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Abstract—In this paper we study a class of dual space-
craft formations for imaging applications. After motivating
the problem, we discuss the general goals of an imaging ) ) Line of
formation. We then specialize the discussion to a class of dual Linear Spiral Sight z
spacecraft formations and introduce the geometric constraints
imposed on the formation. The first main contribution of this
paper is that we combine two ideas introduced separately in
the literature and propose a maneuver that offers improved
imaging performance. We then formulate an optimal control 27
problem to minimize fuel consumption and further maximize 5l
image quality by minimizing the relative speed, which is
proportional to the signal-to-noise ratio of the reconstructed
image. We use the Maximum Principle to derive the necessary 05
optimality conditions and show that they are also sufficient , : ; ~
and that the resulting control law is unique. Finally, we apply a AT , T
continuation method to solve for the unique optimal trajectory. o T s

Paraboloid

I. INTRODUCTION

Fig. 1. The basic interferometer.
The present paper addresses a class of dual spacecraft g

sparse aperture interferometers. Such formations have been
discussed previously in the literature. See for example [1].
This class of formations is chiefly motivated by NASAs
Origins mission [2]. The formation is composed of two: ; - :
spacecraft (see Figurel)() Both collect incoming light IS desired that all frequencies i be sampled while
but only one, called the combiner spacecraft, combines tH82Ximizing SNR. SNR can be controlled by controliing the

two collected beams and performs the interference procegglative §peed (project_ed on the observation plane, which is
While the combiner is fixed in space, the collector isperpendlcular to the line of sight) between the spacecraft

proposed to evolve on a virtual paraboloid, whose axis df? the formation [4], [S]. As the projected relative speed
symmetry coincides with the common formation line ofPetween the spacecraft pair is minimized, the achievable

sight, in three dimensional space. The paraboloid results mIVR IS maximized. Intuitively, as a spacecraft moves slower,
improved focusing properties for the constellation [1]. it spends more time in the neighborhood of a relative position

Moreover, in [3], the authors treat a planar dual-spacecra?ttate in space. This '?ad? to more photo_n collection from that
eighborhood, resulting in a stronger signal.

formation where the collector evolves along a linear spireﬁ1 i o ]
relative to the fixed combiner. Such a spiral maneuver results 1€ above provides a guideline for the formulation of
in complete coverage of a desired region in the frequencyn OPtimal control problem. The problem we consider is
(u-v) domain called the resolution disRy, which will be Slightly different than ther-_elastlc \_/arlat|onal orth_e dynamlg
defined in Sectionl{). Combining these two constraints suchcoverage problems considered in [5], [6], [7] in that it is
that the collector spacecraft evolves on a spiral embeddét "estricted version of these problems to handle the dual-
on the paraboloid should result in both improved focusingspacecraft formation described above. The spacecraft are

properties as well as improved signal content (the effect diedeled as point particles. With the combiner spacecraft
covering theu-v plane using a spiral maneuver). flxe(_JI at the focus of the pa_rab0I0|d, the collector is con-
strained to move along a spiral embedded on a paraboloid,
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A third important consideration to take into account is
signal-to-noise ratio (SNR) of the reconstructed image. It
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spiral curve embedded on the manifold. goal and refer the reader to [4] for a more detailed discussion.
Here is how the paper is organized. In Sectidh), we We are interested in having the resolution disc as defined

briefly describe the various aspects of image reconstructioby the setDp = {(u,v) : Vu? +v2 < 1/6,} completely

In Section (II), we give a general description of the modelcovered by some ball of radiug, centered at\p;;(t), for

and define the various variables. With this done, we are in somet € [0, 77, ¢ and j, whered, is the angular resolution

position to define the optimal control problem and derive thend X is the wavelength of the electromagnetic signal of

necessary optimality conditions. These necessary conditioirgerest. An image is said to be successfully completed if a

are shown to also be sufficient by proving that the problenmaneuverM satisfies the following condition.

is strictly convex. Strict convexity guarantees that a SOIUtiorbefinition 1. (Successful Imaging Maneuvey An imag-

of the optimality conditions is in fact unique. This is done. ) : .
in Section (V). In Section V), we apply a continuation ing maneuverM is said to be successful if, for eath, v) €

7 o Dr, there exists a time € [0,7] and some,j =1,...,N
method to solve the necessary and sufficient conditions and = = = .
verify that, indeed, they are solutions by showing that th such that(u, v) € B, (Ay;(t)), where 5q(y) is aclosed

' ' y y 9 %all in R? of radius centered aly. r, is proportional to

Hamiltonian is constant along the trajectory. This furnishe . B
. . : . . fhe size of the telescope’s airy disc.
the unique optimal trajectory. We conclude with some fina

remarks on future work in SectioV(). The second objective is that all frequencieip must be
sampled while maximizing the signal-to-noise ratio (SNR).
Il. IMAGING AND THE COVERAGE PROBLEM SNR can be controlled by controlling the relative speeds

In this section we review the various aspects of multipetween the spacecraft in the formation [4]. As the projected
spacecraft imaging. The discussion is for a generic formatiof¢lative speed, denoted Bip;;||, between a spacecraft pair
of any number of spacecraft. In later sections, we specialiZ&é minimized, SNR is maximized. Intuitively, as a spacecraft
the discussion to dual spacecraft interferometry. Consider raoves slower, it has more time spent in the neighborhood of
formation of N spacecraft. Let;; denote the coordinates of @ relative position state in space. This leads to more photon
the i*" spacecraft; € Z = {1,..., N}. For later develop- collection at that state, which results in a stronger signal.
ment, consideq; to belong to some one- or two-dimensional

) : : ) ; I1l. A CLASS OFDUAL-SPACECRAFTINTERFEROMETERS
continuously differentiable manifold/ embedded inR3.

Also let p; = (z;,;,2) denote the position of the™ In this section we state the two constraints imposed on the
spacecraft irfR3. In general, we have position of the collector spacecraft and derive the equations
pi = (24, y4, %) = fq;), (2.1) of motion of the collector spacecraft in terms of a single

wheref : M — R3 is a continuously differentiable mapping. coordinate.

Let O = R? be the observation plane (see Figutg The A. The Paraboloid Virtual Surface

observation plane is a plane perpendicular to the line of sight’ ] i N

(which we assume to be along thedirection in R?) and The combiner spacecraft carries the ability to delay any
whose origin coincides with the poiri, 0,0) (that is, the wave_front it rec_:eives in its own aperture by an amount equal
origin of R3). Assume that the maximum displacement alond® tWice the distance to the center of the paraboloid, thus
the line of sight of any spacecraft in the formation is boundedimulating the delay for a ray that passes through the focus
above bye. That is to say; < <. Letz denote the range from @nd reflects back to it. The collector spacecraft flies any-
the observation plane to the target to be imaged. One cy¥here along the paraboloidal surface, carrying a mirror that
show that ife < z, then any inter-spacecraft off-set along reflects a second segment of the wavefront to the combiner

the line of sight between the spacecraft in the formation doed the focus, which then interferometrically combines the
not affect the quality of the reconstructed image [4]. Sincdght from the two recglved aperture; to synthesize a baseline
the goal in the Origins program is to reconstruct images ofdual to the perpendicular separation of the two spacecraft.
extra-solar objects, the assumption thak Z is valid. In brief, the main reason_for a paraboloid surface choice _for
Hence, in extra-solar interferometric imaging, we ardhe collector spacecraft is that a plane wavefront reflecting

interested in the relative position dynamics as projected onf@ff @ paraboloidal surface will come to a common focus.
the observation plan®. We are therefore interested in the In cartesian coordinates a paraboloidal surface is given by:

2

projected relative trajectories: 2= % (ZZ - 52> , (3.1)
pij(t) = P(a;(t) —ai(t)), (2.2) :

where p;; : [O’jT] 0 are]curves om0 and P is the Wherep= /2% +y? andj is a parameter that controls the

mapping that projects relative trajectories &fi onto the erth of the parabqloid. Note; that vertex of the paraboloid

observation plan®. Note thatP = P,, o f, whereP,, : IS located at the poinf0, 0, —5%/2).

R3 — R? is a projection mapping with matrix representationB The Spiral Maneuver
1 00 '

o1 0l (2.3) In the z-y plane, the projected position may be given in
In multi-aperture interferometry, there are two main imagterms of polar coordinategp, ). One way to ensure full
ing goals. The first is simply referred to as frequency domaigoverage of the resolution digex is to initialize the second
(or u-v plane) coverage. Here, we only state the coveragepacecraft such that @t= 0 we have(p = éﬁ = 0),



make it follow a linear spiral as a function & and to where

impose the terminal condition that a = 7 we have 9P _ [kcos® — k (m +0)sinf] e, (3.4)
p= ("21;)21),0 = m=1m) \whereT is the terminal maneuver 90 )
time. The numbern is an integer that is equal to the number + [ksin@ + k (7 + 0) cos 0] e, + L;G) e,

of pixels in the reconstructed image afiglis a parameter
such thatf, = md,. This motion implies that the two
coverage ballsB, (pi12) and B, (p21) are initialized such
that they lie outside the central (fixed) bdiirp (Poo) =
B, (0,0) and move spirally outwards till they lie outside

wheree,, e, and e, denote unit vectors in the, y and

z directions, respectively. By the geometry of the problem
described in previous paragraphs, it is easy to see that the
function h is both one-to-one and onto. Hence, given a value
for ¢, one can uniquely solve fat using

Tp

the resolution dis®g. Thusp andd must satisfy

(m—1)7 0 =h""(q). (3.5)
p(0) =k(r+0), 0¢ [0, ——5 | (32 Though, one can obtaih(6) explicitly in terms of 6 (we
wherek — ﬁ Note that in general we takee [0, o) and omit it here due to space restrictions), there does not seem

. : H 1
not restrict it to the sein, 2). to an analytic expression fdr—1.

: . . . Let e; ande,, denote the unit vectors tangent and normal
Figure @) shows an example of a trajectory in the phyS|caIunit vectors at a poing(t) € M, respectively. If wev —
and u-v planes for an object that is located at= 15pc P ' P Y- .

(Ipc= 3.085 x 101%km), with a field of view that isl, — ve, = ey denot_e the velochy of the collector spacecraft,
. . . . . a=ae; + ane, its acceleration anth = u;e; + u,e, the
12, 760km wide, withm = 17 pixels and, thus, a pixel size : .
. . ) . thrust vector applied to the collector, then the equations of
of L = 750.6km (i.e. this constellation maneuver is capable = ! : ; )
: : o motion are written in path-variable form as [10]:
of detecting any object whose size is greater thanThese .

H : ) : q =, U= Ut, (36)
values correspond to applications such as JPL's Terrestrial :
. . where we assume a unit mass for the collector spacecraft.
Planet Finder (TPF, [8]) and they could also be adjusted f )
. Note that the normal component of the control vector is

Earth imaging applications. For more details on the splra(I: nstrained to satisfy:
maneuver, we refer the reader to the papers [9] and [3] and ' v2
the references therein. As shown in Figu®, (the spiral Up = Qnp

= — (3.7)
maneuver is capable of entirely covering the resolution disgare R(6) is the radius of Clﬁ\(/g)ture ol expressed in
Dr, which results in a successful maneuver.

terms of the polar angle locatiof. R is given by

de;
dq

1
R
= ||(de;/d#) - (d6/dq)||. In terms of6, we find that

x10° x10' ‘

N

r(0) [K2(7 +0)% + 8* (1 + (7 + 6)?)]

VB 2+ (7 +0)2)° + B2 (1+ (1 +0)2 (3 + (7 +0)%))
In computing the curvature, we have used:

oF
S 1 o 0 5 5 axw® 4 3 2 1 0 1 2 3 4 dg =r(0)d0 = 37; de, (3.8)
where
Fig. 2. Motion in the physical (in meters, left) and wave number k2 9
(dimensionless, right) planes r(@)=k(/1+ |1+ — | (7 +06)". (3.9
iz
V. NECESSARY ANDSUFFICIENT OPTIMALITY
C. Equations of Motion CONDITIONS

Since we have a single spacecraft to control, then the In this section we formulate an optimal control problem
number of spacecraffV = 1. Enforcing the constraints and use the Maximum Principle to derive the necessary
(3.2) and B.2) one finds that the position of the collector conditions. We then show that the problem is convex and

spacecraft in terms of the angular positiérs given by: that the necessary optimality conditions are also sufficient.
p(0) = (z,y,2) = <(k(7r +0) cos b, k(r + 0) sin b, With the two constraints imposed on the collector space-
craft, we have achieved a successful maneuver (by virtue

1 [k 9 2 of the spiral constraint) and improved focusing properties

2 R0 =5 - 33 (by virtue of the paraboloid constraint.) The only degree of

We will use the arc length traversed along the spiral as the freedom remaining is the time parametrizationg¢f). This
single global coordinate on the one-dimensional manifolds determined by solving an optimal control problem that
M. The arc lengtly is obtained as a function @fusing the results in the time parametrization that minimizes the speed
definition of the arc length of a curve in space: and fuel expenditure of the collector spacecraft, which are

0 ’
o0)=n) = || %55 0o

1All symbolic computations were verified in Mathematica.



the last two important criteria in the motion path planningconvenient to use in the computations in the next section

problem for the dual-spacecraft interferometer.
The goal is to minimize the cost functional:
T 2
J = (v, vy dt

Sluw T (4.1)

subject to the dyngmicSS(G) and the boundary conditions:

q(0) =0, v(0) = vo, q(T) = qr, v(T) =vr, (4.2)
wheregr = h (0 = ZU7) In Equation 4.1), v = j is
the projected velocity of the collector on they plane and
u = wie; + upe, is the total thrust vector:, -) denotes the
Euclidean inner product defined @?.

To computev in terms ofg andg, we first need to obtain
an expression fod in terms of ¢ and ¢. Differentiating
Equation 8.4), we obtain

q=r(0)6, (4.3)
where r(9) is given by Equation .9). Using this and
Equations 8.3) and @.5), we have:

V = de, +yey, = Pp(6,v)e, + Py(6,v)ey,
where

P.(0,v) =

(4.4)

% {k cos (0) — k (m + 0) sin (9)}
v
r(6)
In fact, one can show thav,v) = 2(9) {1 + (m+0) }

Hence the cost is given by:
1 2, vt 72 k%0?

3% T om0 (1+(r+0)%).

P,(6,v) {k sin (0) + k (7r +6) cos (9)} .

(4.5)

since all equations are in terms éfand notg.

We now show that the necessary conditions are also
sufficient and that there exists a unique solution to the
problem. This is done by showing that we have a strictly
convex optimal control problem. First, we need the following
standard result.

Lemma IV.1. Let f(x) = h(g(z)) : R — R, whereg : R —
R is concave anch : R — R is convex and non-increasing.
Then f(x) is convex.

Proof Note thatf”(x) = h”(¢g')? + h'g"”, where the prime
indicates the derivative with respect to the argument. Since,
g is concave, theg” < 0 for all = in R. Sinceh is convex,
thenh” > 0 and since it is non-increasing, thén < 0 for

all z € R. This shows thajf”’(x) > 0 for all z € R. Hence,
f(z) is convex for allx € R. ]

Strict convexity is obtained i were strictly convex and
strictly decreasing/{’(z) > 0 andh/(z) <0V z € R) and
g(z) were strictly concaveg('(z) <0V = € R.)

Since the dynamics3(6) are linear and the variables v
andu, are all unconstrained (that ig,v, u; € R) and, hence,
belong to trivially convex sets, we only need to show that the
cost function in Equation4(1) is strictly convex ing, v and
u; to guarantee sufficiency of the necessary conditions and
uniqueness of the solution. Since the cakb) is quadratic
in u, then it is strictly convex iny;. It is also strictly convex

We now apply the Maximum Principle to derive the necesin v since it is a sum of a quadratic and a fourth powep of
sary optimality conditions. First define the pre Hamiltonian:(both are strictly convex and the sum of two strictly convex

1 2 v?
(eavautaplaPQ) 2 Uy — 2R2(9) (46)
7_2 k2v2 5
~ 20 (1+ (7 +60)%) + p1v + paus,

wherep; andp, are the momenta variables. From the necin ¢ and thatd = h—

essary optimality condmorgL = 0, we find thatu; = p-.
Substituting this into4.6), we get the Hamiltonian function:

H(O ) = _1_1 o vl
, U, P15, P2 = p1v 2p2 2R2(9)
k.2 2
- 0] (1+ (7 +0)). (4.7)
The necessary conditions are given by:
. v
T r(0)
s o OH _
O b2
. oOH 1 vt OR
T T T e (mw o “o
T2k20? 72k%02 Or 9
20) (m+0) 08 5g LT (@ +0)]
) 0H 203 2k 9
P2 =~ = p1+R2(9)+T2—w)[1+(w+9)].

We have used the fact thaly/06 = r(6) and used the
chain rule in computing the derivative of(¢) and R(0)

with respect tog. We also usedj = v = r(a)é to obtain
the necessary conditions in terms (@ v, p1,p2) (as given

functions is also strictly convex).

What remains to show is that the cogt.5) is convex
in g. This is done by showing that;(¢) = 1/R?() and
ha(0) = (14 (m+6)2)/r%(0) are convex and non-increasing
L(q) is concave ing. Since the sum of
two convex functions is also convex, then thelependent
terms of the cost4.5) is convex. First, note that:

o) = - () <0
k2 [k?(m +0)2 + B4(1 + (7 + 6)?)]

k2 [k2(m +0)2 + g4(1 +

(m+0)2))°
for all 6 € [0, (m — 1)7T2] where

x1(0) = 26%(m +0) | 832 + (7 + 0)*) (4 + (7 + 0)%)
+E(3+ (1 +0)%(6 + (7 +60)?))
+ 28426 + (7 + 0)%(6 + (7 + 9)2))} >0,

x2(0) = 23° [3k:6(7r + 027+ (m +0)*(10 + (7 + 0)?))

+ B2 (=8+ (m+60)%(2+ (7 + 0)%)(19 4 3(7 + 6)?))
+ B8k (=12 + (7 + 0)(104 + (7 + 0)*(80 + 9(7 + 6)?)))

+ B (=3 4 (1 4 0)*(87 + (7 + 0)%(85 + 9(7 + 9)2)))}

>0
for all 6 € [0, (m — 1)7/2]. Hence,h(0) is strictly convex
by the second equation on the first line,) which is moreand is strictly decreasing for afl € [0, (m — 1)x/2]. For



hq, first write it explicitly in 6: The necessary conditions are given by:

ma(®) — . LA i= v
ol (1 8) o] i <
The derivatives of, are given by: e { L oR -
ha(0) = _[ 2( )2%4(7: 0)( 2 <0 b= r(0) | R3(0) 90 .
PO U (o 2k20? 2k202 Or

e - LBRELP 4L +0R)] Ty O+ sy g 1+ 0]
2 ) k2(m + 0)2 + BA(1 + (r + 0)%)]° : w3 r2k2
for all ¢ € [0, (m[, (Sw/g])_ Heﬁcé,hz(% is s)tri><]:tly convex P2 = —Pite RZL@ + WQ;) (14 (7 +6)?) ]

and is strictly decreasing for el € [0, (m—1)7/2]. Finally, Note that these are still sufficient and that the solution is
we need to show that = h~1(q) is strictly concave. Using unique for eactr € [0, 1]. Fore = 0 we have:

Equation 8.8), we have g = v
o1 d* 1 drdf b o= po
dg () dg2  r2(0)dfdq’ .
Since,df/dq = 1/r and ppo=0
dr K k? P2 = —D1,
a9 ~ @ (1 + g4> (m +6) which now form a set of linear differential equations. One
then we hage 5 5 can easily solve these differential equations to obtain:
die - k 1_|_k7 (7-‘—_’_9) t30 t20
A2~ () Iz ’ q(t) = vt = Epi+ 5P
which is strictly negative for alb € [0, (m — 1)7/2]. This £2
shows that? = h~'(q) is a strictly concave function of v(t) = wo— 529(1) + tp3 (5.4)
for all value ofé in the desired range. ) = 0
The above arguments show that we have a strictly convex ! ! 0 0
problem since we have a strictly convex cost function o P = iAo
linear dynamics and since the space of candidate trajectorig@emp 1 andp; are cor%stants given b¥é
(q(t),v(t),us(t)) € R3, which is trivially convex, for all P = — s (v + o) + 3 ar
t € [0,T)]. Based on the Corollary on page 214 and Theorem o 6 2 4
10 on page 216 in [11], this gives the following result. P2 = 53491 — FVT — 7V

N . and wheregr, vo andur are tﬁe boundary conditions.
Theorem IV.1. The necessary condition4.8) are also suffi- In ntinuation method. on th lution to th
cient. A solution to these necessary and sufficient conditionsr blamC(\)Nith ua_o —eO ?h, toi © éjsest. © SZU |ontho ©
is the unique optimal solution to the optimal control problem..p oble e =g = 0 (that is, =qua |on's'3. ) as the
initial guess fore; = 4, where§ is a sufficiently small
parameter. Assuming that the problem with= ¢, = § has
V. NUMERICAL SOLUTION been successfully solved, one then uses this solution as the

initial guess for the next step with, say,= e, = 2§. This

In this section we numerically obtain the unique solutiodS "éPeated untit = ¢; = j4 is sufficiently close ta = 1.
to the necessary and sufficient conditions given by Equatiorf&t this point, we are able to solve the two point boundary
(4.8). We use MATLAB's bvp4c.m function, the two-point V&lue problem %.3) with e = 1, which corresponds to the
boundary value problem solver. This uses a simple shootirf§19inal problem ¢.8) we are seeking to solve.
method that requires an initial guess for the time parame- Consider the optimal control problem with= 10, 8 =
terized statesy(t) (or 6(t)), v(t), p1(t) andps(t). Since an 10, T' = 1000 secondsgy = 0, gr = 5.26 x 10° km, vy =
initial guess is hard to obtain, we use continuation methodo = 0 m/s and using the same values used to generate
(homotopy) to solve the problem (a general discussion of theigure @) which give k = 1.154 x 10*. The continuation
method applied to two point boundary value problems camethod is applied starting with the explicit solutio.4)
be found in Chapter 7 in [12]). This is done as follows. (corresponding tee = 0) with a step size of§ = 0.01.
We now derive the necessary conditions for the modified Ne result is shown in Figures). In the figure, we plot the
cost functional. The goal is to minimize the cost functionalsolution withe = 0, e = 0.33, ¢ = 0.50, ¢ = 0.67 and

T , e[ ot 721202 ) ¢ = 1.0, which corresponds to the desired solution to our
NE :/0 QU T 5 |:R2(9) + 2(0) (1+ (7 +90) )} dt. problem. To show that, indeed, the solution is continuous
(5.1) in g, q(t) andw(t) are plotted in on the right in Figures)
For this cost function, the Hamiltonian is given by: for t < 100.01 seconds. One can now see that the solution
Ho0.0.prp06) = prot 1p2 B 5{ vt varies smoothly as a function ef
S oEmee 272 2| R%(0) As a final check on the numerical solutions shown in
2k%0? Figure @), the HamiltonianH. must be constant along the

(14 (7 +6)?) } .(5.2)

r2(6) motion for every value of. EvaluatingH. for the different



values ofs, we getH._o(t) = 4.982 x 10° (with 0% devi-

both reduce mission fuel costs and improve image quality

ation from the mean value since this is the exact solutionly increasing SNR.

H._033(t) = 3.74 x 10% (0.22% deviation), H.—_ 5(t) =
5.57 x 108 (0.23% deviation), H._¢7(t) = 7.40 x 108
(0.25% deviation) and H._1(t) 1.09 x 10° (0.26%
deviation) on average for all values of tintec [0, 1000].

The necessary conditions were derived and were shown
to be sufficient. We also showed that the solution is unique.
We used a continuation procedure to solve the resulting
two point boundary value problem and numerically find the

The small perturbations in the values of the Hamiltonian ioptimal trajectory. Current work will use the image quality
attributed to numerical errors involved in the computationperformance index used in [3] to evaluate the performance

where we note that asis increased, thé& error increases.
The Hamiltonian is plotted in Figured).

of the solution found in the present paper and compare the
results with those obtained previously in [3]. A parametric
study will also be conducted to study the effects of the

£=033,050,067, 1

120

0 200 400 600 800 1000
me, seconds

(1]

P [2]

LB : 3]

N CR T (4]
Fig. 3. ¢(t), v(t) and ||u(t)|| for e = 0 (exact solution)e = 0.33,

e = 0.50, e = 0.67 ande = 1.00, which is the desired solution for the [5]

optimal control problem: fot € [0, 7] (left) and¢ < 1.401s (right.)

(6]

VI. CONCLUSION .

7

In this paper, we introduced the main elements of forma-
tion flying for imaging applications, including the coverage (8]
problem. We then specialized the discussion to a two space-
craft formation introduced previously in the literature. The
first main contribution of this paper is that we combined two 9
ideas introduced separately in the literature and proposed a
maneuver that guarantees full coverage ofitheplane (the

. . . K . \10]
spiral) and improved focusing properties (the parabol0|d)[.
The geometry of the problem was described and the goyi1j
erning dynamic equations derived. We then formulated an
optimal control problem that aims to minimize a cost func{?
tional composed of a weighted sum of fuel expenditure and
the projected relative speed. This cost function is chosen to

e various model parameters on image quality.
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