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A wireless communication problem
Power allocation for a mesh network

I Signal to Interference ratio: γ1 = (p1h11)/(N0 +
P

j6=1 pjhj1)

I Quality of Service is determined by U1(γ1)
U1(·) is an increasing function

I Objective: maxp1,p2,...,pN

PN
j=1 Uj(γj)

I Problem: Objective is not concave in (p1, p2, . . . , pN)
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How to deal with non-convex problems ?

Some approaches
I Use a convex transformation of the problem if known,

example - Geometric programs
I Approximation of the functions involved by convex functions as in branch

and bound or outer approximation techniques

Questions
I What can we do with unfamiliar non-convex problems?
I Take a course on “Non-convex optimization”? IOE ???
I Does there exist a convex equivalent of every non-convex problem?
I Are there any conditions that characterize the class of functions which can

be convexified?
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The problem

I φ(x) : Rn → R, twice continuously differentiable, dom φ = D,
τ sublevel set Lτ , α = inf φ(x), β = sup φ(x).

I We want a twice continuously differentiable, strictly increasing function
F(τ), α ≤ τ < β : f (x) = F(φ(x)) is convex in D.

Note: Monotonicity of F implies that φ and f have same minimizers.

I The derivatives of f (x) can be written as:

∇f (x) = F′(φ(x))∇φ(x) (1)

∇2f (x) = F′′(φ(x))∇φ(x)∇φ(x)T + F′(φ(x))∇2φ(x) (2)
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Necessary conditions

Suppose f (x) is convex, then,
∇f (x) = 0 only at the global mimima of f (x), if they exist.

Necessary condition-A
I φ(x) has no critical points (∇φ(x) = 0) except those at which it attains its

global minimum, if it exists.

I Since F′(τ) ≥ 0 for α ≤ τ < β, it follows from (1) that,
F′(τ) > 0 for τ > α.

Necessary condition - B

I In order that there may exist a twice differentiable strictly increasing
function F(τ) such that F(φ(x)) is convex, it is necessary that for each
fixed x ∈ D,

I the quadratic form yT∇2φ(x)y restricted to the hyperplane∇φ(x)T y = 0 be
positive semidefinite,

I if r − 1 is its rank, the rank of the same form without the restriction be atmost r.
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Proof of (B)

f (x) is convex iff ∀ x ∈ D,∇2f (x) ∈ Sn
+ i.e. ∀ y ∈ Rn,

yT ∇2f (x) y = F′′(φ(x)) yT(∇φ(x)∇φ(x)T)y + F′(φ(x)) yT ∇2φ(x) y ≥ 0 (3)

I If φ(x) and hence f (x) has a minimum, (3) is satisfied at all x ∈ Lα.
I For x : φ(x) > α (⇒ F′(φ(x)) > 0), (3) is equivalent to,

QA(y) := yT A y = yT ∇2φ(x) y + σ(x) yT(∇φ(x)∇φ(x)T)y ≥ 0 (4)

where σ(x) :=
F′′(φ(x))
F′(φ(x))

(5)

I A ∈ Sn
+ iff all its eigen values are non-negative.

I For each fixed x /∈ Lα the characteristic determinant of A is,

CA(λ) =
˛̨̨
∇2φ + σ∇φ∇φT − λI

˛̨̨
=

˛̨̨̨
∇2φ− λI + σ∇φ∇φT ∇φ

0 1

˛̨̨̨
=

˛̨̨̨
∇2φ− λI ∇φ
−σ∇φT 1

˛̨̨̨
=

˛̨̨
∇2φ− λI

˛̨̨
− σ

˛̨̨̨
∇2φ− λI ∇φ
∇φT 0

˛̨̨̨
(6)
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Proof of (B), (cont’)

I The characteristic polynomial CA(λ) can be written as (with T0 = 1),

CA(λ) = (−1)nT0λ
n + (−1)n−1T1λ

n−1 + . . .− Tn−1λ + Tn (7)

I Let P := ∇2φ, and

CP(λ) = (−1)nS0λ
n + (−1)n−1S1λ

n−1 + . . .− Sn−1λ + Sn (8)

I Lemma 1:
Let QP∗ (y) be the quadratic form derived by restricting QP(y) to the
hyperplane ∇φT y = 0, and let its characteristic polynomial be CP∗ (λ).
Then,

CA(λ) = CP(λ) + σk2CP∗ (λ) (9)

I Proof:
The eigen values of P∗ are the stationary values of QP(y) subject to the
constraints ∇φT y = 0 and yT y = 1.
KKT conditions: For z, λ ∈ R and y ∈ Rn,

L(y, z, λ) = yT ∇2φ y + 2z∇φT y− λ(yT y− 1)

⇒ 2[∇2φ y + z∇φ− λy] = 0 (10)

∇φT y = 0 (11)

yT y = 1 (12)
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Proof of (B), (cont’)
Proof of Lemma 1 (cont’)

I For a non-zero solution (y, z) of (10) and (11), λ must solve,˛̨̨̨
∇2φ− λI ∇φ
∇φT 0

˛̨̨̨
= 0 (13)

I If (y, z, λ) is a solution of (10) – (13) ⇒ yT ∇2φ y = λ.
Therefore (13) is the characteristic equation of P∗ without normalization.

I Obtaining the coefficient of λn−1 for normalization,˛̨̨̨
−I ∇φ
∇φT 0

˛̨̨̨
= (−1)n∇φT∇φ

⇒ CP∗ (λ) = −
1
k2

˛̨̨̨
∇2φ− λI ∇φ
∇φT 0

˛̨̨̨
where k2 = ∇φT∇φ (14)

⇒ CA(λ) = CP(λ) + σk2CP∗ (λ) (15)

I Further, let

CP∗ (λ) = (−1)n−1S∗0 λn−1 + (−1)n−2S∗1 λn−2 + . . .− S∗n−2λ + Sn−1 (16)

Then Tρ = Sρ + σk2S∗ρ−1, ρ = 1, 2, . . . , n (17)
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Proof of (B), (cont’)

I A ∈ Sn
+ iff all the roots of CA(λ) are non-negative,

⇔ Tρ ≥ 0, ρ = 1, 2, . . . , n (18)

I If f (x) is convex, QA(y) ≥ 0 ∀ y.
I For y : ∇φT y = 0, QP∗ (y) = QA(y),⇒ QP∗ (y) ≥ 0

⇒ S∗ρ−1 ≥ 0, ρ = 1, 2, . . . , n (19)

I Let the eigen values of P and P∗ be ordered as:

µ1 ≥ µ2 ≥ . . . ≥ µn

and µ∗1 ≥ µ∗2 ≥ . . . ≥ µ∗n−1

I By Courant’s minimax principle,

µ1 ≥ µ∗1 ≥ µ2 ≥ . . . µρ ≥ µ∗ρ . . . ≥ µ∗n−1 ≥ µn

I If the rank of P∗ is r − 1,

µ∗1 > 0, . . . , µ∗r−1 > 0, µ∗r = . . . = µ∗n−1 = 0

⇒ µ1 > 0, . . . , µr−1 > 0, µr ≥ 0, µr+1 = . . . = µn−1 = 0, µn ≤ 0 (20)
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Proof of (B), (cont’)

I A ∈ Sn
+ iff all the roots of CA(λ) are non-negative,

⇔ Tρ ≥ 0, ρ = 1, 2, . . . , n (18)

I If f (x) is convex, QA(y) ≥ 0 ∀ y.
I For y : ∇φT y = 0, QP∗ (y) = QA(y),⇒ QP∗ (y) ≥ 0

⇒ S∗ρ−1 ≥ 0, ρ = 1, 2, . . . , n (19)

I Let the eigen values of P and P∗ be ordered as:

µ1 ≥ µ2 ≥ . . . ≥ µn

and µ∗1 ≥ µ∗2 ≥ . . . ≥ µ∗n−1

I By Courant’s minimax principle,

µ1 ≥ µ∗1 ≥ µ2 ≥ . . . µρ ≥ µ∗ρ . . . ≥ µ∗n−1 ≥ µn

I If the rank of P∗ is r − 1,

µ∗1 > 0, . . . , µ∗r−1 > 0, µ∗r = . . . = µ∗n−1 = 0

⇒ µ1 > 0, . . . , µr−1 > 0, µr ≥ 0, µr+1 = . . . = µn−1 = 0, µn ≤ 0 (20)



Motivation
A wireless communication
problem

How to deal with
non-convex problems ?

Convexification of
non-convex functions
Necessary conditions

Sufficient conditions

Example
Checking the necessary
conditions for the wireless
communication problem

Conclusions

Proof of (B), (cont’)

I A ∈ Sn
+ iff all the roots of CA(λ) are non-negative,

⇔ Tρ ≥ 0, ρ = 1, 2, . . . , n (18)

I If f (x) is convex, QA(y) ≥ 0 ∀ y.
I For y : ∇φT y = 0, QP∗ (y) = QA(y),⇒ QP∗ (y) ≥ 0

⇒ S∗ρ−1 ≥ 0, ρ = 1, 2, . . . , n (19)

I Let the eigen values of P and P∗ be ordered as:

µ1 ≥ µ2 ≥ . . . ≥ µn

and µ∗1 ≥ µ∗2 ≥ . . . ≥ µ∗n−1

I By Courant’s minimax principle,

µ1 ≥ µ∗1 ≥ µ2 ≥ . . . µρ ≥ µ∗ρ . . . ≥ µ∗n−1 ≥ µn

I If the rank of P∗ is r − 1,

µ∗1 > 0, . . . , µ∗r−1 > 0, µ∗r = . . . = µ∗n−1 = 0

⇒ µ1 > 0, . . . , µr−1 > 0, µr ≥ 0, µr+1 = . . . = µn−1 = 0, µn ≤ 0 (20)



Motivation
A wireless communication
problem

How to deal with
non-convex problems ?

Convexification of
non-convex functions
Necessary conditions

Sufficient conditions

Example
Checking the necessary
conditions for the wireless
communication problem

Conclusions

Proof of (B), (cont’)

I A ∈ Sn
+ iff all the roots of CA(λ) are non-negative,

⇔ Tρ ≥ 0, ρ = 1, 2, . . . , n (18)

I If f (x) is convex, QA(y) ≥ 0 ∀ y.
I For y : ∇φT y = 0, QP∗ (y) = QA(y),⇒ QP∗ (y) ≥ 0

⇒ S∗ρ−1 ≥ 0, ρ = 1, 2, . . . , n (19)

I Let the eigen values of P and P∗ be ordered as:

µ1 ≥ µ2 ≥ . . . ≥ µn

and µ∗1 ≥ µ∗2 ≥ . . . ≥ µ∗n−1

I By Courant’s minimax principle,

µ1 ≥ µ∗1 ≥ µ2 ≥ . . . µρ ≥ µ∗ρ . . . ≥ µ∗n−1 ≥ µn

I If the rank of P∗ is r − 1,

µ∗1 > 0, . . . , µ∗r−1 > 0, µ∗r = . . . = µ∗n−1 = 0

⇒ µ1 > 0, . . . , µr−1 > 0, µr ≥ 0, µr+1 = . . . = µn−1 = 0, µn ≤ 0 (20)



Motivation
A wireless communication
problem

How to deal with
non-convex problems ?

Convexification of
non-convex functions
Necessary conditions

Sufficient conditions

Example
Checking the necessary
conditions for the wireless
communication problem

Conclusions

Proof of (B), (cont’)

I (20) implies that the rank of P is at most r + 1 and,

Sr+1 = µ1 . . . µrµn ≤ 0

I But since S∗r = 0, (17) and (18) for ρ = r + 1 yield Sr+1 ≥ 0.

⇒ Sr+1 = 0 i.e. µr = 0 or µn = 0

I Therefore the rank of P is actually at most r.
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Necessary conditions (cont’)

Necessary condition-C
I If for a twice differentiable, strictly increasing function F(τ), α ≤ τ < β, the

function F(φ(x)) is convex, then,

F′′(τ)

F′(τ)
≥ sup

x:φ(x)=τ

 
−Sr(x)

k(x)2S∗r−1(x)

!
(21)

Proof:

I For x /∈ Lα, since Sρ = S∗ρ−1 = 0 for ρ > r, ⇒ Tρ = Sρ + σk2S∗ρ−1 = 0
for ρ > r. Therefore the requirement Tρ ≥ 0 is equivalent to,

σ ≥ σ = σ(x) = max
1≤ρ≤r

 
−Sρ

k2S∗ρ−1

!
(22)

I If ρ0 is the maximizer of (22), define

Tρ := Sρ + σk2S∗ρ−1


≥ 0, ρ = 1, 2, . . . , ρ0 − 1
= 0, ρ ≥ ρ0

⇒ σ =
−Sr

k2S∗r−1
since r ≥ ρ0
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Proof of (C), (cont’)

I The condition (22) must hold for all x /∈ Lα. Therefore,

F′′(τ)

F′(τ)
= σ(φ(x) = τ) ≥ sup

x:φ(x)=τ

σ(x) = sup
x:φ(x)=τ

 
−Sr(x)

k(x)2S∗r−1(x)

!
(23)
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Proof of (C), (cont’)
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Sufficient conditions

I Suppose φ(x), x ∈ D is a twice differentiable function,
α = infx φ(x), β = supx φ(x) and F(τ), α ≤ τ < β is a twice differentiable,
strictly increasing function such that conditions A, B and C are satisfied.
Then f (x) = F(φ(x)) is convex in D.

I We need to prove that yT∇2f (x) y ≥ 0 ∀ y ∈ Rn, ∀ x ∈ D.

Proof:

I For x ∈ Lα,

yT ∇2f (x) y = F′′(φ(x)) yT(∇φ(x)∇φ(x)T)y + F′(φ(x)) yT ∇2φ(x) y ≥ 0 (24)

I For x /∈ Lα, it is enough to show that QA(x)(y) ≥ 0 ∀ y ∈ Rn.
I Because of (C),

QA(y) = yT ∇2φ(x) y +
F′′(φ(x))
F′(φ(x))

yT(∇φ(x)∇φ(x)T)y (25)

≥ yT ∇2φ(x) y−
Sr(x)

k2S∗r−1(x)
yT(∇φ(x)∇φ(x)T)y (26)

= yT A′y (27)
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Sufficient conditions (cont’)

I It suffices to prove that QA′ (y) ≥ 0.
I The coefficients of the characteristic equation of A’ are (from ),

T
′
ρ = Sρ −

Sr(x)
S∗r−1(x)

S∗ρ−1, ρ = 1, 2, . . . , n (28)

I Because of (B), Sρ = S∗ρ−1 = 0 for ρ = r + 1, . . . , n. Hence,

T
′
ρ = 0, ρ = r, r + 1, . . . , n (29)

⇒ the rank of A′ is at most r − 1.

I Since QA′ (y) restricted to the hyperplane ∇φT y = 0 is same as QP∗ (y)
which, by (B), has r − 1 positive eigen values. Hence QA′ (y) also has
r − 1 positive eigen values.

I ⇒ A′, and hence A is positive semidefinite.
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I It suffices to prove that QA′ (y) ≥ 0.
I The coefficients of the characteristic equation of A’ are (from ),

T
′
ρ = Sρ −

Sr(x)
S∗r−1(x)

S∗ρ−1, ρ = 1, 2, . . . , n (28)

I Because of (B), Sρ = S∗ρ−1 = 0 for ρ = r + 1, . . . , n. Hence,

T
′
ρ = 0, ρ = r, r + 1, . . . , n (29)

⇒ the rank of A′ is at most r − 1.

I Since QA′ (y) restricted to the hyperplane ∇φT y = 0 is same as QP∗ (y)
which, by (B), has r − 1 positive eigen values. Hence QA′ (y) also has
r − 1 positive eigen values.

I ⇒ A′, and hence A is positive semidefinite.
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An example
Checking the necessary conditions for the wireless communication problem

I Consider a two user system (M = 2)
I We want to check whether there exists an increasing function U1(τ) such

that U1(γ1(p)) is concave in p.
I The function of interest is,

φ(p) = γ1(p) =
p1h11

N0 + 1
B p2h21

(30)

⇒ ∇φ(p) =

264
h11

N0+
1
B p2h21

−p1h11
B(N0+

1
B p2h21)

2 h21

375 (31)

I Since ∇φ(p) 6= 0 for p1, p2 ∈ (0, Pmax), Necessary condition A is satisfied.
I To check (B),

∇φ(p)T y = 0

⇒
h11

N0 + 1
B p2h21

"
y1 −

p1h21

B(N0 + 1
B p2h21)

y2

#
= 0 (32)
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Example (cont’)
Checking necessary condition B

I The unrestricted quadratic form QP(y) is,

yT∇2φ(p) y =

»
y1
y2

–T

264 0 −p1h11
B(N0+

1
B p2h21)

2 h21

−p1h11
B(N0+

1
B p2h21)

2 h21
2p1h11

B2(N0+
1
B p2h21)

3 h2
21

375» y1
y2

–
(33)

I Rank of ∇2φ(p) is 2.
I Substituting y1 from (32) in (33) gives QP∗ (y) = 0.
⇒ The restricted form QP∗ (y) is negative semidefinite and the rank of
QP∗ (y) is 0.

I Necessary condition B is not satisfied.

⇒ There does not exist any strictly increasing function U1(τ) that would
transform the current function to a convex function :(
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A numerical example

I Power: p1 = 1.5, p2 = 0.9, Noise: N0 = 0.001, Bandwidth: B = 10000
Channel gains: h11 = 0.9, h12 = 0.6, h21 = 0.7, h22 = 0.8

∇2φ(p) =

»
0 −55.7537

−55.7537 11.0144

–

I Eigen values: 61.5323, -50.5179
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Conclusions

I The conditions discussed provide necessary and sufficient conditions for
transformation of a generic differentiable function to a convex function.

I First two conditions are requirements that a given function must satisfy in order
to have a transformation that would make it convex.

I Third condition is a design requirement for the transforming function.

I Not all functions (problems) have a convex equivalent! (Shown by the
example).

I If a function given to you satisfies the first two conditions, try to derive a
transforming function using condition 3. You will obtain a convex problem.
Otherwise don’t waste your time!
Look for other methods.
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