Practice final Solutions
Phil 303
Posted Dec. 7, 2007

1. a) Prove (with a derivation) that {PvQ, P - R, R— W, Q — (RAR)} - W

1 Pv@ hyp

2 P—R hyp

3 R—W hyp

4 | Q—(RrR) hyp

5 | P hyp

6 | | R MP 2,5

7 |44 MP 3,6

8 Q hyp

9 | | RAR MP 4,8
10 R conj. elim 9
11 w MP 3,10
12 w disj. elim. 15-7 8-11

b) The soundness theorem (metatheorem 1) allows you to conclude - from the fact
established ina)-that {PvQ, P >R, R—W,Q — (R AR)} IF W

2. i) Give a categorical derivation of =(-=A v B) — (A —DB)
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Ar—-B

—(mAvB) — (Ar—B)

hyp

hyp

Disj intro 2
reit 1

neg intro 2-4
neg. elim. 5
hyp

disj intro 6
reit 1

conj. elim 9
conj intro 6, 10

cond. intro 1-11

ii) Give a derivation of W v R from {(P — P) — (Ar—A), Q@ — W, Q — R}

The trick for this one is just to ignore every premise except (P — P) — (A —A)
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(P = P) — (Ar—A)
Q—W

Q— R

| =W vR)

WvR

hyp

hyp

hyp

hyp

hyp

reit5

cond intro 5-6
MP 1,7
conjelim 8
conj. elim 8
neg intro 4-10

neg elim 11



3. Prove the following statements, or give a counter-example:
Alfl'-Pand AFQthenTUA - PaAQ

True. Say you have a derivation of P from the assumptions in I". Add to this deriva-
tion the assumptions from A, and derive Q. This longer derivation will contain a
derivation of P and a derivation of Q, with undischarged assumptions I' U A. The
last line will be a conjunction introduction yeilding the conclusion P Q.

b)IfTIF Pand A l- QthenTUA IF PAQ

True. Say that some interpretation | simultaneously satisfies I' U A. Since it makes
every sentence in I" true, it makes P true. Since it makes every sentence in A true, it
makes Q true. Since it makes P and Q true, then by the truth-table for A, it makes
P A Q true.

c) If I' is satisfiable, then I' U { P v =P} is satisfiable.

True. Say you have an interpretation | making every sentence in I" true. There must
be such an interpretation because I' is simultaneously satisfiable. | must also satisfy
P v =P, sinceitis alogical truth. So | satisfiesT"U{P v—-P} and henceI’'U{P v -P}
is satisfiable.

d) If " is satisfiable, and A is satisfiable, then I U A is satisfiable.
False. LetI' = {P} and A = {=P}. T U A = {P,—P}, which is not satisfiable.

e) If ' IF P thenI" U {—P} is satisfiable.

False. Say that I' = {P}. Then ' I P but I' U {-P} = {P,—P}, which is not
satisfiable.

f) If " is satisfiable, then {—=S'|S € I'} is satisfiable.
False. LetT" = {P v —P}. Then T is satisfiable, but {=S|S € T'} is not.

4. We can proceed by induction on the length of derivations.

Base Case: Say that A is proven by a derivation of one line. Then A must be a hy-
pothesis, and so the derivation establishes (the trivial fact) that {A} - A. Trivially
any truth assignment making every sentence in { A} true makes A true, so {A} IF A.

Induction step: Say that for any sentence A and set of sentences I', whenever there
is a derivation of length k or less, of A from hypotheses I, then I I A. Say that
'™+ A* via a derivation of exactly k£ + 1 lines. If A* is a hypothesis, then the entire
proof must consist of hypotheses, since the hypotheses are all to be at the beginning
of the proof, and A* € I'*. Hence, any truth assignment making every sentence in [
true makes A* true, so I'* [ A*. If A* is not a hypothesis, it must follow by modus



ponens from two other sentences B — A* and B, whereI'y - B — A*,and I's - B. (
I'yul's; = I'*; the point is that you don’t need to use all the sentences in I'™ for each of
the premises, even if you use all of I'* to derive A*.) Since the derivations of B — A*
and B are k lines or shorter, the induction hypothesis applies: fromI'; - B — A*
we can infer I'y IF B — A* and from I', = B we can infer I'; I B. What we want
to show is I'* IF A*. Say we have a truth-assignment | making every sentence in I'™*
true. Since I'y C I'*, I makes every sentence in I'; true, and so it makes B — A* true.
Since I'; C I'*, | makes every sentence in I'; true, so it makes B true. By the truth -
table for —, any truth assignment making B and B — A* true must also make A*
true, so | makes A* true. Thus I'* |- A*

. Say that I' is a V-saturated set and (—P v =Q) € I'. Explain how we know that either
PgTorQé¢rl.

Say that P € T'and @ € T'. In this case we can derive R and =R from I, so I is
inconsistent, which contradicts the V-saturatedness of I'. So either P £ T"or Q € T'.

Here is how you derive R and =R from {P, Q, =P v -Q}:

1 —Pv-@Q)  hyp
2 P hyp
3 Q hyp
4 H -P hyp
5 ) R hyp
6 P reit 2
7 -P reit 4
8 -R neg intro 5-7
9 —Q hyp
10 | R hyp
11 Q reit 3
12 =) reit 9
13 -R neg intro 10 -12
14 -R disj. elim. 1,4-8,9- 13
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<P v-Q)

hyp
hyp
hyp
hyp
hyp
reit 2
reit 4
neg intro 5-7
hyp
hyp
reit 3

reit9
neg intro 10 -12
disj. elim. 1,4 -8,9- 13

neg. elim. 14



