ON NONEMPTINESS OF NEWTON STRATA IN THE
Bjz-GRASSMANNIAN FOR GSp,,

SERIN HONG

ABSTRACT. We build upon our previous work to study the Newton stratification
on the B;R-Grassmannian for GSp,,,. Our main result gives an explicit classification of
all nonempty Newton strata associated to a Frobenius-conjugacy class satisfying certain
conditions on the Newton polygon.
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1. INTRODUCTION

The BIR—Grassmannian is a p-adic analogue of the complex affine Grassmannian. It has
played a fundamental role in a number of major developments in p-adic geometry, including
the work of Caraiani-Scholze [CS17] on the cohomology of unitary Shimura varieties, the work
of Scholze-Weinstein [SW20] on the general construction of local Shimura varieties, and the
work of Fargues-Scholze [FS21] on the geometrization of the local Langlands correspondence.
It has also been used as a central tool for studying the p-adic period domain by many authors,

such as Chen-Fargues-Shen [CFS21], Shen [Shel9], Chen [Che20], Viehmann [Vie21], Nguyen-
Viehmann , and Chen-Tong [CT22].

In order to describe the geometry of the BiR—Grassmannian, we consider a natural strati-
fication called the Newton stratification. Let G be a connected reductive group over a finite
extension F of Q,. We denote by Grg the B(J{R—Grassmannian associated to G, and by Grg,,
the Schubert cell associated to a dominant cocharacter p of G. In addition, we write X = Xg
for the Fargues-Fontaine curve over E and Bung for the stack of G-bundles on X. The work of
Fargues [Far2(] gives a natural bijection between the topological space | Bung | of Bung and
the set B(G) of Frobenius-conjugacy classes of G(E), where E denotes the p-adic completion
of the maximal unramified extension of E. If we fix an element b € B(G) and a complete
algebraically closed extension C of E, we get a natural map

Newty, : Grg(C) — |Bung | ~ B(G)
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induced by the theorem of Beauville-Laszlo [BL95]. For each Schubert cell Grg ,,, the Newton
stratification associated to b is a decomposition

bl
GrGyM = |_| GrG,/J,,b
YeB(G)

where Grg%b((}’) is the preimage of ¢’ in Grg,,(C') under the map Newty,.

In this paper, we study the Newton stratification of minuscule Schubert cells in the B;{R—
Grassmannian for GSp,,,. For a precise statement of our main result, let us recall some basic
facts regarding the group GSp,,,. As observed by Kottwitz [Kot85], an element in B(GSp,,,)
is determined by an invariant called the Newton polygon, which is a concave polygon on
the interval [0,2n] with integer breakpoints. In addition, we may represent each dominant
cocharacter of GSp,,, as a 2n-tuple of descending integers, or equivalently as a concave polygon
on the interval [0,2n] where the slope on [i — 1,4] is given by the i-th entry of the 2n-tuple.
After multiplication by a central cocharacter, a minuscule dominant cocharacter of GSps,, is
either trivial or represented by the tuple (1™, 0(), where we write d™ = (d,---,d)yez"”
for each d € 7Z. Since multiplication by a central cocharacter induces a natural bijection
between Newton strata on Schubert cells (as noted in Proposition , it suffices to consider
the minuscule cocharacter represented by (1), 0(™),

Theorem 1.1. Let b and b’ be elements in B(GSpsy,,) with their Newton polygons respectively
denoted by v(b) and v(b'). Assume that the difference between any two distinct slopes in v(b)
is greater than 1. For the cocharacter p of GSp,,, represented by the tuple (l(”),Q(”)), the
Newton stratum Grgsp%%b is nonempty if and only if the following conditions are satisfied:
(i) The polygon v(') lies below the polygon v(b) + u* with the same endpoints, where p*
denotes the cocharacter of GSps,, represented by the tuple (0, —1(™),
(i) Fori=1,2,---,2n, we have an inequality
Ai(v(b)) < Aiv (b)) < Mi(p (b)) +1
where \j(v(b)) and A\;(v(V')) respectively denote the slopes of v(b) and v(b') on [i—1,1].

(11i) For each breakpoint of v(b), there exists a breakpoint of v(b') with the same x-coordinate.

v(b') 4 idjo 21

FI1GURE 1. Illustration of the conditions in Theorem (1.1
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Let us briefly sketch our proof of Theorem We consider the natural embedding
GSpy,, < GLg, and identify b,b’ € B(GSp,,) with their images under the induced map
B(GSp,,,) — B(GL2y,,). Then we obtain a natural map

1% %
GrGSpgn,u,b > Gran,, b

and consequently deduce the necessity part of Theorem from a previous result of the
author [Hon22|. For the sufficiency part of Theorem we regard the Newton polygons v/(b)
and v(b') as rational cocharacters of GSp,,,. Let M denote the centralizer of v(b), which is
a Levi subgroup of GSp,,,. By construction, the element b € B(GSpy,,) admits a reduction
byr € B(M); in other words, b is the image of by under the natural map B(M) — B(GSpy,,).
Moreover, the condition |(iii)| implies that ¥ € B(GSp,,) admits a reduction b}, € B(M).
Hence we obtain a natural map

b 5 o
GervaIM GrGSDanM b-

Let us identify the Newton polygons of by, and b, respectively with v(b) and v(b'). Since

. . : v
the Newton polygon of by is central in M, we deduce the nonemptiness of Gr,}’ 1bas from the

)

conditions in Theorem by the work of Rapoport [Rapl8], Chen-Fargues-Shen |[CEFS21],
Shen [Shel9], and Viehmann [Vie21], thereby establishing the nonemptiness of Grgsp% b

We expect that our strategy can be used to establish an analogous statement of Theorem
for other classical groups. We plan to update this manuscript as we make progress on
other groups.

Acknowledgments. The author would like to thank Linus Hamann and Tasho Kaletha for
interesting discussions. This work was partially supported by the Simons Foundation under
Grant Number 814268.

2. NOTATIONS AND CONVENTIONS

Throughout the paper, we consider the following data:
e I/ is a finite extension of @, with uniformizer 7.
e (' is a complete and algebraically closed extension of E.
e (G is a reductive group over F with Borel subgroup B and maximal torus T' C B.

Given such data, we set up the following notations:

e [ is the absolute Galois group of F.

e [ is the p-adic completion of the maximal unramified extension of E.
e o is the Frobenius automorphism of E

B(G) is the set of o-conjugacy classes of G(E)

(X*(T),®, X.(T),®") is the absolute root datum of G.

e () is the Weyl group of G.

In addition, we use the following general notations:
e Given a valued field K, we write O for its valuation ring.
e Given a perfectoid ring R, we write R’ for its tilt.
e Given a perfect Fp-algebra A, we write W (A) for the ring of Witt vectors over A.

Given an abelian group M equipped with an action of a group H, we write M and
M respectively for the subgroups of H-invariants and H-coinvariants.
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3. G-BUNDLES ON THE FARGUES-FONTAINE CURVE

Definition 3.1. Let us fix a pseudouniformizer @ of C”. In addition, we write ¢ for the
number of elements in the residue field of E and set Wo,(Ocs) := W(O») @ (r,) OF-

(1) We define the perfectoid punctured unit disk associated to the pair (E,C”) by
Y = Spa(Wo, (Oc») \ {Ir[=]| = 0}

where [w] denotes the Teichmuller lift of @ in Wo, (O ).

(2) We write ¢ for the automorphism of ) induced by the ¢g-Frobenius automorphism on

Wo,(Oc), and define the adic Fargues-Fontaine curve associated to the pair (E, C?)
by

X = Y/¢".
(3) We define the schematic Fargues-Fontaine curve associated to the pair (E,C”) by

X := Proj @Bd’zﬂn
n>0

where B denotes the ring of global sections on ).

Remark. The construction of the adic Fargues-Fontaine curve relies on the fact that the
action of ¢ on ) is properly discontinuous.

Theorem 3.2 ([Ked16, Theorem 4.10], [FE18, Théoreme 6.5.2], [KL15, Theorem 8.7.7]). We
have the following facts regarding X and X :

(1) X is a Noetherian adic space over E.
(2) X is a Dedekind scheme over E.

(8) There exists an equivalence of the categories of vector bundles on X and X, induced
by a natural map X — X of locally ringed spaces.

Remark. The statement in Theorem allows us to identify G-bundles on X with
G-bundles on X.

Definition 3.3. Given an element b € B(G), we define the associated G-bundle & on X (or
on X) to be the descent along the map ) — ) /¢* = X of the trial G-bundle on ) equipped
with the ¢-linear automorphism induced by b.

Theorem 3.4 ([Far20, Théoreme 5.1]). There is a natural bijection
B(G) = HY(X,G)
which maps each b € B(G) to the isomorphism class of &.
Definition 3.5. We define the Newton set of G by
N(G) = (Xu(T)o/Y)",

where we write X, (T")q := X«(T') ®z Q for the space of rational cocharacters of G, and the
algebraic fundamental group of G by

m1(G) = X.(T)/{®"),
where (®V) denotes the subgroup of X,(T) generated by ®V.
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Proposition 3.6 ([Kot85, §4|, [Kot97, §6]). There exist unique natural transformations
v:B(:)— N() and k:B(-)— m()r

of set-valued functors on the category of connected reductive groups over E such that the
following statements hold:

(1) Under the map v : B(G) — N(G), the image of b € B(G) with a representative b is
giwen by a unique rational cocharacter v of G for which there exist an integer m > 0
and an element ¢ € G(E) with the following properties:

(i) my; lies in X, (T).
(ii) Int(c) o my; is defined over the fized field of o™ in E, where Int(c) denotes the
inner automorphism mapping each g € G(E) to cgc™ L.
(iii) We have c-b-o(b)---a™(b)-o™(c) ' =c- (myg)(m) - L.

(2) We have a commutative diagram

Ex val 7

}

B(Gm) L) Wl(Gm)F
where val : EX — 7 is the w-adic valuation map on E.

Remark. If G is unramified, there is an explicit description of the map & : B(G) — 71 (G)r
given by Rapoport-Viehmann [RV14, Remark 2.3].

Definition 3.7. We refer to the maps v : B(G) — N(G) and « : B(G) — m1(G)r from
Proposition [3.6] respectively as the Newton map and the Kottwitz map of G.

Remark. In line with Theorem Fargues [Far20, Propositions 6.6 and 8.1] provides a
geometric description of v and x in terms of G-bundles on the Fargues-Fontaine curve. We

will briefly sketch this description for G = GL,, after Example

Proposition 3.8 ([Kot97, §4.13]). Every element of B(G) is uniquely determined by its image
under the Newton map and the Kottwitz map. In other words, the map

v X k:B(G) — N(G) x m(G)r
18 injective.
Proposition 3.9 ([RR96, Theorem 1.15], [RV14] §2]). The maps v and k fit into a natural
commutative diagram

B(G) = 71 (G)r
N(G) —— Xu(T)g — m(G)r @z Q

where the inclusion N(G) — X.(T)q is obtained by identifying X.(T)q/Y with the set of
dominant rational cocharacters.

Corollary 3.10. If m(G)r is torsion free, the Newton map of G is injective.

Proof. When 1 (G)r is torsion free, the natural map m(G)r — m(G)r ®z Q is injective.
Hence the assertion follows from Propositions and O
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Definition 3.11. We say that an element b € B(G) is basic if v(b) is represented by a central
rational cocharacter.

Proposition 3.12. Let B(G)pasic denote the set of basic elements in B(G). The Kottwitz
map induces a bijection
B(G)basic = 7TI(C;’)F-
Example 3.13. Let us discuss the Newton map and the Kottwitz map for some groups.
(1) For GL,, we have natural identifications
N(GLy) = {(A1,---, M) €Q": Ay >--- > \,} and  m(GLy)r = Z.
We regard elements of N'(GL,,) as concave polygons on the interval [0, n] with rational
slopes. Then we have the following facts:

(a) The image of the Newton map for GL,, consists of all concave polygons on [0, n]
with integer breakpoints, essentially by the classical result of Manin [Man63].

(b) An element b € B(GL,,) is basic if and only if its image under the Newton map
is a line segment.

(¢c) The Newton map of GL,, is injective by Corollary
(d) Proposition yields a commutative diagram

B(GL,) —"— m(GL,)r 2 Z

| |

N(GLy) = Q

where Y maps each element in N'(GL,,) to the sum of its entries.

(2) For GSps,,, we consider the natural embedding into GLg, and obtain an identification
N(GSpy,) = {(M1,-++ s A2n) € N(GLay) : Ai + A2pt1—i constant}.
Moreover, we have m1(GSpy,)r = Z. Then we find the following facts:

(a) An element (A1, -+, A2,) € N(GSpy,) lies in the image of the Newton map if
and only if it has integer breakpoints with A\; + Aopy1—s € Zfori=1,--- ,n.

(b) An element b € B(GSp,,,) is basic if and only if its image under the Newton map
is a line segment.

(¢) The Newton map of GSps,, is injective by Corollary
(d) Proposition [3.9| yields a commutative diagram

B(GSPQn) % Wl(GSPQn)F =7

T

N(GSp2n) g @

where > maps each element in N (GSpy,,) to the sum of its entries.

Remark. Let us provide an explicit description of the Newton map and the Kottwitz map
for GL,, in terms of vector bundles on X. By Theorem the Harder-Narasimhan formalism
applies to the category of vector bundles on X. Under the identifications for N (GL,) and
7m1(GLy,)r in Example v(b) and k(b) for each b € B(GL,,) are respectively given by the
Harder-Narasimhan polygon and degree of &,. In addition, an element b € B(GLy,,) is basic if
and only if & is semistable. The injectivity of the Newton map for GL,, means that vector
bundles on X are determined by its Harder-Narasimhan polygon.
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4. THE NEWTON STRATIFICATION OF THE BJR—GRASSMANNIAN

Proposition 4.1 ([Fon82, Proposition 2.4], [KL15, Lemma 3.6.3]). Every perfectoid affinoid
algebra (R, RY) over E induces a natural surjective homomorphism 0g g+ : W(R??) — R*
whose kernel is a principal ideal of W (R1?).
Definition 4.2. Let (R, R") be a perfectoid affinoid algebra over E.
(1) We refer to the map 05 p+ in Proposition as the Fontaine map for (R, RT)
(2) We define the positive de Rham ring associated to R, denoted by B:R(R), to be the
completion of W (R*)[1/p] with respect to the kernel of O p+.
(3) We fix an element tp p+ € W (R*) which generates the kernel of 65 g+, and define
the de Rham ring associated to R by Bar(R) := Biz (R)[1/tg g+].

(4) For R = C, we refer to Bar := Bar(C) and Bjy := Bjz(C) respectively as the de
Rham period ring and the positive de Rham period ring, and write t := tc o, .
Remark. As the notation suggests, the construction of BXR(R) and Bggr(R) does not depend

on R+ or tR,R+'
Proposition 4.3 ([Fon82, Proposition 2.17]). The ring Bggr is a discretely valued field with
valuation ring B;{R and residue field C.

Definition 4.4. We define the BJR—Gmssmannian as the functor Grg which associates to
each perfectoid affinoid F-algebra (R, RT) the set of pairs (€, 3) consisting of a G-torsor &
on Spec (Biz(R)) and a trivialization 3 of £ over Spec (Bgr(R)). For simplicity, we write
Grg(C) := Grg(C,O¢).

Proposition 4.5 ([SW20, Proposition 19.1.2]). There exists a canonical identification
Grg(C) = G(B4r)/G(Bgg)-
Proposition 4.6 ([SW20, Corollary 19.3.4]). Let p be a dominant cocharacter of G. There
exists a locally spatial diamond Grg , with
Grau(C) = G(BiR)u(t) ' G(BiR)/G(Big)-
Remark. We will not use the language of diamonds in a significant way as we will be mainly
interested in the C-valued points of Grg and Grg .

Definition 4.7. Given a dominant cocharacter p of G, we refer to the locally spatial diamond
Grg,, given by Proposition as the Schubert cell of Grg associated to p.

Proposition 4.8 ([FF18, Théoremes 6.5.2 and 7.3.3]). There ezists a closed point oo on X
satisfying the following properties:
(i) X — oo is isomorphic to Spec (Be) for some principal ideal domain Be C Bgr.
(ii) The completed local ring at co is canonically isomorphic to BIR.
(iti) Every G-bundle on X pulls back to a trivial G-bundle via the map Spec (Bjy) — X

induced by oco.

Definition 4.9. We fix a closed point co on X given by Proposition and refer to co as
the distinguished closed point on X.

Remark. Our terminology is justified by the fact that there is a canonical choice of co. The
key technical fact is that closed points on X are naturally in bijection with the equivalence
classes of untilts of C?, as shown by Kedlaya-Liu [KL15, Theorem 8.7.7]. Our canonical choice
of 0o corresponds to the identity map on C”.
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Proposition 4.10. The set Helt(X, Q) is canonically in bijection with the set of isomorphism
classes of triples (€,&, 3) where

o & is a G-bundle on X — 00,
e & is a trivial G-bundle on Spec (Bir), and

e (3 is a gluing map ofé’~ and € over Spec (Bgr)-
Proof. The assertion is evident by the theorem of Beauville-Laszlo [BL95]. O

Definition 4.11. Let £ be a G-bundle on X. By a modification of £ at co, we mean a
G-bundle £ on X together with an isomorphism between the restrictions of £ and &£ on
X — o0.

Example 4.12. Let us consider an element b € B(G) and a point = € Grg(C). We have
z = gG(BJR) for some g € G(Bgg) under the identification Grg(C) = G(Bgr)/G(Bjy) given
by Proposition In light of Proposition we take a triple (g , g, B) corresponding to &,
and a G-bundle &, , on X corresponding to (&, g, gB). By construction, &, is a modification
of & at oo.

Remark. It is not hard to see that the isomorphism type of &, does not depend on the
choice of g € G(Bqr)-

Definition 4.13. Consider an element b € B(G) and a dominant cocharacter u of G.
(1) Foreach z € Grg(C), we refer to the G-bundle &, , in Example as the modification
of & at 0o induced by x.
(2) For each V' € B(G), we define the associated Newton stratum with respect to b in Grg,,
as the subdiamond GrbG,’ b of Grg,, with

Grly ,,(C) = {z € Grgu(C) : &y = &y}

Remark. The subdiamond Grg%b of Grg,, is uniquely determined by its set of C-points
since Grg,, is a locally spatial diamond.

Proposition 4.14. Let p be a dominant cocharacter of G. For elements b,b' € B(G), the
Newton stratum Grg%b s mot empty if and only if it contains a C-point.

Proof. The assertion is evident by definition. ]

Proposition 4.15. Let f : G — G be an embedding of reductive groups over E. We take
elements b,V € B(G) and write b,V for their images under the map B(G) — B(G) induced
by f. In addition, we consider a dominant cocharacter p of G and denote by p the dominant
cocharacter ofé associated to f o . There exists a natural map

G (C) — G5 2 5(C).

Proof. Let us consider the natural map Grg,,(C) — Gréﬁ(C) induced by f. It suffices to

show that the image of Grg%b(C) lies in Gr%l (C). For every G-bundle £ on X, we write

~ ~ b ,
& for the corresponding G-bundle on X. Given an arbitrary point x € Gra Mb(C), we denote
by 7 its image in Grz(C) and find

gg; %gb/ :gb,x§5~~

thereby deducing that z lies in Grgé/ ﬁZ(C) as desired. O



ON NONEMPTINESS OF NEWTON STRATA IN THE BIR—GRASSMANNIAN FOR GSpy, 9

Definition 4.16. Let us regard elements of N (G) as dominant rational cocharacters. We
define the Bruhat order < on N(G) by writing p < p/ if ¢/ — p is a linear combination of
positive coroots with nonnegative coefficients.

Proposition 4.17. Given a closed embedding G — G of reductive groups over E, the induced
map N (G) — N(G) is compatible with the Bruhat order.

Proof. The assertion is straightforward to verify by definition. O

Example 4.18. Let us describe the Bruhat order for groups considered in Example |3.13

(1) Given two elements p = (u1, -+ ,pn) and g/ = (uf, -, ul,) of N(GL,), we have
<y if and only if the following equivalent conditions are satisfied:

(i) We have inequalities

J J
ZM@SZM; fOI'jzl,"',’n,
=1 =1

with equality for j = n.
(i) If 4 and ' are regarded as polygons on the interval [0,n], then p lies below p/
with the same endpoints.

(2) Since N(GSpy,) is a subset of A(GLg,), Proposition implies that the Bruhat
order on N'(GL,,) restricts to the Bruhat order on N (GSps,,).

Definition 4.19. Let p be a dominant cocharacter of G.

(1) The dual of y is the unique dominant cocharacter p* in the conjugacy class of —pu.

(2) The Galois average of p is defined by

o._ 1 .
W T Te%:ru (1) € N(G)

where I';, denotes the stabilizer of p in T'.

(3) The degree of p, denoted by pf, is the image of p under the natural projection map
X*(T) —» 7T1(G)1".

Example 4.20. Let us illustrate Definition for groups considered in Example |3.13]

(1) For GL,, the Galois group I' acts trivially on cocharacters as GL,, is split. Hence all
dominant cocharacters of GL,, are elements of N'(GL,,). Given a dominant cocharacter
w=(p1, -, in) of GL,, we have

/’L*:(_Mn77_ul)7 NO:H:(,UJ,,,LLTL), ,U,ﬁ:'ul_i-_F,un

(2) For GSps,,, the Galois group I' acts trivially on cocharacters as GSps,, is split. Hence
all dominant cocharacters of GSp,,, are elements of N (GSp,,). Given a dominant
cocharacter p = (p1,- - , on) of GSpy,, we have

1
(1 + -+ pan).-

W= (o), p ==y o), =

Proposition 4.21 (JCES21l, Proposition 5.2], [Vie2ll, Corollary 5.4]). Let u be a dominant
cocharacter of G. Take elements b,b' € B(G) such that b is basic. The Newton stratum Grg%b

is not empty if and only if we have k(V') = k(b) — pf and v(¥') < v(b) + (u*)°.
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5. NONEMPTY NEWTON STRATA IN MINUSCULE SCHUBERT CELLS FOR GSp,,

Definition 5.1. Given a rational tuple 7, we denote its i-th entry by \;(n).

(1) The identity cocharacter of GSpy,, is the element 1 € N(GSp,,,) with

Ai(l)=1 fori=1,---,2n.
(2) The ordinary cocharacter of GSp,,, is the element poq € N(GSps,) with
1 fori=1,---,n,
AilHord) = {0 fori=n+1,---,2n.
(3) We define the slopewise dominance order < on N(GSpsy,) by writing p < u' if we
have \;(u) < \j(p') fori=1,--- 2n.

Remark. Our terminologies for 1 and poq come from the following facts:

(a) As a polygon, 1 coincides with the graph of the identity function on [0, 2n].

(b) Asapolygon, piorq coincides with the Newton polygon of the ordinary polarized abelian
variety of dimension 2n.

Proposition 5.2. The natural map B(GSp,,,) — B(GLay,) is injective.

Proof. The assertion is evident by the commutative diagram

B(GLQn) ‘;) N(GLQn)

T |

B(Gsp2n) — N(Gsp2n)
where the Newton maps are injective as noted in Example [3.13 g

Remark. While Proposition [5.2] is an interesting fact, it is not essential for our argument
as we will use it only for notational convenience. Every part in our argument that invokes
Proposition will rely only on the injectivity of the map N (GSp,,,) < N (GLa,).

Proposition 5.3 ([Hon22, Lemma 3.1.4 and Proposition 3.3.2]). Let us regard 1 and piorq as
dominant cocharacters of GLa,. Consider elements b,b' € B(GLay,).

(1) If the Newton stratum GrléLQn,Lb contains T := 1(t) GLay(BiR) € Grars,1(C), we
have v(t') = v(b) — 1.
(2) If the Newton stratum GrléLanuordyb is not empty, we have
v(t) <v(b) + piora™  and  v(b') 2 v(b) 2 v(b)+ 1.
Remark. In fact, the second statement holds for any dominant cocharacter p of GLg, whose
entries are either 0 or 1.

Lemma 5.4. Given elements bt/ € B(GSp,,) such that the Newton stratum Grgspzml’b
contains x := 1(t) GSpy, (Bix) € Grasp,,1(C), we have v(b') = v(b) — 1.

Proof. We may regard 1 as a dominant cocharacter of GLa,. In addition, in light of Propo-
sition we may regard b and b as elemnts of B(GLgy,). By Proposition we have a
natural map

Gr%sp%,n,b(c) — Gr%Lgn,]l,b(C)

which sends z to Z := 1(t) GLa,(Bj). Hence the desired assertion is evident by Proposition

B3l O
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Proposition 5.5. Let u be a dominant cocharacter of GSps,, with nonnegative entries. Given
arbitrary elements b, b’ € B(GSp,,,), we have the following equivalent conditions:

. b .
(i) Grisp,, up i nonempty.
(i) Grl(’;spzmm’b, is nonempty.

(ii3) Grgsp%erb is nonempty for b € B(GSpy,) with v(t') = v(b') — 1.

Proof. For an arbitrary point @ = gu(t) GSpy, (Big) € Gr%sp%%b(C), we take

2" 1= g7 (t) GSpay, (Big) € Grasp,, u(C)
and find &y 5+ ~ &, thereby deducing that * lies in Gr%sp% u* (C). Similarly, every point
in Grl(’;sp%,u*’b,(C) yields a point in Grésp
conditions |(i)| and by Proposition
It remains to verify the equivalence of the conditions and For an arbitrary point
z = gu(t) GSpa, (Big) € Grlésp%“’b(C), we take

% := gu(t)1(t) GSpa,(BJr) € Grasp,, ut1(C)

and find &z ~ & by Lemma thereby deducing that 7 lies in Grléspm u+1,5(C). Similarly,
every point in Grgsp,, .+1(C) gives rise to a point in Gr%sp2n7u7b(0). Hence we complete the
proof by Proposition O

Proposition 5.6. For a minuscule dominant cocharacter v of GSps,,, we have p =d -1 or
w=d- 1+ poq for some d € Z.

1p(C). Hence we establish the equivalence of the

Proof. Let us identify the character lattice of GLo, with Z?" and write ey, - - ,ea, for its
standard basis elements. Then we can identify the character lattice of GSpy,, as the lattice
generated by

€y =€nt1+ - +eo, and e :=e; —egpi1_; fori=1,--- n.

The set of positive roots for GLg, and GSp,,, are given by
‘I’EL%:{Gi—ejzlgz‘<j§2n},
Bls,, ={ei—€j:1<i<j<n}U{ej+ej—ej:1<i<j<n}

Now the assertion is straightforward to verify. 0

Proposition 5.7. Let p be a minuscule dominant cocharacter of GSpy,,. Assume that all
entries of p are either d or d + 1 for some d € Z. For elements b,b/ € B(GSpy,,) such that

the Newton stratum Grlé/spzn,u,b is not empty, we have
v(b) <v®)+p* and v +d-1=v0) Zvl)+(d+1)- 1.

Proof. By Propositions [5.5] and we may take d = 0 and assume that p is either 0 or fiopq.
For p = 0, the assertion is evident since the only nonempty Newton stratum in Grgsp, o with

respect to b is Grl(’;SPQ 0.b- FOT [t = [igrd, We have a natural map

v v
Grasp,, porab(C) = GIGL,, yior b(C)

given by Proposition where for GréL amipiora,b WE T€8Ard figrq as a dominant cocharacter
of GLg,, and b,V as elements of B(GLsg,) in light of Proposition and thus deduce the
desired assertion by Propositions and O
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Definition 5.8. Let a = (o, - -+ , ;) be an ordered partition of an integer m < n.

(1) We define the associated Levi subgroup M, of GSp,,, to be the group of block diagonal
matrices

g1

g1
h with ¢; € GLai, h e GSpQ(n,m),
»(h)(g)) ™!

»(h)(gf)
where ¢ denotes the similitude character of GSpy(, -

(2) Given an element b € B(GSps,,), its reduction to M, is an element b € B(M,) whose
image under the natural map B(M,) — B(GSpy,) is equal to b.

Remark. It is not hard to show that every standard Levi subgroup of GSps,, is equal to M,
for some ordered partition a of an integer m < n.

Proposition 5.9. Let o = («y, -+ ,qq) be an ordered partition of an integer m < n. We
write n; == a1+ -+ fori=1,--- l. In addition, we set ng := 0 and n;y1 = n.

(1) The Newton set of M, is the set of dominant rational cocharacters of My, which
is also identified with the set of tuples (M1, ,\on) € Q®" satisfying the following

properties:
(i) We have A\, 41>+ > A, fori=1,--- 1+ 1.
(i) There ezists a rational number d with \; + Aopy1—; =d fori=1,--- n.

(2) Given two elements n = (,ulv T ,/14271) and /‘L, = (lu’/lv T a/‘LIQn) OfN(Ma); the Znequahty
w < ' holds if and only if we have inequalities

J J
Zuigz;ﬁé forj=1,---,2n
i=1 i=1

with equalities for j =nq, - ,npy1.
(3) There exists a natural isomorphism m1(My)r = 71,

(4) Given a dominant cocharacter p = (p1,- -+ , pon) of Me, its dual p* = (u3,-- -, 15,)
is specified by the following identities:

° ’u’;kli—l-‘rj = —Hn;4+1—j fOTi: 1,---,1 andj =1, , .
° “ﬁnﬂ = —lontl-m—i fort=1,--- . n—m.
o i+ /’L;n+1—i = —(u; + pont1—i) fori=1,--- ' n.
(5) Given a dominant cocharacter = (ju1,--- , ian) of My, its degree u* = (,uji, e »M?H)
is given by

/’Lni_1+1+"'+uni fori:lf"vl

e

t Pm+1 + - 2n—m
n—m

fori=1+1

Proof. All statements are straightforward to verify by our discussion in Examples
and [£.200 O
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Proposition 5.10. Let o = (1, ,aq) be an ordered partition of an integer m < n. We
write ny = a1+ -+« fori =1,--- I. In addition, we set ng := 0 and n;4+1 = n. Given
an element b € B(GSpy,,) such that v(b) has integer points with ny,--- ,n; as x-coordinates,

there exists a reduction of b to M,,.

Proof. For a rational tuple 7, we denote its i-th entry by \;(n). Our discussion in Example
[B.13] implies that there exists an integer d with

Ai(v(D)) + Aap+1-i(v(b)) =d  fori=1,--- n. (5.1)
For each i = 1,-- -, 1, we define oy-tuples vV and 7 by
A 9D) = M i (w(d)  and MDY = Mgy, j(0(B)  forj=1,---,q;.
In addition, we define a 2(n — m)-tuple w by
Ai(w) = Appi(v(b))  fori=1,---,2(n—m).
As polygons, these tuples form a partition of v(b) as illustrated in Figure

5(2)

ni no ni n2

FIGURE 2. Partition of v(b) by integer points

By construction, these polygons all have integer breakpoints. In addition, by (5.1) we find

Ai(w) + Aop—omt1—ilw) =d fori=1,---,2(n—m). (5.2)
Hence by our discussion in Example we find an element b; € B(GLy,) with v(b;) = v
for i = 1,---,1 and also an element ¢ € B(GSpy(,_,,)) With v(c) = w. Let us choose a

representative g; € GLq, (E) of b; for each i = 1,--- |l and a representative h € GSpQ(n_m)(E)
of c. We take b € B(M,) to be the o-conjugacy class of

g1

g 5
h € M,(E)

D) (g™

Y(h)(g1)

where 1) denotes the similitude character of GSpy(;,_,), and denote by b the image of b under

the natural map B(M,) — B(GSps,, ). By the functoriality of the Newton map, v(b) is given

by the image of v(b) under the natural map N (M,) — N (GSp,,,). It is then not hard to see

by (5.1)) and (5.2) that v(b) coincides with v(b). Since the Newton map for GSp,,, is injective
as noted in Example we find b = b and consequently complete the proof. O
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Theorem 5.11. Let i1 be a minuscule dominant cocharacter of GSp,,, whose entries are either
d or d+1 for some d € Z. Consider elements b,b' € B(GSpy,,) such that any two distinct
slopes in v(b) differ by more than 1. The Newton stratum Grlésp%%b is nonempty if and only
if the following conditions are satisfied:

(i) We have v(t)) <wv(b) +p* and v(t/)+d-1 <v(b) Jv®)+ (d+1)-1.

(ii) For each breakpoint of v(b), there exists a breakpoint of v(b') with the same x-coordinate.

F1GURE 3. Illustration of the conditions in Theorem ford=0

Proof. For a rational tuple 1, we denote its i-th entry by \;(n). By Propositions and
we may set d = 0 and assume that p is either 0 or poq. For g = 0, the assertion is
evident since the only nonempty Newton stratum in Grgsp, o with respect to b is GrléSan,o,b-
Therefore we may henceforth take p = pigrq.

Let us first assume that Gr%sp b 1s nonempty. The necessity of the condition |(i)| imme-
diately follows from Proposition Now we take an arbitrary breakpoint of v(b) and denote
its z-coordinate by m. By the condition [(i)| and the assumption on slopes of v(b), we find

Am1 (v (V) < Amga (V(0)) < Am(v(b)) — 1 < Am(v(V))
and consequently deduce that p/ has a breakpoint with z-coordinate m, thereby establishing
the necessity of the condition |(ii)

For the converse, we now assume that the conditions|(i)| and are satisfied. We consider
the breakpoints of v(b) on the interval [0,n] and denote their z-coordinates by ni,--- ,n; in
ascending order. We also set ng := 0 and take a = (a1, -+, ) to be an ordered partition of
m = n; with

o :=n; —n;_1 fori=1,--- 1
It is not hard to see that the centralizer of v(b) is M,. Moreover, Proposition and the
condition together imply that b and b admit reductions to M,, which we respectively
denote by b and ¥'. Let us now set

d; == Zl Aj(v(b)) — ZZ Aj(v(b)) fori=1,--- L

Jj=ni—1+1 Jj=ni—1+1
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By the condition we have 0 < d; < a; fori=1,--- 1. Take &z to be the 2n-tuple specified
by the following properties:

(a) Fori=1,---,l4+1and j=1, -+, we have
0 ifj>d;,

)\ni,1+j (:U’) =

where we set dj11 :=n —n; =n—m.
(b) For j =1,---,n, we have \;(&r) + Aon+1—; (1) = 1.
It is not hard to see by Proposition that & is a dominant cocharacter of M, with
w(@) = k@)~ and  v(®) < v(b) - (7).
Moreover, b is basic in B(M,) by construction. Hence Proposition implies that the

Newton stratum Grl]’\} . is not empty. Since we have a natural map

Gr¥ _(C) — Grlisy, ,p(C)

o
MOHMJ)
by Proposition we deduce by Proposition that Grlésp% ub 18 nOt empty as desired,
thereby completing the proof. O
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