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Abstract. Government budget crises in the 2000s were magnified by the increase in tax revenue
volatility governments experienced. Governments can decrease the variance of their tax revenues
by holding the efficient “portfolio” of taxes. In this conceptualization, each tax base is a potential
asset the government can hold and the tax rate on a given base is the weight they put on the asset.
Conceptualizing government finances as an optimal portfolio problem highlights the ability of
governments to hedge risk by taxing different bases, but this method must be adapted to account
for numerous differences between a government and an individual investor. This paper conducts
the analysis of the mean-variance tradeoff made by governments within a utility framework.
This analysis demonstrates the tradeoffs governments face between volatility and deadweight
loss and between public and private consumption volatility. Therefore, the government does not
minimize tax revenue volatility but aims to optimize tax revenue volatility. As an application of
the theoretical model, I create a method to estimate the minimum variance a government can
achieve for a given expected level of tax revenue: an efficient frontier. I demonstrate the method
with a few examples using data from U.S. state governments. Estimating state-specific efficient
frontiers allows for across state analysis of the relative mean-variance tradeoffs. In addition, the
different portfolios states have held can be plotted to determine how state portfolios have changed
over time relative to the efficient frontier.
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Government budget crises in the 2000s were magnified by an increase in tax revenue volatility.

For example, state governments in the United States experienced a 500 percent increase in

volatility in the 2000s relative to previous decades. State governments are particularly sensitive

to tax revenue volatility because of their balanced budget rules and other frictions which make

smoothing tax revenues difficult. Governments can decrease the variance of their tax revenues by

holding the efficient “portfolio” of taxes. In this conceptualization, each tax base is a potential

asset held by the government and the tax rate on a given base is the weight the government puts

on the asset. Conceptualizing government finances as an optimal portfolio problem highlights the

ability of governments to hedge risk by taxing different bases, but this method must be adapted

to account for numerous differences between a government and an individual investor.

The first of these differences results from the obvious disparity in size between individual

investors and governments. When an individual investor increases her holdings of a given asset,

the mean return of the asset is not affected. However, when the government increases the weight

on a given asset by increasing the tax rate, the asset’s mean return decreases because the tax

base shrinks as a result of individual behavioral responses to the tax increase. The decreased

return is the leakage caused by behavioral responses by individuals.

The second difference occurs because, in contrast to the individual investor, the assets in the

government’s portfolio are interdependent. When a government increases its income tax rate,

this affects sales tax and corporate tax returns. For example, individual behavioral responses of

how much to consume and how much income to shift between income and corporate tax bases

depends on the income tax rate. The effect of a given tax rate on other tax bases is a horizontal

externality that complicates government finance.

The third difference occurs because, in contrast to the individual investor, the government’s

objective function is not to minimize the variance of tax revenue for a given expected rate of

return but to maximize expected utility. One aspect that needs to be considered when maximizing
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expected utility is the cost from volatile tax revenue streams. Other aspects the government must

consider include costs due to deadweight loss and the efficient risk-sharing between public and

private consumption.

This paper conducts the analysis of the mean-variance tradeoff made by governments within a

utility framework. The analysis demonstrates the tradeoffs governments face between volatility

and deadweight loss and between public and private consumption volatility. Therefore, the

government aims to optimize, not minimize, tax revenue volatility.

The theoretical model is applicable to governments that are constrained, in some way, from

perfectly smoothing their revenue causing their expenditures to be exposed to risk in revenue.

For example, U.S. state governments are limited in their ability to smooth revenue because

of self-imposed balanced budget rules. In addition, European governments’ expenditures are

currently exposed to additional risk in revenues because of limits in borrowing caused by the

Euro-zone debt crises. Borrowing constraints can also cause developing countries’ expenditures

to be exposed to risk in their revenue streams. In fact, all governments are exposed to revenue

shocks to some extent because of their uncertainty about whether an observed shock is temporary

or permanent. Therefore, explaining tax revenue volatility and the ways in which tax policy can

be used to stabilize government expenditures is important for governments world-wide.

As an application of the theoretical model, I create a method to estimate the minimum variance

governments can achieve for a given expected level of tax revenue: a minimum-variance frontier.

Following the results of the theoretical model, each tax base-rate pair is considered a separate

asset. To implement this method, counterfactual portfolio returns first had to be estimated

because data exist for only one portfolio in any given year (the actual portfolio held by the

government).

I demonstrate the method with a few examples using data from U.S. state governments. Es-

timating state-specific minimum-variance frontiers allows for across-state analysis of the relative
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mean-variance tradeoffs. In addition, the different historic portfolios held by governments can be

plotted to determine how government portfolios have changed over time relative to the minimum-

variance frontier.

1. Literature

This paper builds upon a large literature of optimal taxation, which has progressed by isolating

new tradeoffs involved with taxation. Mossin (1968b) and Stiglitz (1969) study the effect of taxes

on risk taking oby individuals.1 Mirrlees’ 1971 seminal paper presented the tradeoff between

equity and efficiency inherent in progressive income taxation. Allingham and Sandmo (1971)

discuss the problem of tax evasion, which they describe as a new tradeoff that is ”of considerable

practical interest.” The potential for taxation to act as social-insurance was demonstrated by

Varian in his 1980 paper.2 Stern’s 1992 paper considers new tradeoffs that exist in a dynamic

setting and Slemrod’s 1990 paper discusses the new tradeoffs of taxation when the entire system

of taxation is considered.

This paper is also influenced by the tax portfolio literature started by Groves and Kahn in 1952.

This literature has focused on the income elasticities and stability of state and local taxes.3 Dye

and McGuire (1991) compare state sales and income taxes in an attempt to determine which tax

base is more stable, but find that their stabilities cannot be systematically differentiated. Sobel

and Holcombe (1996) extend Dye and McGuire’s analysis by including more tax instruments

in a new time series technique but find similar ambiguities. Bruce, Fox, and Tuttle (2006)

use disaggregated data to refine the literatures results; for example, they use actual tax base

data, rather than proxies, to estimate the relationship between personal income and tax bases.

1Mossin (1968b) and Stiglitz (1969) study the effect of taxes on risk taking by individuals. In contrast, here I
consider the effect of taxes on the exposure of risk to state tax revenues.
2Varian (1980) describes the insurance benefit of taxation that occurs when luck can cause differences in income;
in contrast, this paper is focused on the portfolio choice of governments that take into account the costs of
exposing themselves to more risk.
3This literature has noted that the elasticities change over time (Groves and Kahn (1952)) and with the business
cycle (Fox and Campbell (1984) and Otsuka and Braun (1999)).
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Their results suggest that neither the personal income tax nor the sales tax is universally more

volatile than the other. Instead of comparing individual tax bases, my paper uses adapted

optimal portfolio theory to demonstrate that a mix of tax bases may provide the most stabile

tax revenues.

2. Model Setup

A Timing The economy is assumed to be a one period snapshot of a dynamic model where

the state of nature within the period is uncertain ex ante. The timing is given below, but

note the government moves before the state of nature is realized, causing uncertainty from the

government’s point of view; in contrast, the individual does not face uncertainty because she

moves after the state of nature is realized. The government does not know the realization of the

wage and profit, but is assumed to know the distribution.

Order of Decisions Choices

1st - Government τc, τw

2nd - Nature w, π

3rd - Individual c, L, β

4th - Production occurs

5th - Utility realized

B. Individual Behavior. The individual has utility over her supply of labor L, the public good

g, and total private consumption c, which is split between goods that are taxed, c1 ≡ βc, and

goods that are untaxed c2 ≡ (1− β)c. The individual chooses c, L, and β to maximize utility

maxc,β,L u = U(c, β, L,G, ) subject to y = c(1 + tcβ)
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where tc is the tax rate on consumption and y = (1− tw)wL+π is income net of the wage income

tax.4 Wages and profits are assumed to be stochastic, resulting in stochastic consumption and

wage income. Consumption and its mean and variance can be written as,

c =(1− τcβ)((1− tw)wL+ π) where τc = tc/(1− tcβ)

c̄ =(1− τcβ)((1− tw)w̄L̄+ π̄) σ2
c = (1− τcβ)2((1− tw)2σ2

wL + σ2
π + 2(1− tw)σwL,π)

Consumption and wage income will not be perfectly correlated as long as wages and profits are

not perfectly correlated, which can be seen in figure 1. Figure 1 represents consumption as a

vector equal to the sum of the vectors of wage and profit income where the lengths of all of the

vectors equal the standard deviation of the variable. Using the law of cosines, the correlation

between two vectors is depicted as the cosine of the angle between any two vectors. For example,

if the vectors are parallel the variables are perfectly correlated and if the vectors are perpendicular

the variables are independent.

The ability of the government to hedge idiosyncratic risk between consumption and wage

income tax bases depends on the correlation of these two variables.5 In this example if the

standard deviation of the profit shock increases, the correlation between consumption and wage

income decreases. This can be seen graphically by increasing the length of the profit vector

extending from the end of the wage income vector, which results in a larger angle between

consumption and wage income (and also decreases the cosine of the angle and therefore the

correlation).6

4wL(1− tw) + π = y = (1− β)c+ βc(1 + tc) = c(1 + tcβ)
5First, let τc = tw = 0 for simplicity, allowing c = wL + π. The cosine of the angle between wage income and
consumption, using the law of cosines, can be written as cos(θ) = (σ2

c +σ2
wL−σ2

π)/(2σwLσc). The numerator can
be reduced to 2cov(wL, c) using the variance formula var(π) = var(c − wL) = var(c) + var(wL) − 2cov(wL, c).
Therefore the cosine of the angle between wage and profit income is equal to the correlation between them;
cos(θ) = cov(wL, c)/(σwLσc) = ρwL,c.
6In this example increasing the standard deviation of profit income increases the standard deviation of consump-
tion. However, if profit income and wage income were negatively correlated, increasing the standard deviation of
profit income could decrease the standard deviation of consumption.
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Figure 1. Vector Representation of Shocks
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Utility maximization requires that: i) the marginal disutility from supplying labor equals

the marginal utility of the income it produces and ii) the ratio of marginal utilities from total

consumption c and β is equal to the consumption tax rate multiplied by net income. When

the consumption tax rate is zero there is no distortion between consumption goods, and the

marginal utility with respect to β is zero. Composing utility in terms of total consumption,

c, and β simplifies the composition of deadweight loss because β encompasses all behavioral

responses between goods.

(1) U1(c, β, L,G)(1− τcβ)(1− tw)w = U3

(2)
U2

U1

= τc((1− tw)wL+ π)

C. Government The government produces the public good g and finances its production with

taxes on consumption and wage income. Both of the government’s tax bases are state-dependent

and uncertain when the government makes its decision. Therefore, the government maximizes

the expected utility of the representative individual, which generally can be written as a function
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of the moments (e.g. mean, variance, skewness) of the state-dependent variables. This analy-

sis restricts attention to the cases where expected utility is fully characterized by a function of

the first two moments (mean and variance), but is robust to considering higher moments. This

restriction holds if the joint distribution of the state-dependent variables is normal or any distri-

bution fully characterized by the first two moments (e.g. log-normal and uniform).7 The utility

function is assumed to be additively separable such that U1,4 = 0 so the level of social welfare

can be written as

(3) E[u] =

∫
U(c, g)f(c, R, σ2

R, σ
2
c ) ≡M(C, σ2

c , β, L) +G(R, σ2
R)

M1 ≥ 0, G1 ≥ 0,M4 ≤ 0,M2 ≤ 0, G2 ≤ 0

σ2
g = t2cβ

2σ2
c + t2wL

2σw + 2(tcβtwtwLσw,c)

where c̄ and R̄ are the mean levels of the private and public consumption, σ2
c and σ2

R are the

variances of private and public consumption respectively, and G(·) represents the expected utility

from public consumption and M(·) represents the expected utility from private consumption.

The shape of M(cot) can differ from the shape of G(·), allowing for different attitudes towards

volatility in public and private consumption. Specifically, the relative magnitudes of M2 and G2

determine the relative benefit of stable public or private consumption. Therefore, even though

the government and individual are not allowed to smooth shocks through saving, the relative

magnitudes of M2 and G2 can be thought of as the relative ability of the government and

individual to smooth public and private consumption. For example, if the individual is able

to perfectly smooth private consumption her utility could be written as being linear in private

consumption and M2 = 0.

7Assuming the representative individual’s utility function is quadratic is another example of when the expected
utility function would be characterized fully by the first two moments of the state dependent variables and is used
frequently in the finance literature.



OPTIMAL TAX PORTFOLIOS 9

3. Tax Portfolio Analysis

The government’s optimal portfolio problem differs from traditional optimal portfolio analysis

in three important ways. First, the government is a large relative to the market, meaning the

weight it puts on an asset affects the asset’s returns along with other assets’ returns. For example,

as the government increases its tax rate on wage income, individuals supply less labor causing

the wage income tax base to decrease. In addition, as the government increases its tax rate on

wage income, the individual has less income to consume thus decreasing the consumption tax

base. Second, the government, in maximizing the representative individual’s utility, considers

the welfare cost of volatility in both public and private consumption. Finally, the government,

in maximizing the representative individual’s utility, trades off the costs from volatility (in both

public and private consumption) with deadweight loss caused by the government using taxes

that distort individual’s behavior.

This section begins with the general government’s optimal portfolio problem which is written

as minimizing the welfare cost of public and private volatility. The analysis then turns to a

series of special cases that demonstrate the additional complexities in the government’s optimal

portfolio problem. In all of the special cases the government is constrained to bring in a given level

of mean revenue, abstracting away from differences in first moments (deadweight loss). First,

the government’s optimal portfolio problem is considered when the representative individual is

risk-neutral with respect to the private good. In this case the government’s objective function

reduces to minimizing the variance of the public good.

In the second case the government’s optimal portfolio problem is considered when the repre-

sentative individual has the same risk attitude over public and private consumption. In this case

the government’s objective function reduces to minimizing the sum of the variances of public and

private consumption. Finally, the government’s optimal portfolio problem is considered when the

representative individual’s risk attitude differs between public and private consumption. This
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case differs from the full problem only by abstracting from changes in the first moments of public

and private consumption.

Full Government’s Optimal Portfolio Problem In the full model the government minimizes the

negative welfare impact of volatility with endogenous levels of public and private consumption.

In other words, the government minimizes the negative of utility which is the dual of the Ramsey

problem from Seegert (2012a). Equation (4) provides the condition for the optimal pair of

consumption and wage income tax rates. The condition demonstrates the three key differences

of the government’s optimal portfolio analysis from traditional optimal portfolio analysis.

First, the elasticities of the variance of public consumption with respect to a tax rate encom-

passes the ways in which the tax bases change according to the government’s weight on each

of the tax bases. Second, the welfare cost of both public and private consumption volatility is

captured by the numerators of the two terms on the left-hand side of equation (4). The wel-

fare weights ωM and ωG weight the elasticities in the numerator based on the risk preferences

between public and private consumption. For example, if the representative individual prefers

stable private consumption over stable public consumption ωM > ωG and if the government is

sufficiently better at smoothing tax revenues than the representative individual is at smoothing

her private consumption ωM < ωG. Finally, the tradeoff with deadweight loss is demonstrated

by the two terms on the right-hand side.

mintw,τc −
[
M(c, σ2

c ) +G(R, σ2
R)
]

(4)
ωMεσ2

c ,τc
+ ωGεσ2

R,τc

εR,τc
−
ωMεσ2

c ,tw
+ ωGεσ2

R,tw

εR,tw
=
ωβεβ,τc + ωLεL,τc

εR,τc
− ωβεβ,tw + ωLεL,tw

εR,tw︸ ︷︷ ︸
Deadweight Loss

The condition in equation (4) can be broken up into four parts; two depicting the marginal costs

of the consumption tax and two the wage income tax (the first and second terms of both sides
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respectively) and two the costs from volatility and two the costs from deadweight loss (the left-

hand side and the right-hand side respectively). The two parts on the left-hand side quantify the

marginal costs due to changes in the variance of public and private consumption. The first term

on the left hand side is made up of three elasticities. The elasticities in the numerator are the

elasticity of the variances of public and private consumption with respect to the consumption

tax rate. These elasticities are weighted by their marginal importance on utility. For example,

ωM = −M2(σ
2
c/R) where −M2 = ∂M(C, σ2

c , β, L)/∂σ2
c is positive and equal to the marginal

welfare of changes in the variance of private consumption. The elasticity in the denominator

is the elasticity of tax revenue with respect to the consumption tax rate. Therefore together

this first term provides the marginal welfare cost of increasing the consumption tax rate on the

variance of public and private consumption relative to its change in tax revenue. Similarly, the

second term provides the marginal welfare cost of increasing the wage income tax rate on the

variance of public and private consumption relative to its change in tax revenue.

The right-hand side of equation (4) is the welfare cost due to deadweight loss of the consump-

tion and wage income tax rates. The first term on the right-hand side is the marginal change

in deadweight loss of increasing the consumption tax rate relative to the change in tax rev-

enue. Intuitively, increasing the consumption tax rate affects the individual’s decision on which

goods to consume (β) and how much labor to supply (L). The welfare cost of these changes

are quantified by the numerator of the first term on the right-hand side where ωβ = −M3(β/R)

is the welfare weight applied to the elasticity of β with respect to the consumption tax rate

and ωL = −M4(L/R) is the welfare weight applied to the elasticity of labor with respect to the

consumption tax rate. Similarly, the second term on the right-hand side is the marginal change

in deadweight loss of increasing the wage income tax rate relative to its change in tax revenue.

The government’s efficient pair of consumption and wage income tax rates equalize the mar-

ginal welfare costs due to the variance of public and private consumption (the left-hand side
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of equation (4)) with the marginal welfare costs due to deadweight loss (the right-hand side of

equation (4)).

C.1 Risk Neutral Preferences with respect to Private Consumption. In this case the govern-

ment’s objective function reduces to minimizing the variance of tax revenue. Here, the govern-

ment is constrained to producing a mean level of revenue which abstracts from first moment

considerations.

(5) mintw,τc σ2
R = t2cβ

2σ2
c + t2wL

2σ2
w + 2twLtcβσc,w

Subject to: R̄ = τcβc̄+ twLw̄

This optimization differs from typical optimal portfolio analysis because an individual investor

is a small player while the government is a large player. When an individual investor increases

her holdings of a given asset the mean return of the asset is not affected. When the government

increases its weight on a given asset, by increasing the tax rate, the asset’s mean return decreases.

The decrease is the leakage caused by behavioral responses by individuals. Similarly, because the

government is a large player, the weight the government places on a given asset affects the other

assets in its portfolio as well. For example, lowering the income tax rate may induce individuals

to shift income from the corporate tax base to the income tax base. Therefore the government

must consider the ways asset returns change due to a change in the tax rate. For this example,

some of these terms are assumed to simplify. Specifically, profit, wages, and labor are assumed

to be independent of the consumption tax rate and β is assumed to be independent of the wage

income tax rate.

The first-order conditions given in equations (6) and (7) demonstrate the additional complex-

ity of the government’s optimal portfolio analysis. In traditional portfolio analysis the assets’

returns do not change with the weights, and hence only the direct effect would be included. The

government’s optimal portfolio problem must consider the ways asset returns change with the
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weight due to leakage, horizontal externalities, and second moment effects. In equation (6) the

leakage is captured by including the elasticity of labor supply with respect to the wage income

tax rate. The second term represents the horizontal externality, where λ is the Lagrangian mul-

tiplier. This term considers the change in consumption due to a change in the wage income tax

rate. Finally, the ways the variances and covariance of consumption and wage income change,

due to a change in the wage income tax rate, is captured by the second moment effects.

(6)
∂σ2

R

∂tw
= (2twL

2σ2
w + 2tcβσw,c − λwL)︸ ︷︷ ︸

Direct

(1 + εL,tw︸ ︷︷ ︸
Leakage

) +−λ tc
tw
βcεc,tw︸ ︷︷ ︸

Horizontal

+ t2cβ
2 ∂σ

2
c

∂tw
+ t2wL

2 ∂σ
2
w

∂tw
+ 2tcβtwL

∂σw,c
∂tw︸ ︷︷ ︸

2nd moment

(7)
∂σ2

R

∂tc
= (2tcβ

2σ2
c + 2βtwLσw,c − λβc)(1 + εβ,tc)

The optimal wage income and consumption tax rates can be found from these first-order con-

ditions. If the government does not consider the leakage, horizontal externalities, and second

moment effects associated with each tax base, the government will incorrectly set the tax rates

given by t∗w and t∗c . However, if the government does consider the leakage, horizontal externalites,

and second moment effects, the government will optimally set the tax rates given by t∗∗w and t∗∗c

where θw = 1 + εw,tw which is one plus the elasticity of the wage with respect to the wage income

tax rate; similarly θwL = 2+εw,tw +εL,tw and θL = 1+εL,tw . When governments fail to account for

the leakage, horizontal externalities, and second moment effects they underestimate the added

volatility associated with a revenue increase and expose their revenues to unnecessary levels of

risk.

t∗w =
w̄σ2

c − ȳσw,c
L[c̄2σ2

w − 2c̄w̄σc,w + σ2
c w̄

2]
R̄ t∗∗w =

θwLw̄σ
2
c − θwc̄σw,c

L[θwLc̄2σ2
w − (θwL + θL)c̄w̄σc,w + θwLσ2

c w̄
2]
R̄

t∗c =
c̄σ2

w − w̄σ2
c,w

β[c̄2σ2
w − 2c̄w̄σc,w + σ2

c w̄
2]
R̄ t∗∗c =

θLc̄σ
2
w − θwLw̄σw,c

β[θwLc̄2σ2
w − (θwL + θL)c̄w̄σc,w + θwLσ2

c w̄
2]
R̄

In this special case the tax rate pairs on the minimum-variance frontier are characterized by

the condition in equation (MVF.1). This condition states that the ratio of the elasticity of the

variance and the elasticity of the mean of tax revenue with respect to the tax rate are equal
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across tax rates. In finance, the minimum-variance frontier is often called the efficient frontier,

but through this series of special cases the analysis demonstrates for the government’s optimal

portfolio problem the minimum-variance frontier may not be efficient.

(MVF.1)
εσ2

R,τc

εR,τc
=
εσ2

R,tw

εR,tw

C.2 Homogeneous Risk Attitudes Over Public and Private Consumption. In this case the gov-

ernment’s objective function reduces to minimizing the sum of the variances of public and private

consumption for a given expected level of public and private consumption. When combined,

the first-order conditions produce the condition for the minimum-variance frontier in equation

(MVF.2).

(8) mintw,τc σ2
R + σ2

c

Subject to: R̄ = τcβc̄+ twLw̄

In this case the minimum-variance frontier provides the minimum of the sum of the variances

of public and private consumption for a given mean level of tax revenue. Compared to case

one, the minimum-variance frontier in this case adds the elasticity of the variance of private

consumption with respect to the tax rate.

(MVF.2)
εσ2

R,τc
+ εσ2

c ,τc

εR,τc
=
εσ2

R,tw
+ εσ2

c ,tw

εR,tw

C.3 Heterogeneous Risk Attitudes Over Public and Private Consumption. In this case the gov-

ernment’s objective function generalizes case two, by allowing the risk attitude to differ between

public and private consumption. The first-order conditions, when combined, produce the condi-

tion for the minimum-variance frontier in equation (MVF.3). In this case, the minimum-variance

frontier provides the minimum welfare cost of public and private consumption for a given mean

level of tax revenue.

(9) mintw,τc − [M(·, σ2
R, ·, ·) +G(·, σ2

c )]
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Subject to: R̄ = τcβc̄+ twLw̄

Compared to case two, the minimum-variance frontier in this case adds welfare weights to

the elasticities in the numerator. The welfare weight on the elasticity of the variance of private

consumption with respect to a tax rate is the negative of the derivative of utility with respect to

the variance of private consumption multiplied by the ratio of the variance of private consumption

and tax revenue, ωM = −M2σ
2
c/R. Similarly, the welfare weight on the elasticity of the variance

of public consumption with respect to a tax rate is ωG = −G2σ
2
R/R.

(MVF.3)
ωMεσ2

c ,τc
+ ωGεσ2

R,τc

εR,τc
−
ωMεσ2

c ,tw
+ ωGεσ2

R,tw

εR,tw
= 0

The minimum-variance frontier in this case is the same as the minimum-variance frontier in the

full government’s optimal portfolio problem. However, the efficient condition in the full govern-

ment’s problem, given in equation (4), differs from the minimum-variance frontier. Specifically,

the right-hand side of the full government’s condition in equation (4) is not zero because of the

utility cost of deadweight loss. The optimal tax rates characterized by the condition in equation

(4) tradeoff utility from tax revenue with the cost of deadweight loss and volatility. Hence, a

government with the efficient tax rates could change its tax rates to decrease the welfare cost

of volatility but would cause an increase in deadweight loss larger than the decrease in the cost

of volatility. Therefore, in general, the efficient portfolio for the government will not be on the

minimum-variance frontier.

4. Empirical Method

In finance, the efficient frontier is estimated using historical returns with the implicit assump-

tion that the mean return and variance-covariance matrix are invariant to the portfolio that is

held. While this is a reasonable assumption in finance because investors are small relative to

the market, the previous section demonstrates it is not reasonable when applied to governments.

Therefore, this section adapts finance theory to produce a method for estimating the efficient
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frontier in a way that allows both the mean and variance-covariance matrix to depend on the

portfolio that is held.

The returns of a portfolio can be written, as in equation 10, as the weighted sum of the returns

of the possible assets. The objective is to find weights to minimize the variance of the portfolio

for a given mean return. The minimum-variance frontier is found by calculating the efficient

portfolio for different mean returns.

(10) R = w1r1 + w2r2 + ... = rw

The efficient weights are found by solving the first-order condition of the objective function

with respect to the weights. The efficient weights, with some rearranging, are equal to the

ordinary-least-squares coefficient from a regression of a constant R̄ on the returns of the possible

assets through time. The efficient weights can be determined by a simple ordinary-least-squares

regression without a constant and weighting the coefficients to sum to one.8

minw σ2
R = E[(rw)2]− (E[rw])2 subject to E[rw] = R̄

2wE[r2] = 2(E[r]) (E[wr])︸ ︷︷ ︸
= R̄

Use constraint

w = (E[r2])−1(R̄E[r])

= (
1

T

T∑
t=1

rtr
′
t)
−1(

1

T

T∑
t=1

R̄rt) Sample analogue

= (r′r)−1(r′R̄)

= wOLS

8The result that the efficient weights on a portfolio can be determined by a simple ordinary-least-squares regression
was first shown by Britten-Jones (1999).
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The ordinary-least-squares regression is biased without an intercept term; therefore, the mean

of the portfolio is equal to the predicted average return, which may not equal the average return

used in the regression µ = R̂ 6= R̄ and the variance of the portfolio is given by the residual’s

variance.9

To adapt this method to governments, the leakage, horizontal externalities, and second moment

effects need to be accounted for to produce the actual mean-variance tradeoff. To account for

leakage, each tax rate-base pair is considered its own asset. For example, the returns to a five

percent income tax and a three percent income tax are considered separate assets because their

mean and variance differs. Therefore, the assets from which the government chooses are expanded

from three (income, sales, and corporate tax bases) to 3xN where N represents the number of

different tax rates considered. However, the government is constrained to hold only one asset per

tax base (e.g. the government cannot simultaneously hold a five percent income tax and a three

percent income tax). The benefit of defining government assets in this way is that it allows the

returns from a three percent income tax to differ from the returns of a five percent income tax

in a less than proportional way, accounting for individuals’ behavioral responses. The drawback

of this approach is that the returns from all of these different assets are unobserved empirically

and need to be estimated.

Horizontal externalities cause the returns of a given asset (e.g. a five percent income tax) to

differ with the other assets held by the government (e.g. a three percent sales tax or a four

percent sales tax). To account for these horizontal externalities the returns of a given asset are

estimated conditional on the other assets held by the government. Therefore, to account for

horizontal externalities the returns of an entire portfolio (e.g. a five percent income tax, a three

percent sales tax, and a one percent corporate tax) are estimated. The benefit of estimating

the returns at the portfolio level is that the horizontal externalities and second moment effects

9µ = R̄− ū = R̄− (R̂− R̄) = R̂
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are taken into account. The drawback is that the weights estimated using the procedure above

define the mix between portfolios rather than the mix between assets.

5. Application: State-Level Minimum-Variance Frontiers

This section demonstrates the method and benefit of estimating minimum-variance frontiers.

First, the data are described using simplices to depict how tax portfolios in the data have changed

over time. Second, the portfolio returns are estimated using a weighted regression. Finally, the

estimated portfolio returns are used to estimate minimum-variance frontiers which quantify the

mean-variance tradeoff faced by governments. The analysis demonstrates the ability to compare

the mean-variance tradeoff across governments and within a government across time.

5.1. Data and Basic Facts. Data from U.S. state governments is used to demonstrate the

method of estimating minimum-variance frontiers. This data provides a balanced panel of fifty

states through forty-eight years (1963-2010). Data on tax rates (top income, bottom income,

sales, and corporate), tax revenues, and tax base characteristics are collected for all states from

the Book of States and cross-checked with the Advisory Commission on Intergovernmental Rela-

tions biannual report “Significant Features in Fiscal Federalism,” and the Tax Foundation. State

level economic conditions such as state level GDP and personal income are used as controls and

are collected from the Bureau of Economic Analysis.

Graphing state government’s tax portfolios onto a 2-simplex demonstrates how much a gov-

ernment relies on each tax bases. A 2-simplex is a triangle drawn in two-space that represents

three-space. In this case, the dimensions are tax revenues collected from income, sales, and

corporate tax bases as a percent of the sum of these three tax bases.10 Figure 2 is an example of

a 2-simplex that depicts the percent of tax revenue from income, sales, and corporate tax bases

(three-space) in two-space. The nodes of the simplex denoted by A, B, and C represent tax

10The simplex is characterized by ∆2 = {(sincome, ssales, scorporate ∈ R3|sincome + ssales + scorporate = 1)}, where
sincome is the percent of revenue collected from the income tax.
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portfolios that rely on only one tax base.11 Point A represents a tax portfolio that relies only on

the sales tax, point B a tax portfolio that relies only on the income tax, and C only the corporate

tax. Interior points represent mixtures between the three tax bases. Point D represents a tax

portfolio that relies equally on all three tax bases. Point E represents a tax portfolio that relies

fifty percent on corporate tax revenue and fifty percent on income tax revenue. Movements along

the dashed lines xx, yy, and zz represent changes in the reliance of two of the three tax bases. For

example moving along the dashed line zz shifts the reliance on sales and income taxes but keeps

the reliance on the corporate tax fixed. Similarly, moving along the line yy shifts the reliance

on the sales and income taxes but for a a tax portfolio that relies less on the corporate tax than

portfolios along the line zz. Finally, moving along the line xx represents tax portfolios shifting

between the income and corporate tax holding fixed the reliance on the sales tax.

Figure 3 plots the aggregate state and local tax portfolios for each year between 1951 and

2010. Between 1951 and 2010 the aggregate tax portfolio shifted away from the sales tax and

toward the income tax (the horizontal-axis). In this same period, the aggregate tax portfolio

shifted away from the corporate tax (the vertical-axis). Figure 4 plots each state’s tax portfolio

in 1955 and 2005 to demonstrate the disaggregated shift in tax portfolios. The disaggregated

data in figure 4 demonstrate that a large number of states shifted their tax portfolios to rely more

heavily on income taxes and less heavily on sales taxes. Despite this general trend, there are

still seven states without an income tax in 2005.12 In contrast, reliance on corporate tax revenue

decreased significantly for a few states but the majority of states made only minor changes to

their reliance on the corporate tax. The general trend between 1955 and 2005 was for states to

become more similar in how heavily they rely on corporate taxes.

11Each node of the triangle represents a portfolio made up entirely of one tax base with nodes at (0, 0), (1, 0), and
(.5, .866) corresponding to a portfolio entirely of sales, income, or corporate tax revenue respectively.
12States without income taxes: FL, NV, SD, TN, TX, WA, WY.
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5.2. Estimating Minimum-Variance Frontiers. The first step in calculating minimum-variance

frontiers is estimating the portfolio returns. Panel data is advantageous for calculating portfo-

lio returns because it helps with the limitation that data exist for only one tax portfolio for

a given state-year observation (i.e., the tax portfolio that actually existed for that state-year).

With panel data additional portfolios can be formed by appropriately weighting observations

from other states according to the inverse probability weights. Inverse probability weights cal-

culate the probability that any state-year observation could have been observed in a given state,

based on the characteristics of the state-year observation. For example, the probability that

observations in Wisconsin could have been observed in Minnesota is higher than the probability

that observations in Wisconsin could have been observed in California. The inverse probability

weights are calculated using a probit model with a dependent variable described by an indicator

function equal to one if the observation occurred in a given state, and tax rate and economic

variables as the independent variables. A separate probit is run for each state calculating fifty

weights, one for each state, for each state-year observation.

Tax revenue returns for different portfolios are calculated using coefficients estimated from the

weighted regression in 11 where β3 and β4 are vectors of coefficients for the tax and economic

variables respectively and Ttβ1 is a vector of time trend variables.13 In principal, an unlimited

number of portfolio returns can be calculated from this regression by substituting different sets

of tax rates. In practice, the number of portfolios depend on how many values a given tax rate

is allowed to take. If the number of different values is constant across the four different tax rates

the number of portfolios is given by 4n where n is the number of values each tax rate can take.

For this application each tax rate is allowed to take on ten different values that are evenly spaced

between zero and the maximum tax rate observed in the data, producing 1, 048, 576 different

portfolios. The regression method calculates the optimal mix of the calculated portfolio returns

13Including the time trend variables is equivalent to detrending the variables with respect to time.
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estimating a continuous minimum-variance frontier from discrete choices of portfolios.

(11) log(Ri,t) = β0 + ttβ1 + log(τi,t)β3 + log(xi,t)β4 + ε

5.3. Analysis of Minimum-Variance Frontiers. Figure 5 graphs the estimated minimum-

variance frontiers for Idaho (solid line) and Nevada (dashed line). Idaho’s minimum-variance

frontier is considerably steeper than Nevada’s implying Idaho’s tax base is less volatile than

Nevada’s. Estimating minimum-variance frontiers for state governments is useful for under-

standing an individual state’s mean-variance tradeoff and for comparing mean-variance tradeoffs

across states. This comparison is particularly useful in considering the costs to different states

due to changes in federal policies. For example, consider the costs to state governments from a

decrease in intergovernmental transfers from the federal government. Even if this decrease was

proportional across states the costs may not be because the increase in volatility caused by states

responses differs across states. In this example, Nevada faces larger costs in terms of volatility

than Idaho does due to the increase in tax revenue collections.

Figure 6 graphs California’s estimated minimum-variance frontier and the actual portfolios

(open circles) in the past 48 years. The horizontal distance between a portfolio and the efficient

frontier is the additional variance the portfolio has relative to a portfolio with the same mean

on the minimum-variance frontier. Similarly, the vertical distance between a portfolio and the

minimum-variance frontier is how much less mean revenue the portfolio has relative to a portfolio

with the same variance on the minimum-variance frontier.

Through time California has increased both the mean and variance of the tax revenues it

collects. The arch formed by the actual portfolios held by California in the past 48 years is flatter

than the estimated minimum-variance frontier. Hence, California has exposed its revenues to

inefficient levels of risk, quantified by the distance between the actual portfolio and the minimum-

variance frontier. Although other considerations of optimal taxation may cause state governments
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to choose portfolios off of the minimum-variance frontier, comparing these portfolios with the

estimated minimum-variance frontier quantifies the cost in terms of additional volatility (or lower

mean) from choosing such a portfolio.

This paper focuses on the tradeoff between volatility and deadweight which causes governments

to efficiently choose portfolios that are not on their minimum-variance frontier. In general,

tradeoffs involving redistribution may also cause governments to be off of their minimum-variance

frontier, which may help explain the difference between California’s minimum-variance frontier

and actual portfolios. However, volatility is an additional cost state governments need to consider

when making their decisions on redistribution.
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Figure 2. Simplex Example.
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Figure 4. State Tax Portfolios 1955 and 2005.
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Figure 6. California Estimated Efficient Frontier and Actual Portfolios.
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6. Conclusion

The economics literature has long understood that states have “few if any of the unique powers

that make fluctuating tax yields a matter of minor concern to the federal government” (Groves

and Kahn 1952). This paper considers the desire of stable tax revenues for state and local

governments through an optimal portfolio analysis within a utility framework. The optimal

portfolio analysis demonstrates the ability of governments to hedge idiosyncratic risk involved

with a given tax base. Traditional portfolio analysis is adapted to account for the unique position

of a government as a large player. The utility framework demonstrates the tradeoffs faced by

governments between volatility and deadweight loss and between public and private consumption

volatility. Therefore, in general the government’s objective is to produce the optimal level of tax

revenue volatility, but not necessarily to minimize tax revenue volatility.

This paper develops a method for estimating the minimum-variance frontier for governments,

which have assets that respond to the weight placed on them. Data from U.S. state governments

are used to demonstrate the method, providing a comparison of state tax portfolios across states

and historically within states. This analysis quantifies the cost in terms of forgone mean levels

of revenue (or additional variance) of the portfolios state governments have held historically.

Groves and Kahn in their 1952 paper discuss the tradeoff between stability in tax revenue and

the desire for redistribution of wealth. With the method from this paper of estimating government

minimum-variance frontiers governments can quantify the cost of additional volatility caused by

their redistribution policies which is necessary for them to make an informed decision on what

level of redistribution to implement.
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7. Appendix: Higher Moment Decomposition

In the text the expected utility is assumed to be fully characterized by the first two moments of

the public and private good, which is sufficient when the goods are jointly normally distributed

or when the utility function is quadratic. In general, the expected utility can be written as

a function of all higher moments Ω. If the utility function is additively separable, such that

U1,4 = 0, then the level of social welfare can be written as the second line in the equation below.∫
U(c, β, L,G)f(c̄, R̄,Ω) ≡M((c̄, β, L, R̄,Ω)

= M(c̄,Ωc, β, L) +G(R̄,ΩR) When U1,4 = 0
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To demonstrate this transformation consider a Cobb Douglas utility where total consumption

is assumed to be distributed uniformly with mean µ and standard deviation σ. Writing the

utility function in terms of total consumption c and β gives the following form where the density

function is 1
2σ
√
3

for c ∈ [−
√

3σ,
√

3σ] and zero everywhere else.

E[U(c, β)] = E[logc+ αlogβ + (1− α)log(1− β)]

= E[log[c]] + αlogβ + (1− α)log(1− β)

=

∫ √3σ
−
√
3σ

logc
1

2σ
√

3
dc+ αlogβ + (1− α)log(1− β)

M(µ, σ2, β) =
(σ
√

3 + µ)(log(µ+ σ
√

3)− 1) + (σ
√

3− µ)(log(µ− σ
√

3)− 1)

2σ
√

3

+ αlogβ + (1− α)log(1− β)

The preceding line is a function of the mean, standard deviation, and β alone.

8. Appendix: Consumption Base Decomposition

In the text private consumption of the representative agent is decomposed into consumption

that is taxed and consumption that is untaxed such that the fraction β of total consumption is

taxed and (1− β) is untaxed. This decomposition changes the variables from two consumption

goods into total consumption and the fraction spent on taxable items. This section demonstrates

the change of variables and its benefits.
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First, start with two goods B,N such that the consumption of B is taxed and the consumption

of N is not taxed and the representative agent has utility U(B,N) over the two goods. By

definition B = βc and N = (1−β)c. The utility function can be written as a function of β and c

by substituting these equations in for B and N .14 The budget constraint is given below written

both as a function of B and N and β and c.

W = (1 + τc)B +N

= (1 + τc)βc+ (1− β)c

= c(1 + βτc)

Now we want to know the welfare impact of a tax change. We can separate the impact into the

income effect and the substitution effect where the substitution effect is the deadweight loss from

the behavioral responses.

∂U(B,N)

∂τc
= U1

∂B

∂τc
+ U2

∂N

∂τc

= U1(SB,τc −
∂B

∂W
B) + U2(SN,τc −

∂N

∂W
B) Slutsky Decomposition

= U1SB,τc + U2SN,τc︸ ︷︷ ︸
Substitution Effect

−
(
U1

∂B

∂W
B + U2

∂N

∂W
B

)
︸ ︷︷ ︸

Income Effect

14If the utility function is homothetic then the utility function can be written as U(B,N) = v(β)U(c) otherwise
U(B,N) = U(c, β).
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The benefit of writing the utility in terms of β and c is that U1
∂c
∂τc

captures the income effect

and U2
∂β
∂τc

captures the behavioral response and deadweight loss.

−
(
U1

∂B

∂W
B + U2

∂N

∂W
B

)
︸ ︷︷ ︸

Income Effect

= U1
B

c

∂c

∂τc
+ U2

B(1− β)

cβ

∂c

∂τc

= U1β
∂c

∂τc
+ U2(1− β)

∂c

∂τc

= U1
c

τc

The first equality holds because of the following.

∂B

∂W
=
∂βc

∂W

= β
∂c

∂W

=
β

1 + τcβ
where c =

W

1 + τcβ

= − ∂c

∂τc

1

c
where

∂c

∂τc
= − Wβ

(1 + τcβ)2
= − cβ

(1 + τcβ)
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∂N

∂W
=
∂(1− β)c

∂W

= (1− β)
∂c

∂W

=
(1− β)

1 + τcβ
where c =

W

1 + τcβ

= − ∂c

∂τc

(1− β)

βc
where

∂c

∂τc
= − Wβ

(1 + τcβ)2
= − cβ

(1 + τcβ)

The last equality holds because of the following.

U1 = U1
∂B

∂c
+ U2

∂N

∂c
= U1β + U2(1− β)
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Now show the deadweight loss calculation.

U1SB,τc + U2SN,τc︸ ︷︷ ︸
Substitution Effect

= 0

U2
∂β

∂τc
=
∂β

∂τc

(
U1
∂B

∂β
+ U2

∂N

∂β

)

=
∂β

∂τc

(
U1

c

1 + βτc
− U2

c(1 + τc)

1 + βτc

)

=
∂β

∂τc

(
U1

[
c

1 + βτc
− U2

U1

c(1 + τc)

1 + βτc

])

=
∂β

∂τc

(
U1

[
c

1 + βτc
− c

1 + βτc

])

= 0

where from totally differentiating the budget constraint ∂B
∂β

= c
1+βτc

, ∂N
∂β

= − c(1+τc)
1+βτc

, and from

the individual’s optimization U2

U1
= 1

1+τc
.

∂B

∂β
= c+ β

∂c

∂β
Total Differentiate B.C. 0 = (1 + τcβ)dc+ τccdβ

= c− c βτc
1 + βτc

dc/dβ = −τcc/(1 + τcβ)

=
c

1 + βτc
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∂N

∂β
= −c+ (1− β)

c

β

= −c− c(1− β)τc
1 + βτc

= −c(1 + τc)

1 + βτc
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