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We outline the basic theory of Belyi surfaces, up to Belyi’s theorem (1979, [1]), which char-
acterizes these spaces as precisely those Riemann surfaces that are defined over Q. We then detail
the Brooks-Makover construction of a Belyi surface from an oriented cubic graph from [3]. Conse-
quently, we can apply the model of Bollobás in order to randomly pick a Belyi surface. Finally, we
briefly explain the relationship between Belyi surfaces and Grothendieck’s dessins d’enfants.

1 BELYI SURFACES

A Riemann surface is a 1-dimensional complex manifold i.e. a connected orientable surface such that
every point has a neighborhood homeomorphic to C. Some common examples are the Riemann sphere
P1(C), a surface of genus 2 (pictured above), or the analytic continuation of a holomorphic function
(e.g. f (z) = logz).

Let f : S1→ S2 be a nonconstant holomorphism between two Riemann surfaces. We say that f is
an n-sheeted branched covering if there exists a finite subset C( f )⊂ S2 such that:

◦ x ∈ S2−C( f ), then | f−1(y)|= n

◦ x ∈C( f ), then 1≤ | f−1(y)|< n

We call C( f ) the set of critical values of f , and say that f is ramified or branched over x ∈C( f ). Note
that outside of these degenerate points, f is a degree n covering map.

If S is a Riemann surface, consider such a map β : S→ P1(C); β is said to be a Belyi function if
C(β )⊆ {0,1,∞}, and in this case S is called a Belyi surface.

Consider the map β : P1(C)→ P1(C) given by z 7→ zn for any integer n≥ 1. Clearly β is noncon-
stant and holomorphic. Moreover, for any fixed w ∈ P1(C)−{0,∞}, the equation zn = w has n distinct
solutions by the Fundamental Theorem of Algebra. However, β−1(0) = {0} and β−1(∞) = {∞}, so β

is ramified at {0,∞}. In particular, β is a Belyi function and the Riemann sphere is a Belyi surface.
While we now understand the most basic Belyi surface, let us describe Belyi’s incredible charac-

terization of a general Belyi surface. First, note that certain Riemann surfaces arise as the zero set of
a two-variable complex polynomial. For a subfield K ⊂ C, a Riemann surface over K is cutout by an
irreducible polynomial in K[x,y]. For example, the elliptic curve

y2 = x3 +ax+b : a,b ∈Q
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defines a torus over Q, since all of the coefficients are rational.
In (1979, [1]), Belyi proved the remarkable result that a Riemann surface S is defined over Q iff S

is a Belyi surface. This implies that Belyi surfaces are dense in the space of all Riemann surfaces.

2 THE BROOKS-MAKOVER CONSTRUCTION

While studying the first eigenvalue of the Laplacian on hyperbolic Riemann surfaces, Brooks and
Makover developped a model that takes as input an oriented cubic graph and outputs a compact, finite-
area Belyi surface. Indeed, beginning with a finite cubic graph Γ (that is, Γ is a 3-regular graph on n
vertices, say), define an orientation O on Γ by adding a cyclic orientation of the edges incident to each
vertex. For example, consider the orientation on the graph below:
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Notice that the orientation is represented at a vertex by a 3-cycle, read counterclockwise. The
orientation O of the graph is then completely determined by a product α of disjoint 3-cycles. In the
example above, α is given by

α = (1,3,2)(4,5,6)(7,9,8)(10,11,12).

The purpose of representing the orientation by such a permutation α is to demonstrate that the edges in-
cident to a given vertex can be cyclically reordered, just as the cycles (1,3,2) and (2,1,3) are equivalent
as elements of the symmetric group.

Now, take the triangle T in the hyperbolic plane H2 with vertices at {0,1,∞}. Computing the
hyperbolic area of T ,

area(T ) =
1∫

0

∞∫
√

1
4−(x−

1
2 )

2

dydx
y2 = π.

In particular, the area of T is finite with respect to the hyperbolic metric. On each of the bounding
geodesics of T , pick a “midpoint” of that side, namely {i, i+ 1, i+1

2 }. The term “midpoint” is a mis-
nomer, since each bounding geodesic is of infinite length, but we use these points as a reference point.
The scenario is thus the following:

Ti i+1

1/2+i/2

0 1

Given an oriented cubic graph (Γ,O) on n vertices, we associate to each vertex vi such a hyperbolic
triangle Ti. For every edge between vi and v j, identify one side of Ti to one side of Tj; this ‘gluing’
procedure is uniquely determined by the following two conditions:
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1. the “midpoints” of the two sides are glued together

2. the gluing preserves the orientations of Ti and Tj

The result of all of the gluing is a noncompact surface SO(Γ,O), which will have a bunch of cusps (there
will be exactly one cusp for each LHT path1). Note also that SO(Γ,O) will have finite hyperbolic area
equal to πn, as we have glued together n hyperbolic triangles T each of area equal to π .

Finally, we want to consider the conformal compactification SC(Γ,O) of the surface SO(Γ,O). Each
cusp neighbourhood of SO(Γ,O) is conformally equivalent (isometric, even) to a punctured disk. If each
cusp neighbourhood of SO(Γ,O) is replaced with a punctured disk and then fill in all of the punctures,
the resulting compact surface is SC(Γ,O). Moreover, adding finitely-many points does not change the
area, so SC(Γ,O) also has finite area.

A natural question question to ask now is why are the surfaces constructed in this manner of con-
sequence. One can show, as in [3], that S is a Belyi surface iff there exists an oriented cubic graph
(Γ,O) such that S = SC(Γ,O).2 Therein lies the key idea of the Brooks-Makover construction: one can
understand a Belyi surface by understanding a finite graph.

In the first section, we showed that the Riemann sphere P1(C) is a Belyi surface, so there must exist
some oriented cubic graph (Γ,O) such that P1(C) = SC(Γ,O). While there is no way of reversing this
process in general, let us apply the Brooks-Makover process to the following oriented graph (Γ,O) and
see what happens.

! !
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Gluing together two hyperbolic triangles T1 and T2 according to the above recipe, then we obtain
a surface SO(Γ,O) that appears spherical, but has 3 cusps. Replacing each cusp neighborhood with a
punctured disk, the result is a sphere with 3 punctures. Finally, to realize the conformal compactification
SC(Γ,O), artificially fill in each puncture to get a sphere i.e. SC(Γ,O) = P1(C).

3 RANDOM BELYI SURFACES

Without delving too deeply into the theory of random graphs, the procedure to randomly choose a Belyi
surface is given below, and relies crucially on the construction of Brooks and Makover.

The random choice of an oriented cubic graph (Γ,O) on n vertices gives a random Belyi surface
SC(Γ,O), by applying the Brooks-Makover construction to (Γ,O). However, there are exactly 2n pos-
sible orientations on any cubic graph with n vertices. The problem of randomly choosing an oriented
cubic graph is then reduced to randomly choosing a cubic graph on n vertices, as one can then just pick
(uniformly, say) one of the orientations.

Bollobás’s configuration model [2] provides an algorithm for randomly choosing a k-regular graph
on n vertices in a “sensible” manner. In the case of a cubic graph, Bollobás’s strategy can be explained
as follows:

1A left-hand-turn (LHT) path on the oriented graph (Γ,O) is a path where we always turn “left” in the orientation O at
each vertex. One can take “left” turn at a vertex to denote, for example, the smallest number associated to an edge incident to
the vertex by O .

2Note that the conformal compactification SC(Γ,O) is indeed a compact surface. Belyi’s Theorem implies that Belyi
surfaces are dense in the space of all Riemann surfaces, so we are faced with the (perhaps counter-intuitive) fact that any
Riemann surface can be approximated arbitrarily-well by a compact surface.
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To choose a random cubic graph on n vertices, let {v1, · · · ,vn} denote its vertex set. Now, imagine
filling a bag with 3n balls, where each ball labelled with a vertex vi. Each vi will appear on exactly 3
balls in the bag. Randomly pick a pair (vi,v j) of balls from the bag, and we then add an edge between
vertices vi and v j in our graph. Repeat this process until we have picked every ball from the bag, and
the result is a 3-regular graph on n vertices. (This is indeed possible since finite 3-regular graphs have
an even number of vertices.)

Recall that Belyi’s Theorem implies that Belyi surfaces are dense in the space of all Riemann sur-
faces. Thus, by extension we can pick a random Riemann surface.

Primarily using the ideas presented herein, Brooks and Makover were able to conjecture that the
expected genus of a random Riemann surface obeys a particular distribution. In [4], Gamburd proved
their conjecture, by translating the problem into estimating the limiting behaviour of certain probability
measures on the alternating group. For the interested reader, these first three sections provide sufficient
detail and background for one to tackle Gamburd’s proof.

4 GROTHENDIECK’S Dessins d’Enfants

Given a Belyi surface S and a Belyi function β : S→ P1(C), a dessin d’enfant is a bipartite graph whose
vertex set is determined by:

1. A black vertex for each x ∈ β−1(0).

2. A white vertex for each x ∈ β−1(1).

The edges are given by the connected components of the preimage of (0,1) by β . The bipartition of the
vertex set is given by those vertices that are colored black and white.

For example, the Belyi function β : P1(C)→ P1(C) given by z 7→ z3. As shown in the first section,
β−1(1) will have three components but β−1(0) will only be a point. The set β−1((0,1)) consists of 3
components, connecting each component of β−1(1) to β−1(0). Thus, the dessin d’enfant associated to
this Belyi function is the following:

Note that for Belyi surfaces that are more complicated than P1(C), the Belyi functions are generally
more complicated as well. Consequently, the corresponding dessin d’enfant can become quite difficult
to compute (although still much simpler than working with the Belyi surface itself).

Therefore, a Belyi surface and a Belyi function give rise to a dessin d’enfant. Grothendieck re-
marked, as in [6], that a dessin determines a covering of P1(C) that is ramified at most at 0, 1, and
the point added at ∞. Thus, the dessin also determines a Belyi function, and hence a Belyi surface.
The absolute Galois group Gal(Q/Q) acts on the Belyi surface3, and so by extension on the dessin. In
particular, the dessins d’enfants provide certain useful invariants under the action of this Galois group.

Indeed, these dessins d’enfants, though simple in appearance, have had a profound impact on the
study of Belyi surfaces and Belyi functions. For a more complete and quite beautiful description of
these multifaceted objects, please see [6].

3By Belyi’s Theorem, the Belyi surface is determined by a polynomial in 2 complex variables with coefficients in Q; thus,
Gal(Q/Q) acts on the coefficients of this polynomial in the natural way, which induces the action on the surface.
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