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Abstract—We propose a novel approach for solving the
optimal feedback control problem. Following our previous
research, we formulate the problem as a Hamiltonian system
by using the necessary conditions for optimality, and treat
the resultant phase flow as a canonical transformation. Then
starting from the Hamilton-Jacobi equation for generating
functions we derive a set of 1st order quasilinear partial
differential equations with the appropriate initial or terminal
conditions, which forms the well-known Cauchy problem.
These equations can also be derived by applying the invariant
imbedding technique to the two point boundary value problem.
The solution to this Cauchy problem is utilized for solving
the Hamiltonian two point boundary value problem as well
as the optimal feedback control problem with hard and soft
constraint boundary conditions. As suggested by the illustrative
examples given, this method is promising for solving problems
with control constraints, non-smooth control logic, and non-

Guibout and Scheeres’ work [7], we treated the Hamiltonian
system derived from the necessary conditions for optimal-
ity as a canonical transformation and use the generating
functions to solve the optimal feedback control problem.

Circumventing the final time singularity by the Legendre

transformation, we obtained the optimal solution in feedback
form for the hard constraint problem, a difficult and general

type of boundary condition that has rarely been treated in
feedback sense [8]. Adapting this method, we derived an
optimal control strategy for the nonlinear optimal rendezvous
problem in a central gravity field [9]. Later we found that

a specific kind of generating function contains the general
information needed to evaluate the optimal cost function.
This recognition provided us with an advantage for problems

analytic cost function. where both hard and soft constraint boundary conditions are

Key Words. Optimal Feedback Control, Hamiltonian Of interest, as a single generating function is enough to treat

System, Generating Function, Hamilton-Jacobi Equatioffiem together and the difficult Hamilton-Jacobi equation
Cauchy Problem (HJE) need not be solved repetitively [10]. However, despite
these advantages, our method has a restrictive applicability
to problems with control constraints due to the difficulty
Since the mid 1950s, Pontryagin's minimum principIeOf Freqting the inherent. syvitching structure of the cor_1tr0|
and Bellman’s dynamic programming have been two mai\r'1vhICh is not known a priori, nqn-smoothness Of_ the optlmal
branches of modern deterministic optimal control theory(.:om.rOI strategy and C(.)St function, and the possible existence
Between these two, in general, to find the optimal feedbac(?%c singular control regimes [11].

control for a given system requires that one should resort to

Bellman’s dynamic programming and solve the Hamilton- In an attempt to overcome or mitigate these barriers,
Jacobi-Bellman equation (HIBE), which is still a very activave present a new technique stemming from the generating
field of research. However, since it is extremely difficult tofunction method. With a new set of governing equations
find a solution to the HIBE, there have been a myriad aferived from the HJE along with the appropriate boundary
other creative approaches to finding optimal feedback controbnditions, we show how to use them to solve the optimal
laws. Many representatives can be found in the vast amoufigedback control problem. Unlike our previous approaches
of literature on this topic; various manipulations of 1stbased on generating functions, this method is well suited
order necessary conditions for optimality [1][2], employmenfor problems with control constraints, and thus of non-
of state dependent Ricatti equations [3], iterative methodsnoothness in the control scheme and cost function in
based on the generalized HIBE [4][5], derivation of a neweneral.

governing equation by a special transformation [6], etc.
However, there has not been a noticeably superior candi- his document is structured as follows. In section I, we
date among these diverse techniques. Furthermore, many o ' '

these methods only apply to one specific type of boundalrg(/)rmUIa'[e the pptlmal control_ problem as a Haml_ltonlan
conditions or system. ystem and review the properties of generating functions as a

Recently we have studied optimal feedback control pro solution tool. In section IlI, from the HJE for the generating

. S . unctions we derive a set of new governing equations with the
lems in the context of Hamiltonian systems. Motivated by ; o . I

appropriate boundary conditions, which forms a Hamiltonian
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the department of Aerospace Engineering, University of Michigan at Antem to obtain the optimal feedback control. Then in section

Arbor, Ann Arbor, MI, 48109 . . _ IV, we apply our method to illustrative examples including
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I. INTRODUCTION



Il. OPTIMAL CONTROL PROBLEM FORMULATED AS A indirectly affected byp and+, we call this type of boundary

HAMILTONIAN SYSTEM condition the soft constraint problémin either case we
index the initial and terminal time. Therefore, the optimal control
ts problem is reduced to a two point boundary value problem
T = élalty),t +/ L(a(r), u(r), 7)dr (TPBVP). . . N
oty ts) ¢ (@(7), u(r), 7) There exists diverse numerical techniques for solving this

. . . . TPBVP, which usually yield the open loop optimal trajectory.
subject to the following system with terminal boundaryoyever, this does %gt fit into gur purgos% of obtajliningya

conditions feedback control scheme on a given domain. Instead, we
) view the Hamiltonian phase flowz(t), A(t)) as a trans-
&= F(z,ut) , ¥(x(ty)ty)=0 (1)  formation between terminal coordinatés, \,¢) and initial

n m o coordinates(xg, Ao, to), which is by definition a canonical
Herexz € R", u € R™, t € R, ¢(a(ty) ty) : R" xR = R, yransformation, Then there exist generating functions for
L(z(7),u(r),7) : R* x R™ x R — R, F(z(t),u(t),t) : these transformations that can have one of the four classical
R"” x R™ x R — R", and ¢(z(ts),t;) : R x R — forms:

RP=". The controlu = [u; us - u,,)7 is bounded by the £y (z,z0,t,t0), Fa(z, do,t,to) Fs(h zo,t,t0), Fi(\ o, to)

following inequality by component: . . .
g neq y by P Note that these generating functions are functionsnof

|u;| < uio = constant initial coordinates and. terminal coordinates. By definition
they satisfy the given boundary value problem and provide

The unconstrained problem can be dealt with by Iemngelations between initial and terminal states and costates by

Ui =00, i =1,2,---,m. o , the following relations [13]:
Given this problem statement, our objective is to find the '
optimal feedbackcontrol law for a given domain considered y = 9h(z,z0,t t) 9
. - : = )
in (z,t) € R™ x R. Then from any initial point, we oz
can evaluate the optimal trajectory satisfying the terminal Ao = 75F1(55»$0»t7750) (10)
constraints by simple forward integration of the system (1), dxo
updating the control as new state measurements are made. 0 = H(z\b)+ OF(z,z0,t,10) (11)
Instead of resorting to dynamic programming and solving N Y ot
the Hamilton-Jacobi-Bellman equation (HIJBE), we formulate \ OF>(, Mo, t,1o) (12)
the given problem as a Hamiltonian system. First define the o ox
- iltonianA OFs(x, N, t,t
pre HariultonlanH as v — 2(%/\07 ;o) (13)
H(z,\u,t) = L(z,u,t) + \TF(z,u,t) ) 0 OF> (. o, 1)
o 2 Ly A0y Yy LO
where) represents the costates. Then, Pontryagin’s principle 0 = H(@A\t)+ ot (14)
provides the necessary conditions for optimality and defines B OF3(\, o, t, o) 15
a Hamiltonian system for states and costates only [10][12]: o= O\ (15)
= . OF3(\, xo, t,t
H(‘T, Avt) = H(Z',)\,U (IaAvt)7t) (3) A0 = _% (16)
t = Hx(z,\t) 4 OF
. 7 3()\7-7;051:71:0)
A= —Hu(a 1) (5) 0 = H@\t)+—— "
u'(z,\,t) = arg mﬂinf](x,)\,ﬁ,t) (6) R 3F4()\78);\07t7t0) (18)
As is noted in the problem definition, the initial states AOF4(\, Ao, t, to)
are chosen explicitly on a given domain. For the terminal S T (19)
condition, suppose we have an explicit condition for OFy (M . t.t
0 = H(I,A,t)—F 4( 5 N0y by 0) (20)
w(w(tf),tf)zw(tf)—l‘fzo @) ot

n . As can be seen, the generating functions satisfy a partial
wherexz; € R" = constant. Then the terminal States aryige o niia) equation found by substituting forin (11) and
completely specified, which forms the hard constraint prob-

lem. Otherwise ifu(a(t;),¢;) — 0 is given by an implicit (14), and forz in (17) and (20), which are usually referred

. : . .to as the Hamilton-Jacobi (HJ) equation.
equation or does not exist, then the following transversalit S amiton | (HJ) equati

Y A crucial i [
- . . o property of the generating functions related to
condition determines the terminal boundary conditions [12, a given transformation is that they are linked to each other

section 2]:
T ) ) 1Among all possible soft constraint formulations, it is still very difficult
)\(tf) = E)[gb(x(tf), tf) tv w(m(tﬂ’ tf)] (8 to determine the optimédkedbackcontrol for problems with non-trivial)
8$(tf) due to the additional Lagrange multiplier. Therefore in this paper, we

. L .. consider problems wherg¢ vanishes, thug = 0.
wherev is a Lagra“ge multiplier vector a(_jjomt t0. In the 2Refer to Greenwood [13], Goldstein [14], and Guibout and Scheeres [7]
sense that the terminal states are not directly specified kit a review of canonical transformations and generating functions.



via Legendre transformations, which can be represented BybstitutingA = 0F;/0x into the first term, we obtain a

the following identities: system of PDEs for the costate
oX  OA
Fg(x, Ao,t, t()) = F1(1'7£C()7t,t0) + )\;J;LC() (21) — + 7H/\ = —Hm, (24)
Fs(\ zo0,t,t0) = Fi(z,z0,t,t0) — ATz (22) ot ou
s(A2o,t,t0) = Fa(z, 20,1, %0 . which is our new governing equation for the Hamiltonian
Fy(M\ Xostto) = Fa(w,do,t,to) — Az (23)  system. Also starting from the HJE fd#, in (12) and (14),

: . . . . taking Ao and t, as constants, and following the similar
Among these generating functiors, is a special quantity Procedure yields the same result

for the optimal control problem as it provides the optimal Now we derive a similar equation for the statdrom the

cost function by the following theorem: HJEs forF, and Fy. From the HJIE fo in (15) and (17), if

Theorem 2.1 (Optimal Cost and Control Law fraf): \ye regardz, andt, as constants and take partial derivatives
Let z; be the (fixed) terminal state df and z be the (17) with respect to\, we have

(moving) initial state att. Also let Fy(xf,z,tf,t) be

a generating function for the given phase flow. Then, 9 (5F3 + H> =0
F satisfies the necessary conditions of the TPBVP by oA\ ot
definition. Also, the function Observing that the? (z, A\, t) = H(z(), 2o, t,t0), A\, t) from
(15) and using the chain rule for the Hamiltonian and the
Vi(z,t) = —Fi(xy,2,ty,t) + ¢y, ty) exactness property dfy yields
is the optimal cost function and satisfies the HIB equation 0%F3 CH4+H Ox 0
and the sufficient conditions. Furthermore, the optimal feed- OtON A TON
back control can be expressed as Substitutingz = —9F5/0X into the first term, we obtain a
- AV (x, 1) system of PDEs for the state
u=argmin H | x, ——%,u,t 9r  Or
@ Ox — — “H, = H,, (25)
Proof Refer to Park and Scheeres[10]. ot oA

In our previous works [8][9][10], we have used generatingvhich is another set of governing equations for the Hamil-
functions and their Legendre transformations to develop tanian system. Finally starting from the HJE {6y in (18)
systematic methodology to solve a class of optimal contr@nd (20) and following a similar procedure yields the same
problems where the performance index and the system aesult.
analytic, and thus expandable as Taylor series. However, asNote that (24) and (25) are simultaneous first order
is observed in [11], though we obtain a consistent resufuasilinear PDEs. In order to solve these equations, we need
for problems with control constraints and singular optimato derive at least: initial or terminal conditions to form
control problems, the applicability of our solution techniquesin initial value problem (Cauchy problem). We see that the
is restrained by the unknown switching structure a prioristatesr and costates in (24) and (25) are simply the same
non-smoothness of cost function and control scheme, aagiantities as those in the Hamiltonian formulation in (3)-(5).
possible singularities in the cost function. In an effort tdHence the boundary conditions for (24) and (25) should be
overcome these difficulties, we derive a new set of equatiog®mpatible with those of the Hamiltonian system, that is, (7)
from the HJE and employ their solution to obtain the optima&nd (8). We note that it is the type of boundary conditions

feedback control, which we detail in the next section. (7) and (8) that determines which equations to use between
(24) and (25), and how to use them to derive the optimal

1. HAMILTONIAN CAUCHY PROBLEM FORSOLVING feedback control.
OPTIMAL FEEDBACK CONTROL PROBLEMS First we consider the hard constraint boundary condition

(7). As this should be satisfied by the statén (25) at the

) ) _ terminal time, we obtain
We start from the HJEs for generating functions. First

consider the HJE fof; in (9) and (11). Regarding, andt, a(t =tf,A) = xy (26)
as constants (which is consistent with the definitionfdj  Similarly for the soft constraint boundary condition (8), as
and taking partial differentiation of (11) with respect:to this should be satisfied by (24) at the terminal time, we have
we have
_ _ a[¢(x,tf)+VT’L/)((L'),t)]

Nt =ts,z)= (27)
dz \ Ot With these terminal conditions (26) and (27), the governing
PDEs (25) and (24), respectively, constitute the initial (or

Here note that the Hamiltonian H(x,\,t) = terminal) val bl led Cauch b
H(x, \(z,xzg,t,t9),t) from (9). Using the chain rule erminal) value problems, or so called Cauchy problems

for the Hamiltonian and the exactness propertyfpfyields 3Whereas our derivation originates from the Hamiltonian system theory,

9 one can also derive the same results from the so-called invariant imbedding
0°Fy H H oA . method based on characteristic theory of 1st order PDEs. See Meyer [15]
Ot + e+ A% =0 for details.

Derivation of Governing Equations




Finally note that the solutions to these Cauchy problemgroblems. In this case, the transversality condition for the
(24,27) and (25,26) are subordinate to generating functiofige time index [12, section 2]

by the relations (9), (12), (15) and (18); we can obtain the 9 (x(to), to)
solutions to the above Cauchy problems simply by partial H(to) — T’ = 0
differentiations of generating functions, once we find them. O (x(t O) t)
However, as the motivation of this study suggests, it is H(W)Jr% =0
very difficult to solve the HJE for a generating function for Ly

problems with control bounds, and thus non-smooth optimgrovides the additional algebraic equation for the varying
control logic and cost function. In that case, we can resotime index.

to our new tools (24) and (25). Numerical Computation

Generation of Optimal Feedback Control from the Cauchy

So far we have shown that our new method is composed
Problems

of two steps; first we solve the Cauchy problem (25,26) or
So far we have derived a new set of governing equations4 27), and then solve the associated implicit or explicit
and their associated terminal conditions to form a CaUC"HIgebraic equations (28) or (30) for the hard or soft constraint
problem. It remains how to evaluate the optimal feedbacgromem to derive the optimal feedback control law.
control from these new formulations. We discuss the hard Though the well-posed Cauchy problem is guaranteed to
and soft constraint problem separately. have a unique solution [15, pages 9-17], it is by no means
Suppose we have solved the Cauchy problem (25,26) faksy to solve a system of 1st order quasilinear PDEs numer-
the hard constraint problem. Then we have a solution of thgajly for most non-trivial problems. Suppose we consider
form z = x(t,A). Again note that the state is the same gne of the traditional finite difference methods, for example.
variable as that of the Hamiltonian formulation (3)-(5); therhen, we are first faced with the obstacle of dimensionality.
initial conditions (zo, Ao) at the arbitrary momenty < ¢y |t we assigni grids for one spatial dimension aid grids
should be satisfied by the solution to the Cauchy problengy; the time span of interest, then we nedd\/" storage
Then given the (arbitrary) initial stateo, the following points for a2n-dimensional Hamiltonian system representing
equation should be satisfied: the necessary conditions for optimality (3)-(5).
2(to, Ao) = o, (28) _For the hard constraint prgblgm, this curse of dimension-
ality becomes even more significant, as we need to solve
which is ann-tuple of implicit algebraic equation for the he algebraic equations (3@nplicitly. In general, we do
n-tuple of unknownsXo = [Ao A2 - Ano]”. If We ot knowa priori where in thex-domain the solutions exist
find a solution ) to this equation, we can evaluate thefor the corresponding-domain of interest. Thus, we need to
optimal trajectory by simple forward integration of (4)-(5).solve the Cauchy problem (25,26) for a large enough domain,
Furthermore solving (28) implicitly for a given domain of iy the hope that the solution falls into the estimated domain.
initial state to construct\g = Ao(to, 7o), we obtain the For the soft constraint problem, the problem of estimating
optimal feedback scheme by the optimality condition (6): the solution domain can be alleviated, as the expression (30)
w (2, \(t,2),t) = argmin H(z, \t, ), G, ) (29) becomes an explic_it func_tion fc_zr. The iniFiaI cost_ate\_o can
u be evaluated by:.-dimensional interpolation, which is much
Note that we do not solve the Cauchy problem (25,2&impler than the case of hard constraint problem.
repetitively. Once we find a solution field for the domain Despite these difficulties and limitations, note that once
of interest, the optimal feedback scheme can be obtaingee Cauchy problems are solved, the solutions work as
algebraically, which provides a substantial advantage oveimplicit (or explicit) numericalfeedbackcharts for the hard
repetitive solving the TPBVP numerically for each boundarysoft) constraint problem. We believe that with such charts
conditions. the interpolation process can be done rapidly for relatively
For the soft constraint problem, the situation is moréigh dimensional problems. In other words, the solution to
favorable, as is seen below. Similarly we first solve th¢he Cauchy problem, the feedback chart, can be real time
Cauchy problem (24) and (27), which yields the solutioimplementable for many practical problems.
of the form A\ = A(¢, ). Then the same arguments conclude
that the following equation should be satisfied:

A(to, o) = Ao, (30) _ , . .
) ) We first consider a 2nd order linear quadratic soft con-
Here note the difference from the hard constraint problem,int problem: minimize

given the initial statexy, g is an explicit function oft, and . L
xo, which can be more easily computed in general. Thenin ; _ 1 1 < Ty, 4,7
the same way, starting frorfwg, Ag), we can evaluate the 7= 2x (t)Qga(ts) + 2 /to (7 Qu+u” Ru)dt
optimal trajectory as well as the optimal feedback CoerI'subject to the linear system
Finally we conclude this section by claiming that our
method is truly applicable to free final (or initial) time i = Ax + Bu

IV. I LLUSTRATIVE EXAMPLES
Linear Quadratic Soft Constraint Problem



Time Optimal Control of the Double Integrator System

As another example, consider minimizing

ty
J= / dt
to

e ), subject to the double-integrator system with control con-
straints:

Fig. 1. Loci of Initial Costates and Optimal Control Schemg, = .
o T _ _
[0.1cos@ 0.1sinf]* , 0 =0~360, Q5 =1 [ ;1 :| _ [ 3;2 :| 7 |u| <1
2

. { 0 1 } B { 0 } 1 (to) _ | %o z1(ty) _ |0
-1 01" 1 w2 (to) T20 ’ z2(ty) 0
Q=00x0, R=Iy1, to=0, t;=1 Here for convenience, we fix the terminal timg = 0 and

vary the initial timet,, which does not change the intrinsic

Defining the pre-Hamiltonian as property of the problem. Then, defining the pre-Hamiltonian

_ 1
H = 5 (" Qu +u" Ru) + X" (Ax + Bu) as
and using Pontryagin’s principle yields the following Hamil- H(w, A u,t) = 14 Mz + dou

tonian system: and using the Pontryagin’s principle yields the following

H(z,\t) = }xTQx AT Ax — })\TBRABT)\ necessary conditi_or_ls_ fo_r optimality with the transversality
2 2 condition for free initial time:

[q:{ A BRA;BTHH H = 1+ — |\
A -Q - 1 = T2 ri(to) =10 21(tf) =0
u(x, t) _ —R_lBT)\(t) {.tg = —sign()\g) .I'Q(t()) = X90 ,’Eg(tf) =0
A =0
As this is a soft constraint problem, the terminal boundary !
condition is determined from the transversality condition (8) 2 = _)‘_1
as u = —sign\y)
)\(tf) _ wa(tf) H(tg) = 14 M(to)za2(to) — |A2(to)] =0
Now we can set up the Cauchy problem (24,27) as follows:irom the transversality condition, we can show that there
I\ I\ does not exist singular intervals and that the optimal control
3¢ (b 2) + 5t 2)[Az — BR™'BTA] = —(Qz+A"X) should beu = +1 [11]. The Cauchy problem (25,26) for
Atpz) = Qa this hard constraint problem can be written as
For numerical computation of this Cauchy problem, th % gjl % 0 X
. . . . JF 1 2 — i
2nd order Lax-Wendroff finite difference scheme is chosen 2z2 vz Or2 -\ —sign(\z)

for this problem. After solving this Cauchy problem we T T
can obtain the initial costate from the explicit function [21(ty, A) @2(ty, N = [ 0 0 |7,

(30), and the optimal feedback control law from (29). For hich b ved icallv. In f hi bl b
the illustration of thefeedbacknature of our method, we which can be solved numerically. In fact, this problem can be

choose a set of initial conditions around the origin Withused to show that the solution to the above Cauchy problem
. S . 9 can be derived from the associated generating functions,
the radius ofr = 0.1, which is parameterized by, =

rcosd rsinf]”, § = 0 ~ 360degrees. Figure 1 shows which has been computed in [11]. For example, starting from

. . . nerating function, w n in the initial
the loci of initial costates and the corresponding optima 2 ¢ gat gt gto » We ca Ok?t"?‘. the initia §Ta‘ﬁas
. L .. _-a function of terminal state ; and initial costate\,>:
control scheme for the given set of initial conditions with

Q¢ = 1. It is seen that the numerical solutions consistently +A3) — 290 F 1

approximate the reference solution, which is provided by the Fy(zg, dost) = Y T w2y + 215 M0
sweep method in Bryson and Ho [12, pages 148-157] or the 22 M0

generating function method in [10]. %, (u=7F1—-=£1)

4For a comprehensive discussion of finite difference methods, we cite
[16]. 5For the effective domain for each case of the solution, see [11].
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problem as a Hamiltonian system, we have derived new
governing PDEs with their associated boundary conditions
N and formed Cauchy problems. Then it has been shown how
the solutions to the Cauchy problems can be used for solving
both hard and soft constraint problems. Though the new
equations have been derived from the HJEs for generating
functions, they can be used independently. Furthermore, they
1 can compensate for the limited applicability of generating
functions for some problems with non-smooth control logic
and cost function.

In the future we will further research how to recover
the generating functions from the solutions to the Cauchy
problems. Also, we are exploring the relations between the
* solutions to the hard and soft constraint problem and trying
to find a method to recover one solution from the other, as
can be done in our generating function method.
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Fig. 3. Graphical Determination of Initial Costate ; = 0)
Each intersection point defines a unique pair(af, A2) for the optimal
control at(z1, z2).

(1]
OB 1, FAp+2Mp0t1 2
r10 = Mo T1f + or2f + N2
OFy, £l —1 (3]
€T = =
0 Do Ao

Imposing the given terminal boundary condition at the origin,[4]
i.e., (z1r,227) = (0,0), and removing the subscrift to

represent the moving initial conditions, we have (5]
G E Y ES EEOVES|
(I17I2) = ( 2)\% 3 N [6]

Simply by direct substitution, we can easily show that this
expression satisfies the above Cauchy problem. 7
Now suppose that we have found this solution numerically
from the Cauchy problem (25,26). Then fixing the initial (8]

states into the desired oné€s,,z2) = (19, 220), We can

find the loci of initial costates from each component of the
solution in the A\; \;-domain. The whole procedure can be [9]
shown graphically with ease. We first draw plots for =
z1(A1,A2) and xzo = x2(A1, A2) (Figure 2). Then for the
desired initial states, we construct the contours for each p|(§%9 ]
as in Figure 2 where the contours are drawnafpr=0 ~ 1
andz, = 1 ~ 2, respectively. Imposing these two contourd!1l
together in the\; \o-plane, we can find the initial costates
for the given initial states by choosing the intersection of
these two contours (Figure 3). Then, the optimal feedbadk?
control law can be determined from the optimality conditior) 5,
u = —sign(\z).

[14]

V. CONCLUSION [15]

We have presented a new method for solving the optiméile]
feedback control problem. Formulating the optimal control

Cauchy problems.
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