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Abstract

Given a nonlinear system and a performance index to be minimized, we present a general approach to expressing the finite time optimal
feedback control law applicable to different types of boundary conditions. Starting from the necessary conditions for optimality represented by
a Hamiltonian system, we solve the Hamilton—Jacobi equation for a generating function for a specific canonical transformation. This enables us
to obtain the optimal feedback control for fundamentally different sets of boundary conditions only using a series of algebraic manipulations and
partial differentiations. Furthermore, the proposed approach reveals an insight that the optimal cost functions for a given dynamical system can
be decomposed into a single generating function that is only a function of the dynamics plus a term representing the boundary conditions. This
result is formalized as a theorem. The whole procedure provides an advantage over methods rooted in dynamic programming, which require
one to solve the Hamilton—Jacobi—Bellman equation repetitively for each type of boundary condition. The cost of this favorable versatility is
doubling the dimension of the partial differential equation to be solved.

© 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

In a general optimal terminal control problem where a
performance index is optimized subject to a nonlinear system
for a finite time, the optimal state feedback control law can
be derived from the solution to the Hamilton—Jacobi—Bellman
equation (HJBE). As it usually becomes a nonlinear partial
differential equation (PDE) even for a relatively simple formu-
lation, it does not have a closed-form solution in general, or is
extremely difficult to find if any. Thus, in addition to solving
the HIBE directly, there have been a myriad of alternative tech-
niques for obtaining optimal feedback control (Fax & Murray,
2000; Jamshidi, 1974; Krikelis & Kiriakidis, 1992; Longmuir
& Bohn, 1967; Matuszewski, 1973; Spencer, Timlin, Sain,
& Dyke, 1996; Yoshida & Loparo, 1989).
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Except for Fax and Murray (2000), these contributions tend
to consider only a special type of boundary condition (soft con-
straint problem). Though Fax and Murray, under very restrictive
assumptions, consider another representative type of boundary
condition (hard constraint problem), they fail to provide a gen-
eral solution technique for the problem they considered. This
is due, to a considerable degree, to the singularity of the opti-
mal cost function at the terminal time, which is inherent in the
hard constraint problem.

Recently, Park and Scheeres (2003, 2004) studied the optimal
feedback control problem in the context of necessary condi-
tions for optimality represented by a Hamiltonian system. They
observed that the optimal cost function can be derived from a
generating function for a class of canonical transformations,
which allowed them to devise a systematic methodology to
evaluate the optimal feedback control law for general boundary
conditions; the generating function can be algebraically adapted
to provide optimal feedback control laws for different types of
boundary conditions. The cost of this favorable property is to
solve the difficult Hamilton—Jacobi equation (HJE) to find a
generating function. For a given problem, the HJE is a PDE
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for twice as many variables as those for the HIBE; the com-
putational load grows more significantly as the dimension in-
creases. Later Park, Guibout, and Scheeres (2005) applied this
approach to a nonlinear optimal rendezvous problem in a cen-
tral gravity field and were able to demonstrate the effectiveness
of their method.

The current work is a synthesis and extension of these re-
sults. We show that our method can be applied to the opti-
mal control of a given system with a variety of different types
of boundary conditions. Furthermore, by exploiting algebraic
links between generating functions, we present an algorithm
for evaluating optimal feedback controls for different types of
boundary conditions without having to solve the HJE or the
HIBE repetitively.

This paper is constructed as follows. We first formulate the
optimal feedback control problem for two representative types
of boundary conditions (Section 2). The core discussion of how
to use generating functions to obtain optimal feedback con-
trols for these boundary conditions follows (Section 3). Then,
the relation between the optimal cost function and a generat-
ing function is established and formalized as a theorem (Sec-
tion 4). Justifying our method, we propose a systematic nu-
merical implementation based on series expansion, and apply
it to a spacecraft optimal maneuver problem as an example
(Section 5).

2. Problem formulation

Consider minimization of a general performance index for
an arbitrary initial point (x, )

tf
I = Gt + [ Lo, (o), D d
1
subject to the following system with final time constraints:

X)) =Fx@),u®),t), &), ) =0.

Here,x € R",t € R,u ¢ ", and y € RP S We assume that
there exists no constraints on the state and control trajectories.
Our objective is to evaluate the optimal trajectory satisfying the
final time constraints and to find the optimal feedback control
for an arbitrary initial point (x, ) € R"*!.

We consider two representative problem formulations, which
are characterized by the types of terminal boundary conditions':

e Hard constraint problem (HCP): Terminal boundary con-
dition for states is pre-specified to a fixed point in R".

e Soft constraint problem (SCP): Terminal boundary condi-
tion for states is not pre-specified, but is indirectly affected
by minimizing the final time performance index ¢(x, 7).

! This classification is just for simplicity of argument. It does not imply
that the applicability of our approach is confined to these two kinds of
boundary conditions. There exist other types of boundary conditions between
these two extreme cases, which are specified by a terminal hyperplane. Later,
we will briefly discuss how to manipulate such situations.

The mathematical expressions for the boundary conditions
become distinct from each other:

e HCP: ¢p(x(t),tr) =0, Y(x(t), tr) =x(tr) — x¢. The pair
(x(#¢), tr) is given a priori.

e SCP: y(x(t), tr) does not exist and ¢(x(tf), tr) € R. The
pair (x(¢t), tr), in contrast to the HCP, is not given a priori.

Now define the pre-Hamiltonian H as
H(x, 2o, 1) = L(x,u, 1) + 2T F (x,u, ), M

where A represents the costates. Then, Pontryagin’s principle
provides the first order necessary conditions for optimality
(Bryson & Ho, 1975):

x=H;(x,/u,t), ()
Jo=—H.(x,u,t), 3)
u=argmin H(x, 1, it, 1). 4)

Substituting (4) into (1)—(3) defines a standard Hamiltonian
system for states and costates only:

H(x, ,t)=H(x, A, argmin H(x, 1, i, 1), 1), ®)
xX=H)(x, 1), (6)
J=—H.(x,/,1). @)

Evaluating the optimal trajectory corresponds to solving this
system of ordinary differential equations (ODEs) satisfying the
given boundary conditions. For the HCP, the initial states xg
and terminal states x¢ are given and the initial costates /g and
terminal costates Af are to be determined. For SCP, the initial
states are given, whereas terminal states, initial costates, and
terminal costates are to be determined. Note, however, that
the well-known transversality condition applies for this case
(Bryson & Ho, 1975)

0p(x(tr), tr)

Ox (1) ®

AMtg) =
which relates the terminal states and costates and provides an
additional boundary condition for the SCP.2 For both cases, we
need to solve a system of ODEs with split boundary conditions,
thus the optimal control problem is again reduced to a two-
point boundary value problem (TPBVP).

3. Optimal solution by generating function

Given the Hamiltonian system (5)—(7), we treat the trajec-
tory (x(z), A(t)) as a transformation between (moving) terminal
coordinates (x, A, ¢) and (fixed) initial coordinates (xg, Ao, #y),

2 Other than the HCP and SCP, if there exists a terminal hyperplane
W(x(te), tr) € RP=", then we have a more general type of terminal bound-
ary conditions, where the terminal states are partially determined and the
transversality condition relates the undetermined terminal states with terminal
costates (Bryson & Ho, 1975).
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which is by definition a canonical transformation.> Thus, there
exist generating functions for this transformation which can
have the following four classical forms:

Fi(x, xo,t, tp),
F3(Z, x0, 1, 10),

Fa(x, 20, t, to),
F4(4, 29, t, 10).

These functions can generate the given canonical transforma-
tion by the following relations:

_ OF1(x, x0, 1, t9) OF (x, xo, 1, to)

A , p=———"7—"-——= 9
Ox 0 Oxg ©)
OF>(x, 20, t, 1) O0F>(x, Jo, t, to)
f= 200 = R 0 T 10
ox o 0 (10)
OF3(/, xo, t, to) OF3(/, xo, t, to)
— 30l = 0 0 11
* o 0 a0 an
_ OF4(4, 29,1, 19) _ OF4(4, 4o, 1, 10) (12)
= Y 0= o0
Furthermore, they satisfy their own version of the HJE:
oF oF
1(x, x0, 1, 19) v H (x 1(X,x0,l,to)’t _o, (13)
ot Ox
oF A oF A
2(x, 4o, 1, 19) i (x 2(x, o,t,fo)’t _0, (14)
ot Ox
0F3(4, x0, 1, tp) 0F3(2, x0, 1, 1p)
_— Y 4+ H|—m——«———— At ) = 1
3 + 3 VA 0, (15)
OF4(4, 20,1, tp) OF4(Z, Ao, 1, 1)
_ —~ +H|——m—F+—Z A, t ) =0. 1
o + 3 s A 0 (16)

Alternatively, we can also derive a similar result between a
set of fixed terminal coordinates (xf, Ar, ff) and the moving
initial coordinates (x, 4, ) with 7 <t¢. For example, for F; the
following relation holds for this set of coordinates:

_ OFi(xg, x, 8, 0) H x’_aFl(xf,x’th)’t o,
ot Ox
oF OF)
P 1(xf»X,tf,t)’ A= 1(Xf,x,tf,t). a7
Ox Oxr

Instead of solving the TPBVP numerically and repetitively for
varying boundary conditions, our approach solves for these
generating functions. The choice of the appropriate generating
function depends on the type of boundary condition. For the
HCP, Fi(x, xg,t, to) is the most appropriate as we know the
initial and terminal states. Indeed if we can find Fj, we can
directly evaluate the initial and final costates from (9)

oF oF , X0, It 1
= o _ OFi(xr, xo, f o), (18)
Ox ftg =t Oxr
oF OF 1 (xt, X0, tf, ¢
o= _O0F _ 1(xg, X0, I 0)_ (19)
aX() t=tf,Xx=Xxf aX()

3 Refer to Goldstein (1965), Greenwood (1977), and Guibout and
Scheeres (2003) for a review of canonical transformations and generating
functions.

Furthermore, since any time # <t can be the initial time, (19)
should hold for arbitrary initial conditions x =x(¢) and A=A(¢):
_ OFi(xf, x, 8, 1)
= o .
Substitution of (20) into (4) yields the optimal feedback control
for the HCP:

(20)

ey

OF) (xf, x, tr, 1) _ )
= at ).
Ox

u =argmin H (x,
u

For the SCP, it is not immediately apparent which generating
function is the most appropriate since we have 3n unknown
boundary conditions (Lo, xf, Ar). Whatever generating function
we may choose, we must solve a set of implicit equations.
However, since we are interested in both HCP and SCP, we
choose F to avoid evaluating an additional generating function.

Consider again the 2n relations (18)—(19) along with the
n transversality conditions (8). Taking the initial states xo as
independent parameters and solving these 3n implicit equations
for (xf, Ag, Af) results in

xt = x¢(xo, tf, o), (22)
20 = Ao(x0, tt, 10), (23)
Af = A (xo, tr, 10). (24)

Finally, a similar procedure leads to the optimal feedback con-
trol for the SCP*

OF1(xg, x,t, 1)
Ox

u = argmin H | x, i, t ). (25)
“ xp=xg (x,f,1)

As is shown, once the F| generating function has been found,
the unknown boundary conditions are simply evaluated by a
series of partial differentiations and algebraic manipulations
without solving a differential equation. Furthermore, the evalu-
ation of the initial costates A enables us to develop the optimal
trajectory by simple forward integration.

In order to find Fj, we need to solve the difficult HIE. A
useful observation is that we do not necessarily have to solve
for Fj. The Legendre transformations

Fa(x, 20, t, t0) = F1(x, X0, 1, to) + 2 X0, (26)
F3(4, x0, 1, 10) = F1(x, x0, 1, fo) — A\ x, 27)
F4(j" /"“07 t,t0)=F2(x, }“07t3 tO) _)"T-x (28)

enable us to compute Fj from any other generating functions
simply by algebraic manipulations and partial differentiations.
This observation is at the heart of our application and can pro-
vide a computationally significant advantage, as we can initially
choose a generating function which may be easier to solve than
others. Later we will show that for our applications solving

4 For the terminal constraint given by a hyperplane (x(ff), ) =0 in
RP=" we will have mixed terminal conditions for both states and costates
in general. In this case, a more generalized kind of generating function is
required, which would mix all four kinds of variables (initial and terminal
states and costates).
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the HIJE for F, or Fj is far easier than for Fy or Fy, and take
full advantage of this property.

4. The optimal cost function and the F; generating
function

We have shown that generating functions can be used to
find optimal feedback control laws. This strongly suggests that
there should be connections between the optimal cost function
(which is the solution to the HIBE) and the generating functions
(which are the solutions to the HJE). In order to explore this,
we first present the sufficient condition for an optimal control.
Then by establishing and proving a theorem, we show that the
optimal cost function can be expressed as a combination of the
F generating function and the terminal cost function ¢ (xg, fr).

Theorem 1 (Sufficient condition for optimality). Suppose the
following two conditions hold:

(1) In the domain considered for (x,t), the pre-Hamiltonian
(1) has a unique minimizer with respect to control such
that

. —< oJ _ )
u=argmin H { x, —,u,t).
u ax

(2) J(x,t) is sufficiently smooth (or analytic) and satisfies the
HJBE with the given boundary condition

0—61( ) + min H ¢/ i, t
T i\ et )

J(x(t), tr) = p(x(tp), tr)  on Y(x(tr), tr) = 0. (29)

Then J is the optimal cost and u is the corresponding optimal
feedback control law.

Proof. Refer to Bryson and Ho (1975) or Athans and Falb
(1966, pp. 351-363). O

Theorem 2 (Optimal cost derived from Fy). For both the HCP
and SCP, the function

Vix,t) = —Fi(xe, x, te, 1) + d(xg, tr)

satisfies the HIBE and the corresponding boundary condition
(29), thus it is the optimal cost function. Furthermore, the op-
timal feedback control can be expressed as

. ( oV(x,t) _ >
u=argmmnH |x, ———,u,t].
u ax

Proof. We first consider the HCP. Note that ¢ (xt, tr) = 0 by
definition. Since —V = F) satisfies the modified HJE and the
associated relations (17), we have

O—av( 1)+ H avt
TR *

oV - oV
= 0=~ (x.0) +min H<x, i z), (30)

ax , U,

which is indeed the HIBE for V.

Now consider the boundary condition for V. For the HCP,

V(x=xt, t =t;)=01is the boundary condition to be satisfied, as
is easily seen from the above statement of the sufficient condi-
tion. First, recall that x and ¢ are moving variables, representing
initial state and time, respectively. As the (candidate) cost func-
tion V is represented by the F; generating function, we should
define a functional form for F; which reflects this boundary
condition at ¢ = #r. Noting that F treats the trajectory of our
dynamical system as a canonical transformation between ini-
tial and terminal coordinates, we see that the flow defined by
F1 should define the following simple identity:
x=uxf, A=A atr=rt.
Here lies a difficulty, as Fj cannot realize such an identity
transformation at ¢ = f¢; it becomes singular as t — #; since its
independent arguments, the initial and terminal positions, are
equal and not independent at t = ;.

Instead, we can easily define the functional form of F, which
realizes this identity; indeed the form F> = xfT / generates the
identity transformation related to our solution flow, that is,
from (10)

T T

A

o0
Xf, M=_"=

= A
Oxt

Thus, we know the form of F, at the terminal time. Using this,
we indirectly determine the value of Fj at the terminal time
from the Legendre transformation (26)°

Fi(xp, xe. e, 1) = [Fa(xp, A, 15, 1) — 20 X |y=y = 0,
which finally yields
V(xt, tr) = — Fi(x¢, x¢, tr, tp) = 0. (31

Combining (30) and (31), we see that V = —F] satisfies the
HIJBE and the associated boundary condition. The optimal con-
trol law has been obtained from (21), which completes the proof
for the HCP.

Now consider the SCP. First from the HJE and associated
relations (17) along with the transversality conditions (8), we
have

_OF 0

A= = .
f Oxf  Oxr

(32)

Also recall from (22) that xf =x¢(x, tr, t). Taking partial deriva-
tives of V = —F| 4 ¢ with respect to ¢ and simply applying the
chain rule, we obtain

ov._ 0F 0F (axf Ox axf)

ot ot oxg \ox or o
o (xox O
Oxf \ox ot ot )

5 We see that Fy is singular as it loses independence of its arguments.
In fact, this is an equivalent statement that the optimal cost function becomes
singular at the terminal time for the HCP.
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Introduction of (32) into the above yields

ov__on
or o’

Similarly, taking partial derivatives of V with respect to x gives

oV _ oF OF Oxg

0¢p Ox¢ _ 0F,
ox  ox Oxr Ox

dxp Ox  ox

Now substituting —0F; /0t = 0V /0t and —0F;/0x = 0V /0x
into the HJE (17) finally yields

ov ov
= H(x, —
0 o (x,1) + (JC, 6x’t>

=0 aV( 1) + min H ov it
= — (X min X, —
o i ot )

which is indeed the HIBE for V. In order to consider the bound-
ary condition for the SCP, note that the evaluation of expression
(22) at the terminal time simply yields the identity:

)Cf(.x, If, t)|[:lf,X:.Xf = Xf.

Then similarly as in the HCP, consideration of the Legendre
transformation at the terminal time yields

V(-xa t)|X:Xf,l‘:tf - [_Fl (-xf(-xa tfa t)7 X, tfa t)
+ ()b('xf(-xa tf’ t)’ tf)]X:Xf,l:tf
= ¢(x, 1),

which satisfies the boundary condition for the SCP. Hence V =
—F) + ¢ is the optimal cost function for the SCP. The optimal
control law has been determined from (25), which completes
the proof for the SCP. [

Note that the same F function is employed for both the HCP
and SCP. However, the ultimate cost function and the associated
feedback control law are quite different from each other. Fj is
used directly for the HCP, whereas we introduce xy =x¢(x, f¢, 1)
into Fi to evaluate the optimal cost for the SCP. Also note that
once Fi is determined, all additional steps of finding the cost
function for the SCP contain only algebraic manipulations and
partial differentiations; we do not need to solve the difficult HIE
again. Thus, we have identified a more fundamental function
that lies behind the optimal cost function for the given dynam-
ical system, which can be used for different sets of boundary
conditions. The cost of this favorable versatility is that the HIE
is a function of 2n variables as opposed to n variables for the
HIJBE. As the dimension of the problem increases, the compu-
tational capability of solving the HJE becomes more restrictive
than that of HIBE due to the ‘curse’ of dimensionality.

Summarized, all these results imply that the optimal feed-
back control problem can be considered as part of a more com-
prehensive field of canonical transformations for Hamiltonian
systems.

5. Numerical implementation and an illustrative example

In the following, we briefly discuss a method of solving for
the generating functions of a Hamiltonian system discussed in
Guibout and Scheeres (2003), and then use this method for an
illustrative example of Theorem 2.

5.1. A solution strategy for generating functions

We have shown that the F| generating function can be used
to solve optimal feedback control problems for different types
of boundary conditions. In order to find F;, we need to solve
the HJE at least (and at most) once for one kind of gener-
ating function. This requires, at the least, that the functional
form of the generating function be specified at some epoch.
Now recall that for our canonical transformation the old and
new coordinates are equal when 7 =t(, and thus the generating
function (solution to the HJE) must define an identity transfor-
mation at t = fy. As is discussed in the previous section, F]
(also Fy) cannot generate such a transformation, on the other
hand F, (also F3) are well defined at r = #y and can gener-
ate the identity transformation.® Indeed, as given in the proof
of the previous section, F»(x, Ao, t = to, o) = x 1 A generates
the identity transformation. Also, similar arguments hold for
F3(, xo, t =19, ty) = —xg A. Therefore, given the Hamiltonian
of a system, we can solve the HJE for F, or F3 from the initial
time and then evaluate the other generating functions through
the Legendre transformations at a later time.

For example, suppose we have computed F>(x, Ao, 7, fp). In
the second equation of (10), assuming the uniqueness of inver-
sion for the initial costates 1y,” we can express Ag as a function
of the initial and terminal states (xg, x):

20 = Jo(x0, X, t, 1).

Then, substituting into (26) yields F7 as a function of the desired
variables:

Fi(x, xo, 1, t0) = F2(x, Ao (x0, X, 1, 1), £, to)

- xg/"bo(x07 X, 1, IO)

In Guibout and Scheeres (2003), this fact is used to derive a
specific solution algorithm for a class of problems where

(1) the system x = F(x(t), u(t), t) is analytic and has an un-
forced zero equilibrium, i.e., F(x =0,u =0,1) =0,

(2) the integrand of the cost function L(x(¢), u(t),t) is ana-
Iytic.

Following the procedure in Guibout and Scheeres (2003), we
expand the Hamiltonian H and the generating functions F; as
Taylor series in their spatial arguments about the zero condi-
tion, where these expansions can be made to arbitrarily high

6 This identity transformation is invariant and does not depend on the
boundary conditions of a given system.

7 That is, there exists an open neighborhood in %" such that
3% Fa(x, Jo.t,10) /073 # 0.
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order. Then, using the HJE, we find a series of ODEs for the co-
efficients of the series expansion F,. We solve these equations
for F>, using our initial boundary conditions to generate ini-
tial conditions for the ODEs. Then we use the Legendre trans-
formations and inversion of series to compute the coefficients
of Fi.

5.2. Example: nonlinear optimal maneuvers in a central
gravity field

Consider minimizing

I 1 [ 4
J == x; Ofxs + = u (Hu(t)dt
2 2 Ji

subject to the system dynamics

. x3
X 2 1 L
i | = 2 d+tx) S tu,
: 1
X4 —2x3 — x2 (7 — 1> “+ us
e

where r =,/ (x1 + D%+ x%. This system represents the planar
motion of a particle in a central gravity field, expressed in a ro-
tating coordinate frame. The origin of this frame corresponds to
a circular orbit, the coordinates (xi, x2, X3, x4) represent radial
displacement, tangential displacement, radial velocity, and tan-
gential velocity deviations from the circular orbit, and (u1, u2)
represent the radial and tangential control input, respectively.’

Formulating this problem as a Hamiltonian system and using
the well-known Lawden’s primer vector theory (Lawden, 1963),
we obtain the Hamiltonian as a function of states and costates
only:

1 ) ) s
H= —§(A3+i4)+11X3+/L2X4+/L3 2x4- -

- (5-1) |~ [ (1) | o
r- r

Now, we can apply our generating function approach to the
Hamiltonian above. In our implementation, we expand H, F1,
and F> to the fourth order using Matlab®, then follow the same
procedure as in Guibout and Scheeres (2003).

As an illustration of the optimal trajectory generated by the
F) generating function, we choose a set of initial condition
such that the initial positions are located along the circle of
radius r = 0.10 and initial velocities are identically zero (that
is, x9 = [0.10cos #0.10sin 600], with 6 varying from O to
2nradians).

8 Refer to Park et al. (2005) for more detailed description of the system
dynamics as well as the formulation of Hamiltonian system and optimal
control logic.

0.1

0.08 |
0.06 |
0.04 |
0.02 |
> 0
-0.02 |
-0.04
-0.06 |
-0.08 |

-0.1 s N —
-0.1 -0.08-0.06 -0.04-0.02 0 0.02 0.04 0.06 0.08 0.1

X

Fig. 1. Radial position x| vs. tangential position xp, r = 0.10,0< 60 <360
(optimal rendezvous HCP).

0.2 T T T T T T T

0.15 |

0.1}

02 -015 -01 -005 0 005 01 015 02
VX

Fig. 2. Radial velocity x3 vs. tangential velocity x4, r = 0.10,0< 0 <360
(optimal rendezvous HCP).

For the HCP, we locate the terminal boundary condition at
the origin (that is, xf =[0 0 0 0]), Figs. 1-2 show the trajec-
tories for position and velocity variables for the given set of
initial condition. It is clear that our solutions satisfy the termi-
nal boundary condition.

For the SCP where the terminal condition is not fixed by def-
inition, we adjust the terminal weight function Qy to indirectly
affect the terminal condition. Fig. 3 shows the trajectories for
position variables for Qf = «[10 10 2.5 2.5], « =5, 50, 500.
It is seen that the heavier the terminal weight is, the closer the
terminal condition is to the origin.

Note that the initial conditions for all these results are ob-
tained algebraically from the F; generating function which we
only computed once. Given this solution, we can generate op-
timal trajectories for any initial and final conditions within the
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-0.1
-0.1 -0.08 -0.06 -0.04-0.02 0 0.02 0.04 0.06 0.08 0.1

X

Fig. 3. Radial position xj vs. tangential position xp, r = 0.10,0 =
5,50, 500, 0 < 0 <360 (optimal rendezvous SCP).

convergence region of our series expansion, for a variety of
boundary conditions.

6. Conclusion

We have introduced a new expression of the optimal feed-
back control that is valid for changing types of boundary
conditions. To exemplify this, we have applied our approach
to two extreme cases of boundary conditions, the hard and
soft constraint problem. Proving a theorem that decomposes
the optimal cost function into a generating function of the
relevant canonical transformation of the necessary conditions
plus a boundary function, our method is advantageous over
the classical dynamical programming approach in that we do
not need to solve the HIBE repetitively for different types
of boundary conditions. Furthermore, the final time singu-
larity for the hard constraint problem can be circumvented
to evaluate the optimal feedback control and cost function.
These imply that the optimal feedback control problem can be
treated in the context of canonical transformations for Hamil-
tonian systems. The cost of this approach is a doubling of
the dimension of the HJIE we must solve, compared with the
HIJBE.

Acknowledgments

The authors acknowledge support from NSF Grant CMS-
0408542.

References

Athans, M., & Falb, P. L. (1966). Optimal control: An introduction to the
theory and its applications. New York, NY: McGraw-Hill.

Bryson, A. E., & Ho, Y. (1975). Applied optimal control. London, England:
Hemisphere Publishing Corporation.

Fax, J. A., & Murray, R. M. (2000). Finite-horizon optimal control and
stabilization of time-scalable systems. Proceedings of the 39th IEEE
conference on decision and control (pp. 748-753), Sydney, Australia.

Goldstein, H. (1965). Classical mechanics. Reading, MA: Addision-Wesley.

Greenwood, D. T. (1977). Classical dynamics. Englewood Cliffs, NJ: Prentice-
Hall.

Guibout, V., & Scheeres, D. J. (2003). Solving relative two point boundary
value problems: Applications to spacecraft formation flight transfers.
Journal of Guidance, Control, and Dynamics, 27(4), 693-704.

Jamshidi, M. (1974). 3-stage near-optimum design of nonlinear control
processes. Proceedings of the Institution of Electrical Engineers—London,
121(8), 886—892.

Krikelis, N. J., & Kiriakidis, K. I. (1992). Optimal feedback control of
nonlinear systems. International Journal of Systems Science, 23(12),
2141-2153.

Lawden, D. F. (1963). Optimal trajectories for space navigation. London,
England: Butterworths.

Longmuir, A. G., & Bohn, E. V. (1967). The synthesis of suboptimal feedback
control laws. IEEE Transactions on Automatic Control, 12, 755-759.
Matuszewski, J. P. (1973). Suboptimal terminal feedback control of
nonstationary nonlinear systems. /EEE Transactions on Automatic Control,

18(3), 271-274.

Park, C., Guibout, V. M., & Scheeres, D. J. (2005). Solving optimal
continuous thurst rendezvous problems with generating functions. Journal
of Guidance, Control, and Dynamics, accepted for publication.

Park, C. & Scheeres, D. J. (2003). Solutions of optimal feedback
control problem using Hamiltonian dynamics and generating functions.
Proceedings of the 43rd IEEE conference on decision and control (pp.
1222-1227), Maui, Hawaii.

Park, C., & Scheeres, D. J. (2004). A generating function for optimal feedback
control laws that satisfies the general boundary conditions of a system.
Proceedings of the American Control Conference (pp. 679-684), Boston,
MA.

Spencer, B. F, Timlin, T. L., Sain, M. K., & Dyke, S. J. (1996). Series
solution of a class of nonlinear optimal regulators. Journal of Optimization
Theory and Applications, 91(2), 321-345.

Yoshida, T., & Loparo, K. A. (1989). Quadratic regulatory theory for analytic
non-linear systems with additive controls. Automatica, 25(4), 531-544.

Chandeok Park is a Ph.D. candidate in the
Department of Aerospace Engineering at the
University of Michigan. He received M.S.
(2002) in Aerospace Engineering from the Geor-
gia Institute of Technology, and B.S. (1996) in
Aerospace Engineering from the Seoul National
University. He is currently a student member of
the AIAA.

Dan Scheeres is an Associate Professor in the
Department of Aerospace Engineering at the
University of Michigan. Prior to this, he held
positions at Iowa State University (1997-1999),
and in the Navigation Systems Section at the
California Institute of Technology’s Jet Propul-
sion Laboratory (1992-1997). He was awarded
Ph.D. (1992), M.S.E. (1988) and B.S.E (1987)
degrees in Aerospace Engineering from the Uni-
versity of Michigan, and holds a B.S. in Letters
and Engineering from Calvin College (1985).
He is an Associate Fellow of the AIAA, and a member of the American
Astronautical Society, the American Astronomical Society and its Divisions
of Planetary Science and Dynamical Astronomy, and the International Astro-
nomical Union. He is currently serving as an Associate Editor for the jour-
nals Celestial Mechanics & Dynamical Astronomy, the Journal of Guidance,
Control and Dynamics, and the Journal of the Astronautical Sciences.




	Determination of optimal feedback terminal controllers for general boundary conditions using generating functions62626262
	Introduction
	Problem formulation
	Optimal solution by generating function
	The optimal cost function and the F1 generating function
	Numerical implementation and an illustrative example
	A solution strategy for generating functions
	Example: nonlinear optimal maneuvers in a central gravity field

	Conclusion
	Acknowledgments
	References


