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ORIENTING REMARKS

A cluster of recent papers on Frege have urged variations on the theme that
Frege's conception of {ogic s in some crucial way incompatible with
“metatheoretic™ investigation. From this observation. significant conse-
quences for our interpretation of Frege's understanding of his enterprise are
taken to follow. This paper aims to critically examine this view, and to 1so-
late what 1 take to be the core of truth in 1t. But 1 will also argue that once
we have isolated this detensible kernel. the sense in which Frege was com-
mitted to rejecting “metatheory™ is too narrow and uninteresting to support
the conclustons the thesis has been tuken by 1ts proponents to support.
Though the main objective of this paper 1~ the discussion of this nar-
rowly delineated scholarly point about Frege's teats. there is a more diffuse
motivation tor the paper that might best be made explicit. It seems to me to
be a crucial observation about everyday mathematical activity that such activ-
ity, when done productively. incorporates a kind of critical self-scrutiny. (This
is true both of contemporary mathematical investigation and of the mid- to
late-nineteenth-century research in geometry in which Frege was trained and



in which he carried out active research.) Not only are problems solved und
theorems proven. Attention is also allocated to study ing and adjudicating the
best (or better and worsey wavs to solve problems and prove theorems. This
shows itself m many wavs, To Bistjust a fewo it s asprased when mathe-
maticians make ettorts to ascertain the mostproductin e tormulations ot gues-
tions. or the most fruitful terms in which to pose problems. or the most
illuminating general techniques. or the theoretical contexts in which the
“essentials” of a problem are “best laid bare.” Theorem proving. though it
is rightly taken to be a characteristic mathematical practice. both arises from
and contributes to such critical diagnostic activity | have argued elsewhere
that Frege's appreciation of this critical reflective dimension of mathemati-
cal investigation contributed significantly to the richness of his philosophi-
cal work.

Is this sort of work “metatheoretic”™’ The obvious answer is in some
senses ves. and in others no. Most loosely. the work 1~ metatheoretic in that
it is abowt mathematics. Of course. one might also maintain that “metathe-
orv’” has a more specific. technical meaning. relating specifically to the use
of model theory as developed by Tarski. Depending on what is required of
an investigation in order tor it to be “metatheoretic ™ it may well be evident
that Frege didn’t practice “metatheory.” though suggestions of this more nar-
row kind tace a danger of simply collapsing into the observation that Frege
was not Tarski. The objective in this paper is to get a clearer sense ot how
Frege approached the sorts of questions we might now call “metatheoretic™
and how he might have taken them to be embedded i broader questions of
mathematical methodology.

MATHEMATICAL CONTEXT

In his Historic Development of Logic, witten carly in this century. Federigo
Enriques—titan of Italian algebraic geometry. acquaintance of Peano. his-
torian of science. and dabbler in formal logic—suggested that a tamily of
developments in nineteenth-century geometry played a catalytic role in the
development of tormal logic in the second halt of the nineteenth century.-
The testament of this witness to history was echoed—apparently indepen-
dently—by Ernest Nagel in his essay “The Formation of Modern
Conceptions of Formal Logic in the Development of Geometry,” This essay
is now fifty vears old. and it has aged as such essays will. Much of it seems
whiggish and naively positivistic. and many of it~ assessments ot broader
philosophical significance seem strikingly dated. But for all that. the essay
holds up quite well: the fundamental observations are plausible. and the story
is acutely told. Tt richly deserves the recent assessment by the historian of
mathematics Jeremy Gray: “a classic i the history of ideas.”
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The theme in both of these works is that specinic developments and dis-
coveries in early-nineteenth-century geometry put into the foreground cer-
tain formal questions that engaged with and informed developmentsinfogic
with which we are tamihiar. One example emphasized by both writers s the
principle of projective duality s in the projective veometry of the plane. it one
takes a theorem and replaces every occurrence ot “point” with “line” und
every occurrence of “line™ with “point” and sinularly with related expres-
sions (“inscribed” interchanged with “circumscribed.” etc.) the result is
another projective theorem. This example. which will be revisited later in
this essay. exhibits a case in which certain themes familiar in contemporary
discussions of logic emerged naturally in the course of nonfoundational
mathematical investigations.

It is natural to ask where Frege is focated in this historical current. He
was a practicing geometer. and he expressed opinions on duality 1in various
places. In a 1995 essay | argued that the concepts underwriting projective
duality conformed sufticiently well to Frege's descriptions of “truittul defi-
nitions™ attained by decomposition and “drawing new boundaries™ that we
could reasonably count it as an example of the sort of thing he had in mind
when discussing the idea of fruitfulness in general

To form any reasoned judgment on these matters requires some immer-
sion in the mathematical practices of Frege and his contemporaries. General
mathematical customs and working assumptions of the mid- and late nine-
teenth century exhibit some significant differences trom contemporary math-
ematical practice. Of course. the evident similarities are profound enough
that it is of value for understanding of current matk matical activity to study
Frege's relation to mathematics as he would has - understood it. But we
should not forget that there are delicate historical questions to be addressed
in delineating Frege's mathematical setung. Some problems and technigues
that would have been seen as absolutely central to any mathematician of the
time have fallen into neglect today. It can require some work to identity what
is being spoken of.

Nor should it be assumed that we can learn all we need about the work-
ing assumptions and salient themes in Frege's environment just from look-
ing at Frege's writings in isolation. After ali. the perceived obviousness of
widespread tacit assumptions makes them less likely o be expressed exphic-
itly. Also. we need to go bevond Frege's wntings 1o get some sense of what
he was addressing. Itis, of course. always risky 1o rely ona writer for one's
characterization of that writer’s opposition. as writers on Frege often do. But
such a practice is especially dangerous in Frege's case. Frege was a relatively
isolated figure. much of whose correspondence and Nachlass has been lost.
Furthermore. we should not forget that he v a strikingly uncharitable inter-
preter of other writers—opponents and alhies alike.

It i~ worthwhile here to digress for o cautionary example. (Nothing in



the rest of the paper directly hangs on this. so those who find these histori-
cal details tiresome should skip ahead tour paragraphs.) One aspect of
Frege’s mathematical environment that has nghtly heen recently emphasized
by Mark Wilson is the extension of the conception of geometry initiated by
the revival of projective geometry stemmine trom Poncelet's research and
its development by von Staudt.” In the next parayraphs, it will be usetul to
know that this subject was widely known as the geometry of position or loca-
tion. (German writers used “Lage ™ or the borrowed “position.”) In broad
outline. this observation is quite revealing. but say we want to go into details.
What did Frege know. how much did he know about it. and how much did
he care about it? We have to be prepared tor the possibility that the mathe-
matical currents most central to Frege might not be the ones most familiar
to most phtlosophers today.

In particular, itis worthwhile to cast a glance at the revival of Hermann
Grassmann's Ausdehnungslehre propelled torward by Hankel's Theorie Der
Complexen Zahlensystem. In Grundlagen, Frege reters to Hankel more often
than any other writer. and Grassmann acknowledged Frege's “Methods of
Calculation based on an Extension of the-Concept of Magnitude™ as a valu-
able contribution to the project of the Vinsdeimiorasiehre.” There is some
external evidence that Grassmann's work in general geometries was a topic
of discussion during Frege's graduate education and later in his early vears
at Jena.” So say we turn to Frege's writing tor some evidence of his attitude
toward Grassmann/Hankel’s approach ot conceptually generalizing geo-
metrical relations, and Frege's own efforts. Among our discoveries will be
this passage in which Frege quotes Hankel and then brusquely dismisses an
apparently quite unpromising suggestion:

The first question to be fuced. then. is whether number is defin-
able. Hankel declares that itis not in these words: “"What we
mean by thinking or putting a thing one. two. three times cannot
be defined. because of the simplicity in principle of the concept
of putting.” But the point surely 15 not the putting but the once.

twice. three times. If this could be detined. the concept of putting
would scarcely worry us®

Current philosophical readers often unretlectively treat Frege's oppo-
nents as his dismissive tone encourages us to treat them

as a sequence of
intellectual stumblebums worthy of no sertous attention. But it we take Frege
as our sole gutde in this matter. we will be led well astray. Frege misquotes
Hunkel here. Only one parenthetical word 1~ onutted. but its inclusion. m
context, points to a complete reinterpretation of the message Hankel is
putting forward. Here is what was actually written: “What we mean by think-
ing or putting a thing one. two. three times cannot be defined. because of the
simplicity in principle of the concept of putting posirion).”™
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The parenthetical addition should serve to remind us that Hankel was
attempting to elaborate what we can now sce to be u precursor of the con-
temporary notion of a vector according to which ceometrical locations «posi-
tons. fage. oo v and physical magmitudes coud be sabject 1o the same
operations as numbers i the abstract «\We see o retfection of this idea in
Frege’s criticism of Hankel's appeal to « - ceneral intition of magnitude™ at
FA.18.) The relevant contrast is between Frege's approach and a geometri-
cal approach encompassing operations in general geometry (“the geometry
of position™) and algebraic calculations. Without taking the elementary pre-
caution of checking Hankel’s work itselt. rather than accepting Frege's dis-
missal of it at face value. this rich background to an apparently incidental
remark would go unnoticed. It is the Kind ot thing that slips away when a
priori assumptions are made about how mterestmy Frege’s mathematical set-
ting could be for interpreters of his thought

Of course. such historical work has. one 1s permitted to hope. some
rewards in the illumination of noninterpretative yuestions as well. My objec-
tive in this essay will be in part to examine Frege's work in the spirit of the
Nagel/Enriques thesis that technical developments in seometry —particularly
the principle of projective duality—plaved an important role in spurring
formal developments in logic, with the coal of deepening not only our con-
ception of Frege's work. but also our understanding of mathematical inves-
tigation in its own rnight.

It should go without saying that there ure ditferences between the prac-
tices and standards informing mathematical activity of the late nineteenth
century and those informing such activity today. But there are deep similar-
ities as well. In particular. we see in Frege the kind of sensitivity a working
mathematician then or now must have to delicate yuestions pertaining to how
a problem is best set up or of how different “way of setting up™ might relate
to one another. [ will take a tew examples from Freee s nonfoundational writ-
ings to illustrate the point.

One way that the means of setting & problem up can matter to how that
problem is worked out is in choices of coordinate syvstems. Frege touches on
and discusses this fact in different places. For example. in the review essay
on the Taw ofinertias he considers some wans that coordinate sy stems can be
changed so as to give physical situations a different cast. ™" He notes that laws
will be invariant under these changes (LOL 131, that there will be no changes
in “the analytic expressions of those Lew s many wan, exeept for the replace-
ment of the old letters by the corresponding new ones™ (LOIL. 132} and that
it is "a mathematical theorem that there are an infinite number of such coor-
dinate systems moving relative to one another. at a uniform rate. without rota-
tion and without change of scale.” Here he seems to regard it as altogether
natural and uncxceptionable that issues can arise as 10 how to most illumi-
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natingly represent physical sitwations. and that these issues can be the object
of mathematical study. There can be mathematical theorems that pertain to
the existence of and refations umong these tavs o1 setting problems up.

Specttically i connection with pronc e ceometry, he discusses i a
review ot a texthook on analytical poimn: and Tie veometry the advantages
of different systems of triangular coordmates and chides the authors tor tait-
Ing to represent problems in the right was

Just as four fixed points serve to determine the triangular coor-
dinate system. so four pairs of corresponding points determine
collineation. Now with respect to thi~ relattonship the properties
of figures divide into two Kinds: they are catled projective or met-
rical depending on whether they we presenved under a collinear
projection. Because of the relationship that we have just brought
out between triangular coordinates and collmeation. projective
properties are expressed in those coordinates m such w way that
no determimng tactors of the coordinate svstem—e g, the dis-
tance between the tour points—enter into the formulue. which
is what happens as soon as metrical properties are represented.
Thus the signiticance of trilinear coordinates hes. first, in their
creat generality and adaptability. tor they allow us, subject to a
minor restriction. to choose arbitranly erght constants or tour
fixed points, and secondly in that they do not. i spite of this gen-
erality. burden the equations in which the projective properties
are expressed with constants alien to the properties themselves.
Everyone who undertakes to represent the teachings of the newer
projective gceometry ought to be clear on this pomnt. The authors
do not even introduce trilinear coordinates in their most general
form. tor mstead of crght arbitrary constants they choose only
six. While. on the one hand. they tail to take tull advantage of
the generality of projective geometry. on the other hand they let
the height of the generality to which thes soar become an obsta-
cle to them in their metrical investications

Betore drawing out what is worth noting i this passage. | should assure
the reader that this 1s not being treated as more thun an incidental remark. It
is an incidental remark: that is the point It gives « glimpse into the sort of
thing that Frege regarded as part of the stock 1 trade of any working math-
ematician. What we find i~ the following ine of thought. A) The suggestion
that one can mathematically investigate ditterent geometries in termes ot the
properties preserved by ditferent mappings. «Specitically collineations: map-
pings preserving the mtersections of line~ + By The suggestion that spectfic
detarls of coordinate systems can be cruvidd to whether or not a problem has
been represented 1n the most fruittul and revealing way. Cy An indication
{worked out in additional detail 1n the remarks preceding the quoted pas-
sage) that these properties of coordinates are themselves amenable to math-
ematical characterization and exploration Such properties of coordinates
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were. in fact. widely studied at the ime -~ Dy The obsen ation that certain
specific ideas (those pertaining to distance) are neither present in the basis
ot the more general geomelry nor detiable without augmenting the basis.

Frege’s attitude woward mathematie ol o Uos noditterent trom that
of any other mathemutician then or now matheni e mciudes.as a crucial
part of that very activity. the critical analysis wnd scrutiny of primitives and
technigues. If Frege wims to capture the relations of ideas informing mathe-
matical activity, he would have to include 1deas Jike these among them. This
stance would naturally lead in certain directions. So. for example. one might
be led. in studying the ideas involved in the relation between coordinate sys-
tems and the geometries they describe 1o 4 more ceneral study ot the rela-
tion between languages and the structures they deseribe. The fact that
distance is not detinahle in a Projective context invites study in terms of more
general notions of definability. And. s we will see later in this paper. the
striking balance displaved in the principle of duality would invite a more
general study of the relations among substitutions of terms and logical deduc-
tion.

If Frege aims to have all mathematcal and geometrical research repre-
sented in the Begriftssehnift. then he will have to tind some room for con-
siderations of the above sort, 1tis hard 1o belioy e that Frege thought. or would
knowingly be committed to. the view that i a mature science of geometry,
we could not even formulate the fact that metric properties are not definable
in projective geometry. or that some metric theorens do not follow from the
principles of projective geometry.

We would also expect to see Frege ke some halting steps in the direc-
tion of the Kinds of things we are now familiar with in model theory.
Haltingly to be sure—his steps in this direction have “all the obscurity of
truly great mathematics”"—but he is stepping in this direction nonetheless,
Naturally there will be differences betw een Frege™s work and that which is
done today. Specifically. let it be stated tor the record that Frege was not
Tarski. But it would he surprising to learn that there were any spectfic com-
mitments in his philosophy that would preclude taking this road.

Say we ask: were there tvpes of such selt-critieal scrutiny that Frege
rejected. or that he was committed to rejectng T It Frege's conception of his
logical project had any such consequences. his conception of mathematical
Investigation was correspondingly impoverished. but [ don't think that he
held. or was committed to. anything of the sort. The purpose of the upcom-
ing sections will be to explain why ['dontaccept recent claims to the effect
that there are deep conflicts between the principles of Frege's philosophy
and any widely accepted principles intorming the attitude to metatheory as
it 1s currently practiced. (One possible exception s that Frege takes there to
be objective facts of the matter as to which principles and concepts are
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tundamental and which derived. while myv impression is that most contem-
porary writers are neutral about or hostile 1o such claims of objective logi-
cul priority)

THE MANY FACES OF "METATHEORY™

I. THE VIEW--A FIRST PASS

The topic of this subsection v a composite of several different views:
the objective is to lay out a certain core set ot claims and argumentative tran-
sitions. All of the claims and transitions seem to he endorsed by all of the
proponents of interpretations n the tradition under study. To avoid the dan-
ger that the views of such acomposite tigure may not all belong to any actual
person, [ will concentrate on a specific mcarnation—the work of Tom
Ricketts. The views in the familyv examined here emerge tfrom what has been
until recently largely an oral and “underground™ tradition of seminars. con-
versations. and correspondence. with tew detailed published elaborations.
The source waters tor the interpretation were da series of seminars by Burton
Dreben at Harvard in the 1970s and onward Since Dreben himself wrote lit-
tle on the subject. his views were largely ¢laborated and developed by stu-
dents and junior colleagues who passed through Harvard while these
apparently quite fertile sessions were taking place. We consequently can see
in the literature on these topics the signs ot such incipient traditions: repeated
occurrences of distinctive phrases and dialectical maneuvers suddenly pop-
ping up unexplained at crucial turns n papers by many ditferent authors.
Consider. tor example. these remarks:

I the svstem [of fogicism] consututes the unnersal logieal lan-
vuage, then there can be no external stundpoint from which one

may view and discuss the system. Metasy stematic considerations
are illegitimate ruther than simphy undesirable

Frege's and Russell’s systems are meant to provide 4 universal
language: aframenwork inside of which all ranonal discourse pro-
ceeds. Thus there can be no posttion outside the system trom
which to assess it The laws they dernive are general laws with a
fixed sense: questions of disinterpretation and remnterpretation

cannot arise. . All this distinguishes their conception trom that
more common today - which detines Togicat truth with refer-
ence Lo schemata . [Logics tor RussellZFreoc] does not issue

metastatements.

{ The Begnittsschrift] is universal hecause it~ an explicit repre-
sentation of the tlogical) tramework within which all rational
discourse proceeds . . . questions concerning [a sign's] disinter-
pretation or reinterpretation do not anse and logical truth is not

220



a framework more extensive than that given by fogic, But even if we grant
the premise that Frege adhered to a “uninersahst”™ conception of logic as. in
tuct. L think we shouldi the conclusion oniy tollow s ina quite uninteresting
and restricted senses Pl take the nexttev careraehs toesplaming why this
I~ ~o before moving on

First. it should be noted that there i+« hint of anachronism in drawing
any conclusions about Frege's attitude to semuantics from any commitments
that might be incompatible with the existence of u perspective wider than
that of logic. Even if Frege thought of the Begriftsschrift as a universal lan-
euage as per the remarks of Goldfarb and Conant.* nothing follows about
Frege's views on semantic theory. Itis ighly unlikely that Frege would have
thought that semantical investigation. o cther imvestigations of the sort we
might describe as “metatheoretic” would 1o oseparate. “external” stand-
point. In light of Tarski's results on the dennabihity of truth and related dis-
coveries. we have come to accept in the Later part of this century that the
semantics for theories of a certain strength might need to be formulated ina
metatheory that is in some ways stronger than the theory for which the
semantics is being provided. But this i~ a tairly new idea. and perhaps it s
not an altogether natural one. [t is worth hearing in mind how surprised
people were by the Godel-Tarski limitatis ¢ results. Hilbert. to consider just
one example. appears o have thought that the metatheory of mathematical
theories of the infinite could be done in proper (hnitistic) fragments of the
theories under scrutiny. So far as I am aware. there was no suggestion that
this view requires a (“broader.” “externul rmetaperspective until these
fimitative results were unveiled.

Furthermore. though to pursue the point would be too much ot a digres-
sion. it is worth noting that it is not exen clearly correct that “semantics™
requires an “external metaperspective.” The adoption of a hierarchy of lan-
euages was of course Tarski’s response to the hmitative results he unearthed.
but as recent work on the theory of truth has awimed to show: there are theo-
ries containing arithmetic that can contain ~sigmincant fragments of their own
semantic theories.” Furthermore. even 1t we conform to all of Tarski's
assumptions. a higher-order theory hke Frege ~ will have considerable
resources for developig within itself the semantic theory for extensive frag-
ments of itselt.

To help bring out how this later twenueth-century presumption s eas-
ilv read back into Frege. say that we modity the above-cited remarks of
Ricketts as follows: “The sentences mn grammars of English do not express
statements about the English language. They express judgments within the
English language. ™ This would strike us as a rather odd implied dichotomy:
that a statement is in English is not incompauble with its being about English.
There is no reason arising solely from the universahity of logic that Frege

hinlal



defined by way of schemata. For Frege there is no metalogical
standpoint from which to interpret or wssess the syvstem (empha-
siin the original).'®

[Tlhe generahity of [standards of Conedimess for Fregean judg-
ments[does notinvolve any metaperpective The veneral stan-
dards for the judgements of a disciphne are not provided by
statements about the discipline. They are provided by judge-
ments within the discipline (emphasis in the originah.”

[Frege's| conception of judgement precludes any serious meta-
logical perspective and hence anvthing properhy labeled a seman-
tic theory. ™

[Alnything Iike formal semantics - i1 has Come (o be under-
stood inlight of Tarski's work on ruth i anerly toreign to
Frege !

For Frege . . logic was universal within cach expheit formula-
tion of logic all deductive reasoning wis o be formalised.
Hence . . . metasystematic questions as such could not be

meaningfully raised. We have no vuntage point from which we

can survey a given formalism as w whele.ier dlone look at logic
2t

as a whole ="

Frege's view of the nature of logical law preciudes the existence
of 4 substantive metaperspective tor logic . he would refuse
to regard any metatheoretic reasoning about logical faws as
expressing an objective inference -

ton Russelh

The fact that Russell does not see Togic as something on which
one can take a meta-theoretical perspective thus constitates a cru-
clal ditference between his conception ot logic and the model
theoretic conception. Logic. for Russell. is a sy stematisation of
reasoning in general. of correct reasoning as such. If we have a
correct systematization it will comprehend all correct principles
of reasoning. Given such a conception ot logic. there can be no
external perspective. Any reasomng will, simply in virtue of
being reasoning. tall within logic: any proposiion we might want
to advance is subject to the rules of foee

Certainly it is not mere happenstance that such idiosyneratic turns of
phrase should appear unexpliined in so many ditferent essays.™ It will be
worth some effort to reconstruct the views that prompt them. First. it is worth
noting a common suggestion throughout: something in Frege's conception
of logic precludes any appeal to a “metaperspective ™ Why is this? In most
of the remarks. it seems to be argued that this appeal is precluded Just by
Frege's conception of logic as universal. since metatheory is said to require
an external perspective. That is. the suggestion seems to be that Frege should
not be read as engaging in semantical or other investigations of the sort that

&

we might now call "metatheoretic™ because he did not think there could be
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