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I am working on several topics in number theory, arithmetic geometry and arithmetic dynamics.
One topic is the following conjecture
Conjecture 1 (Zieve). A morphism V → W between n-dimensional varieties over Q induces a map
V (Q) → W (Q) which is at most c(n)-to-1 outside a proper Zariski-closed subset of W , where c(n)
depends only on n.
The conjecture has an analogue over an arbitrary degree-d number field K, where c(n) is replaced
by a constant depending only on n and d. I am working on the conjecture and its analogue when
n = 1; this case generalizes Mazur and Merel’s results on the uniform boundedness of rational torsion
points on elliptic curves.
Another topic is, when does f (x) = g(y) have infinitely many rational or integer solutions, where
f, g are polynomials of certain forms. When f, g are both binomials, my paper [9] classified when
f (x) = g(y) has infinitely many solutions in a number field. As a consequence I obtain refinements
and generalizations of the results of Schinzel et al. [13].
Another topic is the complex-analytic version: solve f ◦ u = g ◦ v in functions u, v that are
meromorphic on the complex plane and complex rational functions f, g that come from certain families.
Specifically we’ve done this completely when f, g are binomials in [9].
Regarding dynamics, I am interested in the dynamics of rational functions over various fields, and
dynamics on algebraic varieties. One project I did is on the dynamics of Lattès maps over finite
fields. My paper [8] described the dynamics of all degree-2 Lattès maps over any finite fields. My
theory covered all known examples [6, 16, 15] and provided many new types of examples. For instance,
Lattès maps in new situations (e.g. maps from supersingular curves, map and curve have different
field of definition, etc) are for first time studied, which are substantially harder and require many new
techniques.
Below is a detailed description of my results.
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Uniform boundedness conjecture (thesis topic)

My thesis is on Conjecture 1 when n = 1. Special cases are known to be true: maps between elliptic
curves (reformulation of Mazur’s result for Q [10, 11], where the bound is 16, and Merel’s result [12] for
the analogue), maps between genus 0 curves with a totally ramified rational point (Carney–Hortsch–
Zieve [5], whose bound is 6). In my thesis I prove the conjecture for maps between genus 0 curves,
in which some rational point has two rational preimages, and my future work will try to use this to
prove the conjecture for n = 1.
Studying morphisms between genus 0 curves is the same as studying rational maps f : P1 → P1 ,
and the condition that some rational point has two rational preimages means f is a Laurent polynomial
up to conjugation by linears (A Laurent polynomial is an element in K[x, x1 ]). A uniform bound for
rational maps would imply Mazur’s result and Merel’s result, through an analysis of the map on x
coordinates induced by multiplication by n on an elliptic curve. My thesis deals with the Laurent
polynomial case, and in the future I hope to generalize it to arbitrary rational functions. The idea of
finding a uniform bound is as follows:
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(1) Suppose f : P1K → P1K is at most N -to-1 over all but finitely many points, then the variety
f (x1 ) = f (x2 ) = . . . = f (xN +1 ) has only finitely many rational points off all the diagonals
xi = xj . This suggests we can firstly find all f such that f (x1 ) = f (x2 ) has infinitely many
rational points off the diagonal, and select those f such that f (x1 ) = f (x2 ) = f (x3 ) has infinitely
many rational points off the diagonals. We keep adding variables x4 , x5 , . . ., until some xN +1
such that no f is left. This way we will find the uniform bound N .
(2) By Faltings’ theorem, if f (x1 ) = f (x2 ) has infinitely many rational points off the diagonal then
f (x)−f (y)
has a genus 0 or 1 component. To find all such f , firstly assume f is indecomposable,
x−y
i.e. not a composition of two nonlinear polynomials. The monodromy group of f is defined to
be the Galois group of f (x) − t = 0 over C(t). When f is indecomposable, the monodromy
group is primitive, so all such groups can be understood in terms of powers of simple groups.
As a consequence of the classification of finite simple groups, we can find all such groups, which
(y)
. Then we use Abyhankar’s lemma and the
gives information about the components of f (x)−f
x−y
Riemann-Hurwitz genus formula to analyze the ramification in function field towers to get the
possible ramification of f . For the general decomposable case, each component of f (x)−g(y) = 0
can be related to the indecomposable case via function field towers.
(3) Each step makes heavy use of group theory, Galois theory, the Riemann-Hurwitz formula, Abyhankar’s lemma, Riemann’s existence theorem, and analysis of ramification in function field
towers.
The following is one result we got.
Theorem 1 (Liu-Zieve). Let K be a number field and f (x) ∈ K(x) be a Laurent polynomial. If
the variety f (x) = f (y) has infinitely many rational points off the diagonal, then the same thing is
true if we replace f with P ◦ f ◦ µ, where P , µ are Laurent polynomials and deg(µ) = 1. Up to this
equivalence, f must be one of the following: xn , Chebyshev polynomial, xi (x − 1)j , or f is from a short
list of families of Laurent polynomials of degree no more than 20.
This result describes all Laurent polynomials which are at least 2-to-1 infinitely often, and I am
currently using it to solve the analogous problem for 3-to-1, 4-to-1, and so on.
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Diophantine equations f (x) = g(y)

Let f and g both be binomial plus constant. The following theorem from [9] gives conditions for
f (x) = g(y) to have infinitely many rational solutions. The theorem covers the result of Schinzel
et al. [13], which studied when f (x) = g(y) has infinitely many rational solutions with bounded
denominator, and our approach is completely different.
Theorem 2 (Liu–Zieve). Let F, G be polynomials over Q s.t. F (x) − F (0) (resp. G(y) − G(0)) is
binomial whose terms have coprime degrees. Let f (x) = F (xr ) and g(y) = G(y s ). If deg(f ) > 12 and
deg(g) > 2, then f (x) = g(y) has infinitely many solutions in some number field if and only if there
exist u, v ∈ Q∗ such that one of the following holds
(1) G(y) = F (uy)
(2) f (ux) = g(vy), and it can be rewritten as −nxn+1 + (n + 1)xn = k(−ny n+1 + (n + 1)y n ) where
k ∈ Q∗ .
Remark. In [9], we found the list of all f, g (binomial plus a constant) where f (x) = g(y) has infinitely
many solutions in some number field. However, the low degree ones cannot be summarized by such
simple conditions as the high degree ones in theorem 2.
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Remark. In [9], when f and g have coprime degrees, we also determined when f (x) = g(y) has
infinitely many integer solutions.
Remark. It’s infeasible to study rational solutions over Q instead of “some number field” in general,
since this includes determining which elliptic curve over Q has positive rank. For, if g(y) = y 2 + y
and f (x) = x3 + ax + b (a 6= 0), then g(y) = f (x) could be any elliptic curve over Q with nonzero
j-invariant.
The key idea here is to classify f, g such that f (x) − g(y) = 0 has a genus 0 or 1 component.
The method is similar to my thesis topic. First we assume f, g are indecomposable, use the monodromy group of f and g to find the irreducible component(s) of f (x) − g(y) = 0, and then use the
Riemann-Hurwitz genus formula to determine the ramification configuration of f and g. The general
decomposable case can be solved by ramification analysis on function fields towers. The classification
together with Siegel’s and Faltings’ theorem give the information on integer and rational solutions.
(y)
, this time we need to consider the monodromy group of both f and g, and
Compared to f (x)−f
x−y
the ramification is harder to analyze since we need to deal with the ramification from both f and g.
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Value distribution from functional equations

One connection of my research with complex analysis is through the functional equation P (f ) = Q(g),
which arises in studying the distribution of values of meromorphic functions. It is studied in many
papers [7, 18], where P, Q are polynomials with coefficients in C, and f, g are meromorphic (or analytic)
functions. In [7, 18], they treated certain special cases of the functional equation when P, Q have the
form xn + a1 xn−m + a2 and a1 , a2 are meromorphic functions which are small compared to f and g in
the sense of Nevanlinna theory.
I have completely solved this problem (with P , Q of the form xn + a1 xn−m + a2 ) by combining the
methods in my paper [9] with a result of Yamanoi [17], which generalizes Picard’s big theorem to the
setting of curves over the field of functions having bounded growth.
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Dynamics of rational functions over finite fields

Dynamics studies the iteration of functions on fields. The dynamics of rational functions over finite
field is related to several other areas and has many applications. For instance, it’s related to the
dynamics on characteristic 0 fields via “reduction by mod p”, and it has been used to build finitely
ramified number field towers in [1]. However, it appears that all functions behave “randomly” except
those from coordinate projections of morphisms between one dimensional algebraic groups (additive
groups, multiplicative groups, elliptic curves). These special functions seem to be the only ones we
can possibly understand. Some of them are studied by several authors in [3, 4, 6, 2, 14, 16, 15], and
for those from endomorphisms of elliptic curves (which we call Lattès maps), only a few special degree
2 examples are understood. In [8], we study and describe the dynamics of all degree-2 Lattès maps
over finite fields.
A Lattès map is a rational function f (x) which can make the following diagram commutative,
where E is a genus 1 curve over K̄, φ ∈ End(E) and pr is a nonconstant morphism.
.φ
.E

.E
.pr

. .1
P

.pr
.f
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.P1

The dynamics of a rational function f on K is encoded in a graph D(f, P1K ) which is defined as
follows: its vertices are the elements of P1K = K ∪ {∞}, and there is a directed edge from v to f (v),
for every v in P1K .
Theorem 3 (Liu–Zieve). Let K be a finite field and f be any separable degree-2 Lattès map on K,
then each component of D(f, P1K ) is one of 6 special types of graphs.
Remark. See figure 1 to 4 for examples of the six types of graphs. Each type is formed by a cycle, and
a binary tree attached to each cycle point. Trees attached at distinct cycle points are disjoint. Once
the cycle length and maximum height of the trees are known, one can draw the component by simple
recursive rules.
The rough idea is: first use ramification and Galois-theoretic arguments to reduce to the case that
pr is the projection map E → E/Γ, where Γ is a finite group. This step enables us to find all degree-2
Lattès maps, and their associated elliptic curves and 2-isogenies.
Next find Ω = pr−1 (P1K ) ⊆ E(K̄) and analyze the dynamics of φ on Ω, then use it to study the
dynamics of f on P1K via pr : E → E/Γ. The basic case is Γ = µ2 , E is ordinary and E, φ are both
defined on K. In this case, Ω = E[π − 1] ∪ E[π + 1] where π is the Frobenius, and crucially EndK (E)
is Euclidean so E[π ± 1] can be decomposed into the direct sum of φ-torsion part and φ-free part. This
decomposition enable us to understand the dynamics of φ on Ω. Previous papers [6, 16, 15] worked
out two examples of this case, using properties specific to their examples.
If E is supersingular or E, φ are not defined on K or Γ 6= µ2 , this method won’t work and the
map is harder to analyze. My paper [8] provides a comprehensive theory and many new techniques to
handle these situations. Our theory covers all known examples from previous papers [6, 16, 15], and
provides many new types of examples.
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Figure 1: Two components from D( 15(xx +1) , P1F113 )
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