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Abstract

This paper proves the existence, uniqueness and robustness of a symmetric equi-

librium that determines city growth by decentralized individuals deciding when to

migrate to a new city. In this equilibrium, individuals balance the benefits of living in

an established city against the opportunities that exist in new cities. Existing cities

benefit from agglomeration economies while new cities provide opportunities to early

movers such as the ability to claim better land. The model’s predictions match the

three stylized facts identified by the empirical literature: cities may be created by or

experience rushes of migration, cities experience a period of accelerated growth, and

most cities continue to grow through time. The investigation of the effects of property

and income taxation on the creation and growth of cities further characterizes the equi-

librium. Both taxes cause cities to be created later, but once created income taxation

causes cities to grow slower while property taxes cause cities to grow faster. The main

contribution of this paper is to provide a model of city creation and growth that (i) is

based on decentralized decisions of individuals (ii) matches the empirical evidence on

city growth and (iii) is easily adapted for analysis of different urban growth policies.

Keywords : Land use, urban economics, mobility, city growth

JEL Classification : R52, H73, R12, J61

∗nathan.seegert@business.utah.edu. Department of Finance, University of Utah

1



The spatial concentration of people and production with and among cities is inherently

dynamic. The dynamic nature of cities derives from the aggregation of millions of individu-

als deciding whether and when to move. According to the U.S. Census 13.5 million people,

roughly 5 percent of the population, move out of their current county every year. These

decisions determine the creation and growth of cities. Thus, understanding the forces that

individuals balance when deciding when and whether to move is fundamental to understand-

ing city growth.

Urban growth is influenced by a wide array of policies that aim to influence the spatial

concentration of people and production. For example, zoning laws restrict land use and

concentration of people, tax incentives encourage spatial concentration of production in

designated areas, and subsidies to transportation are meant to foster growth. To assess

the efficacy of these policies and to design them to meet their objectives, it is necessary

to develop an equilibrium theory of city growth based on the forces individuals balance in

their migration decisions. Existing models have gained important insights into the dynamic

problem of spatial concentration of people and production; however, they also have important

limitations. Specifically, most existing spatial dynamic models focus on large agents, such as

developers [Helsley and Strange, 1997, Henderson, 1974, Rossi-Hansberg and Wright, 2007]

or private governments, [Helsley and Strange, 1998, Henderson and Venables, 2009] rather

than individual choices to create new cities. These models use large agents despite the

importance of decentralized individual choices because large agents are able to circumvent a

coordination problem that exists with decentralized city formation.1 There are some existing

models of decentralized cities, but in these individuals create cities only in the unrealistic

scenario when the benefit of being in a city alone is the same as being in an established

city [Anas, 1992]. Such models predict that cities will grow into Malthusian mega-cities and

bifurcate when a new city is formed, which is at odds with the empirical evidence.

The predictions of the model in this paper match three stylized facts identified by the

empirical literature on city growth. First, one of the most interesting anecdotal pieces

of evidence on city growth is the ability of rushes of migration to create cities seemingly

overnight. Second, cities experience an accelerated growth period, in which they sometimes

catch up or even surpass the population size of existing cities Cuberes [2011]. Finally, most

cities continue to grow through time [Black and Henderson, 2003, Dobkins and Ioannides,

1999, Eaton and Eckstein, 1997, Henderson and Wang, 2005], in contrast to most existing

models of city growth, [Henderson and Venables, 2009].2 The model in this paper is able to

1Krugman [1996b] argues that while city developers may be able to affect the growth of an “edge city”
their usefulness “strains credibility” when applied to large cities.

2Another important aspect of city growth is the resulting distribution of cities, Gabaix [1999]. This paper
does not discuss the distribution of cities explicitly because the model is general enough to be consistent
with various distributions. However, the model could be used to investigate different mechanisms that
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match these facts and solve the coordination problem by investigating a new type of benefit

dependent on whether an individual is an early or late mover.

This paper presents a general model, to allow for a wide array of policies to be considered,

in conjunction with a parametric model, to provide concrete policy predictions. When decid-

ing when and whether to move individuals balance agglomeration benefits, which are larger

in existing cities, with the opportunities in new cities. The parametric model demonstrates

the result within the context of standard neoclassical assumptions on preferences and pro-

duction. The benefits of existing cities are modeled as income which combines agglomeration

economies in production and diseconomies of scale from pollution. The opportunities that

new cities offer are modeled as parcels of land that are spatially heterogeneous and given

freely to early migrants.

Three no-arbitrage conditions are derived from the equilibrium behavior of individuals’

migration decisions. These no-arbitrage conditions produce a life cycle for cities, which

characterizes equilibrium city creation and growth. A series of comparative statistics of the

model are used to study the impact of property and income taxation on city creation and

growth. Finally, the existence and uniqueness of an equilibrium is proven under a set of

general assumptions and is found to be robust to random perturbations in time.

The model is easily adapted to allow for analysis of different policies on city creation

and growth. For example, the model predicts that higher property taxation causes a city

to be created later in time but to grow faster once it is created. In contrast, the model

predicts that higher income taxation causes a city to grow slower and be created later.

A remarkable feature of the model is its ability to provide specific predictions despite its

generality. For example, the model predicts that policies that create a level shift in the

income or opportunity function within the new city will have no affect on city growth, but

will affect when the city is created. In contrast, the model predicts that policies that create

a proportional shift in the income or opportunity function within the new city will affect city

growth and the sign of the effect differs depending on whether the policy affects the income

or opportunity function.

The main contribution of this paper is to provide a model of city creation and growth

that (i) is based on decentralized decisions of individuals, (ii) matches the empirical evidence

on city growth, and (iii) is easily adapted for analysis of different urban growth policies. The

key insight of the model is the addition of modeling opportunities in the new city as a new

type of benefit that depends on whether an individual is an early or late migrant to the city.

may generate the empirically observed distribution of cities. For example, the model could be extended
to investigate the importance of heterogeneous amenity levels on the distribution of cities, as suggested by
Albouy and Seegert [2011], Krugman [1996a], Seegert [2011].
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A general model incorporating both agglomeration and opportunity benefits is developed in

conjunction with a parametric model in section 1. The equilibrium is characterized with

the help of the parametric model in section 2. This section characterizes the life cycle of a

city and adapts the model to analyze the effects of property and income taxation on city

creation and growth. The equilibrium is proven to uniquely exist and to be robust to time

perturbations in section 3. The paper concludes with a discussion of the applications and

future directions for development of decentralized models of city growth.

1 The Model

To describe the model, a parametric model is deployed in conjunction with the general model.

The results are proven for the general model and demonstrated using the parametric model.

Both models are described simultaneously. In this model, individuals are homogenous and

perfectly mobile. Initially all individuals inhabit one city site, but they all have the ability

to move to a second city site. Population grows by an exogenous population growth rate,

which is allowed to be non-monotonic but is assumed to be known. For dispositional ease

population is assumed to be a continuum of individuals with measure N̄ where the measure

increases according to population growth.3 Individuals within a city receive the average

production within the city which combines economies and diseconomies of scale. In the

parametric model agglomeration in production creates economies of scale, pollution creates

diseconomies of scale, and these two forces combine to create income for individuals. Cities

also provide opportunities to early migrants. In the parametric model heterogeneous empty

parcels of land provide this opportunity, where early migrants receive higher quality parcels.

The objective of this model is to understand equilibrium city growth as determined by

individual migration decisions. First, income and opportunities within the city are formally

defined. Second, equilibrium conditions are derived from the optimization of all individuals.

Finally, using the equilibrium conditions city growth is characterized.

Income is assumed to be zero before anyone lives in the city, and subsequently strictly

rises and strictly falls with population. In the parametric model this is characterized by

production of a composite good c. Production f(L) = AN ξL has constant returns to scale

technology in labor employed and is subject to city-wide scale agglomeration, which captures

3The assumption that population is a continuum of individuals allows for the actual distribution of
migration to equal, without uncertainty, the target equilibrium distribution. In addition, the distribution of
migration is unchanged by a single individual’s deviation from the targeted equilibrium distribution.
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the economies of scale.4,5 The diseconomies of scale are represented by the pollution caused

by production of the composite good which is a convex function of the production within a

city, p(F (N))ψ with ψ > 1.6 Together the economies and diseconomies of scale produce a

parametric equation for income each individual receives,

y(N) = AN ξ −BNβ, (1)

where β = ξφ and B = pAψ consistent with the general assumption that income is zero with

no inhabitants, and then strictly rises and falls with population. Opportunities provided

within a city are modeled as a rank function based on when each individual enters the city.

This function captures the different opportunities that exist for early versus late migrants.

Attention is restricted to opportunity functions with derivatives that change signs at most

once.7 No further restrictions are put on the opportunity function. However, not all possible

functions lead to equilibrium growth and the set of opportunity functions that lead to equi-

librium growth is therefore determined within the model. Further, the impact of the shape

of the opportunity function on city growth is characterized and shown to be fundamental in

determining the existence and size of rushes of migration.

In the parametric model the opportunities are modeled as parcels of land that individuals

claim as they enter a new city, where only the first k̄ receive free parcels of land. Each city

is broken into individual parcels of land with P parcels in the center used for production

in the central business district and all other parcels reserved for residential use. The city is

modeled as a spiral, with parcels ordered from the center, providing parcels (and therefore

opportunities) that are heterogeneous across rank, as depicted in Figure 5. Parcels differ in

two dimensions; the distance from the center and parcel area. Parcels of land are given by

an Archimedean spiral where the radius for a given angle θ is given by r = bθ and separated

by lines radiating from the center assumed to have a constant angle θ̄ = 2π/s where s is the

number of parcels per rotation. For notational simplicity production land is assumed to be

the first rotation of parcels plus one parcel P = s+ 1 and the number of parcels per rotation

is assumed to be s = 2bπ.

4With constant returns to scale each individual can be considered her own firm without loss of generality.
5City-wide scale agglomeration may be due to learning spill-overs, better matching, or sharing of in-

termediaries. For an extensive review of external economies to scale see Abdel-Rahman and Anas [2004],
Duranton and Puga [2004].

6This parametric example of pollution is consistent with Tolley’s 1974 description, “The nature of pol-
lution and congestion is that extra pollutants and vehicles do not shift production functions at all at low
amounts, and extra amounts have increasingly severe effects as levels are raised until ultimately fumes kill
and there are so many vehicles that traffic cannot move.”

7The analysis can be extended to include opportunity functions with derivatives that change signs more
than once. The analysis with the restricted set is easier to work with, without losing much in terms of
substantive analysis.
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Individuals value a parcel of land based on its area and distance from the center. The

utility of an individual is assumed to be increased by d(α(k)− πP )γ where α is the area of

the individual’s parcel of land. The area of parcel k is found by integrating between the two

curves bθ and b(θ− 2π) in polar coordinates between the angles θ̄k and θ̄(k− 1) and is given

by α(k) = π(2k + P ). Individuals value the distance between their parcels of land and the

center because they have to commute to the center at a cost equal to mr(k)φ.8 The distance

for parcel k is given by k. The opportunity function is given by,

R(k) = dπγ2γkγ −mkφ (2)

which is the utility benefit from the area of the parcel of land minus the commuting cost.

Individuals with rank greater than k̄ are not given a parcel for free and the rent they pay

for their parcel is exactly its benefit such that R(k) = 0 for all k > k̄.9

Individuals have identical preferences with the form,

U(c, α) = c+ d(α− P )γ, (3)

over the composite consumption good c and the area of land they live on α. Individuals

inelastically supply labor and receive income equal to the average net income within the

city. With this income,

y(N) = c+mrφ + δ(k) (4)

individuals buy the composite good, pay their commuting costs, and any rent they may

owe if they did not receive a parcel of land for free.10 The utility function can be rewritten

substituting in the budget constraint such that utility,

U(y, k) = y(N) + dπγ2γkγ −mkφ (5)

is a combination of income produced and the opportunities that exist in the city.

Now that utility within a city has been defined, we turn to the migration decision every

8The distance is given by the point in the parcel closest to the city center.
9The rent gradient can be derived with the indifference condition between parcel k and the parcel at

the edge of the city, such that rent for parcel k is given by δ(k) = dπγ2γkγ −mkφ − dπγ2γkγ0 + mkφ0 . The
rent gradient perfectly compensates individuals for living across different parcels of land, meaning that when
individuals have to pay for their parcels there is no net gain from having a parcel that is closer to the city
center.

10Rent can be paid to absentee landlords or can be paid to other individuals, where all individuals hold
some holding of land which could be diversified across all cities or just across the city they live in. For
notational ease rents have been assumed to go to absentee landlords but the results are robust to allowing
for individuals to hold a portfolio of land.
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individual must make. For notational ease we focus on the case with one existing city and

one location for a second city. In every instant each individual decides whether to stay in

the existing city or move to the new city, creating the new city if they are the first to move.

The payoff an individual in the initial city receives for staying in the city is equal to the

present value of income in the initial city,

S(η, q(t)) =

∫ ∞
0

e−rty1(N1(t))dt, (6)

which depends on the population within the city N1(t).11 The population within the initial

city increases by the exogenously given urban population growth rate η(t) and decreases

by the rate of migration out of the city q(t), which is determined by individuals migration

decisions. An individual who decides to move to the new city at time τ receives,

M(τ, k) =

∫ τ

0

e−rty1(N1(t))dt+

∫ ∞
τ

e−rt(y2(N2(t)) +R(k(τ)))dt (7)

income in the city they live and the opportunities in the new city according to their rank.

The analysis is restricted to symmetric Nash equilibria where all individuals mix accord-

ing to the cumulative distribution function Q : [τ , τ̄ ] → [0, λ] which is non-decreasing and

right-continuous.12 This CDF determines the flow of migration q(t), which is the probability

distribution function. The flow of migration may experience discontinuous jumps of masses

of people all migrating at the same time. In this case, individuals are randomly given a rank

and individuals have rational expectations of what rank they will be.

The symmetric Nash equilibrium is found using three no-arbitrage conditions. In equi-

librium there must be no incentive for any individual to unilaterally deviate. Therefore,

in equilibrium there are no arbitrage opportunities for individuals to move earlier or later

than prescribed by the equilibrium. The first no-arbitrage condition ensures there are no

arbitrage opportunities in the time after the city is created but before it enters steady state,

[τ , τ̄ ]. Formally, this condition,

y1(N1(τ)) = y(N2(τ)) +R(k(τ)) +

∫ ∞
τ

e−rt
(
−∂R(k(τ))

∂τ

)
dt, (8)

is found by taking the derivative, using Leibniz’s rule, of the payoff from moving with respect

to time τ given in equation (7). The economic interpretation of the no-arbitrage condition

is that income in the initial city must equal income in the new city plus the opportunities

11Individuals in the existing city are assumed to not have any opportunity benefits from living in the
existing city.

12There is also a pure strategy equilibrium where individuals move with certainty at a given time. However,
the aggregate migration pattern q(t) is the same in this equilibrium, leaving the analysis unchanged.

7



that exist plus the present value benefit of receiving the opportunities associated with being

rank k, as opposed to rank k + 1. This condition must hold for all time τ ∈ [τ , τ̄ ].

The second and third no-arbitrage conditions endogenously determine when the new city

is created τ and when it enters steady state growth τ̄ . Initially the value of creating the new

city is lower than staying in the existing city because the rank benefit of being the first person

is not large enough to make up for the forgone income in the initial city. Income within the

initial city decreases with time as the city grows such that eventually the rank benefit of

being the first person is larger than the forgone income in the initial city. Given that the

income function is smooth and concave this implies that the second arbitrage condition,∫ ∞
τ

e−rt(y2(N2) +R(1))dt =

∫ ∞
τ

e−rty1(N1)dt, (9)

determines the unique point at which the new city is created. This condition ensures there

are no arbitrage opportunities for individuals to pre-empt or postpone the creation of the

new city.13

Similarly, the third arbitrage condition defines the unique point τ at which the city enters

steady state growth. Steady state growth is defined by the condition that growth in the

initial city and the new city (i) absorb the exogenous population growth and (ii) grow such

that incomes in both cities are equal. The growth rates in steady state are heterogenous

to the extent that income functions are heterogeneous. To ensure there are no arbitrage

opportunities when the new city is entering steady state the third no-arbitrage condition

states,

y2(N2(τ̄ − dt)) +

∫ ∞
τ̄

e−rtR(k(τ̄ − dt))dt = y1(N1(τ̄)) (11)

the benefit of moving to the new city just before the city enters steady state τ̄ − dt must

equal the benefit afterwards, which is the common income produced in the economy.

The no-arbitrage conditions in equations (8), (9), and (11) determine when the new city

is created, the growth rate during the accelerate growth period, and when the new city enters

13 The first arbitrage condition (9) can be rewritten noting that at τ̄ the new city enters steady state
growth and y2(N2) = y1(N1). Define R̄(JI) as the rank benefit either of the lone speculator, R̄(JI) = R(1),

or the average rank benefit in the initial rush of people size JI , R̄(JI) =
∫ JI

0
R(k)/JIdk. Intuitively, the

rewritten first border condition states that the present value of the rank benefit of creating a city must equal
the present value of the differences in incomes in the two cities at τ .

∫ ∞
τ

e−rtR(JI)dt =

∫ τ̄

τ

e−rt(y1(N1)− y2(N2))dt (10)
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steady state; leaving only to define the equilibrium behavior of rushes of migration. Rushes

of migration occur when a mass of individuals move to the new city at exactly the same time.

The possibility of a rush of migration occurs only at the creation of a city or the transition

of the city to steady state growth and depends on the shape of the opportunity function.

PROPOSITION 1 A new city is formed by a rush if and only if the opportunity function is

non-monotonic and initially increasing.

PROOF STEP 1: NO EQUILIBRIUM WITH SLOW CREATION. Assume toward contradiction

that the opportunity function is non-monotonic and initially increasing, as depicted in Figure

1, but there exists an equilibrium without a rush of migration. For this to be an equilibrium

there must be no profitable deviation. Consider the first individual to move to the new city.

Income in the new city is lower than in the existing city but increases with time as more

individuals move to the new city. The opportunity function is also initially increasing with

time by assumption. This demonstrates that the first individual has an incentive to deviate

and move later, avoiding some time with lower income and receiving more opportunities

associated with being a lower rank. Therefore, there does not exist an equilibrium where the

city is created with gradual migration when the opportunity function is non-monotonic and

initially increasing.

PROOF STEP 2: EXISTENCE OF EQUILIBRIUM WITH RUSH. To demonstrate that an

equilibrium does exist where the new city is formed by a rush of migration, consider the

payoffs of individuals that create the city with a rush of migration. Individuals in a rush

of migration expect to receive the average rank payoff. The no-arbitrage condition given in

equation (9) defines when the city is created, even when created with a rush of migration,

where R(k) is replaced by the average within the rush R̄(J1) = (1/J1)
∫ J1

0
R(k)dk. The size

of the rush J1 is determined by the no-arbitrage condition,

1

J1

∫ J1

0

R(k)dk = R(J1), (12)

which states that the average rank benefit must equal the marginal rank benefit at the

rank equal to the rush size. If this condition did not hold there would be an arbitrage

opportunity for individuals in the rush to wait and move right after the rush of migration

(if R̄(J1) < R(J1)) or for individuals after the rush to join the rush (if R̄(J) > R(J)).

Finally, there are no arbitrage opportunities for individuals to pre-empt the rush because

R̄(J1) > R(1). This inequality holds because the average benefit is maximized at the point

at which the average benefit intersects the marginal. Therefore there exists an equilibrium

where the new city is formed by a rush when the opportunity function is non-monotonic and

initially increasing.
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PROOF STEP 3: NO RUSH WITH MONOTONIC OPPORTUNITIES. To demonstrate that

the creation of a city by a rush of migration is possible only when the opportunity function

is non-monotonic and initially increasing, consider the cases with a monotonic opportunity

function and a non-monotonic opportunity function that is initially decreasing. Begin with a

monotonic opportunity function. The no-arbitrage condition for a rush of migration defines

the size of the rush by the point at which the average opportunity function intersects the

opportunity function. For monotonic opportunity functions the average opportunity function

and the opportunity function intersect only when the rank equals one. For a rush larger

than one, an arbitrage condition exists because either R̄(J) < R(J) (when the opportunity

function is increasing) or R̄(J) > R(J) (when the opportunity function is decreasing.

PROOF STEP 4: NO RUSH WITH INITIALLY DECREASING NON-MONOTONIC OPPOR-

TUNITIES. Consider a non-monotonic opportunity function that is initially decreasing, as

depicted in Figure 2. In this case there does exist a point J such that the no-arbitrage con-

dition in equation (12) holds. However, there exists an arbitrage condition for individuals to

pre-empt the rush because R(1) > R̄(J). This inequality holds because R̄(J) is the minimum

value for R̄(k), as depicted in Figure 2. Therefore there exists an arbitrage opportunity, and

no equilibrium exists.14

For rank functions that are monotonically decreasing or non-monotonic and initially

increasing, the beginning of the timing game is a pre-emption game. In this pre-emption game

the strategic effect is to pre-empt the other individuals to receive better opportunities at the

cost of lower fundamentals from differences in incomes produced in the two cities. However,

before the transition of the new city into steady state growth the game can be thought of as

a war of attrition game. In this game the fundamental is given by the opportunity function

and is decreasing while the strategic effect is given by the difference in incomes between the

two cities.

PROPOSITION 2 Cities experience a rush of migration when entering steady state growth if

and only if the opportunity function is decreasing and the difference in the present values of

income between cities is non-monotonic and initially increasing.

The rationale for proposition 2 is similar (though in reverse) of the rationale for propo-

sition 1 and therefore is omitted.15 The no-arbitrage condition for rushes of migration when

14A graphical proof is provided in the Appendix, section 5.3.
15The condition for proposition 2 holds when income in the new city at its peak is greater than income of

the initial city at the time the new city enters steady state. This holds when cities are homogenous in their
income functions but need not hold when they are heterogeneous.
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cities are entering steady state growth has two parts defining both the timing and the size

of the rush. First, to ensure there is no opportunity to benefit from pre-empting the rush

or for an individual to join the rush rather than move right before the rush, it must be that

the difference in incomes,

y1(N(τ2))− y2(N(τ2)) = R(k−)− R̄(J2) (13)

is equal to the difference between the opportunity function right before the rush and the

average opportunity of individuals in the rush. Second, to ensure there is no opportunity to

benefit from waiting until just after the rush rather than rushing (or an individual to rush

instead of moving right after the rush) the difference in incomes,

y1(N(τ2))− y2(N(τ2)) = R̄(J2) (14)

must equal R̄(J2) which is the average opportunity of the individuals that rush.

DEFINITION: Let q(t) be the flow of migration determined by the CDF Q : [τ , τ̄ ] → [0, λ]

which is non-decreasing and right-continuous and that defines the equilibrium mix. Then an

equilibrium is a symmetric mixed Nash equilibrium defined by the mix Q(t) and a collection

(τ , τ̄ , τ2, J1, J2) such that,

(i) q(t) satisfies (8),

(ii) τ satisfies (9)

(iii) τ̄ satisfies (11)

(iv) τ2 and J2 satisfy (13) and (14)

(v) J1 satisfies (12).

The parametric equations (1) and (2) translate the assumptions on income and oppor-

tunity functions into formulas for yi(N) and R(k). The characterization of the equilibrium

(section 2) and the proofs of existence, uniqueness, and robustness (section 3) are carried

out under the more general Assumption (A).

ASSUMPTION (A): (i) The functions yi(Ni) and R(k) : R+ → R+, are continuously differ-

entiable. All yi(Ni) are concave, strictly increasing and then strictly decreasing in Ni, and

yi(0) = 0. (ii) The rank function R(k) is restricted to the set of functions such that R(0) > 0,

R(k) = 0 for all k > k̄, and R(k) is either a monotonically decreasing function or initially

strictly increasing and then strictly decreasing.

The restrictions on R(k) are made for two reasons: (i) for notational ease, and (ii) to

limit the set of functions to the set such that an equilibrium exists. It is quickly verified that
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there are no equilibria such that R(k) is monotonically increasing or initially decreasing and

then increasing.

2 Characterization of the Equilibrium

This section characterizes the equilibrium in a series of propositions. First, the general life

cycle of a city is characterized. Second, the effect of various policy initiatives on city growth

is analyzed. The analysis is performed using the parametric model and generalized in the

propositions using the general formulas y(N) and R(k).

2.1 Life-Cycle of a City

In the model, city creation and growth are determined by the migration of individuals. In

equilibrium, an individual decides to create a new city, at time τ , when the opportunities

in the new city equal the loss of income the individual incurs by moving to the new city,

formalized by the no-arbitrage condition in equation (9). Proposition 1 demonstrates that

the creation of a city can occur by one individual or by a rush of individuals. Proposition 5

provides some comparative statistics on when rushes of migration are larger or smaller. A

full description of comparative statistics of the size of the rush of migration in the parametric

model is given in the Appendix. The basic intuition is when the opportunities increase the

size of the rush increases and when the opportunities decrease the size of the rush decreases.

After creation, the city experiences a period of accelerated growth between time τ and τ̄

according to,

q(t) =
y′1ηr +R′′q2 +R′q′

y′1r + y′2r +R′r
. (15)

The population growth in the accelerated growth period is found by taking the derivative

of the first no-arbitrage condition in equation (8) with respect to τ , using Leibnitz’s rule.16

During the accelerated growth period the opportunities in the city are decreasing for later

migrants. However, the income in the new city is increasing at a rate to keep migrants

indifferent between when to migrate to the new city. The accelerated growth period ends

when rank k̄ is reached. Proposition 2 demonstrates that the city may enter steady state

growth with a rush of migration.

16All of the math for this section can be found in the Appendix.
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In steady state, migration to and from cities ensures that the income individuals receive is

equalized across all cities. The steady state condition allows for heterogenous growth across

cities depending on the heterogeneity of their income functions. Once a city reaches steady

state growth it is assumed to remain in steady state growth forever.17

PROPOSITION 3 The life-cycle of a city is characterized by (i) the endogenous creation of

the city which may involve a rush of migration, (ii) a period of accelerated growth which may

end in a rush of migration, and (iii) continued growth in steady state.

Proposition 3 states that the migration mechanisms in the model are able to create a

life-cycle of city growth that matches the three stylized facts identified in the empirical

literature. First, one of the most interesting anecdotal pieces of evidence on city growth is

the ability of rushes of migration to seemingly create cities overnight. Propositions 1 and 2

formalize the conditions under which cities experience rushes of migration. Second, recent

empirical studies have identified a pattern in which cities tend to grow in sequence, each

experiencing a period of accelerated growth one after another [Cuberes, 2009]. In this model

cities experience an accelerated growth period while the new city develops. Whether the new

city is able to catch up or even surpass existing cities depends on the heterogeneity of income

functions. When there is no heterogeneity in income functions new cities will catch up to

existing cities and all cities in steady state will have the same population and population

growth. Finally, most cities continue to grow through time. While this empirical finding

may be straight forward empirically, it contrasts with most models of city growth. In the

model, cities continue to grow in steady state such that income produced within each steady

state city is equal across steady state cities. In steady state, city growth is heterogenous to

the extent that income functions are heterogeneous across cities.

2.2 Policy Effects on City Creation and Growth

The objective of this section is to analyze different policy effects on city creation and growth.

The findings are summarized in propositions 4-6 and are left general to capture a wide range

of policies. Propositions 4-6 are depicted through the use of the parametric model analyzing

the specific policy effects of property and income taxation.

The growth of the new city depends on the in-migration from the existing city q(t).

17An extension of the current model would allow amenity levels to change over time according to a Poisson
process. This change to the city would allow it to break out of steady state growth while it adjusted to its new
steady state growth path. The rust belt in the United States may have experienced a negative production
amenity shock causing these mature cities to enter a period of adjustment to lower levels of population.
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The time path of migration derived from the no-arbitrage condition is given in equation

(15). This condition is used to derive a series of comparative statistics. For example, the

growth rate of a city increases as individuals become less patient and the exogenous rate of

population growth increases. From a policy perspective this suggests cities will grow faster

in countries with greater population growth.

Comparative statistics of equation (15) determine the effect of the opportunity and in-

come functions on city growth. Analyzing policy effects on city growth is done in two steps;

first, determine how the policy affects the opportunity and income functions and second, de-

termine the comparative statistics on how changes in the opportunity and income functions

affect migration.18

2.2.1 Property Taxation and the Role of the Rank Function

Consider the effect of property taxation in the parametric model. The land value, deter-

mined by the area and distance from the center of city, determines the opportunity benefits

individuals receive from moving to the new city. The opportunity function with property

taxation is given by,

R(k) = (1− τp)(dα(k)γ −mkφ). (17)

where τp is the property tax rate. Property taxation has two effects on the opportunity

function. First, it decreases the benefit individuals receive when moving to the new city

because some of it is taxed away. Second, property taxation decreases the difference in

benefits received by an individual with rank k and an individual with rank k + 1.19 The

effect of property taxation on the rank function is depicted in Figure 3 where city A has a

larger property tax than city B.

18While it is simpler to work with equation (15), an analytical solution of the ordinary differential equation
from equation (8) can be found when it can be rearranged into the linear ordinary differential equation form
q(t) + h(t)Q(t) = g(t). When ξ = φ = γ = 1, β = 2 and η(t) = v, the migration condition can be rearranged
in the appropriate form. For notational ease, let τ = 0 and let N1 = N0 + vt −Q(t), where N0 is the level
of population in city 1 at which τ city 2 is formed. Using the linear differential equation, the closed form
solution for population in city 2 is given below.

Q(t) =

∫
e
∫
h(t)g(t)dt+ c

e
∫
h(t)

(16)

h(t) =
r

R′(k)
(R′(k) + y′(N0) + y′(vt))

g(t) =
−r
R′(k)

(dπp− y(N0 + vt))

19Formally, this is given by ∂R(k)/∂k
∂τp

> 0, where ∂R(k)
∂k < 0.

14



To determine the effect of property taxation on city growth, consider the effect on mi-

gration of lowering the opportunity benefit to individuals and making the difference between

opportunities smaller. A level shift in the opportunities individuals receive from moving to

the new city does not affect the growth rate of a city, which can be seen by the fact that q(t)

in equation (15) does not depend on R(k). Intuitively, individuals tradeoff the opportunities

in the new city with the higher level of income in the existing city. For there to be no arbi-

trage opportunities the change in opportunities must exactly offset the change in incomes.

Therefore, city growth depends on the change in the opportunity and income functions but

not their levels. While a level shift in the opportunities individuals receive does not affect

the growth rate, it does affect when the new city will be created; more opportunities cause

cities to be created earlier. Therefore, higher property taxes cause cities to be created later

because they decrease the level of opportunities in the city.20

The growth rate of a city increases as the difference in opportunities received by indi-

viduals, given by R′(k), decreases. At first this result may seem counterintuitive, expecting

a large difference in opportunities to encourage growth. However, in equilibrium there can

be no arbitrage opportunities which means differences in opportunities must be offset by

differences in the level of income an individual receives. Therefore, the benefit in terms of

opportunities from being person k rather than person k+1 must be offset by the fact that to

be person rank k rather than k+1 they must move to the new city earlier, forgoing the higher

level of income in the existing city for a longer period of time. Therefore, higher property

taxes cause cities to grow faster because property taxes cause a proportional decrease in the

opportunities in a city.

Consider the extreme case where each individual receives exactly the same level of op-

portunities regardless of when they move to the new city, a flat opportunity function. In

this case there cannot be any period of prolonged slow growth because individuals that move

early will always have an arbitrage opportunity by waiting. The equilibrium in this case is

that all of the growth in the accelerated growth period occurs in an instant such that all

individuals receive the same income. While this is an equilibrium, it is counter to the em-

pirical facts; cities do not grow large and then overnight split into two cities. However, this

equilibrium is what is typically assumed in the literature because, by ignoring opportunities

offered by new cities, they implicitly assume a flat opportunity function, [Anas, 1992].

20This can be seen algebraically by rearranging the first border condition (9) placing
∫∞
τ
e−rtR(1)dt

on one side and
∫∞
τ
e−rty1(N1) − y2(N2)dt on the other side. Because the opportunity function remained

unchanged other than a positive shift, the migration pattern in the accelerated growth period will remain
unchanged, causing

∫∞
τ
e−rty2(N2)dt to be the same. Therefore, income in the established city, which will

be foregone by the migrants, must be greater to counter the increase in the opportunity of starting the new
city. This implies the new city will be formed earlier because income in the established city decreases as the
population increases.
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PROPOSITION 4 The opportunities in a new city affect the city’s creation and growth such

that (i) a level decrease in the opportunities in a city causes the city to be created later (ii)

a level change in the opportunities in the city does not affect its growth rate and (iii) a

proportional decrease in the opportunities in a city causes the city’s growth rate to increase.

Consider the case where a rush of migration creates the new city. To ensure the conditions

in proposition 1 hold for a new city to be created by a rush of migration set γ = 1 and φ = 2

in the parametric model. If the city imposes a property tax the opportunities in the new

city are decreased and the difference between opportunities becomes smaller. The number

of individuals that rush to create the city is derived from equating the marginal and average

of the rank function according to equation (12),

J1 =
3dπ

2m
(18)

and is the same with or without the property tax. Intuitively, the number of individuals that

rush to create a new city is given by the point where the marginal and average opportunities

intersect, which corresponds to the maximum of the average opportunities. The point at

which the average opportunities are maximized is unaffected by either a level shift or a

proportional shift. Thus, the number of individuals that rush to create a city is independent

of the property tax. For demonstration purposes, consider the case where the property

tax base is only the area of land such that the opportunity function is given by R(k) =

(1 − τp)dα(k)γ −mkφ. In this case the number of individuals that rush to create a city is

given by J1 = (1− τp)3dπ/2m and the property tax decreases the size of the rush. Similarly,

if the city imposes a proportional tax on commuting such that the opportunity function is

given by R(k) = dα(k)γ − (1 − τc)mkφ then the number of individuals that rush to create

a city is given by J1 = 3dπ/2m(1 − τc). The tax on commuting increases the number of

individuals that rush to create a city.

PROPOSITION 5 The number of individuals that rush to create a new city depends only on

the opportunities in the new city but is unaffected by (i) a level change in the opportunities

in the city or (ii) a proportional change in the opportunities in a city.

2.2.2 Income Taxation and the Role of the Income Function

Consider the effect of income taxation in the parametric model. Each city produces the

composite good c as well as pollution which combine to produce income in the city. The
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income function with income taxation is given by,

y2(N) = (1− τI)(AN ξ
2 −BN

β
2 ) (19)

where τI is the income tax rate imposed in the new city with production net pollution as

its base. Income taxation in the new city has two effects (i) it lowers income within the city

for a given population level and (ii) it decreases the difference between income produced

with different levels of population. The effect of income taxation on the income function is

depicted in Figure 4 where city B has a larger income tax than city A.

To determine the effect of income taxation on city growth consider the effect on migration

of a level and proportional decrease of income within a city. The migration pattern in

equation (15) does not depend on y2, implying that a level shift to y2 does not affect the

growth rate. The intuition is similar to a level shift for the property tax. Migration depends

on differences of the income and opportunity functions such that the differences are equal

to ensure there are no arbitrage opportunities. The level shift does affect when the city is

created. The city is created when the income and opportunities in the new city are enough

to balance forgoing the income in the established city, which occurs later when there is a

negative level shift. Therefore income taxation causes cities to be created later.

The growth rate of a city decreases with a proportional decrease in the income function

of a city. This result follows directly from equation (15) and contrasts with the result of a

proportional decrease of the opportunity function.21 The intuition follows from the fact that

the benefit individuals receive from income depends on two factors: the income function

and the speed of migration. The present value of income in the new city increases as the

speed of migration increases because individuals spend less time with a lower level of income

relative to the existing city. When the difference in the income function decreases, the speed

of migration must decrease such that the difference in the present value of income received

over time remains the same. Therefore income taxes cause cities to grow slower.

PROPOSITION 6 The income produced within a city affects the city’s creation and growth

such that (i) a level decrease in the income function causes the city to be created later, (ii)

a level change in the income function does not affect its growth rate, and (iii) a proportional

decrease in the income function causes the city’s growth rate to decrease.

21The numerator and denominator in equation (15) are negative.
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3 Existence, Uniqueness, and Robustness

The two theorems in this section formalize the existence, uniqueness, and robustness of the

equilibrium found in the previous sections. Assumption A provides the smoothness of the

relevant functions to ensure the existence and uniqueness of the equilibrium. The three no-

arbitrage conditions are used to demonstrate that relative to the equilibrium there exists an

early time period when it is inferior to start a new city, there exists a late time period when

it is better to start the new city, and that the assumed smoothness creates a unique crossing

point at which it is optimal to start the new city. This pattern of finding the unique crossing

point is repeated to find the unique size of the rushes of migration, the starting and ending

times of the accelerated growth period, and the distribution of migration times during the

accelerated growth period. Finally, the robustness of this equilibrium is demonstrated by

constructing the actual migration distribution, which allows for time perturbations from the

targeted distribution.

3.1 Existence and Uniqueness

This subsection asserts the existence and uniqueness of the equilibrium with or without

rushes of migration. The three no-arbitrage conditions define the set of possible equilibria.

The smoothness of these conditions is found to produce an equilibrium which is unique.

Specifically, the no-arbitrage conditions imply i) a unique creation time of the new city, ii)

a unique ending time of the accelerate growth period, iii) a unique distribution of migration

in the accelerated growth period, and iv) unique rush sizes if rushes occur in equilibrium,

defined by the conditions in propositions 1 and 2.

THEOREM 1 Under Assumption (A) there exists a unique equilibrium among equilibria with

slow migration and no periods of inaction.

Existence and uniqueness of the equilibrium described in Theorem 1 are shown in four

steps. First, the size of a rush of migration is shown to uniquely exist. Second, the creation

time of the new city is shown to uniquely exist using the implied expected payoff from the first

step. Third, the distribution of migration times is constructed demonstrating its existence

and uniqueness. Finally, it is shown that there does not exist any profitable deviation from

the constructed equilibrium.

PROOF STEP 1: SIZE OF THE RUSHES. The proof of proposition 1 demonstrates that the

size of the rush is determined by the point at which the average opportunity in the new

city equals the marginal opportunity. In the case where the opportunities are monotonically
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decreasing there is no rush of migration because the marginal and average intersect only for

the first individual. Otherwise, the intersection point is defined by the maximum point of

the average opportunities in the new city, which by Assumption A is defined by a unique

point. Similarly, there exists a unique terminal rush.

PROOF STEP 2: CITY CREATION TIME. The first no-arbitrage condition given in equation

(8) states that the expected payoff of migrating at the time of city creation is the same

as migrating at the end of the accelerated growth period; Y2(τ̄) = R(J1) + Y2(τ) where

Y (t) is the integral of the income function in city 1 from time 0 to t plus the integral of

the income function in city 2 from time t to infinity. This implies Y2(τ̄) < R(J1) + Y2(τ̄)

because Y ′(t) > 0 for t ∈ [τ , τ̄ ]. Therefore, by the smoothness of the opportunity and income

functions defined by Assumption A, the creation time of the new city τ < τ̄ uniquely exists.

Similarly, the city ends its accelerated growth period at a time τ̄ which uniquely exists.

PROOF STEP 3: CONSTRUCTING THE MIGRATION DISTRIBUTION. The distribution

of migration can be found by inverting the first no-arbitrage condition. The distribution

exists and is unique because the income and opportunity functions are both monotonic after

the creation of the city and are both sufficiently smooth as defined by Assumption A. The

distribution can also be solved by the differential equation given in equation (15) given the

boundary points found in step 2. PROOF STEP 4: NO PROFITABLE DEVIATION. Steps 1

through 3 construct the unique equilibrium. The final step is to demonstrate that there is

no profitable deviation to ensure it is an equilibrium. The equilibrium is constructed using

the three no-arbitrage conditions. The first no-arbitrage condition ensures no profitable

deviation in the accelerated growth period, the support of Q∗ : [τ , τ̄ ]. The second no-

arbitrage condition ensures there are no profitable deviations from pre-empting or delaying

the creation of the new city. The third no-arbitrage condition ensures there are no profitable

deviations from pre-empting or delaying the transition of the city from the accelerated growth

period to steady state. These three no-arbitrage conditions exhaust all possible deviations

and ensure that no profitable deviation exists.

Theorem 1 asserts the existence and uniqueness of the equilibrium in the focal set of

equilibria where slow migration occurs without periods of inaction. Other equilibria may

exist such that the city is created with one large rush of migration; however these equilibria

are not of interest as they are not empirically important.
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3.2 Robustness

This subsection considers the robustness of the Nash equilibrium in the paper to trembles in

the timing game. The specific Nash equilibrium refinement considered is a type of trembling

hand equilibrium similar to Abreu and Brunnermeier [2003] and defined as a time tremble

in Anderson et al. [2013]. Individuals decide when to move to the new city, targeting a time

τ . The time tremble allows for slight perturbations such that the actual time the individual

migrates is τ̂ , where the difference between the target and actual time τ − τ̂ is exponentially

distributed with mean ε > 0. The structure, though not the realization of the random

variable, is common knowledge.

THEOREM 2 Under Assumption (A) the unique equilibrium Q∗ is an ε-robust equilibrium.

To demonstrate that an equilibrium is an ε-robust equilibrium, construct a sequence

{Qε} of ε-robust equilibria converging to Q∗ as ε → 0.22 The construction of the sequence

of ε-robust equilibria follows in three steps. First, given the time perturbations find the

actual distribution of migration times and the resulting expected payoff from migrating

within its support. Second, define the no-arbitrage condition with time perturbations as

the derivative of the expected payoff found in step 1 with respect to the migration time τ .

Third, demonstrate that the sequence {Qε} can be constructed using the equilibrium Q∗, or

a slight perturbation from it, because Q∗ solves the differential equation found in step 2.

PROOF STEP 1: EXPECTED PAYOFF WITH TIME PERTURBATIONS. Define the actual

distribution of migration when all individuals attempt to migrate according to Q as

Gε(Q)(t) =

∫ τ

0

[1− e−(τ−s)r/ε]dQ(s) (20)

and the expected payoff of migrating at time τ as

Mε(Q)(t) =

∫ ∞
τ

e−(s−τ)r/ε(y2(Gε(Q)(s))+R(Gε(Q)(s)))(1/ε)ds+

∫ τ

0

e−sr/εy1(N̄−Gε(Q)(s))ds.

(21)

PROOF STEP 2: NO-ARBITRAGE CONDITION WITH TIME PERTURBATIONS. The no-

arbitrage condition is found by taking the derivative of the expected payoff from migrating

with respect to migration time τ , given by

M ′
ε(Q)(t) = y1(N̄−Gε(Q)(τ))−y(Gε(Q)(τ))−R(k(τ))−

∫ ∞
τ

e−rt
(
−∂R(k(τ))

∂τ

)
dt = 0 (22)

22The convergence norm is the Levy Metric, following Anderson et al. [2013].
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PROOF STEP 3: CONSTRUCTING {Qε}. Theorem 1 implies there is a unique noiseless

equilibrium Q∗ that ensures there are no arbitrage opportunities as defined by equation (8).

The no-arbitrage condition with time perturbations in equation (22) is a smooth perturbation

of the no-arbitrage condition in equation (8). Therefore, since Q∗ solves equation (8) it also

solves equation (22) and it clearly converges to itself.

4 Conclusion

The model presented in this paper reframes city creation and growth in terms of the aggre-

gation of individuals’ migration decisions. Providing such a model is important because it

focuses policy makers on the underlying mechanisms that drive growth. The model advances

the literature by considering both benefits from agglomeration, which are typically discussed,

and opportunities for early migrants, which is introduced in this paper. The opportunities

from being an early migrant can be applied generally, for example being an early migrant

in a specific industry in a specific location. The technology boom of the 1990s took place in

many cities. There are clearly agglomeration benefits from being in Silicon Valley, but there

are also many opportunities from being an early migrant in the technology sector in places

like Austin, Raleigh, and Salt Lake City where technology growth increased dramatically

over the last decade.23 Previous models focused solely on agglomeration benefits would not

predict the dispersion of technology growth outside of one central location. These models

are unable to guide urban policies aimed at fostering this type of growth because they lack

an important incentive for individuals, defined in this paper as the opportunities of being an

early migrant.

The parametric model presents one possible realization of the forces that individuals must

balance, focusing on production agglomeration and spatially heterogeneous land. However,

other forces certainly exist and understanding the policy effects with these different forces is

important. Empirical research is needed to guide researchers to focus on the specific forces

that are the most relevant.

This paper makes predictions about city growth given the forces that individuals balance.

However, there is no reason to believe that this equilibrium behavior provides individuals

the incentive to make the socially efficient decision. In fact, the literature is clear that

when individuals’ incentives correspond to average, instead of marginal, benefits city growth

23A recent Forbes article by Joel Kotkin, “The New Places Where America’s Tech Future Is Taking
Shape,” asserts Austin, TX; Raleigh, NC; Columbus, OH; Houston, TX; and Salt Lake City, UT; all saw
double digit rate expansions of technology employment in the last decade despite flat or declining rates in
San Francisco, CA; Boston, MA; and San Jose, CA.
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will not be efficient, Albouy and Seegert [2011], Arnott [1979], Arnott and Stiglitz [1979].

Comparing the predictions of this model with normative models of city growth, for example

Fujita [1989], Fujita et al. [1978], could provide important policy insights to promote socially

efficient city growth.

Economic development depends critically on cities and cities are dynamic forces that need

to be better understood to provide more accurate urban policy prescriptions. This paper

provides an exploration of a new type of force, dependent on whether an individual is an

early or late migrant. In the model this new force is able to solve the coordination problem

in earlier models focused on decentralized city growth. Empirically, the composition of this

force and its response to different policies remain open questions.
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5 APPENDIX

5.1 Solving Migration Patterns

Taking the derivative of the payoff for a migrant (7) with respect to the time a person
migrates τ , it is possible to solve for the migration pattern to city 2. The first no-arbitrage
condition ensures in equilibrium there is no profitable deviation from the equilibrium. This
implies that the derivative of the payoff to migrants with respect to migrating time must be
zero for all migrating times in the accelerated growth period. The derivative is found using
Liebnitz’s rule and noting that the rank function is a function of migrating time but that
the average product y is a function of time not migrating time.

e−rτy1(N1(τ))− e−rτy(N2(τ))− e−rτR(k(τ), N2(τ)) +

∫ ∞
τ

−e−rt∂R(k(τ))

∂τ
dt = 0

This condition can be rewritten as,

e−rτy1(N1(τ))− e−rτy(N2(τ))− e−rτR(k(τ), N2(τ))− 1

r
e−rτ

∂R(k(τ))

∂k
q(τ) = 0,

expressing the integral as −1
r
e−rτ ∂R(k(τ))

∂k
q(τ) because ∂R(k(τ))

∂τ
= ∂R(k(τ))

∂k
∂k
∂τ

is not a function
of time. From this condition we can cancel out e−rτ and rearrange to get q(t) on one side,

q(t) =
r(y2(N2) +R(k)− y1(N1))

∂R(k)/∂k
.

To produce the migration condition in equation (15) take the derivative of the first no-
arbitrage condition in equation (8) with respect to the migrating time τ ,(

∂y1(N1)

∂N1

+
∂y2(N2)

∂N2

+
∂R(k)

∂k

)
q(t) =

1

r

∂2R(k)

∂k2
q(t)2 +

1

r

∂R(k)

∂k
q′(t) +

∂y1(N1)

∂N1

η(t),

and rearrange,

q(t) =

∂y1(N1)
∂N1

η(t) + ∂2R(k)
∂k2

q(t)2

r
+ ∂R(k)

∂k
q′(t)
r

∂y1(N1)
∂N1

+ ∂y2(N2)
∂N2

+ ∂R(k)
∂k

.

5.2 Microfoundations for the Sequential Growth of Cities

The first k̄ residents to a city receive a parcel of land. The parcel of land the resident receives
depends upon when they migrated to the city relative to other migrants, the resident’s rank.
The city grows in a spiral around the central business district which uses P parcel of land
for production. For tractability the city grows according to a simple Archimedean spiral
characterized by r = bθ, where r is the radius, θ is the angle, and b is a parameter. Each
parcel of land is assumed to be formed by two lines radiating from the spiral’s pole. The
angle between the two radiating lines is assumed to be constant and is denoted by θ̄ = 2π/s,
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where s is the number of parcel in a given rotation. The area of the parcel of land given to
resident with rank k is given by the following expression. 24

Areak =

{
1
2

∫ θ̄(P+k)

θ̄(P+k−1)
b2θ2 if k ≤ s− P

2πb2
∫ θ̄(P+k)

θ̄(P+k−1)
θ − πdθ if k > s− P

Integrating provides:

Areak =

{
b2θ̄
6

(1 + 3p2 + 6kp− 3p+ 3k2 − 3k) if k ≤ s− P
4b2π3

s2
(2k + s+ 1) if k > s− P

This gives the area of the parcel of land for resident with rank k in terms of k and parameters.
Residents of a city must travel to the CBD to work. The expression below gives the distance
of a resident’s commute, which is given by the shortest distance between their parcel of land
and the pole of the spiral.

radiusk =

{
0 if k ≤ s+ 1− P
b2π
s

(k − s− 1 + P ) if k > s+ 1− P

Residents have utility over both the area and distance to the CBD of their parcel of land.
This utility is quantified in the rank function R(k). To calculate the rank function substitute
the resident’s budget constraint, distance from the CBD and area of land into their utility
function.

Ui,k(Areak, Ck) = d

[
4b2π3

s2
(2k)

]γ
−m(

b2π

s
(k − s− 1 + P ))φ︸ ︷︷ ︸

Rank Function R(k)

+y(Ni)

R(k) =


d
(
b2θ̄
6

(1 + 3p2 + 6kp− 3p+ 3k2 − 3k)
)γ

if k ≤ s+ 1

d
(

4b2π3

s2
(2k + 1 + s)

)γ
−m( b2π

s
(k − s− 1 + P ))φ if Ω > k > s+ 1− P

Θi for k > Θi

When the rank function is ‘hill-shaped’ being the first migrant is not as beneficial as being
the second migrant. When this is the case by proposition 1 the new city is formed by a rush
of migrants. With the assumption that production in the CBD uses P = s + 1 parcels of
land and s = 2bπ provides a rank function that can be written as

R(k) = d(2πk)γ −mkφ.

Given that the city is formed by a rush, the number of migrants that form the rush and
the time τ will be uniquely determined. Each migrant in the rush has rational expectations
and expects to receive the average rank benefit. To ensure the rushing migrants, {1, J I},
do not have an incentive to deviate from rushing and migrate late at time τ rush + dt the
expected rank payoff must be greater than or equal to the rank payoff for migrant J I + dk.

24The area given between two curves, r1 and r2, in between the angles a and b is given by 1/2
∫ a
b
r2
1−r2

2dθ.
For the first integral r2 = 0 and the second integral has been reduced according to the following expression.
1
2

∫ θ̄(P+k)

θ̄(P+k−1)
r2
1 − r2

2dθ = 1
2

∫ θ̄(P+k)

θ̄(P+k−1)
b2θ2 − b2(θ − 2π)2dθ = 2πb2

∫ θ̄(P+k)

θ̄(P+k−1)
θ − πdθ.
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Similarly, to ensure that migrants not in the rush do not have an incentive to migrate early
with the rush the the rank payoff for the migrant J I + dk must be greater than or equal to
the expected rank payoff of the rush. Therefore the expected rank payoff of the rush must
equal the rank payoff of the last rusher.

1

J I

∫ JI

0

R(k)dk = R(J)

To find the size of the rush J first find the average rank payoff at point J ,

1

J

∫ J

0

R(k)dk = dπJ − m

φ+ 1
Jφ.

Set this equal to the opportunity of being migrant J ,

d(2πJ)γ

1 + γ
− m

φ+ 1
Jφ = d(2πJ)γ −mJφ,

and rearrange to get,

J =

(
d(2π)γγ(1 + φ)

mφ(1 + γ)

) 1
φ−γ

.

With this closed form solution for the number of rushers it is possible to do comparative
statics, to understand when rushes will be large and when rushes will small. Given the
constraint that φ > γ the following comparative statics hold.

∂J

∂m
< 0

∂J

∂d
> 0

∂J

∂φ
< 0

∂J

∂γ
> 0

Substituting the example in the microfoundations section where γ = 1 and φ = 2, the size
of the rush is given by

J =
3dπ

2m
(23)

which is the equation provided in the paper.

The migration pattern in equation (16) can be further simplified.

Q(t) =

∫
e
∫
h(t)g(t)dt+ c

e
∫
h(t)
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h(t) =
r

∂R(k)/∂k

(
∂R(k)

∂k
+
∂y(N0)

∂N
+
∂y(vt)

∂N

)
g(t) =

−r
∂R(k)/∂k

(dπp− y(N0 + vt))

The population in city 2 can be simplified by allowing the production amenity level A =
−∂R(k)/∂k = m− 2dπ and using the boundary condition Q(t) = 0.

Q(t) =
g(t)− v
h(t)

+ ce−
∫
h(t)

c =
(2dπ −m)v − r(BN2

o + dπp− AN0)

r(m− 2dπ − 2A+ 2BN0)

5.3 Graphical Proof Proposition 1

This section provides a graphical proof of proposition 1 using Figures 1 and 2. Define the
points J as the point at which the average opportunity equals the marginal. Define B, as
the points at which the opportunity function’s derivative switches signs. Define E as the
point at which the opportunities are equal to the opportunity of the first migrant. If the
rank function is initially increasing the average opportunity at any point h less than B is less
than the opportunity at point h. In contrast, at point C the average opportunity is greater
than the opportunity at point C. Therefore by continuity, point J exists and is greater than
point B and less than point C. There are no arbitrage opportunities from pre-empting or
out waiting the rush because the average opportunity at J is (i) greater than the opportunity
of being the first migrant (by J < C) and (ii) equal to the opportunity of being individual
J to move to the new city (by definition of J).

In contrast, if the opportunity function is initially decreasing as in Figure 2 there can not
be a rush of migration. The average opportunity at any point h less than B is greater than
the opportunity at point h. In addition, the average opportunity at point C is less than the
opportunity at point C. By continuity point J is smaller than C and the average opportunity
at point J is less than the the opportunity of the first migrant. Therefore, there does not
exist an equilibrium with a rush of migration with a non-monotonic opportunity function
that is initially decreasing because there exists an arbitrage opportunity to pre-empt the
rush.
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R(k)

Average R(k)

Opportunity Function

Rank kJA B C

Figure 1: There is an initial rush when the rank function is initially increasing.

R(k)

Average R(k)

Opportunity Function

Rank kJA B C

Figure 2: There is not an initial rush when the rank function is initially decreasing.
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Figure 3: City A Grows Faster Than City B (Rank Differences)

Figure 4: City A Grows Faster Than City B (Production Differences)
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Figure 5: Parcels of Land in a City
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