the range that
could be explored by the present calculations. Conversely, there does appear to be
a vertical asymptote representing a critical value of the strength ratio below which
crack penetration is guaranteed, irrespective of the toughness ratio. This implies that
crack penetration will always occur if the substrate strength is less than about three
times greater than the interface strength, which is very consistent with the results of
strength-based criteria [26, 28].

Non-dimensional fracture-length scales that are of the order of 0.01 for both the
interface and substrate should be considered to represent linear-elastic conditions [53].
It is therefore of interest to note that a deflection criterion based solely on energy con-

2The issue of whether a crack might kink off an interface, after first deflecting along it, was not
explored here. However, crack deflection off interfaces has been studied experimentally and modeled
using a cohesive-zone approach in a paper by Li et al. [51].
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siderations is not captured in this analysis.3 Even in the linear-elastic regime, both
the strength and toughness ratios determine the failure mechanism. However, as
demonstrated in the Appendix, the deflection criterion of He and Hutchinson [37, 40]
can be reproduced by the cohesive-zone model if pre-existing kinks are included in
the analysis, as they are in the classical energy-based analyses. In the complete ab-
sence of a physical kink at the interface, a finite interface strength is always going to
cause the interface fracture-length scale to violate the conditions for only an energy-
criterion to be valid. Therefore, both strength and energy should be expected to
play a role in initiating a crack along the interface from a crack that impinges the
interface; and, hence, both strength and energy will determine the failure mechanism.

The approach used to produce Fig. 5 was extended to look at the effect of in-
creasing the fracture-length scale of the interface, away from linear-elastic conditions.
The calculations were repeated for additional values of ĒΓi/σ̂

2
i h = 0.1, 1.0 and 10.

The corresponding failure-mechanism maps are plotted in Fig. 6. On this figure,
the boundaries (with appropriate error bars) between deflection and penetration are
drawn for the different values of ĒΓi/σ̂

2
i h. The basic form of the failure-mechanism

map does not change as this quantity is varied, but the tendency for crack deflection
appears to be reduced as the interface fracture-length scale is increased. The appar-
ent vertical asymptote observed in Fig. 5 appears to be a general phenomenon, with
the precise value of the critical strength ratio depending on the interfacial fracture-
length scale. In addition, the fact that crack deflection can occur with relatively
tough interfaces, provided the interfacial strength is low enough, also appears to be
a general feature. Furthermore, the form of Fig. 6 suggests that there may be an
asymptotic curve for very low values of ĒΓi/σ̂

2
i h. This asymptotic behavior was ex-

plored by keeping ĒΓs/σ
2
sh = ĒΓi/σ

2
i h, and systematically decreasing them both.

The results, plotted in Fig. 7, clearly show an asymptotic value of σ̂s/σ̂i ≈ 3.2, below
which crack penetration always occurs. It is interesting that this is very close to the
strength-based, linear-elastic results of Gupta et al. [28], which predict a value of ap-
proximately 3.4 for the maximum ratio of the substrate to interface strength required
for crack penetration in a homogeneous system.

3If one assumes self-similar traction-separation laws for the substrate and interface, so that
σ̂s/σ̂i = Γs/Γi, Fig. 5 indicates that the transition in failure mechanism occurs when both the
strength and toughness ratios are equal to about four. If one focuses only on the toughness ratio,
this might appear to match the criterion of Refs. [38, 37], as noted in an earlier cohesive-zone analysis
in which the strength and toughness ratios were related in this fashion [63]. However, this match
should probably be considered to be coincidental, since Fig. 5 shows the failure mechanism actually
depends on both the strength and toughness. Furthermore, there is probably no reason to expect
such a relationship between the fracture parameters of the interface and substrate to be universally
valid, especially when the interface consists of a bonding layer that is different from the substrate.
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2.3 Effects of modulus mismatch on crack deflection

To explore the effects of modulus mismatch on crack deflection, the calculations were
repeated for non-zero values of α, but leaving β = 0. Some failure-mechanism maps
for α 6= 0 are shown in Fig. 8. The general features of the transition curves do not
appear to depend on the modulus mismatch. However, an interesting feature of the
plots is that the tendency for penetration seems to be particularly pronounced when
the cracked layer and substrate have comparable values of stiffness. Further inves-
tigations showed that crack deflection is very sensitive to mixed-mode effects at the
interface, and that the particular behavior indicated in Fig. 8 can be attributed to
the assumption of a Griffith failure criterion (ΓIIi/ΓIi = 1).

As discussed earlier, the magnitude of the mode-II effects is quantified by the
ratio of GII/GI for the interface when the crack is just about to propagate. A de-
tailed analysis of the present results showed that mode-II effects become dominant
as α increases (as the cracked layer becomes stiffer). This observation is consistent
with the results of He and Hutchinson [37, 40] that indicate the phase angle at the
tip of an interface kink increases as the cracked layer becomes much stiffer than the
substrate. In this regime, a Griffith criterion might be expected to give significantly
different predictions from a mode-I dominated fracture criterion. Conversely, as the
cracked layer becomes more compliant than the substrate, the interfacial fracture be-
comes increasingly dominated by mode-I deformation. In this regime, the distinction
between a Griffith criterion and a mode-I dominated criterion becomes less critical.
In this context, it is of interest to note that the deflection / penetration criterion of
Gupta et al. [28] was based on a comparison of the normal stresses in the penetrating
and deflecting directions with the normal interface and substrate strengths, without
considering mode-II effects. This resulted in a conclusion that deflection should re-
quire decreasing interfacial strengths as the compliance of the substrate increases; it
gets harder to deflect a crack if α increases (as defined in the present paper). The
results of He and Hutchinson [37, 40] were presented in a fashion that was indepen-
dent of failure criterion. However, by incorporating different mixed-mode fracture
criteria into the results of those papers, it can be seen that a Griffith criterion results
in crack penetration being most pronounced when the two layers have similar elas-
tic constants, while a mode-I dominated criterion results in the same conclusion as
Ref. [28].

These issues were examined within the present context by increasing the ratio of
mode-II to mode-I interfacial toughness, from ΓIIi/ΓIi = 1 to ΓIIi/ΓIi = 100. As Eqn.
2 indicates, this increase in the ratio of ΓIIi/ΓIi has the effect of making fracture along
the interface become dominated by mode-I deformation only. Some results are shown
in Fig. 9, in which the critical ratios of the substrate to interfacial strength required to
guarantee crack penetration are plotted as functions of the modulus ratio. As can be
seen from this plot, the critical stress ratio increases monotonically with α for a mode-
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I fracture criterion (ΓIIi/ΓIi = 100), but exhibits a maximum close to α = 0 for the
Griffith criterion (ΓIIi/ΓIi = 1). The conclusions about how the modulus mismatch
affects crack deflection are consistent with the earlier analyses, and further emphasize
the importance of mixed-mode failure criteria on the deflection and penetration of
cracks at interfaces.

3 Conclusions

Whether a crack that impinges on an interface between two materials will deflect
along the interface, or penetrate through it, is an important aspect of the behavior
of composites and multi-layered materials. While there are a number of analyses in
the literature to describe this behavior, these are predicated on either an energy-
based or a strength-based approach to fracture. In the present work, these distinct
approaches have been combined through a cohesive-zone model of fracture, in which
the toughness and the strength parameters of the interface and substrate (or fiber)
all play a role. The analyses in this paper have been conducted for the particular
geometry of a layered material, with a crack extending down from a free surface to
the interface. However, while it is expected that the quantitative details of the results
may depend on the precise geometry assumed for the problem, it is not expected that
the important results will be qualitatively different. Therefore, the major conclu-
sions presented in this paper as to how the strengths and toughnessses of an interface
and second phase interact to determine whether crack deflection or penetration oc-
curs, are expected to be valid for other geometries such as fiber-reinforced composites
and polycrystalline materials. Of particular significance, is that, generally, both the
strength and toughness parameters control the behavior in tandem.

Currently, it appears to be generally accepted that crack deflection requires the
presence of interfaces that have a toughness less than one-quarter the toughness of
the second phase (or substrate). This result derives from analyses invoking an energy-
based fracture criterion in which the load required to propagate a small pre-existing
kink along the interface is directly compared to the load required for the crack to pen-
etrate past an interface in which there is no kink. In the Appendix, it is shown that a
cohesive-zone analysis reproduces this result in the appropriate limit where the char-
acteristic fracture length of both the interface and substrate are small in comparison
to the length of the kink. However, if a crack impinges upon an interface that does
not contain a pre-existing defect, then any real interface with a finite strength will
have a fracture-length scale that is too large for energy-based analyses to be valid. It
is this problem of crack deflection in the absence of pre-existing flaws that has been
emphasized in this work.

The analysis has shown that crack deflection can be induced in systems with rel-
atively tough but weak interfaces. In particular, deflection can occur even when the

12



interface is significantly tougher than the substrate, provided the strength of the inter-
face is low enough. This would seem to be an important consideration in applications
where a polymer or metal layer bonds two relatively strong brittle materials such
as ceramics. It might perhaps be of particular importance in biological applications
where bonding between brittle inorganic components of a material are provided by a
protein layer.

The analysis has also indicated that there is a critical ratio for the substrate
strength to the interface strength below which penetration will always occur. Below
this critical ratio, the crack will not deflect along the interface, no matter how brittle
the interface is nor how tough the substrate is. In particular, crack penetration ap-
pears to be guaranteed if the strength of the substrate is less than about three times
the interface strength, with the precise value depending on the fracture-length scale
and on the elastic mismatch in the system. The magnitude of this critical ratio is in
excellent agreement with existing strength models for crack deflection.

It appears that the effects of mixed-mode fracture criteria are particularly impor-
tant for determining the behavior of systems in which the cracked layer is much stiffer
than the substrate. Under these conditions, mode-II effects contribute significantly
to interfacial fracture, and the behavior of the system becomes very sensitive to the
mixed-mode failure criterion. If delamination is controlled by a Griffith fracture cri-
terion, with the response of the interface being identical to both mode-I and mode-II
deformation, then the tendency for crack deflection is enhanced by having a modulus
mismatch between the substrate and cracked layer. Crack penetration is most likely
when the modulus of the substrate and cracked layer are similar; increasing the stiff-
ness of either layer increases the tendency for deflection. If, however, delamination is
controlled by a mode-I dominated failure criterion, then the tendency for deflection is
enhanced only by increasing the modulus of the substrate. An increase in the stiffness
of the cracked layer increases the tendency for penetration.

Finally, it is noted that three related issues in crack deflection have not been ad-
dressed in the present study; these are left as possible areas of future studies. The
first issue is how a crack interacts with a pre-existing flaw on the interface. Such a
study would require suitably oriented cohesive elements at the tip of the interfacial
flaw to capture the possibility of substrate failure initiating from the tip of the kink.
The second issue is the extent to which such a pre-existing flaw might be generated
by the stress field of an approaching crack. The third issue is whether a crack can
deflect out of an interface after delamination has proceeded some way along the inter-
face. Such a study would require suitably oriented cohesive elements in the substrate
distributed along the interface. Some preliminary insights into this last problem have
already been provided by Li et al. [51], which demonstrates that the strength param-
eters (as well as the toughness parameters) do play an important role in determining
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whether a crack kinks off a relatively brittle adhesive interface into a much tougher
composite. These results reinforce the essential message of the work presented in this
present paper that a full understanding of crack deflection at interfaces requires both
the toughness and strength parameters of the interface and surrounding material to
be considered.
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A Appendix: Effect of kinks on crack deflection

The work of He et al. [37, 40] provides a very complete energy-based analysis of the
conditions under which a crack will deflect when it impinges upon an interface. In
this Appendix, the cohesive-zone approach is used to study crack deflection under
conditions for which this type of analysis is valid. As in the original analysis, the
calculations were conducted as a comparison between the two distinct geometries il-
lustrated in Fig. 10: one with a small double kink extending along the interface ahead
of the main crack, each of length k; and the other with a small kink, also of length
k, extending across the interface into the substrate. In both geometries, a macro-
scopic crack of length h extends from the free surface to the interface, and a set of
cohesive-zone elements extends ahead of the kink. It should be noted that the fact of
two separate geometries being used in the analysis provides a subtle variation from
the fundamental problem of how a single crack meeting an interface will propagate.

The calculations were done for the special conditions of Ef = Es = E, νf = νs = ν,
τ̂i = σ̂i = σ̂s, and ΓIi = ΓIIi = Γi. This results in the following dimensionless groups
describing the two problems:

Γi/Ēk, ĒΓi/σ̂
2
i k, k/h, d/h (deflection)

Γs/Ēk, ĒΓs/σ̂
2
sk, k/h.d/h (penetration).

In this analysis, d/h was kept constant at d/h = 10. Reproducing the energy-based
analysis [37, 40] placed several constraints on the analysis. First, the kink had to be
small in comparison to h, so that boundary effects would not influence the stresses
near the kink. Second, the fracture properties had to be such that linear-elastic frac-
ture mechanics (LEFM) conditions were satisfied not only at the macroscopic scale,
but also at the scale of the kink length, i.e., both ĒΓi/σ̂

2
i k and ĒΓs/σ̂

2
sk had to be very

small. In this analysis, LEFM conditions were maintained by setting ĒΓi/σ̂
2
i k = 0.01;

while ĒΓs/σ̂
2
sk was allowed to vary, it did not exceed limits for which LEFM condi-

tions are expected to apply. Third, the mesh size had to be very small with respect
to the kink length in order to generate accurate results. This last constraint, coupled
with the fact that the kinks themselves had to be very small with respect to the
overall geometry, resulted in an extremely fine mesh density being required to per-
form the calculations. The appropriate mesh density for the numerical calculations
was determined by selecting several meshes, running the simulations, and analyzing
the results to verify that the solutions were consistent within an acceptable range of
uncertainty for the results. At the most extreme conditions studied, the kink was five
orders of magnitude less than the thickness of the layer, h, and the mesh size was yet
another five orders of magnitude smaller than this.

The calculations were performed by doing a numerical analysis on the geometries
shown in Fig. 10, keeping Γi/Ēk at a constant value of 10−6. First, the calcula-
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tion was done for the geometry with a double kink extending along the interface, to
determine the load at which the crack propagated for a given kink length. Then,
a second set of calculations was done using this load for the geometry with a sin-
gle kink of the same length extending across the interface and into the substrate.
The applied load was kept constant, while the value of the substrate toughness that
would just permit the crack to propagate was determined. The ratio between this
value of toughness and the corresponding toughness of the interface was then taken to
be the critical value for the transition between crack deflection and crack penetration.

The applied stress required to propagate an interfacial crack, σd, is plotted as
a function of the kink length in Fig. 11. This plot follows the form predicted using
linear-elastic fracture mechanics for the identical geometry in Thouless et al. [38], with
the strength rising with kink length over the range of kink lengths shown. (Eventually,

the strength is expected to reach the steady-state delamination value of 1.17
√
ĒΓi/h,

for this geometry where the substrate is ten times the layer thickness [59].) The
asymptotic limit at very small kink lengths can be determined from the results of He
et al. [37, 40]. For a homogeneous system, the energy-release rate acting to propagate
a very short kink along the interface is related to the applied mode-I stress-intensity
factor, K1 by [37, 40]

Gd = 0.2608K2
1/Ē. (6)

If the substrate is ten times thicker than the cracked film, then K1 is [64]

K1 = 1.197σo

√
πh, (7)

where σo is the remote applied stress. Hence, the remote applied stress required to
propagate a very short kink along the interface is given by

σd = 0.923
√
ĒΓi/h. (8)

It can be seen from Fig. 11 that this asymptotic limit is in excellent agreement with
the present results, which were obtained by keeping the ratio of the interface fracture-
length scale to the kink length fixed at a very small value.

The corresponding phase angles at the onset of fracture for the interfacial kink
were determined using Eqn. 3, with the values of GII and GI taken as the area of the
interfacial traction-separation curves traced out up to the point of fracture. These
phase angles are plotted in Fig. 12. As expected, the phase angle rises from the
asymptotic value of 38.9o given in Ref. [40] for a double kink in a homogeneous
system, towards the value of 54.6o that would be expected for the steady-state de-
lamination crack appropriate for this geometry [59].

The critical ratio of the substrate toughness to the interface toughness for the
transition between crack deflection and crack penetration (for equal sized kinks and

16



the same applied loads) is plotted in Fig. 13, as a function of kink length. Equation 7
can be combined with the results of Ref. [40] to write down an expression for this
ratio as

Γs/Γi = 3.83 + 5.77(k/h)1/2 + 2.18(k/h). (9)

As can be seen from Fig. 13, this expression is in excellent agreement with the numeri-
cal results presented here. Therefore, it has been demonstrated that the cohesive-zone
model used in this study does an excellent job of computing the linear-elastic behavior
of cracks at interfaces with equal-length kinks extending either along the interface or
into the substrate. It should be emphasized that as k/h was reduced in these numer-
ical calculations, it was done so keeping ĒΓi/σ̂

2
i k at a constant value of 0.01. If the

calculations had been performed in such a fashion that the kink length had decreased
significantly compared to the interface fracture-length scale, the results would have
deviated from Eqn. 9, as k/h tended to zero.

It should be noted that performing this comparison between two different kinked-
crack geometries is not necessarily equivalent to solving the particular problem of
interest in this study, which is to determine the behavior of a crack meeting an
interface. For example, the comparison between two distinct geometries cannot in-
clude possible effects of the interfacial kinks shielding the crack from penetrating
the substrate. This lack of shielding is probably responsible for the counter-intuitive
conclusion of Fig. 13 that longer pre-existing kinks on an interface make penetration
more, rather than less, likely. In addition, if one is interested in the fundamental
problem of a crack impinging an interface with no pre-existing defects, one cannot
take an energy-based argument to its logical extreme of zero kink length because, in
that limit, the fracture-length scale for any practical material will always be large
compared to the kink, and the strength parameter will play an important role in the
behavior. It is this last issue that was addressed in the bulk of this paper.
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Figure 1: Manifestations of crack deflection in composites and multi-layered materials.
(a) Crack bridging in a fiber-reinforced composite. (b) Crack deflection in a whisker-
or particle-reinforced composite. (c) Delamination in a laminated composite. (d)
Delamination in a multi-layered film on a substrate.

Figure 2: Details of the crack deflection problem modeled by He and Hutchinson [37].
The macroscopic view is shown in (a). A comparison is made between the conditions
for (b) a small kink to extend across the interface, and (c) a small kink to extend
along the interface.

Figure 3: Schematic illustration of the (a) mode-I, and (b) mode-II traction-
separation laws used for the cohesive-zone model in this paper. Throughout this
paper the values of δ1/δc and δ2/δc were kept at fixed values of 0.01 and 0.75 respec-
tively.

Figure 4: The laminated geometry used to study crack deflection in this paper. A
layer of thickness h and with an elastic modulus of Ef and a Poisson’s ratio of νf is
bonded to a substrate of thickness d, where d = 10h. The substrate has an elastic
modulus of Es and a Poisson’s ratio of νs. There is a crack that extends from the
top surface to the interface, and is normal to the interface. Sets of cohesive elements
exist ahead of the crack in the substrate and along the interface. There is a plane
of symmetry along the crack, and the system is loaded by a uniform displacement
applied to the ends of the specimen.

Figure 5: The results of a set of calculations for ĒΓi/σ̂
2
i h = 0.01, α = β = 0,Γi/Ēh =

1.0 × 10−6,ΓIi = ΓIIi = Γi, σ̂i = τ̂i, and d/h = 10. The plot shows the regimes in
which crack penetration or crack deflection will occur in Γs/Γi and σ̂s/σ̂i space. The
error bars indicate the range of uncertainty of the transition.

Figure 6: The results of a set of calculations for ĒΓi/σ̂
2
i h = 0.01, 0.1, 1.0 and 10.0.

The values of the other non-dimensional groups for this plot are α = β = 0,Γi/Ēh =
1.0 × 10−6,ΓIi = ΓIIi = Γi, σ̂i = τ̂i, and d/h = 10. The plot shows the regimes in
which crack penetration or crack deflection will occur in Γs/Γi and σ̂s/σ̂i space. The
error bars indicate the range of uncertainty of the transition.

Figure 7: A plot showing how the strength ratio and the toughness ratio for the
transition between crack deflection and penetration vary with the normalized inter-
face fracture-length scale. For this plot, the non-dimensional groups have values of
ĒΓs/σ̂

2
sh = ĒΓi/σ̂

2
i h, α = β = 0,Γi/Ēh = 1.0 × 10−6,ΓIi = ΓIIi = Γi, σ̂i = τ̂i, and

d/h = 10.
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Figure 8: A failure mechanism map showing the effects of modulus mismatch. These
calculations were done for ĒfΓi/σ̂

2
i h = 0.01, β = 0,Γi/Ēfh = 1.0× 10−6,ΓIi = ΓIIi =

Γi, σ̂i = τ̂i, and d/h = 10.

Figure 9: A plot showing the asymptotic strength ratio for the transition between
crack deflection and crack penetration as a function of α for two different ratios of the
mode-I and mode-II interfacial toughness, ΓIIi/ΓIi = 1 and ΓIIi/ΓIi = 100. These
calculations were done for ĒfΓi/σ̂

2
i h = 0.01, β = 0,Γi/Ēfh = 1.0× 10−6, σ̂i = τ̂i, and

d/h = 10.

Figure 10: Details of the two geometries used to study the effect of pre-existing kinks
on crack deflection. (a) A cohesive zone extends ahead of a kink in the substrate.
(b) A cohesive zone extends ahead of a kink along the interface.

Figure 11: The applied stress, σd, required to propagate a kink along the interface

(normalized by
√
ĒΓi/h), plotted as a function of kink length (normalized by h). In

this plot the following non-dimensional groups were kept constant: ĒΓi/σ̂
2
i k = 0.01,

Γi/Ēk = 10−6, and d/h = 10.

Figure 12: The phase angles for an interfacial crack at the onset of fracture, as defined
by Eqn. 3, plotted as a function of normalized kink length. In this plot the following
non-dimensional groups were kept constant: ĒΓi/σ̂

2
i k = 0.01, Γi/Ēk = 10−6, and

d/h = 10.

Figure 13: The critical ratio of the substrate to interfacial toughness required to
ensure that the load to propagate a kink along the interface is lower than the load to
propagate a kink through the substrate. In this plot the following non-dimensional
groups were kept constant: ĒΓi/σ̂

2
i k = 0.01, Γi/Ēk = 10−6, and d/h = 10.
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