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Pl Tuning via Extremum Seeking Methods for Cruise Control

ABSTRACT

In this study, we reproduce the results from an existing
paper on PID tuning using extremum seeking (ES) me-
thods. In addition to analyzing performance with respect
to existing tuning methods, we investigate the ES algo-
rithm parameters and how their values impact stability
and convergence speed. To demonstrate the efficacy of
ES on tuning classical controllers, we apply the algo-
rithm to a simple cruise control problem. The results in-
dicate the effectiveness of ES as an adaptive control al-
gorithm. Moreover, sensitivity analysis on the ES algo-
rithm parameters and controller gains reveal several po-
tential areas for improvement, such as controller gain
constraints, variable ES parameters, and dynamic cost
functions. As a result, we suggest general guidelines for
tuning controllers with ES.

1. INTRODUCTION

The Proportional-Integral-Derivative (PID) controller, a
generic feedback control mechanism, is used widely in
industrial control systems. In classical PID tuning meth-
ods, engineers typically satisfy requirements based on
Ziegler-Nichols (ZN) conditions or open-loop frequency
responses. These are proven methods but require sub-
stantial knowledge of the plant and use trial-and-error to
achieve satisfactory system performance. In many cas-
es, however, the plant model is not known, thus a
closed-loop PID tuning method is beneficial.

There are various model-free tuning schemes suitable
for PID controllers. In relay feedback tuning [1-3], the
feedback controller is replaced by a relay which causes
the system to oscillate, thus defining one point on the
Nyquist plot. Based on the location of this point, PID
gains can be determined to achieve the desired phase
and gain margins. However, this method requires a sys-
tem model, which may not be known. Unfalsified control
[4,5] updates the PID gains based on if the controller fal-
sifies a criterion or performance requirement. However,
it requires a finite set of candidate PID gains, which can
be time consuming or impractical to generate.

Extremum seeking (ES) offers a model-free, online con-
trol synthesis method to achieve optimal performance in
some sense; hence it is able to tune PID gains in a more
efficient fashion without requiring any knowledge or
modification of the plant. In the paper we reproduce
here [6], Killingsworth and Krstic explore the ES algo-
rithm and apply it to several plants to compare system
performance with classical tuning methods.
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2. PAPER REPRODUCTION
2.1 EXTREMUM SEEKING ALGORITHM

When applying ES for PID tuning, one can implement
the ES algorithm as an outer feedback loop as demon-
strated in Figure 1 with plant transfer function G, PID
controllers C,, C,, and the associated cost function,

J(Ok)).
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Figure 1: ES PID tuning scheme [6].

For a given input to the system, the cost function evalu-
ates the effectiveness of the PID gains (6). ES approxi-
mates the cost function gradient with respect to the PID
gains in two steps. First, it applies a high-pass filter to
remove the dc gain. Second, it demodulates the signal to
remove the perturbation applied in the previous iteration.
Information from the cost gradient is then used to calcu-
late PID gains for the next iteration. Specifically, ES in-
tegrates the estimated cost gradient and then perturbs
the resulting signal by a harmonic function to give new
PID input gains. Iteratively, ES modifies these gains un-
til the cost function has reached a local minimum.
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Figure 2: Discrete-time ES algorithm [6].



2.2 PID TUNING ON SAMPLE PLANT

Following the paper by Killingsworth and Krstic [6], we
apply ES on the following plant:
G(s)= e (1)
1+ 20s
The PID controller is split into a pre-compensator C,. and
feedback controller C, with expressions given by

C,,(s):K(1+%j )
cv(s)=1<[1+i+z;,s] @)

Notice the only difference between the two controllers is
that the pre-compensator lacks a derivative term 7,. If
this term were included, a step input would induce an
infinite output from the controller. As a result, we apply
the derivative term on the feedback signal only.

In this particular application, we use the integrated
squared error (ISE) cost function,

1 T
J(0)=——| € (t,0)ds (4)
T—ty"n
where the error e(t,6) = r(t) — y(t,0) takes the difference
between the reference and output signals. The PID tun-
ing gains are defined as

o=k 1, T,] (5)

From an initial set of PID gains found using ZN, the ES
algorithm reaches a minimum after 20 iterations, as
shown in Figure 3. The PID gains change by 25%,
2.2%, and 7.6% for K, T;, and T, respectively. This re-
sult suggests that the gain K has the greatest effect on
minimizing the cost for this specific plant. The cost func-
tion surface plot, shown in Figure 4 as a function of K
and T, (T; is set constant), confirms this observation.
Moreover, it may be possible to achieve satisfactory per-
formance while significantly reducing computational time
by applying ES on gain K only. We discuss this idea
more thoroughly in Section 4.2.
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Figure 3: Cost function values and PID Gains
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Figure 4: Cost function values vs. K and T,.

As shown in Figure 5, ES achieves significantly better
performance than ZN and roughly equal performance to
more sophisticated tuning methods, such as internal

model control (IMC) and iterative feedback tuning (IFT).
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Figure 5: System output (top) and PID gains (bottom).
2.3 SENSITIVITY OF ES PARAMETERS

Killingsworth and Krstic argue that the solution found by
ES is fairly insensitive to the perturbation amplitude («;)
and adaptation gain (y) parameters, shown in Figure 2.
Based on the cost trajectories shown in Figure 6, all four
combinations of ES parameters are able to reach the
same minimum cost, but at different convergence rates.
This result speaks to the robustness of ES, however the
authors do not include the case when the ES parameters
are increased.
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Figure 6: Sensitivity to ES parameters



As the ES parameters increase, the perturbation ampli-
tude and adaptation gain increase, demonstrated con-
ceptually by Figure 7. Depending on the initial PID gains,
it is possible to drive the overall system into an unstable
region. Therefore we conclude that ES is insensitive to
smaller or more conservative parameters, but extremely
sensitive to larger or more aggressive parameters.
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Figure 7: Stability of ES

3. CRUISE CONTROL VIA ES METHODS

The cruise control problem contains nonlinear longitudi-
nal vehicle dynamics due to viscous air drag effects and
road grade. As a result, a Pl controller with fixed gains
can be optimally tuned for only one operating point. We
propose to utilize ES to adapt the PI gains online to
achieve optimal performance for the entire operating
range.

3.1 LONGITUDINAL VEHICLE DYNAMICS MODEL

We assume the vehicle can be modeled as a disk rolling
without slip. The body experiences forces due to gravity,
viscous air drag, rolling friction, ground normal forces,
and traction force. The free-body diagram is presented
below:
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Figure 8: Rolling Disk Model.

Forming Newton’s 2" law produces the following system
dynamics, in which velocity (v) is the state variable and
traction force (F,) is the control input. Other model pa-
rameters include vehicle mass (m), road grade angle (y),
rolling friction coefficient (f), air density (p), frontal cross-
sectional area (4), drag coefficient (C,), and wind speed

(V).

m% = F, —mgsiny - fingcosy —05pAC, (v+v,)" (6)

Note that the system is nonlinear with respect to the
road grade angle and velocity. We linearize the system
about a nominal operating point to apply the ZN method.

The PI gains acquired from ZN will serve as the initial
values for the ES algorithm.

3.2 LINEARIZATION

A first order Taylor series expansion about a nominal
operating point produces the following linear system,
given in terms of perturbation variables:

1 1
ov=——pAC, (v,+v )Oov+—OF
mp d( 0 w) m x (7)

+l[—mg cosy, + fimgsiny, | Sy
m

where 5(.):(.)_(.)0 represents the perturbation from

the nominal value. In this set of coordinates Jv, JF,, Jdy
may be interpreted as the state variable, control input,
and disturbance input, respectively. Suppose we select
the operating point given in Table 1. Furthermore, we
use the following model parameters: m = 1000kg, f =
0.015, p = 1.202 kg/m’, A = Im? C; = 0.5, v, = 2m/s. The
resulting system is then represented by the first-order
transfer function of traction force to vehicle speed,
shown in Equation 8.

Variable Nominal Value
Traction Force, F 293 N
Road Grade, y 0 radians
Wind Speed, v, 2mls

Vehicle Speed, v 20 m/s = 45 mph

Table 1: Nominal Operating Point [7].
Y(s) 00758 K 8)

U(s) 75.75s+1 zs+1

The time constant, r = 75.75 sec, is quite slow and the
steady-state error (with respect to step inputs) is
92.42%. Both of these characteristics are unacceptable
for cruise control applications. A suitable controller to re-
solve both of these issues is a Pl controller [1].

C(s)=Kyy ™2 + 9)

Next, we must determine appropriate values for Kp; and
7p;. Although this is a non-trivial task and the greater sub-
ject of discussion for this paper, one simple option is the
ZN method:

43S+1 (10)

C(s)=(0.3845)
S
These controller gains serve as the initial values for the
ES algorithm and also provide a baseline comparison to
evaluate performance.

3.3 CASE STUDY: VARIABLE REFERENCE SPEEDS

We now demonstrate the utility of ES PI tuning and com-
pare this algorithm to more commonly used techniques,
namely fixed gains generated by ZN and gain schedul-
ing. The ES algorithm performs one discrete-time itera-
tion using the ISE cost function formulation for each sec-



ond of the continuous-time closed-loop system. As pre-
viously stated, the controller gains obtained from ZN pro-
vide initial values for the algorithm.

0(0)=[K,, 7,], =[0.3845 43]' (11)

Finally, we set the ES algorithm parameters to a = /0.05,
0.05], y = [600, 200]", and » = 0.8’z. Conservative
(small) values for « and y may cause slow convergence
rates, but ensure stability for large cost function values.

The first case study considers zero road grade with a
ramp up and ramp down in desired velocity, demon-
strated in Figure 9. As expected, gain scheduling with
ZN gains (ZN GS) produces slightly better reference
tracking results than fixed ZN gains (ZN Fix). ES, how-
ever, produces significantly better results than both me-
thods. This result is supported by the speed error re-
sponses shown in Figure 10.
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Figure 9: Reference tracking performance.
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Figure 10: Speed error for each control algorithm

The most interesting results occur in the time-responses
of the controller gains, Kp; and zp;, given in Figures 11a,
b. In Figure 11a, the response associated with ES is low-
pass filtered to provide a qualitative interpretation and
does not represent the actual response. At the plateau
ZN GS selects a 22% greater value for Kp than ES,
which intuitively implies a faster response. However, ZN
GS also selects a 29% slower zero placement z;, there-
by partially nullifying the speed acquired from a higher
gain. Conversely, ES keeps 7p; nearly constant com-
pared to ZN GS, which implies the cost function is in-
sensitive to variations in zp; relative to variations in Kp;.

Another key observation arises after the ramp down,
where ES appears to converge to the same controller
gains as originally selected by ZN. This result suggests
the original ZN gains were optimal with respect to the

cost function. We do not expect this since ZN does not
consider optimality conditions or our specific cost func-
tion formulation. As it turns out, the gains will slowly con-
verge to new values for a very large number of itera-
tions. This occurs because our conservative selection of
ES parameters (a, y), required to ensure stability, pro-
duce very slow convergence speeds.
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Figure 11: Controller parameter time-responses.

The control input (traction force) provides additional in-
sight to ES. Again, this signal is low-pass filtered to ac-
quire a qualitative interpretation. ES produces a faster,
more aggressive reaction to variations in desired speed,
hence achieving better performance. In practical sys-
tems, however, actuator saturation may not allow such
aggressive control efforts. Also, the sinusoidal perturba-
tions within the ES algorithm produce oscillations in the
control input. While some degree of oscillations may be
tolerable with respect to amplitude and frequency, the
oscillations shown in Figure 12 degrade drivability in
cruise control applications.
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Figure 12: Traction force time-responses.



3.4 CASE STUDY: VARIABLE ROAD GRADE

For the second case study, we consider a vehicle main-
taining constant speed as it climbs a hill, defined by a
step-up and step-down in road grade. Here, we do not
include gain scheduling and instead focus our attention
on how the PI controller gains adjust as road conditions
change. The speed error in Figure 13 clearly indicates
that ES regulates velocity more effectively than fixed ZN
gains. Specifically, the overshoot is reduced by 75% and
settling time is reduced by 80%. These improvements
are significant considering the modest road conditions
investigated here.
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Figure 13: Speed error for varying road grade
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Figures 14a,b demonstrate the controller parameter tra-
jectories for the road grade step profile. Two noteworthy
observations provide insight toward controller parameter
sensitivity and convergence. First, the optimal values for
Kp; and zp; increase by 49% and 0.45%, respectively dur-
ing ascent. As in the first case study, the insignificant
change for zp; indicates the cost function is not very sen-
sitive to variations in this parameter. Therefore, it may be
possible to simplify the Pl tuning scheme to a single de-
gree of freedom without significant sacrifices in perform-
ance. This result has significant implications on compu-
tational power and calibration, discussed further in Sec-
tion 4.2. Secondly, the controller gains converge to val-
ues different than those given by ZN for a large number
of iterations. In particular, the optimal value for Kj; is
30% greater, therefore confirming the claim made in the
first case study.
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Figure 14: Controller parameter time-responses.

4. DISCUSSION OF RESULTS

4.1 ES PARAMETER CONSTRAINTS

The sinusoidal perturbation amplitude, o, and the inte-
gration step size, y, can have significant impacts on sta-
bility, rate of convergence, and the solution itself. Kill-
ingsworth and Krstic argue that decreasing these values
does not affect stability, but may reduce convergence
speed [6]. Here we have conceptually shown that in-
creasing these parameters may increase the conver-
gence rate, but destabilize the system. Therefore, a po-
tential improvement to this algorithm is to provide upper-
bound constraints on these parameters which guarantee
stability. This enhancement necessarily assumes a plant
model is readily available to analyze for stability condi-
tions. However, recall that ES is a model-free optimiza-
tion algorithm in the first place, therefore rendering pa-
rameter constraints impractical. Nonetheless, this is an
interesting area for future research which may provide
useful insight to extend the stability of ES without com-
promising its model-free approach.

Two additional drawbacks of ES are that it does not find
global solutions and large amplitude oscillations may be
intolerable for certain systems. To alleviate both of these
issues, one could allow the ES parameters, o and y, to
vary dynamically. In particular, these parameters could
be configured to perform a global search initially, and
then switch to a local optimization approach. Moreover,
allowing these values to vary with time provides the abil-
ity to reduce oscillation amplitudes when a suitable solu-
tion has been achieved. In the case of cruise control, this
could potentially improve drivability.

4.2 CONTROLLER GAIN SENSITIVITY

The two cruise control case studies provided here indi-
cate that ES impacts only one of two controller gains.
This fact arises from the cost function’s sensitivity to
variations in each of the gains. If it is known that the cost
function is relatively insensitive to variations in one (or
many) gains, these variables can be removed from the
tuning algorithm, hence eliminating degrees of freedom.
Additionally, consider the scenario where multiple
equivalent control systems must be calibrated. If ES on
one system indicates that tuning a subset of all controller
gains is required to achieve satisfactory performance,



calibration time for the remaining systems can be signifi-
cantly reduced. Although this idea is not pursed in depth
here, we propose a rigorous proof for this hypothesis as
an area for future work.

4.3 COST FUNCTION FORMULATION

The cost function establishes the performance of the
controller derived from ES, and therefore impacts how
new controller gains are computed. Throughout the
study, we have only considered the ISE cost function
formulation to minimize system output error. Other cost
functions may be applied to capture desired characteris-
tics, such as minimizing overshoot or rise time, to give
some examples. Although we maintained the same cost
function throughout the simulations, it is possible to ad-
just this function in real time to emphasize different per-
formance aspects. However, the cost function values di-
rectly correlate to how new gains are selected. As a re-
sult, the ES parameters must also be changed simulta-
neously to ensure stability.

4.4 CONVERGENCE SPEED & APPLICATIONS

The longitudinal vehicle dynamics are considerably
slower than the ES dynamics. This property is extremely
important to ensure improved performance. In fact, this
principle is similar to pole-placement in Luenberger ob-
server design, where the error dynamics must be signifi-
cantly faster than plant dynamics to acquire correct state
variable values. Unfortunately, applying this principle to
ES is not as straight forward as state feedback observer
design, since it requires careful tuning of the ES algo-
rithm parameters. One naive, yet simple approach used
in existing ES literature [9] is to start with very conserva-
tive values and gradually increase them until the desired
convergence speed is reached. Due to this property,
controller tuning via ES methods is limited to applica-
tions with relatively slow dynamics.

5. CONCLUSIONS

Extremum seeking introduces a new approach for opti-
mally tuning PID controllers with respect to a cost func-
tion developed by the control engineer. We demonstrate
this tuning method on an arbitrary plant model to charac-
terize its performance vis-a-vis other tuning methods.
Observations from ES parameter sensitivity analysis
suggest that these parameters must be chosen carefully
to balance stability against convergence speed. As an
extension to work performed by Killingsworth and Krstic
[6], we apply ES to adapt PI controller gains for a simple
velocity tracking cruise control problem. This methodol-
ogy investigates an innovative approach for non-model
based adaptive control. The results indicate perform-
ance that exceeds the ZN method and gain scheduling
techniques. Nevertheless, ES is limited to systems with
relatively slow dynamics and may introduce undesirable
oscillatory responses. Consequently, this tuning scheme
is applicable for a very specific class of problems.
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