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Abstract

We consider the aggregation of individual agents’ von Neumann-Morgen-

stern utility functions into a social planner’s von Neumann-Morgenstern utility

function. We start from Harsanyi’s [14] axiomatization of utilitarianism, and

ask under which conditions a social preference order that satisfies Harsanyi’s

axiom uniquely reveals the planner’s marginal rates of substitution between

the probabilities of any two agents’ most preferred alternatives. We then

introduce three axioms for these revealed marginal rates of substitution. The

only welfare function that satisfies these three axioms is the relative utilitarian

welfare function. This welfare function, that was introduced in Dhillon [7]

and Dhillon and Mertens [9], normalizes all agents’ utility functions so that

the lowest value is 0 and the highest value is 1, and then adds up the utility

functions. Our three axioms are closely related to axioms that Dhillon and

Mertens used to axiomatize relative utilitarianism. We simplify the axioms,

provide a much simpler and more transparent derivation of the main result,

and re-interpret the axioms as revealed preference axioms.
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1 Introduction

The Revealed Preference Approach to Welfare Judgments

Welfare judgments are ubiquitous in economics. One of the most prominent
welfare functions is the utilitarian welfare function, according to which welfare
equals a weighted sum of individuals’ utilities. There are several approaches to
understanding and justifying utilitarianism in economics. For this paper the dif-
ference between two particular such approaches is important. The first approach
is to assume that, when making welfare judgments, we are given not only in-
dividuals’ ranking of alternatives, but also some information about interpersonal
comparisons of utility. That is, the input into the welfare judgments, or, math-
ematically speaking, the argument of the welfare function, includes interpersonal
comparisons. Examples of this approach are papers by d’Aspremont and Gevers
[6] and Maskin [19].1

The second approach to the justification of utilitarianism only uses individual
preferences as input into the social welfare assessment. This approach originates
with Harsanyi [14]. Harsanyi assumed every individual in society to have von
Neumann-Morgenstern preferences regarding all lotteries over a given set of al-
ternatives. Society’s preference over lotteries is also assumed to satisfy the von
Neumann-Morgenstern axioms. In this setting, utilitarianism means that any
Bernoulli utility function representing society’s preferences is a weighted sum of
Bernoulli utility functions representing the individuals’ preferences.2 Harsanyi
showed that utilitarianism in this sense is implied by a simple “indifference ax-
iom”: if all individuals are indifferent between two lotteries, then so should society
be.3 Importantly, the indifference axiom is a single profile axiom, that is, it can be

1Mongin [20] derives the set of possible interpersonal comparisons of utility from more elemen-
tary axioms.

2It has been disputed that Harsanyi’s [14] theorem is “really” about utilitarianism because it
treats utility functions only as representations of ordinal preferences rather than as primitive con-
cepts (see Weymark’s [23] review of the Harsanyi-Sen debate). For simplicity, we shall ignore this
issue in this paper.

3Note that this argument is different from the justification of utilitarianism as the rational choice
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checked for every profile of preferences separately. The indifference axiom implies
no restrictions across preference profiles. Also, of course, the indifference axiom
does not pin down the weights assigned to different individuals’ utility functions.
The weights may even be negative, although this is easily ruled out by strength-
ening the indifference axiom to a Pareto axiom.4

But even with strictly positive weights, the weights don’t need to be equal for
different individuals, and the weights may depend on the preference profile that
is considered. Thus, individual 1 may always receive particularly high weight.
Alternatively, an individual who ranks alternative a over alternative b may be
considered to display “bad taste” and therefore may receive low weight (unless all
individuals rank a over b.) In this way, the welfare function may incorporate a
form of “paternalism.” Also an individual whose preferences deviate particularly
strongly from those of all others may receive a particularly high weight, which
might be justified as a form of “minority protection.” All of this is allowed by
Harsanyi’s theorem.

“Relative utilitarianism” is one way to go further, and to come up with a sin-
gle welfare definition. Relative utilitarianism defines welfare to be the sum of
agents’ Bernoulli utilities where all agents have the same weight, and where agents’
Bernoulli utility functions are normalized so that each individual’s utility function
assigns utility 0 to this individual’s least preferred outcome and utility 1 to this
individual’s most preferred outcome. The subject of this paper is the axiomatic
basis of relative utilitarianism.

To develop this axiomatic perspective we adopt a “revealed preference” approach
to welfare judgments. Suppose we observed sufficiently many choices of each mem-
ber of society to infer their preferences, and also sufficiently many choices of a

criterion for a fictitious observer choosing behind the veil of ignorance, that is, not knowing which
individual she herself will be in society. This justification was proposed by Harsanyi in [13]. In the
setting of Harsanyi’s [13] paper, an axiomatization of the welfare definition that we discuss in this
paper, “relative utilitarianism,” was provided by Karni [18].

4For a modern statement and proof of Harsanyi’s theorem, and of versions of the theorem with
the indifference axiom strengthened to a variety of Pareto axioms, see Weymark [24].

2



“social planner” to infer the planner’s preferences. Suppose all these preferences
satisfied von Neumann and Morgenstern’s axioms. Assume also that we made ob-
servations not just for one profile of individuals’ preferences but for many. And
finally, imagine that we knew that the social planner, when choosing, knew the
profile of individuals’ preferences, and that his choices satisfy a strengthened ver-
sion of Harsanyi’s indifference axiom, namely a Pareto axiom. Then the social
planner’s choices reveal, in a sense that we shall make precise, for every preference
profile how much weight the planner assigns to any particular individual in com-
parison to any other individual. More precisely, we shall introduce a concept of the
social planner’s “marginal rates of substitution” between any individual i and j’s
most preferred alternative, and explain how these marginal rates of substitution
are revealed by the planner’s choices. We shall show that three axioms about the
social planner’s choices imply that these marginal rates of substitution have to be
equal to 1 for all preference profiles, and we shall infer from that that the planner’s
choices must reveal a relative utilitarian welfare function.

We can now re-phrase the difference between the two approaches to justifying
utilitarianism that we distinguished above. While in the first approach, compar-
isons among individuals’ utilities are taken as input into the welfare judgment, in
the second approach the weight of different individuals in the welfare function are
revealed by the planner’s choices. We don’t model what these comparisons are
based on. Indeed, we don’t ask how these comparisons “should” be made. Our
approach is positive, not normative: if the planner’s choices satisfy a certain set of
axioms, then the planner’s choices will reveal relative utilitarianism.

Axioms for Revealed Relative Utilitarianism

As we mentioned above, the key concept in our axiomatization of relative util-
itarianism are the “marginal rates of substitutions” of the welfare function. The
“marginal rates of substitution” are defined for a given profile of individuals’ von
Neumann-Morgenstern preferences and are derived from the social planner’s von
Neumann-Morgenstern preference that corresponds to this profile. We assume that
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the social planner’s preference satisfies a Pareto axiom. The marginal rate of sub-
stitution between agents i and j is then the answer to the following question: To
keep the social planner indifferent, how much probability of agent i’s most pre-
ferred alternative must be shifted to his least preferred alternative, if “one small
unit of probability” is shifted from agent j’s least preferred alternative to his most
preferred alternative? In this question we assume implicitly that the shift in prob-
abilities from agent i’s most preferred alternative to his least preferred alternatives
does not affect the utility of agents other than i, and we make the same implicit
assumption for agent j. Using a theorem due to Weymark [24] we show that,
when the preference profiles satisfies a condition that is called the “Independent
Prospects” condition, this is a well-defined thought experiment for all i and j, and
for every pair of i and j there is a unique number that is the answer to our question.

We then consider a social planner who assigns to many profiles of individuals’
preferences a social preference that satisfies the Pareto axiom. Whenever the pro-
file of individuals’ preferences satisfies the Independent Prospects condition, then
the planner’s preference reveals a complete set of pairwise marginal rates of substi-
tutions. The axioms that we study in this paper address how these marginal rates
of substitution are allowed to change as individuals’ preferences change. When the
social preference can be represented by the relative utilitarian welfare function,
then the marginal rates of substitution equal 1, regardless of individuals’ prefer-
ences. The objective of our analysis is to derive this as a conclusion from more
elementary axioms.

The key axiom is a separability axiom. It requires that the marginal rate of
substitution between the probabilities of agent i’s and agent j’s most preferred al-
ternatives only depends on agent i and agent j’s preferences, not on other agents’
preferences. Any preference that satisfies (i) a Pareto axiom and (ii) the separa-
bility axiom can be represented as the sum of 0-1 normalized Bernoulli utilities
such that each agent’s weight depends only on that agent’s preference, and not
on the other agents’ preferences. Separability thus rules out in particular that
an agent’s weight depends on the comparison between her preference and other
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agents’ preferences, as in the “minority protection” example that we offered above.

We then add the “invariance axiom.” This axiom requires that the marginal
rates of substitution between probabilities of agents’ most preferred alternatives
do not change when a change in agents’ preferences concerns only alternatives
which all agents regard as equivalent to lotteries over the other alternatives, and
which are thus “redundant.” What changes in these cases is only agents’ views
of which lotteries the redundant alternatives are equivalent to. Such a change is
required by our axiom not to affect the marginal rates of substitution. A short
argument that is conceptually and mathematically not very deep shows that the
invariance axiom has a surprisingly strong implication if the domain of preferences
that is considered is sufficiently rich. It then implies that in the representation
of social welfare as the sum of 0-1 normalized von Neumann-Morgenstern utilities
each agent’s weight must be constant, and not vary with the preference profile at
all. Thus, in particular, the invariance axiom rules out the paternalism example
that we offered above.

The final step of the argument is simple. We add an anonymity axiom, which
requires that all agents are treated symmetrically. We then conclude that all agents’
weights have to be equal, and thus that social welfare has to be relative utilitarian.

It is of technical importance for our analysis that we restrict our argument to a
sub-domain of the space of all profiles of von Neumann-Morgenstern preferences.
For example, we only consider preference profiles that satisfy the “Independent
Prospects” condition mentioned earlier. There will be other constraints on the
sub-domain that we are considering. In fact, this sub-domain is not explicitly con-
structed in the paper. Instead we list in the paper all properties of the sub-domain
that we make use of, and we construct the sub-domain explicitly in the appendix.
The sub-domain is in a natural sense “dense” in the universal domain, if we ex-
clude from the universal domain all profiles in which some individual is completely
indifferent between all alternatives. The construction of the sub-domain is some-
what artificial. Whether there is a natural axiomatization of relative utilitarianism
on the domain of all profiles of von Neumann-Morgenstern preferences is an open
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question.

We will be able to construct the sub-domain of preferences for which our re-
sults holds only under restrictive assumptions regarding the number of agents and
alternatives. Specifically, we require that there are at least three agents, and that
the number of alternatives is more than six times the number of agents. The paper
will make clear that the assumptions that there are more alternatives than agents,
and that there are at least three agents, are made for transparent conceptual rea-
sons. The final assumption that the number of alternatives exceeds the number of
agents by a factor of more than six is made for purely mathematical reasons which
the appendix clarifies. That there are many more alternatives than agents seems
not unreasonable: there are probably many more possible income tax codes than
there are citizens of the United States.

Relation with Dhillon and Mertens’s Axiomatization of Relative Utilitari-
anism

Our axiomatization of relative utilitarianism is closely related to the axiom-
atization in Dhillon [7]. Our three axioms are in fact very similar to the three
axioms that Dhillon uses.5 Dhillon derives the separability axiom from a more
complicated axiom, the “extended Pareto axiom,” that can only be formulated in a
richer framework than the one we consider here. This richer framework considers
the aggregation of preferences in groups of different size. It is easy to see that the
extended Pareto axiom implies the separability axiom (see our discussion following
Definition 6). Using separability directly makes our paper much simpler than it
would otherwise be.

Unlike Dhillon, we adopt a revealed preference approach to social welfare. In
particular, we use throughout the new concept of revealed marginal rates of sub-
stitution of a social welfare function. The introduction of this concept is another
factor that allows us to provide much simpler and more transparent proofs than
Dhillon offered. Our approach of considering, as we mentioned earlier, only a sub-

5Dhillon introduces a fourth axiom, “neutrality,” but never uses it.
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domain of the full domain of preferences also contributes to the simplification that
we achieve in this paper. Dhillon works with the full domain, and, remarkably,
does not use any continuity axiom.6

A paper that is closely related to Dhillon [7] is Dhillon and Mertens [9]. They
offer an axiomatization of relative utilitarianism that differs from Dhillon’s by
replacing the extended Pareto axiom by a very weak “monotonicity” axiom, and
then requiring continuity of the social welfare function.7 Unfortunately, as Dhillon
[7, p. 522] an axiom that has no clear ethical interpretation,. If continuity is not
assumed, Dhillon and Mertens’ axioms allow, for example, the weights of any one
individual to depend on the number of other individuals with the same preferences.8

Relation with Harsanyi’s Work

Our interpretation of welfare theory as a theory of the revealed preferences of
a fictitious social planner echoes language used by Harsanyi when summarized the
conclusion of his 1955 paper thus: “In the same way as ... it has been shown that
a rational man ... must act as if he ascribed numerical subjective probabilities
to all alternative hypotheses ... - so in welfare economics we have also found that
a rational man ... must likewise act as if he made quantitative interpersonal
comparisons of utility...” [14, p. 321].

Harsanyi [14] discussed in detail an earlier paper by Fleming [11] that also pro-
vided axiomatic foundations for weighted utilitarianism, interpreting his own work

6Unfortunately, Dhillon [7] contains errors that affect both the statement of the main result its
proof. We elaborate on this in Börgers and Choo [4]. We do not know whether statement and proof
of the main result in Dhillon [7] can be repaired.

7The continuity notion that Dhillon and Mertens use is intricate. It needs to be, because with
a more simple notion of continuity, Chichilnisky’s [5] impossibility result that we mention below
would apply.

8See the example on page 485 in Dhillon and Mertens [9], which they use to illustrate that the
continuity axiom cannot be dropped from the theorem. This example also disproves the assertion
of Dhillon and Mertens on page 483 of their paper that monotonicity implies separability, where
separability is meant to mean that an individual’s weight may only depend on that individual’s
preferences, and not other agents’ preferences.
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as reaching the same conclusion as Fleming’s but with weaker axioms. Harsanyi
thought that the main difference between his and Fleming’ s framework that made
it possible to drop axioms was that he considered lotteries as outcomes, while
Fleming did not, and then could assume that individual and social preferences
satisfied the von Neumann-Morgenstern postulates. However, Harsanyi obtained
a weaker conclusion than Fleming, namely only a single profile theorem, whereas
Fleming’s theorem was a multi-profile theorem.9 Interestingly, the axiom that
Harsanyi dropped10 was a separability axiom that is quite similar to the separa-
bility axiom that we use. One might thus view our work as integrating Fleming’s
and Harsanyi’s approaches.

Related Literature

The invariance axiom in this paper is related to, but much weaker, than Ar-
row’s [1] “independence of irrelevant alternatives.” The main difference between
these axioms concerns what is regarded as an irrelevant alternative. According to
Arrow’s axiom, for the comparison of any two alternatives, all other alternatives
are irrelevant. By contrast, according to the invariance axiom, for the social pref-
erences over all alternatives, only those alternatives are regarded as irrelevant for
which all agents agree that they are equivalent to lotteries over the given subset.

If, instead of the invariance axiom, Arrow’s independence of irrelevant alterna-
tives axiom were used, one would obtain versions of Arrow’s impossibility theorem.
This is not completely obvious because we are considering a social welfare function
with a smaller domain than Arrow’s [1] social welfare function. Arrow consid-
ers a “full” domain, whereas we only consider expected utility preferences. But
it was shown by Sen [22, Theorem 8*2] that Arrow’s theorem remains valid on
this restricted domain. Stronger versions of Sen’s result were shown by Kalai and
Schmeidler [17] and Hylland [16]. This literature sometimes refers to “cardinal
utilities” rather than Bernoulli utilities, but the results that we have quoted, even

9In a comment on Harsanyi’s paper, Fleming [12] does not raise the issue of single-profile vs.
multi-profile results.

10Although Harsanyi argued for the plausibility of the axiom [14, pp. 310-312].
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if they refer to cardinal utilities, can also be interpreted as results about Bernoulli
utilities. Note that these results imply that relative utilitarianism does not satisfy
independence of irrelevant alternatives.

Chichilnisky [5] proved another impossibility result in this area, namely the
non-existence of a continuous aggregation rule for von Neumann-Morgenstern pref-
erences that also respects unanimity and that is anonymous. Notice that relative
utilitarianism is not continuous. For example, if agent 1’s Bernoulli utility over
three alternatives is given by the vector (1; 0:5� "; 0), and agent 2’s Bernoulli util-
ity for the same three alternatives is (0; 0:5(1 + "); 1), then for every " > 0 the
sum of these two utility vectors is (1; 1 + 0:5"; 1), which corresponds to the same
preferences as the vector (1; 2; 1), but in the limit, as "! 0, the sum of the utility
vectors corresponds to complete indifference. In our development here, we shall
not impose any continuity requirements.

Dhillon and Mertens [8] proved another impossibility result in this area. They
showed that the Pareto axiom and a strong form of monotonicity cannot be satisfied
simultaneously. Note that this result implies that relative utilitarianism does not
satisfy this strong form of monotonicity.

An axiomatization of relative utilitarianism that is very different from the one
pursued in this paper was provided by Segal [21]. Whereas this paper follows
Arrow’s [1] approach and considers for a variety of lists of individuals’ preferences
how welfare is defined, holding the set of alternatives constant, Segal considers
for a variety of sets of alternatives how welfare is defined, holding the individuals’
preferences fixed.

Outline of the Paper

We proceed as follows. In Sections 2 and 3 we review Harsanyi’s [14] aggrega-
tion theorem, and explain how a social preference that satisfies a Pareto Axiom
reveals the marginal rates of substitution between the probabilities of different
agents’ most preferred alternatives. In Section 4 we extend the framework and
consider multi-profile social welfare functions. In Sections 5, 6, and 7 we succes-
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sively introduce the three axioms which characterize relative utilitarianism, and
discuss each axiom’s implications. As we develop our argument, we shall make
three assumptions regarding the domain of the social welfare function. These as-
sumptions greatly simplify our arguments. In Section 8 we provide a result that
asserts the existence of a domain that satisfies our assumptions, and that is dense
in the set of all preference profiles that satisfy von Neumann-Morgenstern axioms.
This result is proved in an appendix. Section 9 concludes.

2 The Pareto Axiom

There are a finite set of alternatives, A = fa1; a2; : : : ; amg, and a finite set of
individuals N = f1; 2; : : : ; ng. We assume that both n and m are at least 2. We
denote the set of all lotteries over A by �A. The set of all preference orderings
over �A that satisfy the von Neumann-Morgenstern axioms will be denoted by
R. Every individual i 2 N will be assumed to have a preference ordering %i2 R.
We assume that no individual is indifferent between all lotteries. The set of all
preference orderings over �A that satisfy the von Neumann-Morgenstern axioms
and that are not indifferent between all lotteries will be denoted by R. Thus,
%i2 R for all i 2 N . The assumption that no individual is indifferent between all
alternatives is very mild. Individuals who are indifferent between all alternatives
could arguably be dropped from the analysis. The strict preference derived from
%i will be denoted by �i, and the indifference relation derived from %i will be
denoted by �i.

In this and the next section we take as given and fixed a profile%= (%i)i2N 2 Rn

of preferences, one for each individual. We seek to investigate a benevolent social
planner’s preference. We denote this preference by %s. We shall also refer to %s as
the “social preference.” We assume that %s satisfies the von Neumann-Morgenstern
axioms. We allow for the possibility that %s is indifferent between all alternatives.
Thus, %s2 R. We denote by �s the strict preference order derived from %s and
by �s the indifference relation.
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Definition 1. The social preference %s satisfies the Pareto Axiom with respect
to % if for all p; q 2 �A:

(i) If p %i q for all i 2 N , then p %s q.

(ii) If p %i q for all i 2 N , and p �i q for at least one i 2 N , then p �s q.

The following proposition, which is closely related to Harsanyi’s [14] theorem
on utilitarianism, is the first part of Theorem 3 in Weymark [24].

Theorem 1. The following two conditions are equivalent:

(i) %s satisfies the Pareto axiom with respect to %.

(ii) Whenever for every i 2 N ui : A ! R is a Bernoulli utility function that
represents %i, and us : A ! R is a Bernoulli utility function that represents
%s, then there are strictly positive real numbers wi for all i 2 N , and a real
number �, such that:

us(a) =
X
i2N

wiui(a) + � for all a 2 A:

3 Revealed Marginal Rates of Substitution

We now investigate for any two agents i and j whether the social preference relation
%s reveals how much “relative weight” the social preference attaches to agent i’s
and agent j’s preferences. As our approach to relative utilitarianism in this paper
is purely based on preferences, and not on their numerical representations, we shall
define this “relative weight” in terms of the preferences only. We shall introduce a
concept called “the social preference’s marginal rate of substitution between agents
i and j.” This marginal rate of substitution indicates how much probability of agent
j’s most preferred alternative we can subtract and keep welfare constant if we raise
the probability of agent i’s most preferred alternative by one unit. Here, we shall
assume that all subtractions (additions) from (to) the probability of an agent’s most
preferred alternative are accompanied by equal additions (subtractions) to (from)
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the probability of an agent’s least preferred alternative, and we shall assume that
all agents other than i and j are indifferent towards these changes in probability. If
this marginal rate of substitution is large, then intuitively agent i’s “relative weight”
in comparison to agent j is large, whereas if the marginal rate of substitution is
small, then intuitively agent i’s “relative weight” in comparison to agent j is low.

To define marginal rates of substitution formally, we introduce some more no-
tation. For any agent i 2 N , we denote by bi one of agent i’s most preferred
outcomes in A and by `i one of agent i’s least preferred outcomes in A (in each
case it does not matter which one we pick, if there are multiple most or least pre-
ferred outcomes). For any two outcomes a; b 2 A and for any � 2 [0; 1] we write
�a+ (1� �)b for the lottery in �A that places probability � on a and probability
1� � on b. Note that for any agent i 2 N and any lottery q 2 �A, because %i is
not indifferent between all elements of �A, there is a unique number �i(q) such
that q �i �i(q)bi + (1��i(q))`i. We can now define marginal rates of substitution
between agents i and j revealed by a social preference.

Definition 2. Suppose%2 RN , i; j 2 N , and i 6= j. Let%s be the social preference.
For any two lotteries p; q 2 �A such that:

p �s q

and

p �k q for all k 2 N n fi; jg
p �i q;

q �j p;

the social preference %s reveals that the marginal rate of substitution between
i and j at p and q is:

MRSi;j(p; q) =
�i(p)� �i(q)

�j(q)� �j(p)

This definition of the revealed marginal rate of substitution is based on a move-
ment from some lottery p to another lottery q, and, for the moment, the value of

12



the marginal rate of substitution may depend on which lotteries p and q we are
considering. As in any definition of marginal rates of substitution we consider
movements along a indifference curve; this is expressed in the definition by the
assumption p �s q. Because we want to focus on the marginal rate of substitution
between agents i and j, we require that all other agents are indifferent between
p and q. Finally, as we are interested in how agent i’s and agent j’s preferences
are traded off against each other, we assume that i and j have strict and oppo-
site preferences over p and q. The marginal rate of substitution between i and j
at p and q is then defined as the change in the probability of the most preferred
alternative of i that is for i equivalent to the movement from q to p divided by
the same change, reversing the order of p and q, for j. Thus, roughly speaking,
as we mentioned above, the marginal rate of substitution indicates by how much
probability of agent j’s most preferred alternative we can subtract and keep welfare
constant if we raise the probability of agent i’s most preferred alternative by one
unit.

Before we can use the concept of revealed marginal rate of substitution, we
have to address whether such rates always exist, i.e. whether we can find at least
one pair of suitable lotteries p and q, and whether, if several such pairs of lottereis
exist, the marginal rate of substitution is independent of which pair we pick, that
is, whether it is unique. We begin with existence. Not every social preference that
satisfies the Pareto axiom reveals a marginal rate of substitution. Suppose, for
example, that two individuals have identical preferences. Then, regardless of the
other agents’ preferences, and regardless of what the social preference is, it will be
impossible to reveal a marginal rate of substitution that involves either of these two
individuals because lotteries satisfying the conditions of Definition 2 don’t exist.

In addition to the preference profiles in the previous paragraph, there are also
profiles % such that some, but not all social preferences that satisfy the Pareto
axiom reveal a marginal rate of substitution between i and j. Here is an example.
Suppose society consists of just two individuals, 1 and 2, and there are just two
alternatives, a and b. Suppose the preference profile is such that 1 prefers a to b but
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2 prefers b to a. The social preference where society is indifferent between a and
b reveals that the marginal rate of substitution between 1 and 2 is 1. In contrast,
the social preference where society prefers a to b fails to reveal a marginal rate of
substitution between 1 and 2, because there do not exist lotteries p and q such
that 1 prefers the former, 2 prefers the latter, and society is indifferent between
the two.

We now ask: For which preference profiles % does any social preference %s that
satisfies the Pareto axiom reveal at least one marginal rate of substitution between i
and j for all i; j 2 N with i 6= j? This is a relevant question in our context because
for such profiles the axioms that we introduce below do not have to be conditioned
on the social preference revealing a marginal rate of substitution. We are assured
that at least one marginal rate of substitution is revealed. A sufficient condition
for this to be the case was introduced by Fishburn [10], who used it for a slightly
different purpose than we do. Weymark [24] introduced the name “Independent
Prospects” for this condition. One may interpret this condition as saying that for
every individual i in society there is at least one pair of lotteries such that the
difference between these lotteries is a private matter of that individual, and is of
no concern to any other individual.

Definition 3. A profile of preferences %2 Rn satisfies the Independent Prospects
condition if for every i 2 N there are lotteries pi; qi 2 �A such that pi �i qi, and
pi �k qi for all k 2 N n fig.

Proposition 1. Suppose % satisfies the Independent Prospects condition, and
suppose that the social preference %s satisfies the Pareto axiom. Then %s

reveals a marginal rate of substitution between every pair i; j 2 N; i 6= j of
agents.

Proof. Let i; j 2 N; i 6= j. To prove the Proposition, it suffices to construct
lotteries p; q that satisfy the conditions in Definition 2. We start with the lotteries
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pi; qi; pj; qj whose existence is given by Definition 3. For any � 2 [0; 1=4] let:

p(�) =
�
1

2
� �

�
pi + �qi +

�
1

4
� �

�
pj +

�
1

4
+ �

�
qj: (1)

q(�) = �pi +
�
1

2
� �

�
qi +

�
1

4
+ �

�
pj +

�
1

4
� �

�
qj: (2)

If � = 0, then p(�) �i q(�) and p(�) �k q(�) for all k 6= i, so that by the
Pareto axiom, p(�) �s q(�). Conversely, if � = 1=4, then q(�) �j p(�) and
q(�) �k p(�) for all k 6= j, so that by the Pareto axiom, q(�) �s p(�). Hence,
by the continuity of von Neumann-Morgenstern preferences, there exists �� 2 (0; 1)

such that p(��) �s q(��). We now set p � p(��) and q � q(��). By construction
p �s q. The claim is proved if we show that p �i q and q �j p. But this follows
directly from the fact that �� is in the interior of [0; 1=4].

Suppose next that a social preference that satisfies the Pareto axiom does reveal
at least one marginal rate of substitution between agents i and j. Is this marginal
rate of substitution uniquely determined, or could several values of the marginal
rate of substitution be revealed? It is one of the implications of the following result
that the marginal rate of substitution is uniquely determined.

But first, some notation: For any %i2 R let u(%i) denote the Bernoulli utility
function that represents %i and that is normalized: u(%i)(bi) = 1 and u(%i)(`i) =

0. If it is clear from the context that individual i’s preference relation is %i, then
we shall write ui(a) instead of u(%i)(a).

Proposition 2. Consider a given preference profile %2 Rn, and let %s2 R be
the corresponding social preference. Suppose that

P
i2N wiui(%i) is a Bernoulli

utility function that represents %s, where each wi 2 R++. Suppose that the
social preference %s reveals that the marginal rate of substitution between i

and j at some pair of lotteries p and q to be MRSi;j(p; q). Then:

MRSi;j(p; q) =
wj

wi

:

There may be multiple pairs of lotteries p; q that satisfy the conditions of Def-
inition 2. But under the conditions of Proposition 2 for all such pairs of lotteries
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the revealed marginal rate of substitution equals wj=wi, and therefore the revealed
marginal rate of substitution is unique.

Proof. Because the social preference is indifferent between p and q:
X
k2N

wkuk(p) =
X
k2N

wkuk(q) (3)

Because agents other than i and j are indifferent between p and q, this is equivalent
to: X

k2fi;jg

wkuk(p) =
X

k2fi;jg

wkuk(q) (4)

which simplifies to:
ui(p)� ui(q)
uj(q)� uj(p) =

wj

wi

(5)

Because the utility functions uk are normalized so that the utility of uk(bk) = 1

and uk(wk) = 0, we can replace uk(p) by �k(p) and uk(q) by �k(q) for k = i; j, and
we obtain the desired result.

4 Social Welfare Functions

We now consider preference aggregation not only for one preference profile, but for
every preference profile in some set of preference profiles. Our interest is in the
full domain Rn. But for most of the paper it is useful to restrict attention to a
subset R of Rn. We won’t specify this set here, but rather throughout the paper
we will make assumptions regarding this set as we use them, and in Section 8 and
in the appendix we shall construct an example of a domain that satisfies all our
assumptions. The set R will later be assumed to be topologically dense in Rn.

Assumption 1. R is the Cartesian product of non-empty sets of preferences
for each agent. That is, R = �i2NRi, where for each i 2 N , ; 6= Ri � R.
Moreover, every %2 R satisfies the Independent Prospects condition.

Before we comment on this assumption, we define the object of our study in
this paper.
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Definition 4. A social welfare function (SWF) is a function:

� : R �! R:

We now comment on Assumption 1. If R were not a Cartesian product, the set
of preferences of some agent i that we consider would depend on the preferences
of all other agents. In other words, our study of preference aggregation would
implicitly assume a form of correlation among agents’ preferences. We see no
good intuitive reason to introduce such a correlation. Moreover, the Cartesian
product assumption simplifies our terminology and notation and makes our main
arguments, for example in the next section, easier to follow. On the other hand, this
assumption complicates our construction of the set R in the appendix. For us the
transparency of the arguments in the main text of the paper is more important.
The second part of Assumption 1 is that every %2 R satisfies the Independent
Prospects condition. This will allow us to infer from the social preference �(%)

unique marginal rates of substitution for each preference profile % and each pair
of agents i; j with i 6= j.

Our focus will be on the SWFs that satisfy the Pareto Axiom. We extend this
axiom from single profiles to SWFs as follows.

Definition 5. A SWF � satisfies the Pareto Axiom if for all preference profiles
%2 R, the social preference �(%) satisfies the Pareto Axiom with respect to %.

Let � be a SWF that satisfies the Pareto Axiom. Then for every %2 R and
all i; j 2 N with i 6= j, we can identify the revealed marginal rate of substitution
for i and j. We denote these marginal rate of substitution by MRSi;j(%). In the
next three sections we shall consider the implications of three axioms regarding
the marginal rates of substitution.
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5 Separability of Revealed Marginal Rates of Sub-

stitution

Our axiomatization of relative utilitarianism will focus on the marginal rates of
substitution revealed by a utilitarian welfare function. The first axiom is separa-
bility.

Definition 6. Suppose that the domain R of a SWF � satisfies Assumption 1, and
that � itself satisfies the Pareto Axiom. Then we say that � satisfies in addition
also the Separability Axiom if for all i; j 2 N with i 6= j and for all %; %̂ 2 R

such that %i= %̂i and %j= %̂j we have:

MRSi;j(%) = MRSi;j(%̂)

Separability is implied by Axiom 1 in Dhillon [7].11 The idea underlying this
axiom offers one possible motivation for requiring separability. Suppose, instead of
aggregating the preferences of all agents in N simultaneously, we proceeded in two
steps: First, we aggregated the preferences of the sub-group consisting of only two
individuals, i and j, and then we treated the subgroup as if it was one individual
with preference equal to the social preference of the subgroup, and aggregated this
artificial individual’s preference and the preferences of all individuals in N n fi; jg.
Dhillon’s Axiom 1 requires this two step procedure to lead to the same social pref-
erence as the aggregation of all agents’ preferences simultaneously.12 She formalizes
this by postulating that for any subset of N there is a social welfare function that
assigns to each vector of preferences of the individuals in this subset a social pref-
erence, and by postulating that these social welfare functions are consistent with
each other in the sense that for any group of agents the social preference could be
obtained by partitioning this group into subsets, aggregating each subset’s prefer-
ences separately according to the social welfare function for that subset, and then

11The idea of this axiom also appears in Dhillon and Mertens [9, p.481-2].
12Axiom 1 in Dhillon [7] is not phrased as we describe it here. But Dhillon’s comments following

Axiom 1 indicate that her Axiom 1 is equivalent to the condition that we describe.
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aggregating the preferences that one has obtained in that way. Moreover, she re-
quires that each social welfare function satisfies the Pareto Axiom, and thus has
the utilitarian form. Our Separability Axiom restricts attention to groups of two.
It is an implication of Dhillon’s axiom because implicit in Dhillon’s construction is
that the social welfare function for the group consisting of i and j is independent
of the preferences of the other members of N .

As mentioned in the Introduction, separability was also a key axiom in Flem-
ing’s [11] axiomatization of utilitarianism. Harsanyi [14] provided an eloquent
defense of separability, although he did not use it in his own theorem. Harsanyi
draws a parallel with the Pareto axiom, and writes that “both postulates make
social choice dependent solely on the individual interests directly affected. They
leave no room for the separate interests of a superindividual state or of impersonal
cultural values ...” [14, p. 311].

Theorem 2. Suppose n � 3 and let the domain R of the social welfare function
� satisfy Assumption 1. Then � satisfies the Pareto and the Separability
Axioms if and only if for every i 2 N there are functions �i : Ri ! R++ such
that for every %2 R the social preference �(%) can be represented by:

us =
X
i2N

�i(%i)u(%i):

Proof. The “if part” is obvious. We prove the “only if part”. For every %2 R let
the Bernoulli utility function

P
i2N wi(%)u(%i) represent �(%). In the following

proof we shall construct the weights �i(%i) the existence of which is asserted in
Theorem 2. To be able to appeal to standard results on additive separability we
shall use the logarithms of the weights in the welfare function. We define for every
%2 R and every i 2 N :

vi(%) = lnwi(%): (6)

The Separability Axiom implies for all i; j 2 N :

vi(%)� vj(%) = vi(%̂)� vj(%̂) (7)
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whenever%i= %̂i and%j= %̂j. Define for every i 2 N a function hi : Ri�Ri+1 ! R

such that:
hi(%i;%i+1) = vi+1(%)� vi(%) (8)

where, because of the Separability Axiom, it does not matter which preference
profile % we consider as long as i’s preference in this profile is %i, and i + 1’s
preference in the profile is %i+1. We can extend this definition to the case i = n

by identifying n+ 1 with 1.

Now notice that for all %2 R we have:

v1(%) = v1(%) +
nX
i=1

hi(%i;%i+1), (9)

nX
i=1

hi(%i;%i+1) = 0: (10)

This implies that for any %; %̂ 2 R we have:
nX
i=1

hi(%i;%i+1) =
nX
i=1

hi(%̂i; %̂i+1): (11)

In the special case in which %j= %̂j for all j except one i, this equation can be
simplified by dropping all terms that appear on both sides of the equation. We
then obtain:

hi�1(%i�1;%i)� hi�1(%i�1; %̂i) = hi(%̂i;%i+1)� hi(%i;%i+1) (12)

Because n � 3, we know that i� 1 6= i+ 1. This means, that in this equation the
left hand side must not depend on %i�1, because this preference does not appear on
the right hand side. This applies in fact to all i and all %2 R. Thus the increments
of the function hi when the second argument is changed, must not depend on the
first argument, and also the increments of the function hi, when the first argument
is changed, must not depend on the second argument. These conditions imply by
standard arguments that the functions hi are additively separable, i.e. there exist
functions fi : Ri ! R and gi : Ri ! R such that:

hi(%i;%i+1) = fi(%i) + gi+1(%i+1) (13)
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for all i 2 N and all %2 R.

Plugging equation (13) into equation (10) we get:

nX
i=1

(fi(%i) + gi+1(%i+1)) = 0; (14)

which is, of course, the same equation as:

nX
i=1

(fi(%i) + gi(%i)) = 0: (15)

This equation can be true for all %2 R only if each of the terms in the sum on
the left hand side is a constant that is independent of %i, i.e. there is some ki 2 R
such that:

fi(%i) + gi(%i) = ki (16)

for every %i2 Ri. Using this, we can re-write (13) as:

hi(%i;%i+1) = fi(%i) + ki+1 � fi+1(%i+1): (17)

Substituting this into (8) we obtain:

vi+1(%)� vi(%) = fi(%i) + ki+1 � fi+1(%i+1): (18)

Now we return to the original variables that we are interested in, rather than
their logarithms. We define for every i 2 N and for every %i2 Ri:

 i(%i) = exp(�fi(%i)); (19)

and:

�i = exp(ki): (20)

We can now apply the exponential function to both sides of (18) and get:

wi+1(%)

wi(%)
= �i+1

 i+1(%i+1)

 i(%i)
(21)
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Now if we define for every i 2 N :

�i(%i) = �1 � �2 � : : : � �i �  i(%i); (22)

then:
�i+1(%i+1)

�i(%i)
= �i+1

 i+1(%i+1)

 i(%i)
; (23)

and thus the vector (�1; : : : ; �n) is proportional to the vector (w1; : : : ; wn). There-
fore,

us =
X
i2N

�i(%i)u(%i) (24)

is a representation of the social preference.

6 Invariance of Marginal Rates of Substitution

We now introduce our third axiom. This axiom, together with the previous two
axioms, implies that the marginal rates of substitution remain the same across all
preference profiles. In this axiom, if A0 � A, we denote by %i j�(A0) the restriction
of the preference relation %i to lotteries that have support in A0.

Definition 7. A SWF � that satisfies the Pareto Axiom, satisfies in addition also
the Invariance Axiom if for all i 2 N , %; %̂ 2 R, and a; b; c 2 A (all different
from each other) the following holds. If

� %j= %̂j for all j 2 N n fig,

� a �j b �j c for all j 2 N n fig,

� %ij�(Anfbg)= %̂i j�(Anfbg);

� a %i b %i c and a %̂i b %̂i c,

then:

MRSi;j(%) = MRSi;j(%̂) for all j 2 N; j 6= i:
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In words, the axiom requires that, under certain conditions, the marginal rates
of substitution involving agent i don’t change if agent i’s preference alone changes
while all other agents’ preferences stay the same. If we required this regardless
of what agent i’s and all other agents’ preferences are, then we would assume our
intended conclusion, as long as we also imposed the Pareto and the Separability
axioms. However, it is sufficient to require invariance of the marginal rates of
substitution under much more restrictive conditions, namely those listed in the
bullet points in Definition 7. These conditions are that there are alternatives a, b
and c such that (i) all agents other than i are indifferent between a, b and c, whereas
agent i ranks b between a and c, and (ii) only i’s preferences regarding lotteries
assigning positive probability to b change, leaving his preferences on �(A n fbg)
unchanged, and also leaving unchanged that b is ranked between a and c.

Why is it interesting to explore the implications for the social welfare function
of the assumption that, in these circumstances, marginal rates of substitution don’t
change? Before the change of preference, there is a lottery over a and c such that all
agents are indifferent between that lottery and the alternative b. After the change
of preference, there is some (potentially different) lottery over a and c such that
the same is true. Hence, both before and after the change of agent i’s preference
alternative b is, in the words of Dhillon and Mertens, “redundant.” It might be
plausible to argue that i’s preferences over a redundant alternative should not affect
the marginal rates of substitution involving i.

Dhillon and Mertens motivate their version of the invariance axiom by pointing
out that the preference change that is considered in the invariance axiom leaves the
set of vectors of expected utilities that correspond to lotteries over A unchanged.
Thus, if one assumes that what matters for welfare is only the image of the choice
space in expected utility space, then the Invariance Axiom follows.

The Invariance Axiom has bite only if the domain of the welfare function is
sufficiently rich. Assumption 2 below ensures this richness. We first need a defini-
tion:

Definition 8. A “simple modification” of a preference %i2 Ri is a preference %̂i 2
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%i %2
i %3

i %4
i %5

i %̂i

a 1 1 0.1 0.1 0.1 0.1

b 0.6 0.6 0.6 0 0 0

c 0.4 1 1 1 1 1

d 0.2 0.2 0.2 0.2 0.2 0.5

e 0 0 0 0 0.2 0.2

Figure 1: %̂i 2 Ri can be reached from %i2 Ri through a sequence of simple
modifications.

Ri such that u(%̂i) assigns the same utility to all alternatives in A as u(%i) except to
one alternative b 2 A, and moreover such that there is an alternative a 6= b to which
u(%i) assigns 1, and also an alternative c 6= b to which u(%i) assigns 0. We say that
“a preference relation %̂i 2 Ri can be reached from a preference relation %i2 Ri

through a sequence of simple modifications” if there is a sequence (%k
i )k=1;2;:::;K of

elements of Ri such that %1
i=%i, %K

i = %̂i, and for every k = 1; 2; : : : ;K � 1 the
preference relation %k+1

i is a simple modification of the preference relation %k
i .

In Figure 1 we illustrate how one preference can be reached from another
through simple modifications. Each row corresponds to an alternative, each col-
umn corresponds to a preference, and preferences are represented by von Neumann-
Morgenstern utility functions the values of which constitute the entries in the table
in Figure 1. The sequence of simple modifications by which %̂i is reached from %i

proceeds from the left to the right.

The starting and end points of the sequence in Figure 1 have been chosen
quite arbitrarily. This is to suggest that it is in fact easy to connect any pair of
preferences through a sequence of simple modifications as long as the sets Ri are
sufficiently large. Implicitly, part (i) of Assumption 2 below is therefore a richness
assumption for the domain of the SWF that we are considering.
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Assumption 2. (i) For every i 2 N , every preference %̂i 2 Ri can be reached
from every other preference %i2 Ri through a sequence of simple modi-
fications.

(ii) For every i 2 N , for any three alternatives a; b; c 2 A, there is a prefer-
ence %i2 Ri such that a �i b �i c.

Theorem 3. Suppose n � 3 and suppose that R satisfies Assumptions 1 and
2. Then a SWF � satisfies the Pareto, Separability, and Invariance Axioms
if and only if for every i 2 N there is a number �i 2 R++ such that for every
%2 R the social preference �(%) can be represented by:

us =
X
i2N

�iu(%i):

Proof. The “if part” is obvious. We prove the “only if part”. By Theorem 2 there
are functions �i : Ri ! R++ such that for every %2 R the social preference �(%)

can be represented by: us =
P

i2N �i(%i)u(%i): It remains to show that for every
i 2 N and all %i; %̂i we have: �i(%i) = �i(%̂i): By part (i) of Assumption 2 %̂i

can be reached from %i through a sequence of simple modifications (%k
i )k=1;2;:::;K .

We shall prove the claim by showing that for every k = 1; 2; : : : ;K � 1 we have
�i(%k

i ) = �i(%
k+1
i ).

We first construct for given k 2 f1; 2; : : : ;K � 1g a preference profile (%k
j

)j 6=i �%k
�i such that the Invariance Axiom applies when agent i’s preference changes

from %k
i to %k+1

i while all other agents’ preferences remain %k
�i. Denote by b the

alternative whose utility changes when agent i’s preferences switch from %k
i to

%k+1
i , denote by a an alternative other than b that is ranked top by %k

i , and by c
an alternative other than b that is ranked bottom by %k

i . These alternatives exist
because %k+1

i is a simple modification of %k
i . For every j 6= i we now pick some

preference %k
j2 Rj such that a �k

j b �k
j c. Part (ii) of Assumption 2 implies that

such a preference exists. Let %k
�i be the list of the preferences %k

j for all j 6= i.

The Invariance Axiom implies that for every j 6= i the marginal rate of substi-
tution for agent i and agent j is the same for (%k

i ;%
k
�i) and (%k+1

i ;%k
�i). This is

the case if and only if �i(%k
i ) = �i(%

k+1
i ).
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7 Anonymity

We now add an anonymity axiom to obtain the conclusion that all marginal rates
of substitution must equal 1, and therefore that the SWF must be Relative Utili-
tarian. A natural definition of anonymity may seem to be the requirement that for
all preference profiles (%k)k2N , all permutations � of N , and all i; j 2 N; i 6= j the
marginal rate of substitution MRSi;j((%k)k2N) equals the marginal rate of substi-
tution MRS�(i);�(j)((%�(k))k2N). Unfortunately, given our domain restrictions, any
two individuals’ sets of possible preferences are disjoint, so that for any non-trivial
permutation � if (%k)k2N 2 R then (%�(k))k2N =2 R.

We shall instead work with an “approximate” version of anonymity. Roughly
speaking, it will require that if (%k)k2N 2 R, if � is a permutation of N , and
if (%̂�(k))k2N 2 R is “close to” (%�(k))k2N , then the marginal rate of substitution
MRSi;j((%k)k2N) is “close to” the marginal rate of substitutionMRS�(i);�(j)((%̂�(k))k2N)

for all i; j 2 N; i 6= j.

To formalize this requirement, we need to introduce a metric on von Neumann-
Morgenstern preferences. We shall define the distance between two preferences
%; %̂ 2 R to be the Euclidean distance between their normalized von Neumann-
Morgenstern representations: jju(%) � u(%̂)jj. For our definition of anonymity it
only matters which sequences of preferences are convergent. It is simple to verify
that a sequence (%�)�2N of elements of R converges to %2 R if and only if the
upper contour sets of %� converge in Hausdorff distance to the upper contour sets
of %. Thus, the notion of convergence that we use can be defined in purely ordinal
terms.

Definition 9. A SWF � that satisfies the Pareto axiom satisfies in addition the
Anonymity axiom if for any preference profile %2 R, any permutation � of N ,
and any sequence of preference profiles (%�)�2N in R such that %�

�(i)!%i for all
i 2 N we have:

MRS�(i);�(j)(%
�)!MRSi;j(%) (25)

for all i; j 2 N , i 6= j.
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Whether our formalization of anonymity has bite depends on the richness of
the domain of the SWF. If the domain is finite, for example, then anonymity, as
defined above, will always be satisfied, because no sequence of preferences of some
agent i will ever converge to a preference of some other agent j. Therefore, to
derive any further implications from the additional condition of anonymity, we
have to make a richness assumption for the domain. We shall make a very strong
assumption that allows a simple argument.

Assumption 3. For every i 2 N the set of possible preferences of agent i, Ri,
is a dense subset of the set R of all von Neumann-Morgenstern preferences
over lotteries over A.

Theorem 4. Suppose n � 3, and that R satisfies Assumptions 1, 2 and 3.
Then a SWF � satisfies the Pareto, Separability, Invariance, and Anonymity
axioms if and only if for every %2 R the social preference �(%) can be repre-
sented by:

us =
X
i2N

u(%i):

Proof. The “if part” of the result is obvious. We only prove the “only if part.”
Assumption 3 implies that for any preference profile %2 R and any permutation
� of N , there is a sequence of preference profiles (%�)�2N in R such that %�

�(i)!%i

for all i 2 N . From Theorem 3 and Proposition 2 we can infer that the sequence of
marginal rates of substitution on the left hand side of condition (25) converges to
��(i)=��(j) whereas the marginal rate of substitution on the right hand side of that
condition equals �i=�j. We conclude that to satisfy the anonymity axiom we must
have for every permutation � of N that ��(i)=��(j) = �i=�j for all i; j 2 N; i 6= j.
But this implies �i = �j for all i; j 2 N , and hence, without loss of generality,
we can set �i = 1 for all i 2 N . This implies that the social preference can be
represented by the utility function shown in the theorem.

Our formalization of anonymity in this section appears to be closely related
to the requirement that the SWF be continuous. This raises the question how
our result is compatible with the impossibility result due to Chichilnisky [5] that
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we cited in the Introduction, and in which the continuity axiom is crucial to the
result. The key point is that continuity in Chichilnisky’s work refers to the way
in which the social preference itself depends on the individuals’ preference profile.
By contrast, in our definitions above we refer to the way in which the marginal
rates of substitution revealed by the social preference depend on the individuals’
preference profile.

8 Constructing the Domain

In this section we demonstrate the existence of an example of a domain R of a
social welfare function that satisfies all assumptions that we have made in this
paper. We go, in fact, one step further and also show that one can construct such
a domain that is dense in the full domain Rn. Denseness is interesting because
it emphasizes that our construction does not leave any “holes” in the set of all
preference profiles. To make this claim precise, we have to endow Rn with a
metric. The metric that we use is defined by setting the difference between two
preferences %i and b%i equal to the Euclidean distance of their normalized utility
representations: jju(%i)� u( b%i)jj. The metric on Rn is then the product metric.

The following result will be proved in the appendix, where we construct explic-
itly a domain that has all the properties listed in the Proposition. The construction
is simple, but assumes that the number of alternatives is “much larger” than the
number of agents: m > 6n. Recall that so far, our assumptions regarding the
number of alternatives and agents have been: m > n � 3.

Proposition 3. If m > 6n, then there exists at least one set R � Rn that is the
union of sets of preference profiles that each satisfy Assumptions 1, 2, and 3.

One might ask whether Proposition 3 would remain true if we also required R

to be open. Unfortunately, if R = �i2NRi is open and dense in Rn, then there is a
preference profile (%i)i2N 2 R which violates Independent Prospects. To see this
note that if R is open and dense in Rn then also each Ri is open and dense in R.
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Pick any %12 R1. Since R1 is open, there exists an open ball B around %1 with
B � R1. Now, since R2 is dense in R, it must be that R2 \B is non-empty. Pick
any %2 R2 \ B. Note that since B � R1, it follows that %2 R1. For each i � 3,
pick any %i2 Ri. The profile (%;%;%3; : : : ;%n) 2 R clearly violates Independent
Prospects.

9 Conclusion

This paper’s main purpose has been to develop a simple and transparent axioma-
tization of relative utilitarianism using the concept of the revealed marginal rates
of substitution. We have done so considering a subset of the set of all preference
profiles. We could try to extend our result by considering the complete set of all
profiles of von Neumann-Morgenstern preferences by requiring continuity of the
marginal rates of substitution with respect to the topology for the domain intro-
duced in the previous section. We would then obtain that for all profiles for which
the social welfare function reveals a marginal rate of substitution between two
agents i and j these two agents must have the same weight in the social welfare
function. Nothing would follow if the social welfare function does not reveal a
marginal rate of substitution, a possibility that we discussed in Section 3. When
the social welfare function does not reveal any marginal rate of substitution for
some pair of agents i and j (this can only be true for profiles that violate the Inde-
pendent Prospects Condition) then our approach does not have any implications
for the relative weight of i and j in the social welfare function. It seems natural
that in such a case an approach based on revealed marginal rates of substitution
does not make any predictions about how the social planner would choose.

In this paper we have made strong assumptions regarding the number of indi-
viduals and the number of alternatives. It appears worthwhile to investigate the
implications of our axioms on domains that do not satisfy these assumptions. Fur-
ther future work can include the investigation of the consequences of alternative
axioms in our framework.
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Appendix: Proof of Proposition 3

It will be convenient to sometimes write the set of alternatives is A = f1; 2; : : : ;mg
and at other times write it as A = fa1; a2; : : : ; amg. We first construct for each agent
i the set Ui � [0; 1]m of possible von Neumann-Morgenstern utility representations
of her preferences. We then define that agent’s set of possible preference relations
by:

Ri = f%i2 Rj9ui 2 Ui : u(%i) = uig: (26)

Let p : N! R be the map that assigns to every x 2 N the square root of the xth

prime number (so p(1) =
p
2; p(2) =

p
3; p(3) =

p
5; p(4) =

p
7, etc.). Define, for

each i 2 N and each a 2 A:

Ti;a = fqep(im+a)jq 2 Qg \ (0; 1): (27)

Now define Ui to be the set of vectors ui = (ui;1; ui;2; : : : ; ui;m) with these
properties: Each ui;a 2 Ti;a [ f0; 1g; and the number of entries in ui which read 1
is one, two, or three, while the number which read 0 is one or two. This completes
our construction, for each i 2 N , of the set Ui and hence also the set Ri. Define
R = R1�R2�� � ��Rn. We now verify that R is a domain that satisfies the three
assumptions.

Assumption 1: The first sentence is obviously satisfied. It remains to prove
that every profile %= (%1;%2; : : : ;%n) 2 R satisfies Independent Prospects. The
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preference relations %1;%2; : : : ;%n correspond to the normalized utility vectors
u1; u2; : : : ; un. Use these vectors to form this m� (n+ 1) matrix:0

BBBBBBBBBB@

j j : : : j 1

j j : : : j ...
u1 u2 : : : un 1

j j : : : j ...
j j : : : j 1

1
CCCCCCCCCCA
m�(n+1)

(28)

By construction, each ui has at most 5 entries that are not elements of some
Ti;a. Hence, the above matrix has at most 5n rows that contain an entry that reads
either 0 or 1. By the assumption that m > 6n, this means that there are at least
n + 1 rows of the above matrix whose entries are all members of some Ti;a. Take
any such n+ 1 rows to form this (n+ 1)� (n+ 1) sub-matrix:0

BBBBBBBBBB@

j j : : : j 1

j j : : : j ...
v1 v2 : : : vn 1

j j : : : j ...
j j : : : j 1

1
CCCCCCCCCCA
(n+1)�(n+1)

(29)

We claim that the determinant of this sub-matrix is non-zero. The argument is
as follows. This determinant can be expressed as a non-trivial rational polynomial
in ep(1); ep(2); : : : ; ep(n�m). The Lindemann-Weierstrass Theorem (Theorem 1.4 in
Baker [2]) says that such a polynomial is non-zero if the numbers p(1); p(2); : : : ; p(n�
m) are algebraic and linearly independent over Q. That they are algebraic is
obvious. That they are linearly independent over Q is shown in Theorem 2 in
Besicovitch [3].

Because the determinant of the above sub-matrix is non-zero, we can find for
every i, some non-zero vector ri 2 Rn+1 such that ri � vi 6= 0, ri � 1 = 0, and for
all j 6= i, ri � vj = 0. Pick any p̂i 2 Rn+1

+ nf0g such that p̂i � ri. Let q̂i = p̂i � ri.
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Observe that q̂i 2 Rn+1
+ nf0g and that q̂i � 1 = (p̂i � ri) � 1 = p̂i � 1 � ri � 1 = p̂i � 1.

Now divide both p̂i and q̂i by p̂i �1 to get ~pi = p̂i=(p̂i �1) and ~qi = q̂i=(p̂i �1). Let pi
be the lottery that assigns to the n+1 alternatives (that were involved in forming
the sub-matrix) probability weights as per the probability vector ~pi and assigns to
all other alternatives probability weight 0. Analogously, let qi be the lottery that
assigns to the n + 1 alternatives probability weights as per the probability vector
~qi and assigns to all other alternatives probability weight 0. We now verify that
the lotteries pi; qi satisfy the conditions in Independent Prospects.

For any j 6= i,

pi � uj � qi � uj = ~pi � vj � ~qi � vj
= (~pi � ~qi) � vj = (p̂i � q̂i) � vj=p̂i � 1
= ri � vj=p̂i � 1 = 0=p̂i � 1 = 0: (30)

So pi � uj = qi � uj, that is to say, pi �j qi. On the other hand,

pi � ui � qi � ui = ~pi � vi � ~qi � vi = (~pi � ~qi) � vi
= (p̂i � q̂i) � vi=p̂i � 1 = ri � vi=p̂i � 1 6= 0: (31)

So pi � ui 6= qi � ui, that is to say, pi 6�i qi.

Assumption 2: (ii) is obviously satisfied. We prove (i). Let %i=%1
i ; %̂i =%K

i 2
R. If %1

i ranks more than one alternative top, then pick any top alternative
(call it a1). Let %2

i2 Ri be the preference relation that assigns to the alternative
a1 some Bernoulli utility from the set Ti;a1 and assigns to all other alternatives
the same Bernoulli utility as did %1

i . Repeat this procedure as many times as is
possible, to arrive at some %a

i2 Ri that ranks exactly one alternative top (call this
alternative aa). Through an analogous procedure, we can arrive at some %b

i2 Ri

that ranks exactly one alternative bottom (call it ab) and still ranks aa as the only
top alternative.

Now pick any alternative ab+1 that isn’t ab or aa. Let%b+1
i 2 Ri be the preference

relation that ranks ab+1 top and assigns to all other alternatives the same Bernoulli
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utility as did %b
i . So now %b+1

i ranks aa and ab+1 as the only top alternatives and
ab as the only bottom alternative.

Now pick any alternative ac that is ranked bottom by %̂i. If ac = ab (meaning
that %b+1

i already ranked ac bottom), then simply let %c
i=%b+1

i . Otherwise, let
%b+2

i 2 Ri be the preference relation that ranks ac bottom and assigns to all other
alternatives the same Bernoulli utility as did %b+1

i . So now %b+2
i ranks as top only

ab+1 (and also aa, if aa 6= ac) as the only top alternatives and as bottom only ab
and ac. Next, let %c

i2 Ri be the preference relation that assigns to the alternative
ab some Bernoulli utility from the set Ti;aband assigns to all other alternatives
the same Bernoulli utility as did %b+2

i . So now %c
i ranks ac as the only bottom

alternative.

Next pick any alternative ad that is ranked top by %̂i. Through similar steps,
we can get from %c

i to some %d
i that continues to rank ac as the only bottom, but

now also ranks ad as the only top.

Now construct %d+1
i ;%d+2

i ; : : : ;%d+m
i as follows: Let %d+s

i 2 Ri be the preference
relation that assigns to the alternative as the same Bernoulli utility as does %̂i and
assigns to all other alternatives the same Bernoulli utility as did %d+s�1

i . We have
that %d+m

i =%K
i = %̂i. This completes the construction of a sequence of single

modifications connecting %i to %K
i .

Assumption 3: Each of the constructed sets Ti;a is obviously dense in [0; 1]. So
Di is dense in [0; 1]m. Thus Ri is dense in R.
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