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Abstract

Important Notice: This work is in its preliminary
stage; this brief technical report is also fairly informal
and rushed due to external factors. Nonetheless, by
public request, we decide to present our findings–both
positive and negative–during our initial investigation on
this subject for other researchers to cite our results. We
will hopefully follow up with major modifications in the
near future.

Recently, deep convolutional neural nets (CNNs) have

gained much popularity in subfields of Computer Vision

such as object classification, object detection, caption gen-

eration and activity recognition. However, there has been

limited effort directed toward theoretically explaining why

CNNs can generate desirable features. In this techni-

cal report, under some major assumptions on the input

space and the learned filters, we attempt to prove analyt-

ical upper and lower bounds for the l2 norm of CNN fea-

tures (convolution+relu+max-pooling) with respect to the l2

norm of the input features. Unfortunately, the assumptions

on the filters are not generally satisfied; it would be more

practical to measure the norm preservation property based

on the numerical values of individual filter matrices[1].

1 Introduction

Convolutional Neural Networks (CNNs) have re-
cently achieved state-of-the-art results in various vision
tasks [2, 3]. Researchers have conducted experiments [4]
and built visualization tools [5] to heuristically illus-
trate the internal operations of these models. However,
fundamental understanding of CNNs from a theoretical
perspective under realistic assumptions is lacking, which
is unsatisfactory from a mathematical point of view.
Throughout the paper, we denote the convolution+relu
by fcnn(·) and the input by x. In this paper,

1. We conduct mathematical analysis on the highly
nonlinear convolutional layers by deriving a norm
relationship between the input features, x, and the
output CNN features, fcnn(x) or f ccnn(x), under
reasonable assumptions.
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2. We attempt to empirically verify the assumptions
but there is still a gap between the theoretical
assumptions and the learned convolution filters.

1.1 Related Work Bengio et al. [6] summarize what
constitute good representations, among which are ab-
stractness, expressiveness and robustness. Effectively-
trained CNNs [2, 7] generate high quality features that
succeed in various vision tasks, such as object classif-
cation [2] and object detection [3]. Can we mathemat-
ically justify the performance of CNN features? The
abstractness of CNN features comes from the stacked
non-linear convolutional layers. For expressiveness and
robustness, we may approximately translate them into
the norm preserving properties in the mathematical lan-
guage, C1‖x‖22 ≤ ‖fcnn(x)‖22 ≤ C2‖x‖22, recall that
fcnn(·) represents the convolution+relu+max-pooling
operation and x the input. In other words, we would like
to map fairly distinct inputs to fairly distinct CNN fea-
tures (expressiveness), which requires C1 to be large. At
the same time, small perturbations on the inputs should
not dramatically alter the CNN features (robustness),
which requires C2 to be small.

In our theoretical analysis, we propose analytical yet
non-trivial evaluations on C1 and C2. The assumptions
for our theoretical analysis are consistent with some
conceptual understanding of how CNNs work but are
not empirically satisfied. Section 2.3 describes our
experimental verification of these assumptions. Similar
results can also be derived for the concatenated relu [15],
where relu is operated on the modulated negative and
positive linear responses separately, with even slightly
assumptions than the relu case.

Among existing theoretical works on neural networks,
Bruna et al. [8] investigate conditions that assure
injectivity and measure the stability of the inverting
process by computing the Lipschitz lower bound for a
lp pooling proceeded by relu when p ∈ {1, 2,∞}. In
another related work, Szegedy et al. [1] empirically
calculate the upper frame bounds for various layers of
AlexNet [2], a benchmark CNN trained on a large scale
image dataset, ImageNet [9].



2 Mathematical analysis

The highly nonlinear nature of convolutional networks
presents a challenge in relating an input signal, x, to its
CNN features after going through the network, fcnn(x).
For a very special case, Invariant Scattering Convolu-
tion Networks [10], where the filters are wavelet trans-
forms followed by a modulus, the authors show that
the corresponding convolution layer is non-expansive
and Lipschitz continuous to deformations. However, the
derivation of their results relies on the nature of wavelet
transformation, which is unique to scattering networks.
On the other hand, to our knowledge, similar properties
for the conventional convolutional+relu+max-pooling
layers in CNN have not been properly explored. In [8],
the authors characterize the general Lipschitz lower
bounds for rectification layers followed by pooling op-
erators. Ultimately, their goal is to identify the con-
ditions under which such relu+pooling procedure is in-
jective and can be stably inverted. In their analysis
on max-pooling, the pooling positions, a.k.a the switch
units, are not recorded. Hence the relu+max-pooling
is viewed as a phaseless map. The essential theoreti-
cal contributions from [8] define conditions under which
input signals can be recovered from the phaseless rep-
resentations. Their setting is different from ours: we do
not eliminate the switch unit information. We conjec-
ture that CNN features contain the “content” informa-
tion whereas switch units contain the “location” infor-
mation. In other related work, empirical Lipschitz up-
per bounds are approximated for AlexNet [1], in order
to investigate the stability of the feed-forward network,
though without an analytical characterization; the lev-
els of invariance in several deep networks have also been
measured empirically [11].

In this section, firstly—in Section 2.1 and Section 2.2—
we mathematically establish bounds between ‖x‖2 and
‖fcnn(x)‖2 as well as discuss the significance of our
results. Next—in Section 2.3—we conduct experiments
to evaluate the validity of the assumptions proposed for
our main theoretical analysis.

2.1 Problem Setup and Supporting Tools To
simplify our notation, we assume zero bias and 1D
vectors as input rather than 2D images. Problem
Setup. Let an input x ∈ RD. Let wi, for i = 1, . . . ,K,
be convolutional filters; each is of length ` ≤ D and
each will be supported on the ` consecutive coordinates
of row vectors in RD. We will be considering coordinate
shifts of these convolutional filters; all shift lengths
will be multiples of a fixed “stride length”, which we
call s. We assume here that D − ` is divisible by s,
and denote n = (D − `)/s + 1–if there is no max-

pooling then n = 1. Let wj
i , for j = 1, . . . , n, be wi

shifted to the right by (j− 1)s coordinates from the 1st
coordinate, which we refer to as shifts of wi. Finally,
the shifts have unit norm, ‖(wj

i )T ‖2 = 1. Our first
major assumption (A1) is that the shifts of any pair
of distinct convolutional filters have low coherence:1

(A1)
there exists 0 ≤ µ ≤ 1

K − 1
, such that∣∣∣ 〈(wj

i )T , (wq
p)T
〉 ∣∣∣ ≤ µ, for i 6= p.

We define W to be the Kn×D matrix whose rows are
the shifts wj

i ; the rows of W will be divided into K
blocks of n rows each, with each block consisting of all
the shifts of a fixed filter wi. As common practice, the
hidden units of the feed-forward CNN are computed by
first multiplying an input signal x ∈ RD by the matrix
W , zeroing out any negative activations (relu), and
then, for each of the K blocks, selecting the maximum
value in that block (max-pooling). We denote the
relu and max-pooling operations together as g. Hence
fcnn = g ◦W : RD → RK .

Furthermore, we assume that the input domain V is
a subset of range(WT ), the subspace spanned by the
transpose of the shifts, and that:

(A2.1)

∀x ∈ V, ∃ {cji}
j=1,··· ,n
i=1,··· ,K , such that

x =

K∑
i=1

n∑
j=1

cji (w
j
i )T , where cji ≥ 0;

(A2.2) ∀i, at most one of the cji is positive;

(A2.3)

if cqp > 0, then
cqp

‖c‖1 − cqp
> µ,

where ‖c‖1 =

K∑
i=1

n∑
j=1

cji .

This is our second major assumption. It consists of
three parts. Firstly, Assumption A2.1 is equivalent of
claiming that the shifts span the input space, which con-
tains patches over a pooling-region. The feasibility of in-
verting CNN features back to the original images [12, 13]
essentially requires Assumption A2.1 to be valid. The
motivation for A2.2 directly comes from max-pooling
and relu; it is also biologically plausible [6]. Assump-
tion A2.3 implies sparsity, a natural prior for coding im-
ages, by only allowing strong activations. Heuristically,
we assume that the training of CNN primarily produces

1See Appendix B Definition A.1.



convolutional filters that can significantly contribute to
the construction of input signals and are discriminative.
The following lemma,2 as a consequence of A2.3, is used
in the proof to our main theorem:

Lemma 2.1. Let x ∈ V ; if cqp > 0, then 〈(wq
p)T , x〉 > 0

.

Finally, for an input x ∈ V , we introduce the notation
Wx to denote the matrix consisting of the set of {wj

i },
as row vectors, whose corresponding cji ’s are positive,

and denote the vector consisting of the positive cji ’s by
cx, i.e. WT

x cx = x. Denote the number of rows in
Wx by Ka. Similarly, we introduce the notation Ŵx to
denote the matrix consisting of the set of {wj

i } which
are activated after relu and max-pooling on the input
x, as row vectors, and let ĉx be the activations, i.e.
Ŵxx = ĉx and ‖ĉx‖2 = ‖fcnn(x)‖2. Denote the number
of rows in Ŵx, by K̂a.

Tools from Frame Theory. In our proofs, we use
some tools from signal processing, more specifically,
from Frame Theory [14]. Important definitions and
propositions are introduced in Appendix A. We will use
the notation from Appendix A throughout the rest of
the paper.

2.2 Norm Bounds.

Bounds Between ‖·‖2 and ‖fcnn(·)‖2. In our setting,
for an input x, the transpose of the rows of Wx can be
viewed as a frame for the subspace they span, which
contains x. Therefore, Tx, the corresponding Analysis
Operator, has the matrix representation T̃x = WxUx,
where Ux is an orthonormal bases for range(WT

x ).
The representation of the input x under Ux is thus
UT
x x. Note that the transformed shifts after the change

of basis—the row vectors of T̃x—still satisfy the two
assumptions: (1) are normalized to have l2 norm = 1
and (2) have low coherences with other transformed

shifts, i.e., |〈(T̃x)
T

i , (T̃x)
T

j 〉| < µ, if i 6= j, where (T̃x)i
is the ith row of T̃x. Furthermore, S̃x = T̃ ∗x T̃x and
S̃ ′x = T̃xT̃ ∗x share the same non-zero eigenvalues. It
is easier to analyze the eigenvalues of the latter, since
(1) S̃ ′x has diagonal entries to be ones and (2) its off-
diagonal entries have absolute value at most µ. An
important step in deriving the norm relationship is to
bound the least and largest eigenvalues of S̃ ′x. Note
that for S̃ ′x to have a non-zero least eigenvalue, i.e. for
this bound to be meaningful, the K frames need to be
linearly independent (S̃x = S̃ ′x).

2The proof can be found in Appendix B.

Theorem 2.1. 3 Let A ∈ RK×K (K ≥ 2) be a
symmetric matrix, with ones on the diagonal and the
off-diagonal entries satisfying |aij | ≤ µ < 1

K−1 . Then
the least eigenvalue of A, denoted by λK is bounded
below,and the largest eigenvalue, denoted by λ1, is
bounded above, respectively by

λ1 ≤ 1 + (K − 1)µ, λK ≥ 1− (K − 1)µ.

Now we are ready to show our main theorem. The
proof is in Appendix B.

Theorem 2.2.

(1− (Ka − 1)µ)‖x‖22 ≤ ‖fcnn(x)‖22
≤ (1 + (K̂a − 1)µ)‖x‖22, ∀x ∈ V.

Notice that if we substitute Ka and K̂a with K, the
resulting inequality, though potentially loosened, still
holds.

Bounds Between ‖·‖2 and ‖f ccnn(·)‖2. Similar norm
bounds can be obtained if replacing relu non-linearity
with Concatenated Rectified Linear Units (crelu) re-
cently proposed by Shang et al. [15]. The crelu setting
alleviates some aspects of the assumptions from the relu
setting. Since crelu preserves not only positive but also
negative phase information, assumption A2.1 no longer
requires cji ≥ 0. As a consequence, for each i, we only

require at most one of the cji is non-zero. Moreover,
assumption A2.3 can be dropped because its resulting
lemma, Lemma 2.1, is unnecessary under the crelu set-
ting. The proof highly resembles that of Theorem 2.2
and we will not emphasize the logic again.

Significance At a high level, the above norm bounds—
similar to the frame constants—measure the stability of
the transformation under fcnn. The upper bound re-
flects how stable, or non-expansive, the feed-forward
process is, i.e. the degree of continuity of fcnn. The
smaller the upper bound is, the more smooth or contin-
uous fcnn is and the less likely there are to be adversarial
examples—inputs that are close to each other in the in-
put space but have drastically different representations
in the output feature space. The lower bound reflects
how stable the inverting process is, i.e. given two dis-
tinct inputs, how easy it is to distinguish them in the
output feature space.

Note, it is desirable to have both small µ as well as
small Ka and K̂a. One exception is if two filters are
of “opposite phase”, µ does not necessarily need to be

3The proof is in Appendix B.



small because of relu. In this case, an input tends to
only have positive response with one of the two filters
and does not activate the other one, hence our analysis
is not jeopardized. Note that in the case of crelu,
there is no such “opposite phase” phenomena thanks
to its construction. To sum, the practical implication
is that the number of convolutional filters should be
large enough such that the most important inherent
directions in the input space, conditioned on the AI
task, can be well captured in a sparse manner, yet the
filters ought not be overcomplete in order to keep µ
small.

An example of leveraging such norm preservation prop-
erty to enhance training is the Layer-sequential unit-
variance (LSUV) initialization [16]. LSUV initializes
the network with µ = 0 and regularizes the norm of the
activation by adjusting the learned weights so that the
output variance to be 1.

We also noticed that using non-negative sparse cod-
ing framework to initialize CIFAR-10 networks can
marginally improve upon relu baseline results. How-
ever the effect on such initialization is almost none on
AlexNet–agreeing with the LSUV initialization. Hence,
we will not report the relevant results.

2.3 Verification of Assumptions The assumptions
on the input space (Assumption A2.1 to A2.3) are tricky
to directly verify. Thus we only focus on Assummp-
tion A1. We examine the All-Conv model from [17] and
its crelu variant [15] trained on ImageNet for classifica-
tion. The architecture of All-Conv model is similar to
that of AlexNet [2] but with no max-pooling (i.e. n = 1)
or fully connected layers. Our experiments intended to
justify Assumption A1. We looked at the first 9 con-
volution layers from All-Conv model. For each filter wi

from each convolution layer, we normalized it to have
`2 norm 1, compute µij = |〈wi, wj〉| with other dis-
tinct convolution filters from the same layer, calculate
the mean across all µij,i 6=j (with standard deviation) in
Table 1 and plot the histogram of 〈wi, wj〉 in Figure 1.

We observed that µij for the relu based All-Conv model
is not bounded above by 1/K from Assumption A1
where K is the number of convolution filters at the cor-
responding layer. Since relu convolution filters tend to
form negatively correlated pairs, we suspected it could
be one of the factors leading to the large averaged
µij ’s. However, when we conducted the same experi-
ments with crelu All-Conv model, where such “pairing
phenomenon” is not present thanks to the activation
scheme, µij ’s are still substantially bigger than 1/K
(Table 2 and Figure 2). Nonetheless, it is worth noting,
on the other hand, the averaged µij ’s are significantly

smaller than the relu model. Hence, crelu potentially
learns more diverse filters than relu.

We came to a conclusion that Assumption A1 is gen-
erally not satisfied and the convolution filters are not
as “orthogonal” as many theorists wish them to be.
Furthermore,crelu filters tend to be more incoherent
with one another than the relu counterparts.

3 Summary

This brief technical report mathematically characterizes
the norm-preserving property of CNNs and illustrates
its practical implications. Unfortunately, the convolu-
tion filters are not incoherent enough to meet our the-
oretical assumptions. There is always a gap between
theory and reality, right? :)
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Table 2: µij for ImageNet All-Conv Model with crelu
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Appendix

A Mathematical Tools

We only consider finite vector spaces in our analysis.

Definition A.1. Let u, v ∈ RD. The correlation
between u and v is defined as

(S1) corr(u, v) =
〈u, v〉
‖u‖2‖v‖2

.

The coherence µ between u and v is defined as

(S2) µ =
|〈u, v〉|
‖u‖2‖v‖2

.

Definition A.2. A frame is a set of elements of a
vector space V, {φk}k=1,··· ,K , which satisfies the frame
condition: there exist two real numbers C1 and C2, the
frame bounds, such that 0 < C1 ≤ C2 <∞, and ∀v ∈ V

C1‖v‖22 ≤
K∑

k=1

|〈v, φi〉|2 ≤ C2‖v‖22.

Proposition A.1. Let {φk}k=1,··· ,K be a sequence in
V, then {φk} is a frame for span{φk}. Hence, {φk} is
a frame for V if and only if V = span{φk}4.

Definition A.3. Consider now V equipped with a
frame {φk}k=1,··· ,K . The Analysis Operator, T : V →
RK , is defined by T v = {〈v, φk〉}. The Synthesis Op-
erator, T ∗ : RK → V, is defined by T ∗{ck}k=1,··· ,K =∑K

k=1 ckφk, which is the adjoint of the Analysis Opera-
tor. The Frame Operator, S : V → V, is defined to be
the composition of T with its adjoint:

Sv = T ∗T v.

The Frame Operator is always invertible.

Theorem A.1. The optimal lower frame bound C1 is
the smallest eigenvalue of S; the optimal upper frame
bound C2 is the largest eigenvalue of S.

4There exist infinite spanning sets that are not frames, but

we will not be concerned with those here since we only deal with
finite dimensional vector spaces.

We would also like to investigate the matrix representa-
tion of the operators T , T ∗ and S. Consider V, a sub-
space of RD, equipped with a frame {φk}k=1,··· ,K . Let
U ∈ RD×d be a matrix whose column vectors form an
orthonormal basis for V (here d is the dimension of V).
Choosing U as the basis for V and choosing the stan-
dard basis {ek}k=1,··· ,K as the basis for RK , the matrix

representation of T is T̃ = TU , where T is the matrix
whose row vectors are {φTk }k=1,··· ,K . Its transpose, T̃ ∗,
is the matrix representation for T ∗; the matrix repre-
sentation for S is S̃ = T̃ ∗T̃ .

B Proofs to Our Theoretical Results

B.1 Proof of Lemma 2.1

Lemma B.1. 2.1 Let x ∈ V ; if cqp > 0, then

〈(wq
p)T , x〉 > 0.

Proof.

〈(wq
p)T , x〉 = 〈(wq

p)T ,

K∑
i=1

n∑
j=1

cji (w
j
i )T 〉

= cqp +

K∑
i=1,i6=p

n∑
j=1

cji 〈(w
j
i )T , (wq

p)T 〉

≥ cqp −
K∑

i=1,i6=p

n∑
j=1

cjiµ = cqp − (‖c‖1 − cqp)µ > 0.

B.2 Proof of Theorem 2.1

Theorem B.1. 2.1 Let A ∈ RK×K (K ≥ 2) be a
symmetric matrix, with ones on the diagonal and the
off-diagonal entries satisfying |aij | ≤ µ < 1

K−1 . Then
the least eigenvalue of A, denoted by λK is bounded
below,and the largest eigenvalue, denoted by λ1, is
bounded above, respectively by

λ1 ≤ 1 + (K − 1)µ, λK ≥ 1− (K − 1)µ.

Proof. By the Gershgorin circle theorem, the fact that A
is symmetric with ones on the diagonal and off-diagonal
entries bounded by |aij | < µ for i 6= j, all eigenvalues λ
of A satisfy

|λ− 1| <
K∑

j=1,j 6=i

|aij | ≤ (K − 1)µ.

Therefore,

λ1 ≤ 1 + (K − 1)µ, λK ≥ 1− (K − 1)µ.



B.3 Proof of Theorem 2.2

Theorem B.2. 2.2

(1− (Ka − 1)µ)‖x‖22 ≤ ‖fcnn(x)‖22
≤ (1 + (K̂a − 1)µ)‖x‖22, ∀x ∈ V.

Proof. By definition, x ∈ span{(Wx)
T
i } = range(WT

x ).
By Proposition A.1, the transpose of the row vectors
in Wx form a frame for range(WT

x ). Let Ux be an
orthonormal basis for range(WT

x ). Then the matrix
representation under Ux for the Analysis Operator, Tx,
is T̃x = WxUx, and the corresponding representation for
x under Ux is UT

x x. Now, by Theorem A.1, we have:

C1‖x‖22 ≤ ‖T̃xx‖22 = ‖WxUxU
T
x x‖22 = ‖Wxx‖22,

where C1 is the least eigenvalue of S̃x. By Theorem 2.1,
C1 ≥ 1− (Ka − 1)µ.

Recall that Ŵx consists of the activated filters. By the
definition of max-pooling and Lemma 2.1, we have

C1‖x‖22 ≤ ‖Wxx‖22 ≤ ‖Ŵxx‖22 = ‖g(Wx)‖22 = ‖fcnn(x)‖22.

In relation to the second step in the inequality,
Lemma 2.1 guarantees that every element in Wxx is
positive. By relu and max pooling, the activated rows
in Ŵxx will be at least as large as their counterparts in
Wxx.

Rewrite x = xp + xcp, where xp⊥xcp and xp ∈
range(ŴT

x ) = ker(Ŵx)⊥, xcp = x−xp ∈ ker(Ŵx). Thus,

the transpose of the row vectors of Ŵx serve as a frame
for the subspace, range(ŴT

x ), which contains x. Then
we have:

(S3)
‖fcnn(x)‖22 = ‖g(Wx)‖22 = ‖Ŵx(xp + xcp)‖22

= ‖Ŵxxp‖22 ≤ C2‖xp‖22 ≤ C2‖x‖22

where C2 is the largest eigenvalue of ˆ̃Sx by Theorem
A.1. Again, by Theorem 2.1, C2 ≤ 1 + (K̂a − 1)µ.

Together we obtain the final inequality.
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