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Abstract—This paper presents a model predictive
control-based obstacle avoidance algorithm for autonomous
ground vehicles at high speed in unstructured environments. The
novelty of the algorithm is its capability to control the vehicle
to avoid obstacles at high speed taking into account dynamical
safety constraints through a simultaneous optimization of
reference speed and steering angle without a priori knowledge
about the environment and without a reference trajectory to
follow. Previous work in this specific context optimized only the
steering command. In this work, obstacles are detected using a
planar light detection and ranging sensor. A multi-phase optimal
control problem is then formulated to simultaneously optimize
the reference speed and steering angle within the detection
range. Vehicle acceleration capability as a function of speed,
as well as stability and handling concerns such as preventing
wheel lift-off are included as constraints in the optimization
problem, whereas the cost function is formulated to navigate the
vehicle as quickly as possible with smooth control commands.
Simulation results show that the proposed algorithm is capable
of safely exploiting the dynamic limits of the vehicle while
navigating the vehicle through sensed obstacles of different size
and number. It is also shown that the proposed variable speed
formulation can significantly improve performance by allowing
navigation of obstacle fields that would otherwise not be cleared
with steering control alone.

Index Terms—Collision avoidance, vehicle dynamics, model
predictive control, autonomous ground vehicles.

NOMENCLATURA

()(i), i = 1, . . . , N Functions or variables of i-th sub-region
()max Upper bound value
()min Lower bound value
(x, y) Vehicle front center position in global coordinates [m]
(xg, yg) Target position [m]
αf , αr Front/rear slip angle [rad]
F(·) Generic terminal constraint
G(·) Generic path constraint
M(·) Generic model function
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R(·) Generic obstacle-free region constraint
S(·) Generic dynamical safety constraint
V(·) Generic vehicle model function
ξ State vector
ξ∗ Optimal state vector
ζ Control vector
ζ∗ Optimal control vector
δf Steering angle [rad]
ε LIDAR angular resolution [◦]
γf Steering rate [rad/s]
ωz Vehicle yaw rate [rad/s]
ψ Vehicle yaw angle [rad]
ψg Desired final heading angle [rad]
ψdiff Difference between the vehicle heading angle and the

desired heading angle [rad]
σ Target arrival margin [m]
a, b Small vertical load penalty parameters
ax Longitudinal acceleration [m/s2]
c1, . . . c8 Polynomial fitting coefficients for acceleration

bounds
Fy,f , Fy,r Front/rear axle lateral force [N]
Fz,threshold Tire vertical load threshold [N]
Fz,f0, Fz,r0 Static front/rear axle vertical load [N]
Fz,f , Fz,r Dynamic front/rear axle vertical load [N]
Izz Yaw momentum of inertia [ks-m2]
Jx Longitudinal jerk [m/s3]
Kz,x Longitudinal load transfer coefficient [N/(m/s2)]
Kz,yf , Kz,yr Front/rear lateral load transfer coefficient

[N/(m/s2)]
Lf , Lr Distance between the vehicle CoG and the front/rear

axle [m]
Ms Sprung mass [kg]
Mt Vehicle total mass [kg]
Mu,f , Mu,r Unspung mass of the front and rear side,

respectively [kg]
N Total number of sub-regions to transverse
Rδ Prediction distance relaxation constant [m]
RLIDAR LIDAR maximum detection range [m]
s0 Distance between the vehicle current position and the

target [m]
sf Distance between the end of the prediction and the

target [m]
T i, i = 1, . . . , N Time for transitioning from one sub-region

to the next [s]
Te Execution horizon [s]
Tp Prediction horizon [s]
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U Vehicle longitudinal velocity in body-fixed
coordinates [m/s]

Uthreshold Maximum terminal speed [m/s]
V Vehicle lateral velocity in body-fixed coordinates

[m/s]
wψ, wt, wψf

, wFz
, wcf, wδ, wγ , wJ Weighting parameters

I(·) Integrand of generic integral cost
J (·) Generic cost function
P(·) Pacejka tire model function
T (·) Generic terminal cost

I. INTRODUCTION

Autonomous ground vehicles (AGVs) are gaining
importance and finding increased utility in both military
and commercial applications. Obstacle avoidance is a critical
capability for AGVs. It refers to the task of sensing the
vehicle’s surroundings and generating control commands to
navigate the vehicle safely around obstacles. Typically, safe
navigation is defined to mean a collision free navigation. This
definition may be adequate in certain applications such as
small ground robots [1]. However, recent efforts have targeted
passenger and larger size vehicles, as well. For vehicles
of this size, especially at high speeds, obstacle avoidance
maneuvers can induce dynamical hazards such as excessive
sideslip or wheel lift-off if the dynamical limitations of
the vehicle are not taken into consideration while planning
the maneuver. Thus, safety considerations for these vehicle
platforms must also include the dynamic safety of the AGV.
To this end, obstacle avoidance algorithms are needed that
can utilize knowledge about vehicle dynamics to safely avoid
collisions even when the vehicle travels at high speed [2].

Many obstacle avoidance algorithms for different types of
AGVs have been developed in the literature that allow for fast,
continuous, and smooth motion of AGVs among unexpected
obstacles. They can be classified into four categories: graph
search-based methods [1], [3], virtual potential and navigation
function-based methods [4], [5], meta-heuristic-based methods
[6], and mathematical optimization-based methods [7], [8].
These algorithms have been demonstrated to be effective
for the intended applications. However, for the present
problem of interest, it is difficult, if not impossible, to
take into account the dynamical safety requirements in the
graph search-based methods and virtual potential field and
navigation function-based methods. The meta-heuristic-based
methods often require long computational time and generate
non-smooth trajectories. Thus, among these categories,
mathematical optimization-based methods are particularly
attractive, because they offer a rigorous and systematic
approach for taking vehicle dynamics and safety constraints
into account.

A mathematical optimization approach can be used
either in open-loop, planning an optimal path from an
initial point to a target point offline and following the
path with a feedback controller online, or in closed-loop,
performing the optimization online with regular vehicle state
and environmental information updates from the sensors.
Regarding the latter, the model predictive control (MPC)

approach is the most widely adopted technique [9]. In
this approach, an optimal control problem (OCP) is solved
repeatedly over a receding finite horizon. The resulting control
strategy from the OCP solution at the current step is executed
until a new OCP is solved with updated information.

Prior research has demonstrated successful applications of
MPC to obstacle avoidance in AGVs, including [10]–[18]
among others. However, these MPC-based obstacle avoidance
algorithms are for on-road scenarios, where the environment is
structured in the sense that there are lanes to follow and traffic
rules to obey. In contrast, this paper is concerned with AGVs
in unstructured environments, such as military applications.
The term ‘unstructured’ in this context denotes that there are
no lanes or traffic rules to follow. No map of the environment
is available. The mission of the AGV is to move from its initial
position to a given target position safely but as fast as possible.
Therefore, the vehicle is expected to be traveling at high
speed with no unnecessary deceleration. Between the initial
and target positions, there exist obstacles, whose location, size,
and shape are unknown a priori but rather are detected when
they come into the range of a planar light detection and ranging
(LIDAR) sensor.

There are three considerations that distinguish the scope
of this work from the literature and motivate a new MPC
formulation. First, in a structured environment, the lane
provides a reference trajectory and obstacle avoidance is
achieved by perturbing the given reference path; e.g., as in
[14], [17]. In an unstructured environment, besides avoiding
obstacles, finding an optimal path from the initial position to
the target position is also part of the OCP, because no reference
trajectory exists. This requires a longer prediction horizon to
achieve successful navigation in directions that may deviate
significantly from the ‘current’ direction. A new cost function
formulation is also necessary, which includes terms to navigate
the vehicle to the target as fast as possible.

Second, for on-road applications, it is sufficient to use
box constraints or constant bounds on position variables
to represent the obstacle-free region; e.g., as in [11], [18].
However, in an unstructured environment, the obstacle-free
region typically has a more complicated form especially when
multiple obstacles are present within the prediction horizon.
This obstacle-free region cannot be simply represented using
the type of constraints utilized in on-road applications.
Thus, a systematic approach is required to include complex
obstacle-free regions in the MPC formulation.

The third consideration is related to the vehicle’s dynamical
safety, which is an important constraint during obstacle
avoidance at high speed. Existing algorithms focus on vehicle
platforms where the major dynamical safety concern is
excessive sideslip, such as passenger vehicles on slippery
road or race cars [8]. Instead, this paper focuses on vehicles
with higher center of gravity (CoG) location, such as military
vehicles, in which the major dynamical safety concern is
wheel lift-off. Current obstacle avoidance algorithms do not
take wheel lift-off into consideration explicitly. Therefore,
it is important to develop a new formulation to ensure the
dynamical safety for AGVs with high CoG in terms of
avoiding wheel lift-off.
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Prior work by the authors has started to address these
limitations. First, the role of model fidelity in the MPC
framework has been evaluated in [19], [20]. Second, a
nonlinear MPC-based obstacle avoidance algorithm has been
developed for large, high-speed AGVs in [21], [22]. The
environment is perceived only through a planar LIDAR sensor.
The corresponding sensor data processing algorithm has also
been developed and described in [23]. The algorithm can
achieve an optimal and smooth operation of AGVs at high
speed through unstructured environments without collision
while ensuring vehicle dynamical safety; i.e., without wheel
lift-off. However, the formulation assumes that the vehicle
longitudinal speed is maintained constant, which can limit
the mobility performance and the obstacle fields that can be
cleared with this algorithm.

In this paper, we extend the previous work and develop
a novel MPC formulation that simultaneously optimizes both
the longitudinal speed and steering control commands for high
speed obstacle avoidance taking into account dynamical safety.
The novelty of the formulation is threefold:

(1) A varying prediction horizon MPC is used to achieve
a fixed distance prediction. This is prompted by two
features of the proposed system. First, the terminal point
of the planned trajectory is constrained at the LIDAR’s
maximum detection range in an effort to fully utilize as
much information from the LIDAR as possible. Second,
the variable vehicle speed necessarily leads to a variable
prediction horizon with the previous constraint.

(2) The effects of the powertrain and brake systems are
taken into account through the relationship between
acceleration and speed and the bounds on longitudinal
jerk, acceleration, and speed. The vehicle’s acceleration
capability varies with the speed resulting from the
powertrain and brake systems. To generate a speed profile
that can be tracked by the vehicle, the algorithm uses
an offline generated look-up table to account for the
acceleration and deceleration limitations.

(3) The no-wheel-lift-off requirement is considered through
both hard and soft constraints using equations with
empirical parameters that can predict tire vertical loads.
A hard constraint bounds the vertical loads to be greater
than a specified minimum threshold. A soft constraint is
also used to provide a smooth approach to this threshold
to prevent overshoot.

A typical military truck is considered as a representative
large, high-speed AGV with significant vehicle dynamics.
Vehicle dynamics are taken into account through a three
degrees-of-freedom (DoF) vehicle model in the algorithm.
Vehicle speed and acceleration limits are generated based
on powertrain and brake system models. For the particular
vehicle of interest, the vehicle dynamical safety requirement
is defined as avoiding single-wheel lift-off, because wheel
lift-off occurs before excessive sideslip [32]. A constrained
OCP is formulated and solved within the MPC framework.
Simulations with a 14 DoF vehicle model as the plant are
given to highlight the benefits of the new framework compared
to prior work.

The following assumptions are made to bound the scope
of this work. These assumptions are discussed more in detail
later in the paper.

(a) All obstacles can be detected by the planar LIDAR sensor.
(b) All obstacles of interest are static.
(c) The vehicle travels on a flat surface.
(d) Vehicle parameters are constant.
(e) Tire-terrain interaction parameters are constant.
(f) Vehicle state estimations are exact.

Optimality in this work refers to the optimality of the
solution within the prediction horizon, taking into account all
the information available at that moment in time, and not to the
optimal solution that would have resulted if all environmental
information was available for all times. Because the formulated
OCP is non-convex, it is not guaranteed that the solution from
the OCP solver is the unique global optimal solution over
the prediction horizon. Thus, the terms ‘optimal trajectory’,
‘optimal states’, and ‘optimal control’ in this paper refer to
the local optimal solution generated by the OCP solver, which
is the first minimum it finds.

The rest of the paper is organized as follows. Section II
briefly introduces the basic principle of MPC. Section III
gives an overview of the schematic of the AGV with the
developed obstacle avoidance algorithm. Section IV presents
the formulation of the multi-phase OCP for obstacle avoidance
in the MPC in detail and outlines the solution strategy.
Section V presents and discusses the simulation results. A
further discussion of the assumptions made in the development
and validation of the algorithm is presented in Section VI.
Conclusions are drawn in Section VII.

II. BASIC PRINCIPLE OF MPC

MPC utilizes a model of the system to be controlled
to predict and optimize the future system behavior over a
receding finite time horizon. MPC is an optimal control-based
state-feedback controller; only the initial portions of the
control commands optimized over the prediction horizon are
applied to the plant and a new OCP over a shifted finite time
horizon is solved at the next time step using the state feedback
received from the plant. Using a receding finite time horizon
provides the ability to perform real-time optimization with
hard constraints on plant variables [9].

The basic principle of MPC is illustrated in Fig. 1. At time
t0, starting from the state measurements, an optimal control
sequence ζ∗(t), t ∈ [t0, t0 + Tp], is computed by solving an
open-loop, constrained, finite-time OCP over the prediction
horizon Tp. The control calculations are based on both current
measurements and future predictions. The general form of the
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Fig. 1. Basic principle of MPC and the concepts of prediction horizon Tp
and execution horizon Te.

OCP formulation is given by

minimize
ξ, ζ, Tp

J [ξ (t) , ζ (t), ξ (t0) , ξ (t0 + Tp) , Tp] (1)

subject to ξ̇ (t) = M [ξ (t) , ζ (t)] (2)
G [ξ (t), ζ (t)] ≤ 0 (3)
F [ξ (t0) , ξ (t0 + Tp)] ≤ 0 (4)
ξmin (t) ≤ ξ (t) ≤ ξmax (t) (5)
ζmin (t) ≤ ζ (t) ≤ ζmax (t) (6)
t ∈ [0, Tp], 0 < Tp,min ≤ Tp ≤ Tp,max (7)

By minimizing the cost function Eq. (1) subject to constraints
Eq. (2)-Eq. (7), the optimal control sequence ζ∗(t) is bounded
by the control input saturation, and the resulting estimated
optimal states ξ∗(t) satisfy the state constraints. Regarding the
constraints, Eq. (2) is the model of the system represented by a
set of first-order ordinary differential equations. Eq. (3) is the
path constraint, which limits the state and control variables
over the entire prediction horizon, whereas Eq. (4) is the
terminal constraint, which is applied to only the initial and
final values of the state variables. Eq. (5) and Eq. (6) denote the
set of feasible state and control variable values, respectively.
Eq. (7) limits the prediction horizon.

Although the optimal control sequence is calculated over
the horizon t ∈ [t0, t0 + Tp], only the initial portion of the
computed control sequence ζ∗(t), t ∈ [t0, t0 + Te], is sent
to the plant and executed, where Te is called the execution
horizon. Due to model simplifications, model parameter
uncertainties, measurement noise, and other disturbances, the
actual state vector of the system ξ(t), t ∈ [t0, t0+Te], is likely
to be different from its predicted value ξ∗(t), t ∈ [t0, t0 +Te].
Therefore, in the next time step t0 + Te, the OCP is solved
again over a shifted horizon [t0+Te, t0+Te+Tp] based on the
new state measurements at t0+Te. Thus, the control sequence
is updated every Te seconds. The feedback of measured states
to the optimization endows the procedure with a robustness
typical of feedback systems. This process is thus repeated
at each step until terminal requirements are satisfied. It is
important to emphasize that the command along the execution
horizon is not constant. In other words, the sampling time
for the control command is not Te. In this work, the control
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Fig. 2. Schematic of the MPC-based obstacle avoidance algorithm.

command to the plant is updated with a sampling time of
Te/10.

III. SYSTEM SCHEMATIC

Fig. 2 shows the schematic of the nonlinear MPC algorithm
with the AGV in closed-loop. This section gives an overview
of this framework and explains its basic flow at a high level.

A. Plant Modeling

In this simulation-based study, the AGV is represented
using a 14 DoF vehicle model [24] that includes suspension
dynamics [24], combined-slip nonlinear tire dynamics [25],
powertrain dynamics [26], [27], and brake dynamics [28]. To
be more specific, powertrain dynamics are modeled according
to [26], [27]. They include the flywheel, engine, torque
converter, transmission, and differential. The dynamics of the
hydraulically actuated brake is modeled using the single state
model in [28] that produces a good representation of the
dynamics from the master cylinder to vehicle deceleration. The
details of the complete model are omitted here for brevity, but
can be found in the cited papers. This model represents the
real system and is referred as the plant model in this paper. It
is parameterized to represent a typical truck based on a 101
DoF multibody dynamics model of the truck. In practice, this
14 DoF model will be replaced with a real vehicle.
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B. Problem Setting and Algorithm Goal

The problem to be solved with the MPC framework can
be summarized as follows. An AGV in an unstructured
environment is considered as illustrated in Fig. 3a. The mission
of the AGV is to move from its initial position to a given
target position safely but as fast as possible. Between the
two positions there exist obstacles, whose location, size, and
shape are not known a priori. The task of the MPC algorithm
is to use the LIDAR data to navigate the vehicle through
the obstacle field safely but quickly. Therefore, two safety
constraints are implemented. One is to avoid the obstacles and
the other is to ensure the vehicle’s dynamical safety.

C. Algorithm Inputs and Outputs

Three external inputs to the nonlinear MPC algorithm are
required: task information, obstacle information, and estimated
states. Within the scope of this paper, the task information is
the specified target location, final heading angle requirement,
and the desired final vehicle speed at the target position.

The obstacle information is obtained through a planar
LIDAR sensor that is mounted in front of the vehicle. The
LIDAR returns the distance to the closest obstacle boundary
in each radial direction at an angular resolution of ε. The
angular range is [0◦, 180◦], with the vehicle heading direction
being the 90◦ direction. For a direction without obstacles
within the detection range, the LIDAR returns the maximum
detection range RLIDAR. Fig. 3 shows an obstacle field with
three obstacles and the output of the LIDAR for the particular
vehicle position and orientation. It is assumed that all obstacles
of interest are static and at least the height of where the LIDAR
is mounted. The vehicle is assumed to travel on a planar
surface; hence, a 2D representation as shown in Fig. 3b is
sufficient for this study. The sensor data is not a complete
description of the obstacles because not all boundaries of the
obstacle can be detected. This fact limits the region that can
be considered as the safe area as illustrated in Fig. 3b.

The vehicle states are needed to properly initialize
the vehicle model used in the algorithm. In a physical
implementation of the proposed system, a state estimator is
needed to estimate the states, since not all states can be directly
measured. However, in this paper, the AGV is simulated
and, therefore, implementation of the state estimator is not
warranted.

The nonlinear MPC algorithm for obstacle avoidance
generates a steering command and reference speed profile to
safely but quickly navigate the vehicle through the obstacle
field using real-time sensory information. Because a reference
speed profile is generated, a speed controller is used to
calculate the throttle and brake commands.

D. Algorithm Structure

The nonlinear MPC algorithm consists of two parts: the
LIDAR data processor and the control commands generator
as shown in Fig. 2. The LIDAR data processor first simplifies
the obstacle shape given by the raw LIDAR data, enlarges the
shape to create a safety margin, and partitions the obstacle-free
region into multiple sub-regions to aid with the mathematical
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LIDAR Data

Optimal

Trajectory

AGV
x

y

z

(a) A sample obstacle field and the LIDAR
detection data plotted in the 3D space.

x

Safe Area

Target

R
LIDAR

y
Optimal

Trajectory

(b) Top view of the obstacle field and the
safe area resulting from the LIDAR data.

Fig. 3. A sample obstacle field and the output of LIDAR. The optimal
trajectory at one step of MPC with the current LIDAR data is also shown.

formulation of constraints. The outputs of the LIDAR data
processor, the task information, and the estimated vehicle
states are used in the formulation of the OCPs. The formulated
OCPs are then solved and the control commands associated
with the lowest cost solution are executed by the AGV. More
details of these two parts are discussed in the following two
sections, respectively.

E. LIDAR Data Processor

Obstacle avoidance is implemented by constraining the
position of the AGV to be only inside the safe region
established from the LIDAR data. Because the LIDAR returns
the distance to the closest obstacle boundary, the interior of
the bounded region is ensured to be free from obstacles. The
LIDAR data processor is used to process the sequence of
points defining the safe region into specifications of position
constraints that can be used in the OCP formulation. The
details of the LIDAR data processor are described in [23] and
only the basic ideas are summarized here for brevity.

The Ramer-Douglas-Peucker algorithm [29] is used first
to simplify and denoise the LIDAR data. Then, a safety
margin is added to the identified safe region to account
for the size of the vehicle, detection noise, and differences
between the vehicle model and the actual plant. As an
example, Fig. 4a shows the safe region shown in Fig. 3b
with the safety margin included. Further processing of the
LIDAR data uses a divide-and-conquer strategy, which is
adopted for the following two reasons. First, efficient OCP
solvers require all functions included in the formulation to be
twice continuously differentiable. However, the safe region is
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typically a non-convex region that includes corners. Second,
the existence of non-convex position constraints also means
that multiple local optimal solutions may exist and OCP
solvers for non-convex problems cannot explore all local
solutions due to these constraints.

The divide-and-conquer strategy includes six steps and they
are summarized as follows:

(1) Partition the safe region into sub-regions in a way such
that each sub-region can be mathematically defined using
twice differentiable functions.

(2) Record parameters that can be used to define each
sub-region mathematically in a data structure named
SafeRegion.

(3) Identify the first region to be traversed (‘SR’: starting
region) based on the vehicle’s initial heading angle. Only
one ‘SR’ exists because the vehicle cannot change the
heading direction instantaneously.

(4) Identify all regions that include the maximum LIDAR
detection range boundary. These regions are called ‘TRs’
(terminal regions) because it is desired that the end of
the predicted trajectory is at one of the maximum LIDAR
detection range boundaries to use the LIDAR information
to its fullest.

(5) Narrow down the candidate ‘TRs’ based on the target
position information.

(6) For each candidate ‘TR’, find the sequence of sub-regions
from the ‘SR’ to itself. This is a shortest path problem if
the size of the region is not considered. Algorithms such
as Dijkstra’s algorithm or A* algorithm can be used [30].
This work uses Dijkstra’s algorithm.

Partitioning of a safe region is not unique and many
options exist [23]. An example of the approach used in
this work is illustrated in Fig. 4b. The safe area is divided
into sectors and triangles, where sectors are called openings
(‘OP’) and they are free from obstacles, whereas triangles are
regions terminated by obstacle boundaries (‘OB’). After the
partitioning, a sub-region can be defined by

...
...

aj bj
...

...


(i) [

x(i)

y(i)

]
≤


...
cj
...


(i)

, j = 1, . . . , L (8)

where i is the sub-region index and L is the total number
of line segments bounding that sub-region; aj , bj and cj are
coefficients calculated based on the two end points of the
corresponding line segments; (x, y) is a position in Cartesian
coordinates.

Equation (8) can be compacted in the following form:

A
(i)
L×1x

(i) +B
(i)
L×1y

(i) ≤ C(i)
L×1 (9)

where A(i)
L×1 is a vector with the jth entry being aj . The

definitions of B(i)
L×1 and C(i)

L×1 are similar.
These vectors that are required to define the sub-regions

mathematically are stored in the structure variable SafeRegion,
whose definition is given by the following pseudo-code.

int N; //number of sub−regions
int L[N]; //vector of number of line segments

struct SafeRegion {
double AM[N][N]; //adjacency matrix
SubRegion SR[N]; //subregion specifications

};

struct SubRegion {
char Type; //type of the subregion: ‘ OP’, ‘OB’
int Index; //index of the subregion
int HPNum; //number of hypothetical openings
double EndPoints[L(Index)][4];
//end points of line segments (xs, ys, xe, ye)
double HPIndex[HPNum];
//index of line segments representing hypothetical
//openings

};

The ‘SR’ in Fig. 4b is the sub-region in front of the vehicle
(OB4), and the ‘TR’ is one of the openings (e.g., OP1, OP2,
OP3 or OP4). Because the speed of the vehicle is varying and
the turning radius can differ significantly as speed changes, it
is difficult to judge in advance whether the vehicle can steer
into a ‘TR’ without moving outside the safe region. Thus, there
are four possible sub-region sequences to consider:
(1) OB4 → OP2 → OB3 → OB2 → OB1 → OP1
(2) OB4 → OP2
(3) OB4 → OP3
(4) OB4 → OP3 → OB5 → OB6 → OP4

Based on the target location, the number of sequences can
be narrowed down. For example, if the target is within [0◦,
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90◦] range, it is sufficient to consider only the sequences (1)
and (2). If the target is within [45◦, 135◦] range, the sequences
(2) and (3) need to be considered. If the target is within [90◦,
180◦] range, the algorithm can focus on the sequences (3) and
(4).

Thus, the sub-region sequences to be considered and the
parameters stored in SafeRegion are the outputs of the LIDAR
data processor. These outputs can be used to define position
constraints given by Eq. (9) as described in this section.

F. Control Command Generator

With the outputs of the LIDAR data processor, one or
more multi-phase OCPs [35] are formulated, where one
‘phase’ corresponds to one sub-region. The general form of
the OCP formulation given by Eq. (1) - Eq. (7) has one
set of constraints that are applied to the entire prediction
horizon. In a multi-phase OCP formulation, the prediction
horizon is divided in N -segments, where N is the number
of phases. The constraints on the state and control variables
over each segment can be different. Thus, this formulation is
used because the position constraints of different sub-regions
are different. Additional constraints are added to ensure the
continuity of the state and control variables between the
phases. These concepts are further illustrated in Fig. 5.

Section IV presents the complete formulation of the
multi-phase OCP with the obtained position constraints and
other important considerations.

As mentioned before, one or more ‘TRs’ need to be
considered at each step of the MPC. Fig. 4c shows the
resulting optimal trajectory for the sequence OB4 → OP3
as an example. The optimal trajectories corresponding to the
other three sequences can be obtained similarly. The optimal
trajectories from all sequences considered are then compared
and the control commands corresponding to the solution with
minimum cost is executed by the AGV.

IV. OPTIMAL CONTROL PROBLEM FORMULATION

At each step of the MPC, one or more multi-phase OCPs are
set up and solved to simultaneously optimize the steering angle
and the reference speed profile. The formulation of the OCP
for obstacle avoidance in general form is given by Eq. (10) -
Eq. (19).

By minimizing the cost function specified in Eq. (10),
subject to constraints defined in Eq. (11) - Eq. (17) for
all phases, and constraints defined in Eq. (18) - Eq. (19)
for the initial and end points of the prediction, the optimal
state trajectories ξ∗(i)(t), t ∈ [T i−1, T i], the optimal control
trajectories ζ∗(i)(t), t ∈ [T i−1, T i], and the instants of time
T i, i = 1, . . . , N , for transitioning from one sub-region to the
next are obtained, where N is the total number of phases; i.e.,
the number of sub-regions in a given sequence. In particular,
the cost function Eq. (10) includes two parts, the terminal cost
T [·] and the integral cost with the integrand I[·]. Eq. (11) is
the vehicle dynamics model. Eq. (12) and Eq. (13) specify
the bounds on the state and control variables, respectively.
Eq. (14) defines the dynamical safety constraints and Eq. (15)
states the position constraints for avoiding obstacles. Eq. (16)
and Eq. (17) ensure the continuity of state variables and
time between different phases, respectively. Eq. (18) is called
terminal constraint, which limits the initial and final values
of the state variables. Eq. (19) specifies the range of the
prediction time, which is also a variable to be optimized. The
following sub-sections define the variables and explain the
problem formulation in detail. The constraints are discussed
first, and the cost function formulation is explained second.

minimize
ξ, ζ, T 1,··· ,TN

J = T
[
ξ(N)

(
TN
)
, ξ(1)

(
T 0
)
, TN

]
+

N∑
i=1

{∫ T i

T i−1

I(i)
[
ξ(i) (t) , ζ(i) (t)

]
dt

}
(10)

subject to
∀i=1,··· ,N

ξ̇
(i)

(t) = V
[
ξ(i) (t) , ζ(i) (t)

]
(11)

ξ
(i)
min (t) ≤ ξ(i) (t) ≤ ξ(i)max (t) (12)

ζ
(i)
min (t) ≤ ζ(i) (t) ≤ ζ(i)max (t) (13)

S(i)
[
ξ(i) (t)

]
≤ 0 (14)

R(i)
[
ξ(i) (t)

]
≤ 0 (15)

ξ(i)
(
T i−1

)
= ξ(i−1)

(
T i−1

)
(16)

t ∈
[
T i−1, T i

]
, T i−1 < T i (17)

subject to F
[
ξ(N)

(
TN
)
, ξ(1)

(
T 0
)]
≤ 0 (18)

T 0 = 0, Tp,min ≤ TN = Tp ≤ Tp,max (19)

A. Eq. (11): vehicle dynamics model

In the MPC framework, a model of the AGV is included
in the OCP formulation explicitly to predict its behavior over
the prediction horizon. This model is simpler than the plant
model described in Section III and is based on the prior work
that has studied the proper level of fidelity of the model for
MPC-based obstacle avoidance [19], [20]. The term ‘proper
level of fidelity’ indicates a balance between the simplicity and
the prediction accuracy of a model [31]. In particular, a three
DoF single track vehicle model is used with the longitudinal
load transfer and tire nonlinearities taken into account. This
model is referred to as the MPC model. The state space
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Fig. 7. Lateral tire forces described by the Pacejka tire model.

equations can be written in the following form:

ξ̇ = A (ξ) + Bζ (20)

with

A(ξ) =



U cosψ − (V + Lfωz) sinψ
U sinψ + (V + Lfωz) cosψ

ωz
ax

(Fy,f + Fy,r)/Mt − Uωz
(Fy,fLf − Fy,rLr)/Izz

0
0


BT =

[
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

]
where the state vector is ξT =
[ x y ψ U V ωz δf ax ] and the control vector is
ζT = [ γf Jx ]. As shown in Fig. 6, (x, y) is the vehicle’s
front center position in global coordinates; ψ is the yaw
angle; U , and V are the longitudinal and lateral speeds in
vehicle fixed coordinate, respectively; ωz is the yaw rate; and
δf is the steering angle. In addition, ax is the longitudinal
acceleration; γf is the steering rate; and Jx is the longitudinal
jerk. As for the vehicle parameters, Mt is the total vehicle
mass; Izz is the moment of inertia; and Lf and Lr are
the distances between the vehicle’s center of gravity (CoG)
location and the front axle and rear axle, respectively. Fy,f
and Fy,r are the tire lateral forces generated at the front axle
and the rear axle, respectively.

A pure-slip Pacejka Magic Formula tire model [25] is used
to predict the lateral forces as functions of corresponding tire

vertical loads, Fz,• and slip angles, α•. This tire model can
be expressed as

Fy,• = D• sin
{
C• tan−1

[
X• − E•X• + E• tan−1 (X•)

]}
= P (Fz,•, α•)

(21)

where • = f, r, in which f represents ‘front’, and r represents
‘rear’. X• = B•α•, and B•, C•, D•, E• are functions of the
tire vertical loads Fz,•. Fig. 7 illustrates the response surface
of this model.

For a single-track vehicle model, a typical assumption is
that there is no longitudinal load transfer, so that the vertical
loads on each axle are constant, which are calculated using
the following equations.

Fz,f0 = MsgLr/(Lf + Lr) +Mu,fg (22)
Fz,r0 = MsgLf/(Lf + Lr) +Mu,rg (23)

where Ms is the sprung mass; Mu,f , and Mu,r are the
unsprung mass of the front and rear side, respectively.

However, when the vehicle travels at high speed, it
is important to account for the longitudinal load transfer
in calculating tire lateral forces [23]. Thus, the following
relationships are used to calculate the vertical loads on the
front and rear axles taking into account the longitudinal load
transfer effects.

Fz,f = Fz,f0 −Kz,x

(
U̇ − V ωz

)
(24)

Fz,r = Fz,r0 +Kz,x

(
U̇ − V ωz

)
(25)

where Kz,x is the longitudinal load transfer coefficient, which
is discussed in detail in Section IV-C.

Because in the single track three DoF vehicle model the
left and right sides are lumped together, the following two
assumptions are made in calculating the tire lateral forces.

Assumption 1:

α•−left ≈ α•−right , α•, where • = f, r

which means that the slip angles on the left and right tires are
assumed to the same.

Assumption 2:

P (Fa, •) + P (Fb, •) ≈ P (Fa + Fb, •)

which means the tire lateral force is approximately a linear
function with respect to tire vertical load. This assumption
allows for neglecting the lateral load transfer in the calculation
of the lateral force.

B. Eq. (12) and (13): state and control bounds

The steering rate γf is used as the control command to be
optimized and the steering angle δf is set as an additional
state variable of the system. The reason for choosing the
steering rate as the control input instead of the steering
angle is to obtain a smooth steering angle sequence and to
facilitate implementing a limit on the steering rate. The same
argument applies to the longitudinal jerk and speed. Although
the control commands to be optimized are the steering rate
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and longitudinal jerk, the outputs of the algorithm are still the
steering angle and the longitudinal speed as shown in Fig. 2.

Due to the mechanical limits of steering and actuator limits,
constant bounds are imposed on the two variables δf and γf
as follows.

δf,min ≤ δf (t) ≤ δf,max (26)
γf,min ≤ γf (t) ≤ γf,max (27)

In addition, the longitudinal vehicle speed, acceleration, and
jerk values are bounded in accordance with the powertrain and
brake dynamics of the plant.

Umin ≤ U (t) ≤ Umax (28)
ax,min [U (t)] ≤ ax (t) ≤ ax,max [U (t)] (29)

Jx,min ≤ Jx (t) ≤ Jx,max (30)

Fig. 8a and Fig. 8b are the longitudinal speed and
acceleration profiles, respectively. These profiles are the
simulation results obtained with the plant model that considers
the powertrain and brake dynamics. First, a full throttle
command is applied until the vehicle reaches and maintains the
maximum speed. Then, a full brake command is applied until
the vehicle stops. Thus, Fig. 8b shows the vehicle acceleration
capability. As shown in Fig. 9, the acceleration capability
depends on the instantaneous speed. The upper and lower
acceleration bounds that are used in the MPC are approximated
using fourth order polynomials as follows:

ax,max (U) = c1U
3 + c2U

2 + c3U + c4 (31)

ax,min (U) = c5U
3 + c6U

2 + c7U + c8 (32)

where c1, · · · , c8 are parameters obtained from polynomial
fitting to the simulation data.

Constant upper and lower bounds are imposed on the
longitudinal jerk to achieve a smooth acceleration profile. No
bounds on lateral speed and yaw rate are included explicitly
because the closed-form representations of the bounds as a
function of the steering angle and the longitudinal speed could
not be obtained. Thus, the implicit limits are directly included
as constraints to ensure dynamical safety as discussed in the
next section.

C. Eq. (14): dynamical safety constraints

In this study, ensuring the vehicle’s dynamical safety is
defined as avoiding single wheel lift-off. This is a conservative
criterion used to prevent rollover [32]. Prior work enforced this
constraint through steering angle bounds [8], [21], or lateral
acceleration bounds [33]. However, these approaches ignore
the effect of longitudinal acceleration, which is an important
factor to consider in the variable speed case. Hence, in this
work, the no-wheel-lift-off requirement is taken into account
directly by constraining the load on all four tires to be always
greater than a minimum threshold.

The following equations are used to predict the tire vertical
loads taking into account the vehicle’s lateral load transfers
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Fig. 8. Vehicle longitudinal speed and acceleration profiles of the plant
model for a full throttle - full brake cycle.
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from the plant model simulations.

[34].

Fz,f -left = 1
2 (Fz,f0 −∆Fz,x)−∆Fz,yf (33)

Fz,f -right = 1
2 (Fz,f0 −∆Fz,x) + ∆Fz,yf (34)

Fz,r-left = 1
2 (Fz,r0 + ∆Fz,x)−∆Fz,yr (35)

Fz,r-right = 1
2 (Fz,r0 + ∆Fz,x) + ∆Fz,yr (36)

where ∆Fz,x is the longitudinal load transfer; ∆Fz,yf is the
front axle lateral load transfer; and ∆Fz,yr is the rear axle
lateral load transfer.

These load transfers are approximated by the following
relationships

∆Fz,x ≈ Kz,x

(
U̇ − V ωz

)
(37)

∆Fz,yf ≈ Kz,yf

(
V̇ + Uωz

)
(38)

∆Fz,yr ≈ Kz,yr

(
V̇ + Uωz

)
(39)

where Kz,yf and Kz,yr are defined as the front and rear lateral
load transfer coefficients, respectively. These coefficients are
obtained from several sets of simulations with the plant model
as described below.
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Note that Equations (33) - (36) are related to Equations (24)
and (25) through the following relationships

Fz,f = Fz,f -left + Fz,f -right (40)
Fz,r = Fz,r-left + Fz,r-right (41)

Fig. 10 and Fig. 11 show the simulation results for the
longitudinal and lateral load transfers with the plant model and
the straight line fittings, whose slopes represent the constant
load transfer coefficients.

To obtain the longitudinal load transfer coefficient, two sets
of simulations are conducted. In the first set of simulations,
the throttle command is maintained constant at different levels
with zero brake command and zero steering angle. The results
are used to study the longitudinal load transfer during vehicle
acceleration. In the second set of simulations, the brake
command is maintained constant at different levels with zero
throttle command and zero steering angle. The results can then
be used to study the longitudinal load transfer during vehicle
deceleration. The black dashed line in Fig. 10 is a line that
passes through the origin with a slope estimated from these
two sets of data. The deviation from this line to the upper left
side in the simulation data is caused by aerodynamic drag.

The data for estimating the lateral load transfer coefficients
is generated by following the maneuver specified by Fig. 12a
and Fig. 12b. The vehicle is steered with a sinusoidal steering
angle profile. In the meantime, the speed is changing at a
slower frequency. Fig. 11 shows the simulation data points and
the fitted lines. Simulations with other maneuvers generated
similar results, thus showing these results are independent of
the maneuvers tested.

Even though the results from the simulations are not
perfectly affine, the approximations in Eq. (33) - (36) are
considered sufficient for the purposes of this work, because
the error introduced by these estimated coefficients is on the
order of 5% as the comparative simulation results in Fig. 12
illustrate.

With Eq. (33) - (36), the no-wheel-lift-off requirement is
taken into account directly by constraining the load on all four
tires to be always greater than a positive minimum threshold.
For the particular set of vehicle parameters considered,
Fz,f0 > Fz,r0, and Kz,yr > Kz,yf , vertical loads of the two
tires on the back are constrained to be greater than a positive
threshold value. In Fig. 13, when the vehicle accelerations are
within the entire shaded region, the vertical loads of the two
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Fig. 11. Front and rear lateral load transfers as a function of lateral
acceleration of the plant model, respectively. Linear models are used to fit
the obtained data.
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Fig. 12. A sample simulation used to validate the accuracy of vertical load
prediction. The vehicle performs the maneuver specified by subplots (a) and
(b). The blue solid line in subplot (c) is the vertical load of rear left tire of the
plant model. The red dashed line is the prediction using Eq. (17) with state
values from the plant model simulation. The two lines overlap such that they
are indistinguishable, indicating that the vertical load prediction is sufficiently
accurate.

front tires will be greater than Fz,threshold = 1000 N. However,
to make sure that the vertical loads of the two rear tires are
greater than this threshold, the vehicle accelerations need to
stay within the light gray region. Thus, the range of vehicle
accelerations for limiting rear tire vertical loads is smaller
than the range for limiting front tire vertical loads. Thus, it
is sufficient to include only the vertical load limits of the two
rear tires.

1
2 (Fz,r0 + ∆Fz,x)±∆Fz,yr ≥ Fz,threshold (42)

where Fz,threshold is a positive minimum vertical load constant.
By substituting Eq. (37) and Eq. (39) into the above

equation and substituting the dynamical equations for
calculating U̇ and V̇ and rearranging the terms, the following
inequalities as functions of the vehicle state variables are
obtained.

Mt (2Fz,threshold − Fz,ro)−Kz,xMt (ax − V ωz)±
2Kz,yrFy,f (U, V, ωz, δf , ax) +

2Kz,yrFy,r (U, V, ωz, δf , ax) ≤ 0

(43)
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They can be abbreviated into the following form.

S (U, V, ωz, δf , ax) ≤ 0 (44)

D. Eq. (15): position constraints

Avoiding collision with obstacles is enforced through
position constraints; the vehicle trajectory must stay within the
safe region that is obtained after the LIDAR data is processed.
For each phase in the OCP, a set of position constraints in the
following form is applied

A
(i)
L×1x

(i)(t) +B
(i)
L×1y

(i)(t) ≤ C(i)
L×1, t ∈ [T i−1, T i] (45)

whereA(i)
L×1,B(i)

L×1, and C(i)
L×1 are vectors of length L, which

is the total number of lines bounding the sub-region in phase
i. The entries of these vectors are the outputs of LIDAR data
processor.

Using the Fig. 4c as an example, region ‘OB4’ is a triangle,
which can be specified using three linear inequalities, whereas
region ‘OP3’ is a sector, which is bounded by two lines. The
third boundary of region ‘OP3’ is an arc, which is included
as a separate constraint discussed in Section IV-F.

Eq. (45) can be abbreviated into the following form.

R(i)
(
x(i), y(i)

)
≤ 0 (46)

E. Eq. (16) and (17): continuity constraints

The initial states of each phase are set to be the same as the
final states of the previous phase as constrained by Eq. (16).

Eq. (17) specifies the requirement that time increases
monotonically as the vehicle moves through the sub-regions.
This requirement enforces that the vehicle moves to the
terminal region.

F. Eq. (18) and (19): terminal constraints

The terminal constraints are functions of only the initial
states at T 0, and the final states at the end of the prediction
horizon, Tp.

Three terminal constraints are included. The first terminal
constraint specifies the initial states. For the first phase, the
initial values of the states x, y, ψ, V , and ωz are from the
measurements. To maintain a smooth reference speed and a
smooth steering sequence, the initial values of U, ax, and δf

are the values from the end of the execution horizon of the
previous step.

ξ(1)
(
T 0
)

= ξ(0)
(
T 0
)

= ξ0 (47)

The second terminal constraint limits the vehicle speed at
the end of the prediction horizon. This limit is introduced
to prepare for potential obstacles in the future. Specifically,
the vehicle is allowed to accelerate at the beginning of the
prediction horizon, but then is required to decelerate to a
threshold speed at the end of the prediction horizon, since
no obstacle information such as location, shape, and size are
known a priori.

UN
(
TN
)
≤ Uthreshold (48)

The third terminal constraint ensures that the end of the
vehicle trajectory is close to the LIDAR detection range. This
constraint is active only when the target is outside the LIDAR’s
detection range.

RLIDAR −Rδ ≤

√√√√ [
xN
(
TN
)
− x1

(
T 0
)]2

+
[
yN
(
TN
)
− y1

(
T 0
)]2 ≤ RLIDAR

(49)
where Rδ is a relaxation constant.

These three constraints can be grouped into the form of
Eq. (18).

Finally, the initial time T0 is specified as 0. Eq. (19) specifies
the limits on the prediction horizon. Because the longitudinal
speed of the vehicle is to be optimized and can be varying
and the third terminal constraint limits the distance between
the initial position and the end position, the prediction horizon
is not a constant parameter in terms of time. Instead, it is a
design variable to be optimized. The upper bound, Tp,max, and
lower bound, Tp,min relate to the Umax and Umin, respectively.

G. Eq. (10): cost function

The cost function defines in what sense a trajectory is
considered to be optimal. It consists of two parts: terminal cost
and integral cost. In this work, the cost function formulation
includes six terms, three terminal cost terms and three integral
cost terms, that are linearly combined using relative weights
as follows:

J =
sf
s0

+ wψψ
2
diff + wtTp+

wψf

∫ Tp

0

[sin (ψg) (x− xg)− cos (ψg) (y − yg)]2 dt+

wFz

∫ Tp

0

tanh
(
−Fz,r−left − a

b

)
+ tanh

(
−
Fz,r−right − a

b

)
 dt+

wcf

∫ Tp

0

[
wδδ

2
f + wγγ

2
f + wJJ

2
x

]
dt

(50)

where s0 is the distance between the vehicle’s initial position
[x(0), y(0)] and the target position [xg, yg], whereas sf is
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the distance between the vehicle’s predicted final position
[x(Tp), y(Tp)] and [xg, yg].

s0 =

√
[xg − x (0)]

2
+ [yg − y (0)]

2

sf =

√
[xg − x (Tp)]

2
+ [yg − y (TP )]

2
(51)

ψdiff is the difference between the final heading angle ψ(Tp)
and the angle of [xg, yg] relative to [x(Tp), y(Tp)], which is
calculated as

ψdiff = atan2 [sin (ψ (Tp)− ψfrg) , cos (ψ (Tp)− ψfrg)]

ψfrg = atan2 [(yg − y (Tp)) , (xg − x (Tp))]
(52)

A geometric representation of these variables is shown in
Fig. 14. If proper weighting factors are selected, then the first
three terms will result in a trajectory in which the end point of
the predicted trajectory is close to the target, the final heading
angle is pointing to the target, and the time used to cover the
prediction distance is small.

Furthermore, three integral terms are included in the cost
function. The first term is used to minimize the integral over
the prediction horizon of the square of distance to the line that
is passing through the target [xg, yg] along a desired direction
φg . This term is used to have the vehicle pass through the
target from the desired direction. The term is included only
when there is a desired heading angle to pass the target.

The second term penalizes the cost when the tire vertical
load is close to the specified threshold, Fz,threshold, and is used
to provide a smooth approach to this threshold and prevent
vehicle from operating at the limit unnecessarily. This is a soft
constraint to ensure vehicle dynamical safety and is in addition
to the hard constraints specified in Eq. (14). The parameters
a and b used in the definition are given by

a = Fz,threshold + 3Fz,off

b = Fz,off
(53)

where Fz,off relates to the transition of cost value as shown in
Fig. 15.

The third term is a regularization term minimizing the
control effort that is defined as the integral of the weighted
sum of δ2f , γ2f , and J2

x .
The variables wψ, wt, wψf

, wFz
, wcf , wδ , wγ , and wJ are

corresponding weighting parameters.
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Fig. 15. The effect of increasing Fz,off in the soft constraint for no-wheel
lift-off requirement.

When the target position is within the sensor’s detection
range, the terms sf/s0 and wψψ2

diff are removed from the cost
function. Instead, the following terminal constraints are added
to the OCP formulation.

xg − σ ≤ x (Tp) ≤ xg + σ (54)
yg − σ ≤ y (Tp) ≤ yg + σ (55)

where σ is a small margin. If the vehicle is within this margin
from the target position, then the target is considered to be
reached.

H. Solution technique

The nonlinear multi-phase OCPs specified by Eq. (10)
- Eq. (19) are solved using a two-step procedure. First,
the continuous-time OCP is transcribed into to a nonlinear
programming (NLP) problem using a direct method called
hp-pseudospectral method [35]. Second, to solve the NLP
problem, a primal-dual interior-point algorithm with a filter
line search method implemented in IPOPT is used [36]. The
hp-pseudospectral method and the interior point method are
briefly introduced below.

The hp-pseudospectral method discretizes a continuous-time
OCP into an NLP problem by approximating the state and
control using a variable number of approximating intervals
and variable-degree polynomial approximations of them within
each interval. The differential-algebraic constraints of the
OCP are enforced at a finite set of collocation points, where
the collocation points are Legendre-Gauss-Radau (LGR)
quadrature points. This method has been shown to be
able to accurately approximate the solution to a general
continuous-time OCP in a computationally efficient manner
[35]. The resulting NLP problem has the following compact
form.

minimize
x∈Rn

f(x) (56)

subject to gL ≤ g(x) ≤ gU
xL ≤ x ≤ xU

where f(x) : Rn → R is the objective function, and g(x) :
Rn → Rm are the constraint functions. The vectors gL and
gU denote the lower and upper bounds on the constraints and
the vectors xL and xU are the bounds on the variables x.
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Fig. 16. Vehicle longitudinal speed controller.

The basic idea of the interior point method is to
decompose the NLP problem with both equality and inequality
constraints into a sequence of equality constrained problems
by introducing a barrier function and barrier parameter. The
NLP problem with only equality constraints can then be
solved iteratively. The search direction is determined using
the Newton-Raphson method and the step size is obtained
using the backtracking line search. The Jacobian of the
constraints Og(x)> and the Hessian of the Lagrangian
function σfO2f(x) +

∑m
i=1 λiO

2gi(x) are required in the
calculations. The required first order and second order
derivatives of the functions are calculated analytically. In
addition, the sparsity structures of the Jacobian and Hessian
matrices are also exploited offline for a better computational
performance.

The details of the hp-pseudospectral method and the
primal-dual interior-point algorithm are omitted here because
they are well-established algorithms but can be found in [35]
and [36], respectively.

V. SIMULATION RESULTS AND DISCUSSION

This section presents numerical simulations of the
developed nonlinear MPC obstacle avoidance algorithm with
the 14 DoF plant model mentioned in Section III as the AGV
shown in Fig. 2. The generated reference speed profile from
the MPC is tracked using a speed controller as illustrated
in Fig. 16, which is a PI controller with saturation and
anti-windup. It takes the difference between the reference
speed and actual vehicle speed as input and generates an output
within the interval [−1, 1], with positive values corresponding
to throttle command and negative values corresponding to the
brake command.

Three scenarios are considered with three different obstacle
fields. The first two scenarios are simulated with both the
formulation presented in this paper and the constant speed
formulation of [21], [23] for comparison. These simulations
are run with a vehicle initial speed of 20 m/s. These two
sets of simulations are used to show the advantage of the
combined steering and longitudinal speed optimization-based
MPC over the constant speed formulation. The third scenario
is used to show that the algorithm is capable of navigating the
vehicle through a complex obstacle field, where complexity
is understood in terms of obstacle density and variations in
obstacle size. This simulation is run with a vehicle initial speed
of 15 m/s.

The LIDAR detection range is RLIDAR = 100 m. The
goal is to pass through the specified target from the 90

degrees direction in the global coordinates. At each step of
the MPC, the optimization generates a trajectory within the
100 m LIDAR detection range. Only the first 0.5 s of the
planned control command is executed by the vehicle. A new
trajectory is planned every 0.5 s using the updated vehicle state
information and obstacle information from the sensors. Note
that the command within the 0.5 s is not constant; the sampling
time for the control command is 0.05 s. Table I summarizes
the value of the parameters used in the simulation.

TABLE I
SIMULATION PARAMETERS

Symbol Value Unit
Mt 2689 kg
Izz 4110 kg-m2

Lf , Lr 1.58, 1.72 m
Kz,x 806 N/(m/s2)
Kz,yf 675 N/(m/s2)
Kz,yr 1076 N/(m/s2)
Fz,threshold 1000 N[
δf,min, δf,max

]
[-30, 30] ◦[

ςf,min, ςf,max
]

[-5, 5] ◦/s
[Umin, Umax] [5, 29] m/s[
Jx,min, Jx,max

]
[-5, 5] m/s3

c1, c2, c3, c4 -1.28e-4, 8.59e-3, -0.2257, 3.0828 -
c5, c6, c7, c8 -1.38e-4, 6.85e-3, -0.1204, -3.5589 -
RLIDAR 100 m
Rδ 5 m
wψ , wt 0.01, 0.05 -
wψf

, wFz , wcf 1e-5, 0.5, 1 -
wδ, wγ , wJ 0.1, 1, 0.01 -
a, b 1300, 100 N

The results of the first scenario are shown in Fig. 17.
In this case, both the constant speed algorithm and variable
speed algorithm navigate the vehicle through the obstacle field
safely; i.e., collision-free as shown in Fig. 17a and without
wheel lift-off as shown in Fig. 17d and Fig. 17e. In the constant
speed case, because the speed controller used does not take
the steering input into account, the speed has a maximum
deviation of 0.3 m/s from the desired value of 20 m/s. In
the variable speed case, the speed of the vehicle gradually
increases from 20 m/s up to 22 m/s and decreases back towards
20 m/s within the final 3.5 s as desired. In this case, the vehicle
arrives the target 1.7 s earlier out of the 25 s trajectory; i.e.,
about 7% faster. Hence, even though enforcing the speed to be
constant can greatly simplify the control problem, the variable
speed algorithm can better take advantage of the mobility
capability of the AGV and avoid an unnecessarily conservative
operation.

Not having a systematic way of determining the vehicle
speed in the constant speed algorithm not only is a concern
for causing an overly conservative vehicle operation, but, more
importantly, can also inadvertently cause safety problems as
the second scenario illustrates. The scenario as shown in
Fig. 18 is chosen to make it necessary to slow down to
avoid the obstacle. Using the constant speed algorithm, the
vehicle cannot avoid the obstacles safely as the simulation
result confirms. With the constant speed algorithm, the vehicle
collides with the obstacle after 11.5 s. However, with the
variable speed algorithm, the vehicle is safely navigated
through the obstacle field by decelerating to a speed around
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Fig. 17. Simulation results for scenario 1. Both constant speed and variable
speed navigations are successful; however, in the variable speed case, the
vehicle arrives the target earlier. In the subplots (d) and (e), the black dashed
lines indicate the minimum allowable vertical tire force.

10 m/s. The vehicle starts accelerating again after the obstacle
is cleared. As shown in Fig. 18a and Fig. 18d, the trajectory
is collision free. Fig. 18f shows that the tire vertical loads are
all above the specified minimum threshold; hence, dynamical
safety of the vehicle is ensured, as well. Fig. 19 shows
the difference between the reference speed profile and the
actual speed profile, which demonstrates the performance of
the speed controller. The difference is relatively larger when
the steering angle is large. Finally, Fig. 20 shows that the
prediction time is varying at different steps.

The third scenario is the vehicle moving in an obstacle field
with 40 obstacles of different sizes. Even though the vehicle
speed is initialized at 15 m/s, the algorithm can recognize
that the vehicle is actually capable of navigating through
this complex obstacle field at a higher speed as shown in
Fig. 21a. Thus, it accelerates the vehicle to about 20 m/s
while it navigates the vehicle through the field before it
decelerates again to the desired final speed as it approaches
the target position as shown in Fig. 21b. The maximum
speed is constrained by the acceleration capability and the
sensor detection range. The steering angle profile is shown in
Fig. 21c.
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Fig. 18. Simulation results for scenario 2. The constant speed navigation
fails while the variable speed navigation is successful.
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Fig. 21. Simulation results for scenario 3. The algorithm is capable of
navigating the vehicle through a complex obstacle field while increasing the
speed to exploit the vehicle’s mobility capability.

VI. DISCUSSION

Several assumptions are made in the development and
validation of the algorithm, which are listed in Section I. The
effects and the possible relaxations of the assumptions are
further discussed below.

First, it is assumed that all obstacles can be detected. When
only one planar LIDAR sensor is used, it is assumed that
all obstacles are at least the height of where the LIDAR is
mounted, which is in front of the vehicle. It is obvious that
this assumption needs to be satisfied because the algorithm
cannot react to an obstacle that it is not aware of. In reality, a
practical approach to satisfy this assumption is to use multiple
planar LIDAR sensors that face to different directions or a
3D LIDAR sensor. In this case, a sensor fusion algorithm
is required to regenerate the obstacle-free region using the
outputs of multiple sensors. The obstacle avoidance algorithm
presented in this paper can be used as long as an obstacle-free
region can be obtained.

Second, it is assumed that all obstacles are static and it is
assumed that the vehicle travels only on a flat surface. These
two assumptions are the current limitations of the algorithm.
The algorithm can be extended to relax these limitations
but this is subject to future work. Time-varying position
constraints could be used to handle moving obstacles. The
difficulties are from two aspects: how to predict the motions
of the moving obstacles along the prediction horizon and how
to incorporate these motions as time-varying constraints in the
OCP formulation efficiently. Assuming that the slope of the
terrain can be estimated, the MPC model can be augmented
to account for the slope information. However, the additional
complexity would increase the computational burden. Thus,
future work is needed to relax these two assumptions and
increase the efficiency of the algorithm.

Third, it is assumed that the vehicle parameters and the
tire-terrain interaction parameters are constant. It is also
assumed that the vehicle state estimations are exact. These
assumptions are made in generating the simulation results
presented in Section V. However, that does not imply that
the developed algorithm could not handle any uncertainties in
the system. The MPC is essentially a feedback controller with
a complex implicit nonlinear control law. Thus, the algorithm
has inherent robustness typical to a feedback system.

In order to demonstrate the inherent robustness of the
MPC framework to state estimation uncertainty and parametric
uncertainty, two additional sets of simulation results are
presented below. State estimation uncertainty is considered in
both sets of simulations. It is assumed that the estimation
uncertainties of all states are independent and they follow
uniform distributions. Thus, the upper and lower bounds
are known. In particular, the vehicle position in the global
coordinates (x, y) has a ±2.5 m error in each direction. The
vehicle heading angle ψ has an error of ±3◦. The vehicle
lateral speed V and yaw rate ωz all have ±10% error. The
parameter values used in the MPC model are kept constant
as listed in Table I in all simulations, which are referred to
as the nominal values. To take into account the parametric
uncertainty, the parameter values used in the plant model are
varied from these nominal values.

In the first set of simulations, the vehicle parameters
are still exactly known. However, the tire-terrain interaction
parameters for the plant model vary randomly around the
corresponding nominal values within ±10% range during the
entire simulation. In other words, the properties of the surface
on which the vehicle moves is not homogeneous.

In the second set of simulations, all the vehicle and
tire-terrain interaction parameters used in the plant model
are constant, but they are different from the nominal values
considered. For all parameters, it is assumed that their actual
values are different from the nominal values with a maximum
difference of ±10%.

Fig. 22 shows the simulation results with state estimation
uncertainty and varying tire-terrain interaction parameters. The
simulation is repeated fifty times. All tests are collision free
and dynamically safe. Fig. 23 shows the simulations results
with state estimation uncertainty and parameter value biases.
The simulation is also repeated fifty times with different sets
of plant model parameter values. The effect of the parameter
value biases is more significant as indicated by the larger
variations of the results between the different simulations.
Nevertheless, all tests are still collision free and dynamically
safe. Thus, it is concluded that the MPC-based obstacle
avoidance algorithm is robust to the considered uncertainty
distributions.

However, the algorithm may not be robust to more
significant uncertainty. To further improve the robustness of
the algorithm, a robustness scheme could be included in the
formulation of the OCP. This is left for further research.

Finally, the algorithm is currently implemented in
MATLAB R© for proof-of-concept. Thus, it does not yet run in
real-time for all cases. Specifically, it is estimated to be about
30 times slower than real-time in the worst case with a 3.5 GHz
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Fig. 22. Results of fifty simulations for scenario 1 with state estimation
uncertainty and varying tire-terrain interaction parameters.
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Fig. 23. Results of fifty simulations for scenario 1 with state estimation
uncertainty and parameter value biases.

Intel R© Xeon R© processor. However, when fully implemented
in a compiled language with an optimized code, the algorithm
would run much more quickly and may run in real-time.

VII. SUMMARY AND CONCLUSIONS

This paper considers high-speed AGVs in unstructured
environments without a priori information about the obstacles
and presents a new MPC-based obstacle avoidance algorithm
that optimizes the longitudinal speed and steering angle
simultaneously to navigate the AGV safely but as fast as
possible to the target location. To this end, the algorithm is
capable of exploiting the dynamic limits of the vehicle to
maximize the vehicle’s mobility performance. A multi-phase
OCP formulation is used to incorporate the obstacle data
obtained from the on-board LIDAR sensor. The time length
of the prediction horizon of the MPC is varying because
a variable-speed trajectory is planned till the end of the
sensor range. The powertrain and brake dynamics are taken
into consideration through the bounds on vehicle longitudinal
speed, acceleration and jerk. The dynamical safety requirement
is accounted for by enforcing the vertical loads of all four
tires to be greater than a positive minimum threshold as hard
constraints. One term in the cost function also aims to provide
a smooth approaching to the vertical load threshold. Three
sets of numerical simulations are conducted to demonstrate
the effectiveness of the algorithm. The conclusion is that the
newly developed algorithm that simultaneously optimizes the
reference speed and the steering angle with variable speed and
steering commands not only improves the performance of the
vehicle by allowing it to operate closer to its dynamical limits,
but also enables the safe clearance of obstacle fields that may
not be cleared with steering control alone.
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maneuver generation for automated highway driving,” Control
Engineering Practice, vol. 41, pp. 124-133, 2015.

[18] S. M. Erlien, S. Fujita, and J. C. Gerdes, “Shared steering control
using safe envelopes for obstacle avoidance and vehicle stability,”
IEEE Transactions on Intelligent Transportation Systems, vol. 17(2),
pp. 441-451, 2016.

[19] J. Liu, P. Jayakumar, J. L. Overholt, J. L. Stein, and T. Ersal, “The role
of model fidelity in model predictive control based hazard avoidance in
unmanned ground vehicles using LIDAR sensors”, in Dynamic Systems
and Control Conference (DSCC), pp. V003T46A005, 2013.

[20] J. Liu, P. Jayakumar, J. L. Stein, and T. Ersal, “A study on model fidelity
for model predictive control-based obstacle avoidance in high-speed
autonomous ground vehicles”, in Vehicle System Dynamics, vol. 54, pp.
1629-1650, 2016.

[21] J. Liu, P. Jayakumar, J. L. Stein, and T. Ersal, “A multi-stage
optimization formulation for mpc-based obstacle avoidance in
autonomous vehicles using a LIDAR sensor”, in Dynamic Systems and
Control Conference (DSCC), pp. V002T30A006, 2014.

[22] J. Liu, P. Jayakumar, J. L. Stein, and T. Ersal, “An MPC algorithm
with combined speed and steering control for obstacle avoidance
in autonomous ground vehicles”, in Dynamic Systems and Control
Conference (DSCC), pp. V003T44A003, 2015.

[23] J. Liu, P. Jayakumar, J. L. Stein, and T. Ersal, “A nonlinear model
predictive control formulation for obstacle avoidance in high-speed
autonomous ground vehicles in unstructured environments”, Vehicle
System Dynamics, under review

[24] T. Shim and C. Ghike, “Understanding the limitations of different vehicle
models for roll dynamics studies”, Vehicle System Dynamics, vol. 45,
pp. 191-216, 2007.

[25] H. B. Pacejka, Tire and vehicle dynamics, Elsevier, 2005.
[26] D. N. Assanis, Z. Filipi, S. Gravante, D. Grohnke, X. Gui, L. Louca,

G. Rideout, J. L. Stein, and Y. Wang, “Validation and use of Simulink
integrated, high fidelity, engine-in-vehicle simulation of the international
class VI truck”, SAE Technical Paper, No. 2000-01-0288, 2000.

[27] T. Ersal, M. Brudnak, A. Salvi, J. L. Stein, Z. Filipi, and
H. K. Fathy,“Development and model-based transparency analysis
of an Internet-distributed hardware-in-the-loop simulation platform”,
Mechatronics, 21(1), pp. 22-29, 2011.

[28] K. Hedrick, J. C. Gerdes, D. B. Maciuca, and D. Swaroop, “Brake
System Modeling, Control And Integrated Brake/throttle Switching
Phase I”, California Partners for Advanced Transit and Highways
(PATH), 1997.

[29] D. H. Douglas and T. K. Peucker, “Algorithms for the reduction of the
number of points required to represent a digitized line or its caricature”,
Cartographica, vol. 10, pp. 112-122, 1973.

[30] E. W. Dijkstra, “A note on two problems in connexion with graphs”,
Numerische mathematik vol. 1, no. 1, pp. 269-271, 1959.

[31] T. Ersal, H. K. Fathy, D. G. Rideout, L. S. Louca, and J. L. Stein, “A
review of proper modeling techniques”. Journal of Dynamic Systems,
Measurement, and Control, vol. 130(6), pp. 061008, 2008.

[32] B. C. Chen, and H. Peng, “Rollover warning for articulated heavy
vehicles based on a time-to-rollover metric”, Journal of Dynamic
Systems, Measurement and Control, vol. 127, pp. 406-414, 2005.

[33] S. Rakheja, and A. Piche, “Development of directional stability criteria
for an early warning safety device”, SAE Technical Paper, No. 902265,
pp. 877-889, 1990.

[34] A. Rucco, G. Notarstefano, and J. Hauser, “Optimal control based
dynamics exploration of a rigid car with longitudinal load transfer”,
IEEE Transactions on Control Systems Technology, 22(3), pp.
1070-1077, 2014.

[35] C. L. Darby, W. W. Hager, and A. V. Rao, “An hp-adaptive
pseudospectral method for solving optimal control problems”, Optimal
Control Applications and Methods, vol. 32, pp. 476-502, 2011.

[36] A. Waechter and L. T. Biegler, “On the implementation of an
interior-point filter line-search algorithm for large-scale nonlinear
programming”, Mathematical Programming, vol. 106, pp. 25-57, 2006.

Jiechao Liu received the B.S.E. degree in electrical
and computer engineering from Shanghai Jiao Tong
University, China, in 2009, and the B.S.E., M.S.E.,
and Ph.D. degrees in mechanical engineering from
the University of Michigan, Ann Arbor, MI, in 2009,
2011, and 2016, respectively. His main research
discipline is in system dynamics and control, and
his research interests include vehicle control, vehicle
dynamics and optimal control.

Paramsothy Jayakumar is a Senior Research
Scientist, SAE Fellow, and a member of the
Analytics Team at the U.S. Army Tank Automotive
Research, Development, & Engineering Center
(TARDEC) in Warren, Michigan. Prior to joining
U.S. Army TARDEC, he worked for BAE Systems,
Ford Motor Company, Altair Engineering, and
Engineering Mechanics Research Corporation in the
areas of multibody dynamics software development,
vehicle dynamics modeling & simulation consulting,
simulation technology development, durability load

simulation, vehicle instrumentation & loads measurement, and road
load engineering. Jayakumar has written more than 100 technical
publications including journal articles and conference papers. His research
in terramechanics and multibody dynamics won the best paper awards
at the National Defense Industrial Association’s Ground Vehicle Systems
Engineering and Technology Symposium in 2011 and 2012. He holds a U.S.
patent for a system for virtual prediction of road loads and tire modeling.
He was also instrumental in developing seven SAE standards for tire testing
for the purpose of tire modeling for which he received the SAE 2014 James
M. Crawford Technical Standards Board Outstanding Achievement Award.
Jayakumar is a member of the U.S. Army Acquisition Corps, an Honorary
Fellow of the Department of Mechanical Engineering at the University of
Wisconsin Madison, and an Associate Editor for the ASME Journal of
Computational and Nonlinear Dynamics. He received his M.S. and Ph.D.
degrees in structural dynamics from Caltech, and B.Sc. Eng. (Hons, First
Class) from the University of Peradeniya, Sri Lanka.

UNCLASSIFIED: Distribution Statement A. Approved for public release. #26495



Jeffrey L. Stein received the B.S. degree
in premedical studies from the University of
Massachusetts, Amherst, MA, in 1973, and the
S.B., S.M, and Ph.D. degrees in mechanical
engineering from the Massachusetts Institute of
Technology, Cambridge, MA, in 1976, 1976, and
1983, respectively. Since 1983 he has been with the
University of Michigan, Ann Arbor, MI, where he
is currently a Professor of Mechanical Engineering.
His research interests include computer based
modeling and simulation tools for system design and

control, with applications to vehicle-to-grid integration, vehicle electrification,
conventional vehicles, machine tools, and lower leg prosthetics. He has
particular interest in algorithms for automating the development of proper
dynamic mathematical models, i.e., minimum yet sufficient complexity models
with physical parameters.

Tulga Ersal received the B.S.E. degree from
the Istanbul Technical University, Istanbul, Turkey,
in 2001, and the M.S. and Ph.D. degrees from
the University of Michigan, Ann Arbor, MI
USA, in 2003 and 2007, respectively, all in
mechanical engineering. He is currently an Assistant
Research Scientist in the Department of Mechanical
Engineering, University of Michigan, Ann Arbor,
MI. His research interests include modeling,
simulation, and control of dynamic systems, with
applications to energy systems, multibody dynamics,

vehicle systems, and biomechanics. Dr. Ersal is a member of the ASME.

UNCLASSIFIED: Distribution Statement A. Approved for public release. #26495


