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ABSTRACT 

Novel high-throughput measurement techniques in vivo are beginning to produce 
high-quality dense time series that can be used to investigate the structure and 
regulation of biochemical networks. We propose an automated information 
extraction procedure that takes advantage of the unique S-system structure and 
supports model building from time traces, curve fitting, model selection, and 
structure identification based on parameter estimation. The procedure comprises 
three modules: model Generation, parameter estimation or model Fitting and 
model Selection (GFS algorithm). The GFS algorithm has been implemented in 
MATLAB and returns a list of candidate S-systems that adequately explain the 
data and guides the search to the most plausible model for the time series under 
study. By combining two strategies (namely decoupling and limiting connectivity) 
with methods of data smoothing, the proposed algorithm is scalable up to realistic 
situations of moderate size. We illustrate the proposed methodology with a 
didactic example. 
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1. IntroductionEquation Section 1 

Modern molecular biology provides high-throughput techniques for generating large 
datasets with a relatively high degree of accuracy1. Some of these techniques allow in-vivo 
measurements over short time intervals, thereby defining dynamic profiles and not only 
snapshots of the biological system2-8. The identification of complex genetic networks, 
metabolic pathways or signal transduction cascades from time-course data is often 
formulated as an inverse (or data fitting) problem.  

                                                 
I To whom correspondence should be addressed 



 

 

2 Simeone Marino, Eberhard O. Voit 

 2 

Here we present a data-fitting procedure for extracting structural information from 
time series of metabolite concentrations, or of gene or protein expression profiles. The 
method is developed as a three-step process: model Generation, model Fitting and model 
Selection (GFS). A schematic diagram of the GFS algorithm is shown in Figure 1. The first 
step is the definition of a modeling framework: we use Biochemical System Theory (BST) 
in its S-system variant, which consists of specific nonlinear ordinary differential equation 
(ODE) systems that represent processes in the form of products of power-law functions9; 10. 
S-systems are particularly useful for this purpose, because they have a well-defined 
mathematical structure, yet allow for extraordinary flexibility in the representation of 
biological systems. The “true” or most adequate model describing the experimental data is 
a priori unknown. The idea is thus to assume that the S-system structure is adequate, to 
construct hierarchically S-system models of increasing complexity and fit each of them to 
the data. This task is accomplished by the model generation module and requires two 
inputs: n (the number of variables) and k (a connectivity index that defines the maximal 
density of the network). 

 

 

 
Figure 1: Overall diagram of the GFS algorithm 

 
The number n is assumed to be known and usually defined by the experimentalist 

before collecting the data. The connectivity index k defines the maximum number of 
variables to include in each equation, thus setting an upper bound to the number of possible 
combinations. It is user-supplied and the larger it is, the denser and more connected the 
biological network can become. 

As is to be expected, increasing sizes of models lead to a combinatorial explosion in 
the number of equations to be fitted. Decoupling of the ODE system partially solves the 
problem. In fact, as we will review later, the decoupling allows solving and fitting of one 
differential equation at a time (instead of dealing with a system of simultaneous differential 
equations), and the number of possible combinations of equations is consistently reduced. 
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By combining the two strategies (limiting connectivity and decoupling), the method is 
scalable to realistic situations because k is typically small. Specifically, Barabási’s group11; 

12 showed in several analyses that in typical biological and non-living networks only a few 
nodes are heavily connected, while most nodes only link to a very few other nodes. For 
instance, yeast proteins form a scale-free network where about 93% of all proteins interact 
with five or fewer other proteins13. This scale-free property in both metabolic and protein 
interaction networks seems to be shared among different organisms11; 14-16. Thus, using k 
smaller than 5 seems reasonable. Of note is that our proposed method permits different k 
for different metabolites. Thus, a higher k may be chosen for highly connected metabolites 
(such as ATP) and eventually this relaxation of the initial constraint would be justified 
through statistical significance in the model selection step. 

Decoupling is achieved by using either the data themselves or a smoothed substitute as 
off-line forcing functions. For example, the model generation table in Figure 1 has the 
equation ii inh h

i i i i nX X Xα β= −  for label=2n. To solve and fit this equation independent of 
the remainder of the system, values for Xn are needed at each step of the numerical ODE 
solver (since it is usually a variable step method). This is accomplished with a piecewise 
linear (or, alternatively, a simple nonlinear) interpolation on the raw or on the smoothed 
data, depending on the level of noise in the measurements (see Methods section for details). 
By default, raw data are preprocessed to filter out noise (see Figure 1, Smoothing box). 

Once the model generation step is performed, all possible combinations are stored 
(given k and other biologically meaningful constraints) and each differential equation is 
uniquely identified by a label and passed to the model fitting module (see Figure 1, Model 
Fitting box). Each equation is then fitted to the raw data separately (Modellabel). A 
nonlinear least square (LS) regression algorithm for the fitting is implemented in 
MATLAB and the differential system is solved by a standard ODE solver. Model selection 
is then performed by a standard Fisher-Snedecor test or F-test17 on mean squared error 
(MSE) ratios. The equation label corresponding to the largest significant F is selected. 

Biochemical System Theory (BST), its S-system variant, and the inverse problem 
literature in BST are reviewed and illustrated in the next section. The methods section 
describes the three modules of the GFS algorithm as well as details on decoupling, 
connectivity index and smoothing techniques. The algorithm has been tested on data 
generated from a didactic S-system representing a generic branched pathway with four 
dependent variables, one constant source and two regulatory signals; results of this analysis 
are shown in Section 4. 
2. Biochemical System Theory and the model generation scheme 
BST has been proven to be a very promising tool for pathway identification of time series 
data18-26. It has two variants with alternative options for representing biological systems: 
the Generalized Mass Action (GMA) and the S-system forms27; 28. Because of our specific 
focus, we only review the most pertinent characteristics of the S-system framework (see 
Crampin et al.29 for a recent survey of several alternative mathematical representations of 
chemical kinetics). 

S-system modeling represents the rate of change in each pool (variable) as the 
difference between influx into the pool (production term) and efflux out of the pool 
(degradation term). Each flux is approximated by a product of power-law functions, so that 
the generic form of any S-system model is  

 
1 1

, 1, 2,....,ij ij
n n

g h
i i j i j

j j

X X X i nα β
= =

= − =∏ ∏  (1) 

where n is the number of state variables Xi and i, j are indices of the state variables. 
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The terms gij and hij are kinetic orders that quantify the effect of Xj on the production 
or degradation of Xi, respectively. Kinetic orders can be positive or negative (enhancement 
or inhibition of production or degradation, respectively). If a kinetic order (gij) and (hij) is 
zero, the corresponding variable Xj does not affect the production (degradation) of Xi. The 
non-negative parameters αi and βi, are rate constants that quantify the turnover rate of the 
production and degradation of Xi, respectively. 

As a consequence of these specific roles of all parameters, structural features of a 
biochemical pathway are mapped onto S-system parameters in an essentially unique 
fashion. This implies that one should be able to infer the topology of the biological network 
after the parameter estimation process is successfully performed. Thus, the strategy is to 
use the data to determine the most adequate S-system representations for a specific 
experiment, selecting the best fit among all the possible model combinations, and 
interpreting the results in terms of structural features. Several articles18-26 have appeared in 
the recent literature describing computational strategies, using S-systems, for this inverse 
problem of extracting information from time series data. Given an adequate representation 
of the biological system and a sufficient number of experimental measures, the formulation 
of the inverse problem is straightforward. Specifically, the implementation of the fitting of 
parameters α, β, g and h of system (1) is a particular instance of an optimal control 
problem, where constant inputs (i.e., parameters) have to be optimized in order to minimize 
the distance between the trajectories of (1) and the data30; 31. 

In principle, a system of ODEs like (1) could be fitted directly to data, but several 
computational issues arise. The dynamical system can become ill-conditioned or stiff due 
to non-optimal choices of parameter values during the minimization procedure. As a 
consequence, the computation time for numerically integrating the differential equations 
may increase to 95% or more of the total CPU time needed by the optimization algorithm32. 
Secondly, the choice of a feasible and structurally stable initial guess for the parameter 
vector θ  sometimes is as difficult as solving the problem itself. Finally, experimental 
noise increases the likelihood of the existence of multiple local minima, which is amplified 
by an increasing size of the system.  

A possible strategy for reducing the complexity of the problem is to decouple the ODE 
system. Decoupling may be accomplished by estimating slopes of all (n) time courses at 
many (m) time points, which reduces the system of n coupled differential equations to 

xn m  algebraic equations32. A related issue is how to use other variables as off-line inputs 
after the decoupling is in place. In a different context, Maki and collaborators20 estimated 
the parameters of one differential equation at a time, using raw data for the time courses of 
the other variables. We follow a similar strategy, but, given that actual data are usually 
noisy, suggest using some sort of prior smoothing of time courses that are used as off-line 
inputs in the decoupled system (see Results section). 

3. Methods 
This section reviews the three modules of the GFS algorithm. It also describes how we 
implement decoupling, smoothing, and the choice of the connectivity index. 

3.1 Model generation 
The multiplicative structure of S-systems renders the model generation task easy. System 
(1) comprises 2n(n+1) parameters, if the system is fully connected, i.e., if the production 
and degradation of each variable is affected by itself and by all the others. If deemed 
necessary, initial values for Xi (i.e., Xi (0), i=1,2,…,n) may be considered as parameters, 
thus adding n unknowns to the system. We generate a hierarchical set of models, starting 
from the simplest and most parsimonious, and increase the connectivity step by step, 
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possibly to the fully connected system. We build up model combinations following a 
forward stepwise regression strategy33 which consists of adding to the model structure one 
variable (with its kinetic order parameter) at a time and considering all possible choices for 
doing so. The number of combinations grows exponentially (22n(n+1)) if a comprehensive 
exploration of all the possible combinations is performed (see Table 1, second column). It 
is clear that computational issues increase very rapidly and that methods are necessary for 
reducing the number of all possible combinations to those that are most likely to be true. 

 
Table 1. All possible combinations (α and β are always present in the model) with and without 
decoupling and limiting connectivity (k = n, k = 2 and k = 3). 

Max # of possible 
equations per variable n Max # of possible 

S-Systems k= n 
(decoupling) k = 2 k = 3 

2 256 7 7 - 
4 4.29E+09 121 41 99 
5 1.13E+15 497 76 276 
6 4.72E+21 2017 127 657 

10 1.61E+60 522243 551 8051 
20 6.7E+240 5.5 E+11 4201 257851 
100 220000 9.03E+59 505001 8.26 E+8 

We implement two strategies for this purpose: we decouple the system and we define the 
connectivity index k within the model selection scheme. 

3.2 Decoupling and smoothing 
Upon decoupling, the stepwise model generation scheme can be applied sequentially to a 
single equation. Thus, the algorithm selects a variable (Xi) and builds the corresponding 
right side of its differential equation (1) in a stepwise fashion by adding one variable at a 
time, either in the production or the degradation term. To solve each equation in isolation, 
values for all variables are used as forcing functions. Because a variable-step ODE solver 
needs virtually continuous inputs, it is necessary to determine these values through 
interpolation between observed time points. For example, if we want to fit the differential 
equation 

 13 11
1 1 3 1 1

g hX X Xα β= − ,  
we need off-line values for X1 and X3 at all time steps chosen by the ODE solver. We 
obtain this information either directly from the experimental measures of X1 and X3 by 
interpolating between contiguous time points, or by first smoothing the data. Numerous 
approaches have been proposed in the literature for smoothing and interpolating data 
points. If the data are dense enough and not very noisy, a natural and easy choice is to 
perform a piecewise linear interpolation on the available measures. By contrast, if the data 
are few and/or noisy, is it useful to smooth the data before they are used as off-line traces. 
This can be accomplished with some filter, such as the Savitzky-Golay or Whittaker filters 
(see Eilers34 for a review), splines35-38, collocation methods26, or an artificial neural 
network –ANN39; 40. The choice of a particular smoother is problem dependent and there is 
no single optimal method for all situations. We decided to use the Whittaker algorithm 
because it seems to be robust and efficient41. The Whittaker smoother is based on discrete 
penalized least squares. Two parameters define a trade-off between smoothness and fidelity 
to the data, namely d (the order of the penalty function) and λ  (the larger λ , the smoother 
the curve). We use as default d=2 (i.e., a quadratic penalty function) and vary λ  within 5 
and 100. We implement the Whittaker algorithm in the fashion proposed by Eilers34. Cross-
validation has not been used but it can easily be implemented for the optimal choice of λ . 
The Whittaker algorithm returns discrete values (at the same time points of the 
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experiment), and to obtain continuity for the ODE solver, we linearly interpolate between 
contiguous points. 

To make the situation realistic, we add noise either from a normal or a uniform 
distribution that is centered at the current data point. For the uniform, the range extends to a 
maximum of± 15% of the measured value. For the normal, we select the standard 
deviation as one third of the maximum variation (with the consequence that the truncated 
distribution will include approximately 99% of all cases of noise). The noisy data are 
subsequently directly interpolated or fitted with the Whittaker smoother. 

3.3 Connectivity index k 
The likelihood that a real biological system is fully connected is very low11; 15; 42, so we set 
a constraint on the maximum number of variables in each equation, or in other words, on 
the connectivity index k. This index is to be adjusted by the user to represent highly 
connected variables in the system, if a priori information is available. The minimal 
reasonable structure for a metabolic system is a completely uncoupled model, where each 
variable decays from its initial condition by its natural degradation rate and there is no 
interaction with other variables. We call this structure the minimal model and write it as 
follows: 

 , 1, 2,...,iih
i i i iX X i nα β= − = .  

In almost all real cases, the degradation of a metabolite will depend on its own 
concentration. Thus, we initialize each model combination to include hii, even though the 
algorithm is allowed to set this value equal to zero. Almeida and Voit (2003) suggested 
making maximal use of other a priori biological information that might be available in 
addition to the time series. While not necessary for the GFS algorithm, such information is 
easily accounted for and typically leads to the elimination of some model combinations that 
are biologically not plausible (see Results section). Table 1 shows all possible 
combinations of equations satisfying our constraints, including the case k=n, which 
represents complete connectivity. For example, supposing n=4, we start from the minimal 
model (the only one with 3 parameters in the equation) and have 4 possible combinations 
with 4 parameters in the equation and 18 possible combinations with 5 or 6 parameters. 
These combinations sum up to 41 equations to be evaluated (including the minimal model). 
In fact, considering up to four variables in each equation corresponds to k=2 (see Table 1, 
n=4). If we set k=3, we must consider all possible combinations with 5 and 6 variables in 
the equation (72 equations total). Thus, the combined strategies reduce the number of 
possible equation combinations from approximately 4x109 to 121 (k=n), 113 (k=3) or 41 
(k=2). The number of possible equation combinations is a function of n and k and is 
expressed in the following formula: 

 
1

1 1

1
( , ) 1 1

1

k k

s s

n n
Eqns n k

s s

−

= =

⎡ ⎤ ⎡ − ⎤⎛ ⎞ ⎛ ⎞
= + +⎢ ⎥ ⎢ ⎥⎜ ⎟ ⎜ ⎟−⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎣ ⎦
∑ ∑  (2) 

where 0,
0
a

a N +⎛ ⎞
≡ ∀ ∈⎜ ⎟

⎝ ⎠
(positive integers). 

3.4 Model fitting 
Parameter estimation and curve fitting are traditionally solved by minimizing a generalized 
distance between experimental data and model predictions. The Euclidean distance is the 
most commonly used and the inverse problem is often referred to as a least squares (LS) 
formulation. Many nonlinear programming algorithms can numerically solve LS problems: 
Gauss-Newton and Levenberg-Marquardt are the most popular and frequently 
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implemented43-45.Evolutionary algorithms and simulated annealing techniques are also 
used4-6. 

If the decoupling strategy is applied, system (1) becomes a set of independent one-
dimensional differential equations. Considering a generic variable X and given the initial 
condition X(t0)=X(0) (where t0= 0) and m time points ts (s=1,2,….,m), the solution of (1) is 
given by 

 ( ) ( ) 1 2
0

0 ( ) , , ,....,
t

mX t X X t dt t t t t= + =∫ . (3) 

A general numerical method such as 

 ( ; ), 1,2,.....sNM t s m=θ , (4) 
must be used for estimating ( )X t  in each experimental point, where θ  is defined as: 

 1,2,..., 1,2,...,, ,{ } ,{ }i i ij j N ij j Ng hα β = =⎡ ⎤= ⎣ ⎦θ  (5) 

The parameter vector θ  is implicit in (3), and its components depend on what equation is 
passed to the fitting module, i.e., on what the label is. For example, if variable X1 is 
modeled, the model generation module returns the following equation for label=2n (see the 
table in Figure 1): 

111
1 1 1 1

nhh
nX X Xα β= −  

and the parameter vector θ  is modified as [ ]1 1 11 1, , ,label nh hα β=θ . Our LS problem is 
then represented by  

 ( ) ( ) 2

1
Min ( ) ;

label

m

label s s label
s

G X t NM t
∈Θ =

= −⎡ ⎤⎣ ⎦∑
θ

θ θ  (6) 

where Θ  represents the parameter space. Figure 2 shows a schematic diagram of the model 
fitting module. At each iteration j of the minimization algorithm, current values ( )j

labelθ  of (5) 

are used to numerically solve (1) by (4). Optimality conditions are tested on ( )( )j
labelG θ  and, if 

not satisfied, a new iteration is computed ( ( 1) ( ) ( )j j j
label label d+ = +θ θ , see Figure 2): the direction of 

search d(j) is defined by the minimization algorithm (for example, Levenberg-Marquardt or 
Gauss-Newton).  For each step of the optimization algorithm, we run (4), and a vector of 
approximated solutions 1,2,.....

ˆ{ ( )}i s s mX t =  is calculated. The interpolation function is 
embedded into the ODE solver, where we either use the raw or the smoothed data and a 
linear interpolation is employed between subsequent points to retrieve values of Xi(t) for t ≠s, 
s=1,2,….,m. The objective function G(θlabel) in (6) is specified in Figure 2 as [Data - 
Modellabel (θ) ]2, where Modellabel (θ) represents the numerical approximation of the S-system 
passed by the model generation module (see Figure 1 for the overall diagram). The 
interpolation is performed for each step of the numerical method (as is indicated by the 
bidirectional arrows within the numerical method box). The model fitting module is 
formulated as (6) and we implement it in MATLAB. We use the function lsqcurvefit to solve 
general non-linear least squares problems (through a generalized Gauss-Newton or 
Levenberg-Marquardt algorithm) and ode45 (an explicit, variable-step, Runge-Kutta method 
of fourth order) as default ODE solver. Local and global convergence results for Gauss-
Newton and Levenberg-Marquardt algorithms exist for a classic LS problem (where the 
model is given in explicit form) and they can be extended to the formulation (6) 47. 
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Figure 2: Schematic diagram of the model fitting module. : minimization algorithm , : numerical method. 
(*)Technically a stationary point is found (that could be either a local or global minimum, as well as a saddle point) 
 

In order to automate the GFS algorithm, default values and settings are given for the 
optimization algorithm and numerical ODE solver, as are the initial guesses and lower and 
upper bounds for θlabel. The user can modify each one of them if needed. We set Levenberg-
Marquardt as the default optimization algorithm. We define the parameter space Θ  by the 
following box constraints for θlabel: 

 

1,..,

1,..,

0

0
, 1,2,.....,3

3

i

i

ij

j n

ij

j n

i ng

h

α

β

=

=

⎧ >
⎪

>⎪⎪ =⎨ <⎪
⎪ <⎪⎩

 (7) 

The label index determines the size of θ and what specific kinetic orders are fitted. 
Rate constants are always positive while kinetic orders are bounded to values within -3 and 
3 in order to preserve some stability properties of the system (see Voit38, Ch. 5). During the 
minimization, each selected kinetic order (g and h) is free to vary within an interval that 
includes zero. Typically, we initialize the fitting with the following initial guess for (0)

labelθ : 

 { } { } [ ](0) (0) (0) (0) (0)

1,.., 1,..,
, , , 1, 1 , 0, ......, 0 , 1,2,....,label i i ij ijj n j n

g h i nα β
= =

⎡ ⎤= = =⎢ ⎥⎣ ⎦
θ  (8). 

We use an initial default value of 1 (corresponding to 0 on the log scale) for the rate 
constants. Kinetic orders can be positive or negative: so we set them to zero (or maybe 
0.001) in order not to bias the search in any direction. Initial values for Xi (i.e. Xi(0), 
i=1,2,…,n) may be considered as parameters as well. Further details on the optimization 
algorithm and the ODE solver settings are given in Table 2. 

 
 

Fitting – Least Squares 
Minθ{G(θ )} = Minθ[Data - Modellabel(θ )]2 

( )
initial conditions:j

labelθ  

( 1) ( ) ( )j j j
label label d+ = +θ θ  , where ( )jd  is the 

direction of search defined by the algorithm 
(Levenberg-Marquardt or Gauss-Newton) 

( 1) ( )newj j
label label
+ →θ θ  

Numerical solution for: 
Modellabel( jθ ) 

Check optimality  
conditions on G( jθ ) 

satisfied

Stationary point found(*) 

not satisfied 

Interpolation 

Raw data or smoothed data 
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Table 2: Settings of the MATLAB function lasqcurvefit (Panel A) and ode45 (Panel B) 

Panel A 

Label Value Description 

MaxIter 1e4 Maximum number of iterations allowed in the estimation process. 

MaxFunEvals 1e3 Maximum number of log-likelihood objective function 
evaluations.  

TolCon 1e-6 Termination tolerance placed on constraint violations. It represents 
the maximum value by which parameter estimates can violate a
constraint and still allow successful convergence. 

TolFun 1e-7 Termination tolerance placed on the log-likelihood objective 

function ( )G θ . Successful convergence occurs when the log-
likelihood function value changes by less than TolFun. 

TolX 1e-7 Termination tolerance placed on the estimated parameter values
θ . Similar to TolFun, successful convergence occurs when the 
parameter values change by less than TolX. 

   

Panel B 

Label Value Description 

AbsTol 1e-6 Absolute error tolerance. A scalar tolerance applies to all components of
the solution vector. Elements of a vector of tolerances apply to
corresponding components of the solution vector. AbsTol defaults to 1e-
6 in all solvers. 

RelTol 1e-3 Relative error tolerance. This scalar applies to all components of the
solution vector, and defaults to 1e-3 (0.1% accuracy) in all solvers. The 
estimated error in each integration step satisfies: 

{ }max RelTol* ( ) ,AbsTol( )s i se X t s≤  

 

3.5 Model selection 
For each fitting, the function lsqcurvefit returns the following values in the form of a 
vector: equation label, number p of parameters in the equation, estimated parameter values, 
CPU time (in seconds) and mean squared error ( ( ) ( )F n p−θ ). The matrix is sorted by 
label and p. Table 4 and 5 shows a typical output. The value for the connectivity index k 
can be specified by the user. A choice of k=2 is usually a good start. 

We apply the following Fisher-Snedecor test or F-test 17 to select for the equation that 
likely generated the data:  

 
, ( 1);

( ) ~
( 1) n p n p

MSE pF F
MSE p α− − +=

+
 (9) 

where the level of significance α is set to 1% or 5%. The MSE column is stratified in 
blocks corresponding to the value of p. We first determine the smallest MSE in the first 
block of equations (p=3), then use it as the numerator in (9) for the next block of MSEs, 
where p=4. We pick the most significant value of F and repeat the process for the next 
block (p=5), now selecting the MSE corresponding to the most significant F in this block 
as numerator of (9). If there is no significant F, we keep using the last significant solution, 
changing the degrees of freedom accordingly. When more than one MSE is significant, we 
select the one with the largest value of F that has hii greater than 0.1 and at least one gij 
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(j=1,2,…,n) greater than 0.1. The threshold 0.1 is somewhat arbitrary (and may be 
changed), but values for hii and gij below that threshold usually specify insignificant 
biochemical interactions. If the above constraints are not satisfied for any of the significant 
F, the label with the largest one is selected. The last column of Table 4 and 5 shows an 
example of model selection using (9): the grey cell in the last column represent the selected 
equation. The light grey cells in the first row indicate the correct kinetic orders. 

4. Results 
For the purpose of this paper, data do not come from experimental measurements but are 
generated from a didactic pathway that is representative of commonly encountered 
features. It is branched with four dependent variables, one constant source and two 
regulatory signals. Figure 3 shows a schematic representation of the pathway, which is 
modeled by the following S-system: 

 
13 11

21 22

32 33 34

41 44

1 1 0 3 1 1

2 2 1 2 2

3 3 2 3 3 4

4 4 1 4 4

0 0.6

g h

g h

g h h

g h

X X X X

X X X

X X X X

X X X
X

α β

α β

α β

α β

⎧ = −
⎪

= −⎪
⎪ = −⎨
⎪ = −⎪
⎪ =⎩

 (10) 

X0 is an independent variable that is assumed to be known and can be merged with 1
~α  in 

the first equation as 011
~ Xαα = . The values for the parameters are taken as follows: 

 
1 13 1 11

2 21 2 22

3 32 3 33 34

4 41 4 44

12, 0.8 , 10, 0.5
8 , 0.5 , 3, 0.75
3, 0.75 , 5, 0.5 , 0.2
2, 0.5 , 6, 0.8

g h
g h
g h h
g h

α β
α β
α β
α β

= = − = =
= = = =
= = = = =
= = = =

 (11) 

 
Six different datasets of 50 points each were generated by solving (10) with six different 
initial conditions (see Figure 4). Each dataset was perturbed with uniformly or normally 
distributed noise (as described in the Methods Section), and the Whittaker filter was used 
for smoothing. Figure 5 shows an example of noise generation and data smoothing applied 
to dataset 1. 

 
Figure 3: Generic branched pathway with four dependent variables, one constant source, X0, and two regulatory 
signals. The time courses of the four variables are shown in Figure 4 and the S-system equations are described in 
(10) with all the parameter values. Double-line arrows show flow of material, the solid arrow indicated activation, 
and the dashed arrow inhibition. 
 

Five types of fitting were performed: on data without noise, on noisy datasets (normal 
and uniform) without smoothing, and on noisy data with smoothing. Initial values for Xi 
(i.e. Xi(0) were not fitted but taken directly from the data. We assumed that the maximum 
number of variables (parameters g and h) in a single equation could sum up to 2 (k=2) for 
each term (production and degradation) and applied criteria (9) to each data fitting and each 
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variable. Threshold values for the significance of F were chosen as 1.62 (F48,47; 0.05) or 
2.01(F46,45; 0.01).  

4.1 Analysis 
Table 3 shows a summary of some pertinent results. It is divided into five Panels (A, B, C, 
D and E), one for each fitting (no noise, uniform or normal noise without or with 
smoothing). Each cell summarizes the outcome of the model selection module after 41 
fittings (see Table 1, n=4, k=2). Considering data without noise (Table 3 Panel A) and 
combining the results from all datasets, the GFS method always arrives at the correct 
model (OK) or at a larger one that embeds the correct model (OK*). In some cases the 
larger model identifies redundant parameters with values close to zero, which can be 
discarded. An example of the selection of the correct model is given in Table 4, while an 
example of the selection of a larger model that embeds the correct one with redundant 
parameters almost equal to zero is given in Table 5. The grey cell in the last column (F-
test) of Table 4 indicates the selected equation with the largest F: it is represented in Table 
3 Panel A with “OK” in row “X4 ” and column “Data 2”. The grey cell in the last column 
(F-test) of Table 5 indicates the selected equation with the largest F: it is represented in 
Table 3 Panel A with “OK*” in row “X2 ” and column “Data 1”. 

For example, g44 has been selected only once in Panel A (namely at row “X4”, column 
“Data 5”) and it is therefore not included in the most likely model. On the other hand, g11, 
g12 and h12 were selected more than three times (see Panels D and E) and were therefore 
included in the corresponding likely model (see Eq.(13)). Panels B and C show results on 
noisy data without smoothing. Overall the algorithm succeeds approximately in 50% of the 
cases (the most problematic equation being the one for X4). The main reason for this high 
rate of uncertainty is that the piecewise linear approximation of the noisy data amplifies the 
errors and uses noisy values for the off-line variables that are used as forcing functions. 
Smoothing really improves this situation. Indeed, the results in Panels D and E are 
comparable to Panel A (noise-free data).  

4.2 Selection and fitting of the final model 
We choose to include in the final ODE system the non-zero kinetic orders that have been 
selected at least 50% of the times for each variable. We select two S-systems: one from 
Panel A and one from Panel D and E combined. Using noise-free data (Panel A), the GFS 
algorithm selects exactly the correct system (Eq. (10)). Even the average values for the 
kinetic orders are often close to the real values (in parenthesis, see (11)): 
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Considering the results of Panel D and E, the model selected is the following: 
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Table 3: Summary of the results of the model selection by GFS 
algorithm. LEGEND [OK]: the correct equation is selected. [F]: the 
correct model has not been selected. [OK*]: a larger model is selected 
(it embeds the correct one and in some cases some parameters are 
almost zero. [OK†]: two models are selected (with a very similar F 
value), one of which is either the correct one or it embeds the correct 
one. [miss h34]: it selects a smaller model where h34=0. 

Panel A: data without noise 

 Data1 Data2 Data3 Data4 Data5 Data6 

X1 OK* OK* OK* OK* OK OK* 

X2 OK* OK* OK* OK OK* OK* 

X3 OK* OK* miss 
h34 

OK* miss 
h34 

OK* 

X4 OK OK OK* OK* OK* OK† 
 

Panel B: data perturbed with Gaussian noise 

 Data1 Data2 Data3 Data4 Data5 Data6 

X1 F OK* F OK† OK* OK* 

X2 OK* OK F OK OK* OK* 

X3 
miss 
h34 

miss 
h34 

miss 
h34 

miss 
h34 

OK* F 

X4 F F F OK† F F 
 

Panel C: data perturbed with Uniform noise 

 Data1 Data2 Data3 Data4 Data5 Data6 

X1 F F OK* OK* OK* OK* 

X2 OK* F OK* OK OK OK 

X3 
miss 
h34 

miss 
h34 

miss 
h34 

OK* F OK* 

X4 F F F OK* F OK* 
 

Panel D: data perturbed with Gaussian noise, using 
Whittaker smoother 

 Data1 Data2 Data3 Data4 Data5 Data6 

X1 OK* OK OK OK* OK* OK* 

X2 OK OK† OK† OK OK* OK* 

X3 
miss 
h34 

miss 
h34 

miss 
h34 

miss 
h34 

miss 
h34 

OK† 

X4 OK† OK† OK OK OK* OK* 
 

Panel E: data perturbed with Uniform noise, 
using Whittaker smoother 

 Data1 Data2 Data3 Data4 Data5 Data6 

X1 OK* OK OK OK OK* OK* 

X2 OK OK OK† OK OK OK* 

X3 
miss 
h34 

miss 
h34 

miss 
h34 

miss 
h34 

miss 
h34 

OK* 

X4 OK F OK* OK OK OK 
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where the kinetic order h34 is not selected and three erroneous parameter are included, 
namely g11, g12 and h12. While this result is not correct, one must note that the fit with these 
parameters is very good, thus presenting a possible alternative to the true model. Average 
values for the parameters resulting from Table 3 Panel D and E are the following: 
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[ ]1 44, 3.98 (2), 5.78 (6), 0.21 (0.5), 0.33 (0.8)h⎡ ⎤ =⎣ ⎦

 (14) 

The GFS algorithm produces estimates that may be used directly or as start values 
for a further, refining nonlinear estimation. For instance, we fitted the equations in Eq. 
(10), using (12) as initial guesses for parameter θ . Similarly, we fitted system (13), using 
(14) as initial guesses. Finally, we fitted system (13) including h34, using (14) and h34=0 
as initial guess for θ . The results for simultaneous fits of six datasets are shown in Table 
6. Because of the good start values, the fitting of system (10) quickly returns numerical 
results practically identical (in the case of data without noise) to the real values of θ  
defined in (11); they are only slightly different for the noisy data. The fitting of system 
(13) (to both data with and without noise) shows contradictory results for g12 and h12 
(grey cells), both in term of sign and magnitude. If we average their values, we obtain -
0.0979 and 0.02745 for g12 and h12, respectively, which suggests that they might be 
eliminated from system (13), following the rules specified for model selection (see 
section 3.5, Model Selection). The fitting of the merged systems ((10) + (13)) confirms 
the redundancy of g12 and h12 and gives an average estimate for g11 equal to -0.06755. In 
the case of noisy data, g12 and h12 have a similar order of magnitude, which suggests that 
they may be discarded, as was discussed in Voit23, page 1672. Finally, the value for h34 is 
very close to its real value.  

A crucial question for all inverse problems is the amount of CPU time needed to obtain 
solutions. Attempts to estimate the nonlinear ODE system directly typically require long 
run times. For instance, Kikuchi et al.19 stated that one loop of their genetic algorithm ran 
for 10 hours on a cluster of over 1,000 CPUs, for an S-system with five variables. We ran 
the GFS algorithm on a standard desktop 3.4 GHz CPU 2GB RAM (Intel Pentium 4, 
DellOPTIPLEX GX280). The computational time to complete each 41 fittings of Table 3 
(each cell) is on average 7 minutes (approximately 12 seconds per label), with some very 
fast (3 minutes) and some slower run (13 minutes), especially with the noisy data. Table 6 
summarizes computational times for the fitting of the simultaneous ODE systems (last 
row). 

5. Discussion and Conclusions 
Time series of biochemical profiles contain rich information characterizing the flux 
distribution and regulation of metabolic networks. The systems biologist’s challenge of 
extracting this information is not a trivial task, because the underlying inverse problem is 
nonlinear and involves systems of coupled differential equations. Solving this task requires 
an efficacious combination of model choice and computational means. Several groups 
around the world have recognized that S-systems present a powerful tool for this purpose, 
because they are flexible enough to capture complex dynamic responses, yet always have 
the same symbolic structure, which isomorphically maps a given feature of a biological 
pathway onto a particular parameter in the describing mathematical model. Exploiting this 
feature of S-systems, we have presented a new algorithm that facilitates the extraction of 
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information from biological time series. The overall idea behind this GFS algorithm is to 
generate in a sequential fashion all plausible models, and to select the most likely from 
among them. The fact that we can even exhaust all possibilities is another advantage and 
unique feature of the homogeneous S-system structure.  

 
Figure 4: Six different simulations using system (10) with the following initial conditions for X1-X4. Data 1 [1.4 , 
2.7 , 1.2 , 0.4] , Data 2 [0.39 , 2.006 , 4.45 , 0.14] , Data 3 [0.2 , 0.3 , 2.2 , 0.01], Data 4 [1.99 , 2.006 , 2.23 , 0.14], 
Data 5 [1.4 , 1 , 0.2 , 3] , Data 6 [4 , 1 , 3 , 4] 

 
Figure 5: Example of noise generation and smoothing on Data 1, with initial conditions [1.4 , 2.7 , 1.2 , 0.4] 
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Table 4: Example of a correct model selection (Table 3 Panel A, row X4, column Data 2). The grey cells 
indicate the correct kinetic orders and the selected equation (with the largest F-test value). 

Model # # of par alpha4 beta4 g41 g42 g43 g44 h41 h42 h43 h44 Time 
(secs) MSE(error) F-test 

1 3 5.07163 4.961 0 0 0 0 0 0 0 -0.011 1 0.00044903  

2 4 3.945355 5.771 0.1734 0 0 0 0 0 0 0.2771 34 0.00000087 516.1264 
3 4 5.377309 4.323 0 -0.0923 0 0 0 0 0 -0.08 34 0.00010483 4.283321 
4 4 4.622914 5.214 0 0 -0.1035 0 0 0 0 0.1046 7 0.00001080 41.58222 
5 4 5.072597 4.961 0 0 0 0.005 0 0 0 -0.005 1 0.00045862 0.979101 

6 5 4.496604 5.284 0.0059 0 0 0 -0.1 0 0 0.1202 37 0.00006327 0.013805 
7 5 4.974866 4.973 0.062 0 0 0 0 0.0582 0 0.0493 37 0.00002481 0.035211 
8 5 4.895925 5.063 -0.044 0 0 0 0 0 0.1114 0.0428 7 0.00002807 0.031117 
9 5 5.011132 4.967 0 -0.0575 0 0 -0.1 0 0 0.0424 36 0.00002472 0.035328 

10 5 5.38737 4.326 0 -0.0278 0 0 0 0.065 0 -0.08 15 0.00010657 0.008196 
11 5 5.0282 4.962 0 -0.0374 0 0 0 0 0.0623 0.032 11 0.00000332 0.262865 
12 5 4.740659 5.126 0 0 -0.1282 0 0.03 0 0 0.0781 37 0.00001683 0.051904 
13 5 5.003654 4.964 0 0 -0.0679 0 0 0.0375 0 0.0371 34 0.00000336 0.259802 
14 5 4.632956 5.177 0 0 -0.036 0 0 0 0.0587 0.0962 23 0.00001238 0.070556 
15 5 4.424193 5.448 0 0 0 -0.11 -0.1 0 0 0.0404 37 0.00000263 0.332594 
16 5 5.340359 4.38 0 0 0 0.019 0 0.0835 0 -0.053 34 0.00011503 0.007594 
17 5 4.738843 5.214 0 0 0 -0.05 0 0 0.0807 0.0334 8 0.00001299 0.067242 
18 5 4.995669 4.985 0.0634 -0.0604 0 0 0 0 0 0.0499 37 0.00002517 0.034696 
19 5 4.878639 5.07 -0.051 0 -0.1314 0 0 0 0 0.05 28 0.00002425 0.036022 
20 5 4.278958 5.413 0.1075 0 0 -0.13 0 0 0 0.041 37 0.00000224 0.389213 
21 5 5.017545 4.976 0 -0.0383 -0.0693 0 0 0 0 0.0377 34 0.00000337 0.2595 
22 5 5.391181 4.293 0 -0.0965 0 -0.01 0 0 0 -0.088 19 0.00010588 0.00825 
23 5 4.644427 5.164 0 0 -0.0911 -0.06 0 0 0 0.036 12 0.00001118 0.078106 

24 6 4.590074 5.212 -0.01 -0.0306 0 0 -0.1 0 0 0.1182 36 0.00000575 0.151827 
25 6 4.422751 5.272 0.1112 0.0316 0 0 0 0.0608 0 0.1528 37 0.00000501 0.174307 
26 6 4.940473 5.001 0.0037 -0.0316 0 0 0 0 0.0655 0.0461 32 0.00000225 0.387431 
27 6 4.569153 5.216 -0.002 0 -0.0953 0 -0 0 0 0.1121 14 0.00000973 0.089748 
28 6 4.919018 5.019 0.0043 0 -0.0717 0 0 0.0316 0 0.053 26 0.00000227 0.385612 
29 6 4.828501 5.085 -0.038 0 -0.0655 0 0 0 0.0511 0.0571 10 0.00002273 0.038424 
30 6 4.39907 5.474 0.0104 0 0 -0.11 -0.1 0 0 0.045 6 0.00000217 0.403182 
31 6 4.645497 5.242 0.0845 0 0 -0.08 0 0.0277 0 0.0363 37 0.00000642 0.136083 
32 6 4.845904 5.066 -0.033 0 0 -0.02 0 0 0.1013 0.0248 10 0.00002491 0.035066 
33 6 4.91938 5.012 0 -0.0322 -0.0725 0 -0 0 0 0.0527 22 0.00000227 0.385003 
34 6 5.00817 5 0 -0.0172 -0.07 0 0 0.0185 0 0.0406 11 0.00000303 0.288196 
35 6 4.958983 5.015 0 -0.0312 -0.0304 0 0 0 0.0407 0.046 21 0.00000240 0.363412 
36 6 4.468223 5.304 0 -0.0119 0 -0.09 -0.1 0 0 0.0408 33 0.00000179 0.488979 
37 6 5.302337 4.273 0 -0.065 0 -0.03 0 0.0265 0 -0.11 7 0.00010783 0.008101 
38 6 4.966282 5.032 0 -0.0278 0 -0.02 0 0 0.0656 0.0201 9 0.00000231 0.377422 
39 6 4.742306 5.126 0 0 -0.1104 -0.04 0.02 0 0 0.0353 8 0.00001596 0.054725 
40 6 5.026902 4.986 0 0 -0.0648 -0.02 0 0.0361 0 0.0172 1 0.00000341 0.255883 
41 6 4.668208 5.161 0 0 -0.0394 -0.05 0 0 0.0463 0.0373 3 0.00001247 0.070031 

 
The algorithm combines three concepts. The first is the choice of a connectivity index 

k for each equation, which is defined as the maximum number of variables per flux term. 
Statistical analyses of the structure of biological networks have indicated that the likelihood 
of a large number of connections per node is small and, for instance, that the vast majority 
of metabolites in vivo is only involved in fewer than four or five reactions13. Thus, by 
choosing a modest connectivity index for each equation, the apparent combinatorial 
explosion typically encountered in structure identification tasks is tamed.  

The second component of the GFS algorithm is the decoupling of the system of 
differential equations. The model generation scheme is applied separately to each 
differential equation of the ODE system: all possible equation combinations are generated 
independently for each variable and then fitted by replacing the other variables in the 
differential equation with piecewise linear interpolations of their respective data or of 
smoothed analogues. Limiting connectivity and decoupling circumvent a series of 
computational issues. 

The reduction of the ODE system to a set of independent uni-dimensional differential 
equations speeds up the integration process as well as the computational time in the 
parameter estimation step. In fact, the resulting inverse problem involves now at most 



 

 

16 Simeone Marino, Eberhard O. Voit 

 16 

2(k+1) parameters for each differential equation whereas the simultaneous ODE system 
comprises at most 2n(n+1) parameters. As an additional benefit, the decoupling procedure 
eliminates issues of stiffness, which tend to slow down integration algorithms 
significantly32. 

 
Table 5: Example of the selection of a larger model that embeds the correct one, with redundant parameters 
almost equal to zero (Table 2 Panel A, row X2, column Data1). The grey cells indicate the correct kinetic 
orders and the selected equation (with the largest F-test value).  

Model # # par alpha2 beta2 g21 g22 g23 g24 h21 h22 h23 h24 Time 
(secs) MSE(error) F-test 

1 3 5.306 4.81614 0 0 0 0 0 0.169 0 0 1 0.07766833  

2 4 7.692 2.71515 0.5286 0 0 0 0 0.8 0 0 25 0.00000619 12547.39 
3 4 5.809 4.04213 0 -1.2652 0 0 0 -0.67 0 0 14 0.07888319 0.984599 
4 4 10.33 1.90316 0 0 -1.465 0 0 0.735 0 0 34 0.00059924 129.6124 
5 4 14.36 2.2511 0 0 0 0.6278 0 0.924 0 0 35 0.00807018 9.624111 

6 5 7.077 2.84466 0.29779 0 0 0 -0.18 0.676 0 0 34 0.00030327 0.0204 
7 5 7.516 2.62364 0.51291 0 0 0 0 0.79 0.04 0 27 0.00000144 4.308961 
8 5 7.763 3.35748 0.75327 0 0 0 0 0.864 0 0.2326 33 0.00034559 0.017902 
9 5 5.796 3.50642 0 0.6133 0 0 -0.27 0.976 0 0 34 0.00052476 0.01179 

10 5 6.208 3.67526 0 0.5492 0 0 0 0.736 0.485 0 33 0.00198983 0.003109 
11 5 7.5 2.66769 0 0.5499 0 0 0 1.025 0 -0.3614 35 0.00031503 0.019638 
12 5 6.477 3.44634 0 0 0.1796 0 -0.45 0.51 0 0 33 0.00175085 0.003534 
13 5 7.811 2.53857 0 0 -0.651 0 0 0.436 0.362 0 34 0.00186785 0.003312 
14 5 9.287 2.4821 0 0 -0.677 0 0 0.562 0 -0.1958 34 0.00089075 0.006945 
15 5 5.399 4.45458 0 0 0 -0.2242 -0.46 0.292 0 0 33 0.00354615 0.001745 
16 5 6.135 3.6857 0 0 0 -0.0913 0 0.145 0.722 0 34 0.00543464 0.001138 
17 5 7.4 2.52158 0 0 0 -0.2346 0 0.478 0 -0.6165 33 0.00182331 0.003393 
18 5 6.982 3.23595 0.3934 0.333 0 0 0 0.919 0 0 16 0.00001766 0.350256 
19 5 7.775 2.92029 0.53722 0 0.0678 0 0 0.777 0 0 33 0.00000881 0.702115 
20 5 5.408 4.63089 0.67063 0 0 -0.3938 0 0.436 0 0 33 0.00043071 0.014364 
21 5 7.038 3.26769 0 0.6441 -0.682 0 0 0.955 0 0 33 0.00059970 0.010316 
22 5 8.031 2.80635 0 1.136 0 0.3598 0 1.642 0 0 33 0.00102992 0.006007 
23 5 6.671 4.02954 0 0 -1.612 -0.4528 0 0.12 0 0 33 0.00384686 0.001608 

24 6 6.604 2.88187 0.38534 0.2976 0 0 -0.04 0.927 0 0 34 0.00001220 0.118033 
25 6 6.956 2.97476 0.41456 0.2443 0 0 0 0.877 0.035 0 12 0.00000823 0.17497 
26 6 7.711 4.09933 0.33248 0.3759 0 0 0 0.859 0 0.00517 34 0.00001350 0.106667 
27 6 7.205 2.52941 0.51705 0 0.053 0 -0.05 0.819 0 0 33 0.00000312 0.461538 
28 6 7.179 2.50524 0.53839 0 0.0767 0 0 0.805 0.075 0 30 0.00000118 1.220339 
29 6 8.416 3.63151 0.51316 0 0.0519 0 0 0.696 0 0.03739 10 0.00000196 0.734694 
30 6 5.747 3.83548 0.82911 0 0 -0.3405 0.123 0.601 0 0 34 0.00004197 0.03431 
31 6 5.653 4.30115 0.82771 0 0 -0.3804 0 0.62 -0.22 0 11 0.00000929 0.155005 
32 6 5.664 4.56272 0.83503 0 0 -0.3109 0 0.585 0 0.18132 34 0.00007872 0.018293 
33 6 6.116 4.02789 0 0.8988 -0.097 0 -0.17 1.167 0 0 33 0.00025745 0.005593 
34 6 6.64 3.14804 0 0.8298 -0.774 0 0 1.14 -0.12 0 10 0.00048945 0.002942 
35 6 6.744 3.03752 0 0.8367 -0.145 0 0 1.194 0 -0.2218 20 0.00006373 0.022595 
36 6 5.973 3.83441 0 0.6074 0 -0.0203 -0.27 0.942 0 0 34 0.00060509 0.00238 
37 6 6.734 2.80167 0 0.9145 0 0.2131 0 1.305 0.235 0 33 0.00006358 0.022649 
38 6 7.507 3.20258 0 0.6885 0 -0.0397 0 1.08 0 -0.3374 12 0.00028791 0.005002 
39 6 6.433 3.47254 0 0 0.2714 0.0123 -0.48 0.523 0 0 35 0.00178285 0.000808 
40 6 9.931 2.01802 0 0 -0.891 0.1285 0 0.681 0.186 0 35 0.00061347 0.002347 
41 6 12.87 2.30211 0 0 -0.631 0.2834 0 0.783 0 -0.0602 38 0.00012488 0.011531 

 
The third component of the GFS algorithm is gleaned from forward stepwise 

regression33: Ch 12.4). We start from a “minimal model” and augment it sequentially with 
additional effector variables. A standard F-test justifies the selection of an equation with a 
larger number of parameters through statistical significance. We have implemented the 
GFS algorithm in Matlab with defaults that we found useful in the cases we tested. 
Nonetheless, all settings are readily changed by the user. Also, additional constraints may 
be added to the model generation module, if a priori knowledge on the pathway is 
available or if specific interactions are known not to be biologically plausible. 

The main result is that the GFS algorithm successfully returns a list of candidate S-
systems that adequately explain the data and that it guides the search to the most plausible 
model for the metabolic profiles under study. The results are excellent for noise-free data 
and still good for noisy data upon smoothing. The results are not always correct if noisy 
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raw data are used without smoothing. The dominant reason is probably that the decoupling 
step requires the estimation of the off-line variable solutions, which tend to become very 
noisy if the data are not smooth. A secondary problem may be collinearity (in log space) 
between variables, as it was observed by Sands and Voit48. Nevertheless, since numerous 
methods are available for data smoothing, there is no need to worry too much about 
incorrect identification outcomes for noisy, non-smoothed data. 
 
Table 6: Results of the fitting of systems (10) and (13) to the 6 datasets simultaneously after model selection step. 

  Fitting of system (10) Fitting of system (13) Fitting of system (10)+(13) 

 Real 
Data w/o 

noise 

Data with noise 

(normal) 

Data w/o 

noise 

Data with noise 

(normal) 

Data w/o 

noise 

Data with noise 

(normal) 

α1 12 12.0927 12.9061 13.1808 14.2969 11.9796 11.3095 
g11 - - - 0.3246 0.2968 -0.0008 -0.1343 
g12 - - - -0.1762 -0.0196 0.0006 0.2219 
g13 -0.8 -0.7975 -0.6597 -0.6841 -0.508 -0.8012 -0.7157 
β1 10 10.0689 11.0584 9.7075 11.0789 9.9843 9.3281 
h11 0.5 0.497 0.4126 0.6949 0.5654 0.5001 0.2986 
h12 - - - -0.0487 0.1036 0.0002 0.2303 
α2 8 7.9869 7.1971 5.8751 5.2286 8.0057 7.1386 
g21 0.5 0.5002 0.5915 0.5939 0.692 0.4997 0.5784 
β2 3 2.9953 2.1699 1.8511 1.3542 3.0041 2.3034 
h22 0.75 0.7496 0.9445 0.878 1.0432 0.7495 0.8706 
α3 3 2.8682 3.2837 1.4959 1.4298 3.0043 2.7599 
g32 0.75 0.7677 0.7041 0.9379 0.9573 0.7495 0.7614 
β3 5 4.8145 5.2347 1.5095 1.5168 5.0066 4.5009 
h33 0.5 0.5183 0.4571 0.8172 0.777 0.4993 0.5159 
h34 0.2 0.2048 0.1731 - - 0.1998 0.1888 
α4 2 2.0902 2.5244 1.5626 2.0215 1.9971 2.6979 
g41 0.5 0.4909 0.493 0.5106 0.5066 0.5002 0.4739 
β4 6 6.1272 6.7295 5.3225 5.9526 5.9959 6.9578 
h44 0.8 0.784 0.7299 0.8665 0.7837 0.8005 0.7034 

G(θ) 7.3e-5 9.82962 9.62848 20.6517 3.96e-6 12.8203 
CPU time (secs) 103 206 241 447 156 180 

 
In most cases, the results of the estimation and identification were directly satisfactory, 

but if this is not so, subsequent direct fitting of the simultaneous ODE system may be 
necessary to complete the results of the GFS analysis. This step, which a priori is 
challenging, as discussed, is much more efficient now, because the GFS algorithm at the 
very least provides good start values for the nonlinear regression. In our case, we used 
average values of the GFS parameter estimates as initial guesses for θ , and the nonlinear 
regression converged relatively fast (between 100 and 500 seconds) in comparison to many 
hours in typical de novo estimations (cf. Table 6 and Kikuchi et al.19). 

As it stands, the algorithm requires the user to select a model at each step, based on a 
comparison of F-values. In future implementations, this step will be automated. Although 
the F-test statistic is an efficient means of model pruning, other criteria could be 
implemented to support model selection. Examples that should be explored are hypothesis 
identification techniques adapted from information theory (such as minimum description 
length - MDL)49 and Akaike (AIC) or Bayesian (BIC) information criteria (see Burnham et 
al.50 for a review). For the present implementation, we did not see the need to invest much 
effort on initial guesses for the parameters, because it seemed that convergence was not 
affected by them. If the need arises, one could extend the algorithm with strategies that 
more comprehensively explore the parameter space, such as Latin-hypercube sampling51. 
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