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Abstract—We show that the optimal cost function that underlying assumptions, they did not provide the solution to
satisfies the Hamilton-Jacobi-Bellman (HJB) equation is a the hard constraint problem they considered. All this implies
generafing function for a class of canonical transformations 4t the finite horizon problem is more difficult to solve than
for the Hamiltonian dynamical system defined by the necessary e - .
conditions for optimality. This result allows us to circumvent the infinite horlzon problem due to the explicit depende_nce
the final time singularity in the HJB equation for a finite time ~ Of the HJB equation on time. Furthermore, when the final
problem, and allows us to analytically construct a nonlinear condition is completely specified and there is no control
optimal feedback control and cost function that satisfies the constraint, the optimal control law becomes singular at the

HJB equation for a large class of dynamical systems. It also final condition, which adds to the problem difficulty.
establishes that the optimal cost function can be computed from ’

a large class of solutions to the Hamilton-Jacobi (HJ) equation, Independent of these results, there have been st_udies which
many of which do not have singular boundary conditions at the have taken advantage of the theory of canonical trans-
terminal state. formations for Hamiltonian systems in an optimal control

context[13], [14], [15]. These studies were very limited,
however, and only considered the control of Hamiltonian
For a general nonlinear system with arbitrary performancsystems during periods of null control and did not take
criteria, optimal state feedback control laws can be derivefdll advantage of the Hamiltonian nature of the necessary
from the solution to the HIB equation. The HJB equatioronditions.
does not have closed-form solutions in general, thus muchThis paper presents a more general approach to find-
research has been performed to find practical approaches fiag optimal feedback controls, combining the fact that the
obtaining sub-optimal feedback controls. necessary conditions for optimality define a Hamiltonian
Based on the time duration of interest, optimal controsystem with the abstract properties of this class of dynamical
formulations can be classified as infinite horizon regulatagystems. We first formulate the optimal feedback control
or finite-horizon targeting problerhsin the former case, problem and introduce the sufficient and necessary conditions
the time variable does not explicitly appear in the optimafor optimality (section 2). After a short introduction to
feedback control. Due to this simplification, many algorithms4amiltonian dynamical systems and canonical transforma-
have been proposed which provide numerical approximatiofisns, the core discussion of how to employ these results to
of the optimal feedback regulator problemf.(Durbeck[1], obtain optimal feedback control follows (section 3). Then
Lukes[2], Huang et al[3], Beard et al[4], Cloutier[5], Tsiotraswe propose a systematic numerical implementation based
et al[6], Curtis et al[7], etc.). In Beeler et al[8] five differenton series approximation, and explain how it circumvents
methodologies were analyzed and compared. the final condition singularity for the finite horizon problem
In the finite horizon targeting problem, the optimal feed{section 4). Application of this approach to the optimal
back control is an explicit function of both spatial and timecontrol of nonlinear orbital rendezvous follows (section 5).
variables in general. Due to this difficulty, relatively few
results exist in the literature, a representative sample can be Il. PROBLEM STATEMENT
found in Burghart[9], Garrard et al[10], Saridis et al[11], Fax Consider the minimization of a general performance index
et al [12]. All the methodologies discussed in these papefsr an arbitrary initial point(x,t)?
are applicable to both finite and infinite horizon problems, Zy,
however only Fax et al[12] treats examplesfiofte horizon J(x,t;x,t6) = @(x(te),t) +  L(x(1),u(t),T)dT
problems and considers the case where the terminal condition t
is specified at a point (the hard constraint problem). Evesubject to the following system with final time constraints
though the scope of their method is limited due to their .
X(t) =F(x(t),ut),t) , Wx(ts)tr) =0.

I. INTRODUCTION

*Graduate Student

**Associate Professor 2|n this documentx represents the initial state as well as the time history

1Alternatively, the infinite horizon problem can be viewed as a speciabf the state, as doas andt stands for the initial time as well as the general
case of finite horizon problem by forcing the final time to be infinite. time variable for an interval of interest.



Here we assume thatc 0", t € 0, uc O™, and € OP=". The standard derivation from the variational calculus and
Our objective is to evaluate the optimal trajectory and findPontryagin’s principle provides the well-known 1st order
the optimal cost and the associated optimal feedback contmécessary conditions[16]:

law for a given initial point(x,t) € O™,

We define thehard constraint problemas the problem X = HA(xA,u.t) )
described above with terminal boundary conditions specified A = —Hy(XxAut) 3)
at a fixed point inO", i.e., u = argmuinH(x,)\,lIt) (4)

o(x(tr),t1) =0 ,  W(x(tr),tr) =X(ts) — ¢ whereA is the costate. Substituting (4) into (1)- (3) yields
where the paifx;,t¢) is given. In this case the cost function HOGAE) = Lt +ATF(xt)
as well as the associated optimal feedback control is singular X = Hy(xA)
at the given terminal boundary point[16]. This singularity re- A = —Hy(X A, t)

stricts conventional dynamic programming approaches using
the HJB equation. Although the Ricatti transformation techwhich is a Hamiltonian canonical system for states and
nique provides a feedback control law for linear, quadrati€ostates. Since we have specified the initial and terminal
hard constraint problems[16], it is not applicable to system$fates and need to find the initial or terminal costates to
with non-linear dynamics or with non-quadratic performancéatisfy the ODE's, the optimal control problem is reduced
criteria. to the two point boundary value problem (TPBVP).

With these observations in mind, we focus our analysis on Our alternative approach to solving the optimal control
the hard constraint problem, which is presumed to be one Bfoblem evaluates the cost function and the corresponding
the most challenging types of problems in classical optim&@Ptimal feedback control using properties of Hamiltonian

controbf. dynamical systems. The core procedural scheme we use
employs the theory of canonical transformations to solve the
Sufficient Conditions for Optimality TPBVP, which is elucidated in the next section.
Let us first define the Hamiltonian as I1l. BOUNDARY VALUE PROBLEMS IN HAMILTONIAN
SYSTEMS

H(x,A,u,t) = L(x,ut)+ATF(x,u,t , _ o L .
(A, ut) ( )+ ( ) This section briefly introduces the application of canonical

According to the classical derivation of the sufficiency contransformation theory to solve boundary value problems in
ditions from dynamic programming[16][17], if Hamiltonian systems. A more detailed description of this the-
ory can be found in Guibout and Scheeres[18]. For a general
review of Hamiltonian Dynamical systems see Greenwood
[19].

u=argminH (x,a‘] u_,t> Hamiltonian Systems and Canonical Transformations
u

ox’ ) i
Suppose we have a system whose equations of motion can
2) J(x.t) is sufficiently smooth (or analytic) and satisfiesbe represented by Hamilton’s canonical form

1) In the domain considered faix,t), the Hamiltonian
has a unique minimizer with respect eiosuch that

the HJB equation with the given boundary condition 0 AH (q(t),p(t) 1)
q t ap '
0J . 0J [ ’ OH(q(t),p(t).t)
i (x,1) mumH (x, ax,u,t) , J(x5,t1) =0 aq
. . . . . Where
thenJ is the optimal cost and is the corresponding optimal « H=H(q(t),p(t),t) is the Hamiltonian of the system
control law. o _ _ e q(t) = [g1(t) qo(t) --- an(t)]" is the generalized
In general, the HJB equation is a nonlinear first order .0 dinate vector

partial differential equation for the spatial variablesand e p(t) = [pa(t) pa(t) --- pat)]T is the generalized

the time variabld. momentum vector conjugate tit).

Necessary Conditions for Optimality In our appl_icati_on we rt_astrict ourselves to canon_ical transfor-
mations with time as independent parameter, i.e., solutions

Now re-consider the Hamiltonian defined above: to the given dynamical system.

HOGA, Uy t) = L(x u,t) + ATF (x,u,t) Q) C_Zonsider a transformation betweég, p,t) and (Q,P,T)
defined by
3This does not imply that the applicability of our approach is confined to —
the hard constraint problem. Later we will discuss, briefly, how to manipulate Q(T) Q(q(t)’ p(t),t,T) (5)
other types of boundary conditions. P(T) = P(q(t),p(t),t,T). (6)



If the transformation is canonical, there exists a new HamiltdSimilar equations can be found foFs(p,Q,t,T) and
nianK =K(Q(T),P(T),T) such that the equations of motion F4(p,Pt,T). The generating functions satisfy a partial dif-

have the form: ferential equation found by substituting fqr in (11) and
[ 9 IK(QPT) (14):
_ P .
P } = l _K(@QPT) ] 0F(a.Qt.T) OR@QLT) \ _
90 ot +H q, aq ,t 0
We note that for this class of transformation§ = oR(q,Pt,T) 0R(q,Pt,T)
H(Q(T),P(T),T), however we retain th& notation for ot +H{g aq 1) =0

convenience in the following. In order to relake and H
recall Hamilton’s principle
z,,

ol=06 Ldt=0 @)

to

These equations are usually referred to as the Hamilton-
Jacobi (HJ) equation, and again similar equations exist for
F; andF4. For the applications we make, it is also important

to derive the HJ equation fdf, treating the statéq, p,t) to

be a set of fixed final time conditions (again, equivalent to

where the Lagrangiai. is defined asL(g,d,t) = p'4—  settingH(q, p,t) = 0) and the statéQ,P,T) to be the moving

H(g, p,t). variable withT < t. Derivation of this equation yields[20]:
Then, by application of Hamilton’s principle (7) for the

old and new coordinates, we find that the Lagrangians differ _w +H (Q’_a':l(q’Q’t’T),T) =0 (15

by at most the total time derivative of an arbitrary function T 0Q
F: A crucial property of the generating functions related to a
. dF given transformation is that they are linked to each other via
PTg—H(a,p,t) =P'Q—K(QPT)+ r (8) Legendre transformations, which can be represented by the

. . . ) following identities:
The functionF is called agenerating functiorand depends

on the old and new states and times (i4n;+ 2 variables). F(q,PtT) = Fi(qQtT)+P'Q
Using the2n relations from (5) and (6), we see thatis F(p,QtT) = Fi(qQtT)—p'q (16)
reduced to a function oPn+ 2 variables. Assume thédf Fa(p.Pt,T) = F(qPtLT)—p'q

is dependent upon old states andh new states. Then the

generating function can have one of the classical forms: Given an analytical solution to any generating function, it
is then possible to evaluate the analytical form of any other

Fi1(0,Q.t,T), F(aq,Pt.T), FR(p,Qt.T), Fa(p,Pt,T) generating function as long as some uniqueness conditions

. . _ are satisfied[18]. This is an important property as some
Isfh;?fldmbséaggs('jq andQ are independent variables, thép generating functions are easier to compute than others.

When treating the transformations as solutions we gerg0lving Boundary Value Problems with Generating Func-
erally choose the statg®,P) to be the initial conditions t0NS
at time T, which are constants of motion and hence have The choice of the appropriate generating function depends
a constant HamiltoniarkK (which is equivalent to setting on the type of boundary condition of the problem to be
K =0). Treatingt as the independent variable and expandingolved. For the hard constraint problem as specified here, the
the total time derivative of the generating function, we caf; generating function is the appropriate choice. Indeed, if

find the standard results féi and F»:[19] we can findF (X, Xo,t,t0), we can directly evaluate the initial
 R@QLT) . and final costates from (9)- (10):
= e 9) A _ OF A oF;
0= 3 y M= o
P = ,w (10) 0% t=ts X=Xt 0x t=tf ,X=X¢
0Q 5 If the terminal boundary condition is not specified, then
F b 7t7T i iti
0 = H(gpt)+ l(qatQ ) (11) the transversality condition
_ 0(x(ts)tr)
Alte) = ax(tr)
0F2(q,Pt, T)
p = aq (12) provides the terminal condition. In this case(A,xo,t,to)
o _ OFx(q,P.t,T) 13) is the appropriate choice. Else, if the terminal condition is
oP 4The 1st order necessary condition for optimality can be mapped into the
0 — H(q, p,t) I 6F2(qé:>,t,T). (14) Qc;a‘t)i.on of a Hamiltonian system by making the identifications: g and



given by a hyper plangp(x(tf),tf) = 0 in OP=", we will ThusV (x,t¢) = —F1(X¢,Xs,tf,tf) = 0 (and we see thef is

have mixed terminal conditions for both states and costateggular as it loses independence of its arguments). Therefore

in general. In this case, a more generalized kind of generatitige functionV(x,t) satisfies the sufficient conditions for

function can be implemented, which would mix all 4 kindsoptimal control. Furthermore, we see that fhegenerating

of variables (initial and terminal states and costates). function satisfies both the necessary and sufficient conditions
Once the generating function has been found, the unknovior optimality, and hence that the optimal cost function is:

boundary conditions are simply evaluated by the algebraic

manipulation of (9)-(10) and (12)-(13) without solving a J(x,t) = —F1(xs,%,ts,t). (19)

differential equation. For our example, once we find Eje

generating function and obtain the initial costadesfrom  |IV. EVALUATION OF THE OPTIMAL COSTFUNCTION VIA

the corresponding necessary conditions, we can evaluate the GENERATING FUNCTIONS

optimal trajectory by simple forward integration. Note that _ o
we do not need to finé; directly from the HJ equation, and We have shown that the optimal cost function is fundamen-

can instead find it from a different generating function (whicr{2!ly linked to the generating functidh and thaf, is related
may be easier to solve for) via a Legendre transformatioft® other generating functions by thg Legendre tran;formathn.
This result is at the heart of our analytical solution to thdn fact, the Legendre transformation plays a crucial role in
problem described in the next section. the evaluation of,, as described below.

If we fix the final state and time of our systey,t;) and Solving the HJ equation requires, at the least, that the value
keep the initial state and time free, th&n also generates ©Of the generating function be specified at some epoch. Now

the optimal feedback control law: recall that for our canonical transformation the old and new
OF1 (X1, X, t1.1) coordmates are equal when=T, .and thus thg generatlng

u=argminH <x, _”’,J,t> (17) function solution to the HJ equation must define an identity
u 0x transformation at = T. F; cannot generate such a transfor-

Equivalence ofF; and the Optimal Cost Function mation since the initial and final positions are equal and not

independent at= T°. On the other hands, is well defined
att =T and generates the identity transformation, as noted
previously. Therefore, given the Hamiltonian of a system we
can solve the HJ equation fé% from the initial time and
V(X,t) = —Fu(X, X, t1,1). (18) then evaluatéF; through the Legendre transformation at a

Thus, we fix the final state and time and keep the initial sta{gter Flme. In [18] this fact is used to derive a specific solution
algorithm for a class of problems where:

and time as free variables. Th¥hsatisfies the modified HJ
equation (15) and the optimal control law (17) by definition: 1) the systemx=F(x(t),u(t),t) is analytic and has a zero

To show the equivalence of thg function and the cost
function of the HIB equation, we will show thBt satisfies
the sufficiency conditions. First define the function

equilibrium, i.e.,F(x=0,u=0,t) =0
VX +H{ X 6V(x,t)’t =0 2) the integrand of the cost functiob(x(t),u(t),t) is
ot 0X Ivti
Vixt) analytic
u:arnginH (X, ax’ 7U,t) In this approach we expand the Hamiltonienand the

generating functiond=; and F, as Taylor series in their
Finally, in order to show equivalence we must evaluate thepatial arguments about the zero condition, these expansions
terminal boundary condition fd#, at (t =tf,x=X¢). Forour can be made to arbitrarily high order. Then, using the HJ
dynamical system, at the terminal condition we must find thgquation, we find a series of ordinary differential equations
identity transformation: for the coefficients of the series expansionsFefand Fo.
A=Af We solve these equations f6p, using our initial boundary
conditions to generate initial conditions for the ODEs. Then,
The functionsF; and F4 cannot generate identity transfor-at a later epoch wherE; is defined, we use the Legendre
mations, althougli, andF; can[19]. ForF, we see that the transformation and inversion of series to compute the co-
function F, = x[ A generates the identity transformation  efficients of F;, and use these to initialize the ODEs that
Py define this generating function. Then by integrating forwards
F ok L ’ ) .
X=—===Xf , Af=—=—=A and backwards in time we construct time varying solutions
oA oxt for F; that are non-linear, analytic functions of its spatial
Thus at the terminal conditions we know the form tlat argumentsx andxo. See [18] for a complete description of
must have. Then, from the Legendre transformation (16), wis solution method.
can solve forF; at the terminal condition

X = Xf

5 o . . .
. T - In fact, this is an equivalent statement that the optimal cost function is
I:1()(f ) Xf, L atf) = [FZ(Xf »)\atf 7t) —A X] ‘t=tf =0 singular at the terminal time for hard constraint problem



V. APPLICATION TONONLINEAR OPTIMAL RENDEZVOUS ‘ ‘ ‘ ‘ ‘ e
MANEUVERS IN A CENTRAL GRAVITY FIELD :

We apply this specific algorithm to the following problem:
consider minimizing

z t 015}

= Tt -

2 tO 0.1

subject to the system dynamics

J

. X
X1 3 o
%o X4
)'(3 = 2X4 — (1+X1) (r% — 1) + U]_ 0805 L‘J ov‘us 0‘1 . 0‘15 0‘2 0‘25 0.3

Xq — X2 — 1
23 =X <r3 1) + U2 Fig. 1. Radial Positionxg) vs. Tangential Positionxf)

wherer = /(x + 1)2+ x2. This system represents the planar 03 ‘ ‘ ‘ ‘ ‘ —
motion of a particle in a central gravity field, expressed | :
in a rotating coordinate frame. The origin of this frame
corresponds to a circular orbit, the coordinates xz, X3, X4)
represent radial displacement, tangential displacement, radial
velocity, and tangential velocity deviations from the circular
orbit, and(uy,uy) represent the radial and tangential control
input, respective§. The boundary condition is given by

X(to) =% , X(tf) = Xs.

Expanded as a polynomial series about the zero equilibrium

point[x; X X3 Xl =[0 O 0 QT, the system can be B R EEIE R TRt
re-written as "
X1 X3 Fig. 2. Radial Velocity X3) vs. Tangential Velocityxg)
X | X4
X3 | | I+ —3E+ 155G+ + Uy (20) . o _
Xa — 23+ 31X+ -+ Up Now (20)—(23) constitute the Hamiltonian canonical system

- o ) S .. to which our approach has been applied. In our implementa-
Pontryagin’s principle (or simply the optimality condition tion of the method we expartd, F1, andFs to the third order

Hy = 0) provides the well-known Lawden's primer vector ging Matlab. Higher order expansions will be investigated

optimal control strategy[22] in the future.
up —A3 Figures 1-3 show the state and control trajectory for
[ U } - { M\ ] @) an arbitrarily chosen boundary condition and time interval
: . I . chosen as
If we introduce (21) into the Hamiltonian, it becomes a
function of states and costates only: X(to=0)=[0.2 02 01 01" , x(tf=1)=[0 0 0 Q'
H = —}(uf( + W)+ A1X3+AoXq For the control histories, the solid line, dashed line, and dot-
2 Y ted line indicate the solution of the nonlinear TPBVP using
+ Aa(Bx 24— 3G+ 155+ (22)  a shooting method (which is our reference “true” solution), a
+ A(—2X3+ 33X+ ) linear systems solution, and the 3rd order analytical solution
. ) described here, respectively. For the state trajectories, each
while the costate equations are line represents the application of each control history to
A 33+ 6Xghg — 3XoAg 1t - - the original nonlinear system. It is clear that the 3rd order
Ao —3xoA3 — X Ag - - control is a better approximation than the linear control and
As | T VR Y (23) s close to the true solution. By introducing additional higher
g “Ap—2A3--- order terms in the system dynamics, we can approximate the

original system to as high a degree as desired.
6See Scheeres, Park, and Guibout[21] for a more detailed review and As another ex""‘mple! Flgurg 4 shows t'he 3rd order approxi-
derivation of this problem mated cost function for zero initial velocityd = x4 = 0) and
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Fig. 4. Optimal Cost Function (3rd order approximation) [10]

zero terminal boundary conditiorky(= x> = X3 = X4 =0) [11]
whenty =0 andtf = 1. It is important to note that our
algorithm provides us with an analytical solution of the cosf; 7
function as a general function of the initial and final states,
and is only limited by the convergence properties of this

function’. 13]

VI. CONCLUSION

We have introduced a new approach for finding the optiméjr4]
feedback control by solving for a generating function ofis]
the Hamiltonian system defined by the necessary conditions
for optimality. We have applied our approach to the harg16
constraint problem to show the generality of our method. By
establishing that the optimal cost function is a certain typg7]
of generating function, the optimal feedback control problem g
can be included within the more fundamental problem of
canonical transformations for Hamiltonian systems.

These results also reflect the connection between thegy
necessary conditions and the sufficient conditions, whic
are usually derived independently. We have shown th&°

" X o 21]
the necessary conditions derived from variational calcuIJs

and Pontryagin’s principle, once the control is removed
[22]

“Some convergence properties of this algorithm were investigated in [18]

and viewed as a Hamiltonian system, recovers the optimal
feedback control which satisfies the sufficiency conditions
derived from dynamic programming (i.e., the HIB equation).

Our future research will be directed toward the application
of this approach to general nonlinear systems with a variety
, of boundary conditions. We will also explore the group
properties of Hamiltonian systems to search for additional
. advantages of our approach.
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