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Abstract—As a natural extension of our recent work on problems. The whole document is structured as follows. We
finding optimal feedback control laws based on generating formulate the optimal control problem as a Hamiltonian
functions of a Hamiltonian system, we consider an optimal system. Then, we present a theorem which relates the

control problem with control constraints and a singular opti- timal t functi d tain kind of i
mal control problem. For the problem with control constraints, optimal cost tunction and a certain kind of generating

we consider the time optimal control of the double integrator, function, and discuss its implications. (section II).
and show that our approach can recover the necessary and  We first consider a simple yet representative time optimal

sufficient conditions of optimal feedback control laws directly.  problem subject to control constraints. Given the limitation
For the singular optimal control problem, we study the linear ¢ oqying the HIB equation directly due to the inherent sin-

quadratic problem and show that our method reproduces the larity at the t inal b d diti It tivel
conventional solution satisfying the necessary conditions for gularity at the terminal boundary condition, we afternatively

optimality. The current study is used to more fully understand ~ SOlve the Hamilton-Jacobi (HJ) equation for a certain gener-
our approach with the goal of defining a method that is ating function whose terminal boundary condition is always
applicable to more general systems. well-defined and non-singular. Then, this is transformed into
Key Words. Minimum-time problem, Singular Opti- the cost function. Unlike conventional methods based on the
mal Control, Hamiltonian System, Generating Functionpecessary conditions, our solution satisfies both necessary
Hamilton-Jacobi Equation, Legendre Transformation and sufficient conditions simultaneously. The cost of these
favorable properties lies in the increase of dimension; for a

I. INTRODUCTION . . .
system withn states, we must take into acco@ntvariables

Over the past 40 years, there have been tremendoyiSine 13 equation for a generating function, whereas the
developments in solving optimal control problems with ;5 equation is a function of states (section IlI).

control bounds and with singular control intervals. However, Next we show that our method applies to the traditionally

these problems remain challenging due to the inheregic it singular problems encountered in optimal control
switching structure of the control which is not known &, ,plems. Studying the linear quadratic singular optimal
priori, the possible existence of singular control régimes,,nio) proplem, we show that our approach reproduces the
non-smoothness, and the possible singularity of the cokme solution as the conventional approach based on the

function. These technical difficulties have been Serio“ﬁecessary conditions, and indicate how our approach can

barriers for all approaches, including the two main branchgg, yirectly generalized to nonlinear systems (section IV).
of inquiry; necessary conditions for optimality derived from

Pontryagin’s principle [1], and employment of the sufficient II. GENERATING FUNCTIONS FORSOLVING OPTIMAL

condition characterized by the Hamilton-Jacobi-Bellman FEEDBACK CONTROL PROBLEMS

(HJB) equation [2]. _ _ Consider minimization of the following performance in-
Recently, Park and Scheeres studied the optimal feedbagk,

control problem in the context of Hamiltonian dynamical ¢

systems [3], [4], [5]. They formally proved an underlying J = o(x(ts),tr) +/ L(x(7),u(r), 7)dr

link between the optimal cost function and a generating to

function for a class of canonical transformations. This ensubject to the following system with initial condition

abled them to devise a systematic methodology to evaluate

the optimal feedback control and cost function satisfying i(t) = F(x(t),u(t),t) , x(to) ==o

both necessary and sufficient conditions, with the assum n m . pn

tion of no constraints on states and control variables and %[z;?f) eu(ﬂi) ;J) Gg;?n >< ;ESL ?? ;}ff%?)é;é)};?(f(t)xﬁt;?f

an analytic cost function. This approach was successfully, . {Rm ><7 R '_, R, Also t, :and ts repr’eser{t the

applied to a nonlinear optimal control problem [6]. initial and terminal time index, respectively. We impose the

The current work is an extension of this approach intQg|eyant control bounds later. For the terminal boundary
problems with control bounds and singular optimal Comro&onditions, two extreme types are treated: (1) terminal
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and to find the optimateedbackcontrol law for a domain Instead of this traditional two-step procedure, we employ
considered inz,t) € R x K. B our recently developed technique. We treat the trajectory
First define the pre-Hamiltoniafl as (z(t),\(t)) as a transformation between terminal coordi-
_ nates (z, A, t) and initial coordinates(zg, Ao, to), which
. . T » Y ) ’ 1
H(z, ) u,t) = L(z,4,1) + A" F(z,u,1) () is by definition a canonical transformatforiThen, using
where \ represents the costates. Then, Pontryagin’s prind}.enerating functions of the giVen canonical transformation,

ple provides the necessary conditions for optimality [7]: We evaluate the optimal trajectory, which satisfies both
necessary and sufficient conditions simultaneously. The

@ = Hi(z,\ut) (2)  following theorem justifies our single-step approach:

N = —Hy(x,\u,t) (3) Theorem 2.2 (Optimal Cost and Control Law fraf):
u*(z,\t) = argminH(z,\ @,t) 4) Let Ty be_ t_h_e (fixed) terminal state & and = be the
a (moving) initial state att. Also let Fy(zs,z,ts,t) be

Substituting (4) into (1), (2), and (3) defines a Hamiltoniard generating function for the given phase flow. Then,
canonical system for states and costates only: F satisfies the necessary conditions of the TPBVP by
definition. Also, the function

H(z,\t) = ﬁ(x,)\,u*(x,)\,t),t) ®)
& o= Hy(a,\1) 6) V(z,t) = —Fi(ws,@,t5,t) + dlag, )
A = —Hu(z,\t) (7) is the optimal cost function and satisfies the HIB equation

) i ) _ and the sufficient conditions. Furthermore, the optimal
Evaluating the (candidate) optimal trajectory correspondSaqpack control can be expressed as
to solving this system of ordinary differential equations oV (.
z,t

(ODEs) satisfying the relevant boundary conditions. If the it
terminal states are not specified, then the transversalilg}/ or 7
condition provides: additional boundary conditions at the Proof Refer to Park and Scheeres[s].

u=argmin H | z,
u

terminal time [7]: lIl. APPLICATION TOOPTIMAL CONTROL PROBLEM
0o(x(ts),ty) WITH CONTROL CONSTRAINTS
Aty) = ———=—=, (8) .
Ox(ty) In the above theorem, we make no assumption on whether

Since the totaln boundary conditions are split, the optimal_the control is bounded, assumptions made in our previous

control problem is reduced to a two point boundary Valu@vestlganons n [3f]_ and [4]._'(Ij’hus, to show th'i %gnerall_ty n
problem (TPBVP). our approach we first consider a system with discontinuity

Finally the candidate optimal trajectory found from thisand constraints on its controls.

TPBVP should satisfy the sufficient condition for optimal-aA. Problem Formulation
ity, which is given by the following theorem [8]: We consider a simple yet representative time optimal

Theorem 2..1_(Suff|C|ent Condition fqr _Opt|mal|ty)‘: . control of a double integrator system: minimize
J(x,t) is sufficiently smooth and satisfies the Hamilton-

Jacobi-Bellman (HJB) equation with the given boundary g /tf gt
condition to
3;7(:6 £) +min 7 oJ at) =0 ) subject to the double-integrator system with control con-
ot u Tox’ straints:
J(xr,te) =p(xg,ty), ;
then it is the optimal cost function. Furthermore, the optimal T2 w
control law is determined from The initial and terminal boundary conditions are given by
uw = argmin H x7a—J,ﬁ7t . z1(to) | _ | *10 z(ty) | _ | =iy
. u o\ o . 2(to) 20 z2(ty) Taf
As is seen, this traditional procedure consists of two : o
steps; first the candidate optimal trajectory is evaluated from Define the pre-Hamiltonian as
the necessary condition, and then it is checked to see if H(z, A\ u,t) =1+ Aas + Asu
it satisfies the HIB equation. This procedure is caused by _
the extreme difficulty of solving the HJB equation directly;Then, the costate equations are
except for very simple formulations the HIB equation does A 0 A o
not have closed form solutions. Furthermore, for some =1 =] _ (11)
2 )\1 AQ Clt + co

types of boundary conditions, the HIJB equation becomes

S|_n_gular at the terminal time [3], which adds to the problem 1Refer to Greenwood[9], Goldstein[10], and Guibout and Scheeres[11]
dlfflculty. for a review of canonical transformations and generating functions.



wherec; and ¢, are constants compatible with the given
boundary condition. Pontryagin’s principle yields the opti-
mal control logic:

u = argmjnﬁ(aA,ﬂ,t) = _Sgr()‘2)7 u=-t 2

u ><1=70.5><2

=-1

which enables us to evaluate the Hamiltonian as a function ’
of states and costates:

H(z, A\ t) =14 Ao — |Ag]

u=+1

Also the transversality condition for free final time provides u=+t X, =05

[7]
H(ty) =1+ Mi(tg)zalty) — [Aa(ty) =0 (12)

As is seen, the optimal control is determined by the sign of
>‘2_’ which |s_a linear function in time. The singular |r_1terv_al . 1. Time-Optimal Control Logic for Double Integrator System
exists only ifc; = ¢, = 0. However, then the Hamiltonian (terminal Condition at the Origin)

H(t) = 1, which violates (12). These arguments imply that

there do not exist any singular intervals and we have only

4 possibilities for the optimal control logic: first order PDEs. The traditional method of characteristics
yields the optimal cost as an arbitrary function of specific
arguments. That is,

u=F1 , Fl—-=+1

B. The Traditional Approach and its Drawbacks

1 2
Integrating backward with this control logic and enforc- J=Lr2 + fx (”31 = 2”32)

ing the corner condition for each switching case, we hav|<_e| , h d ife d
the following candidate solutions case-by-case: [8] OWever, It tu_rns OUt. that we cannot etermuﬁ@ ue to
o If u=T1, then the inherent singularity of the boundary conditions:

(@10,720) € {(z1,22)|(@1 — 215) £ %(z% —a%) =0} (13) J(0) =0 = f+(0)

If we could find the ‘true’ optimal control satisfying both
J = £(x20 — z2y) (14)  necessary and sufficient conditions by a single process,
o If u=F1— £1, then it would greatly facilitate the whole solution procedure
and yield the optimal trajectory with greater ease. As an
attempt towards that goal, we use our recently developed
{(z1,22)|(@1 — 21) F %(13 —a2) =0t €t ts]}  (16) technique based on the theory of canonical transformations
and generating functions.

{1, 2)l(e — 210) % (3 — 7o) = 0,0 € [to,1.]} (1)

\/i4(x10 —x1y) + 2(1%0 + a:gf)

ts =to £ 20 + 5

a7 c. Evaluation of Optimal Solution by Generating Function

Instead of resorting to the conventional two step process
J = %(w20 + z25) + \/:t4(:01o —w1yp) +2(3, +23,) (18) inthe previous section, we use our recently developed single
step procedure based on Theorem 2.2. Our goal is to find
which provides the optimal cost and the associated
mal control logic by Theorem 2.7 is, by definition,

It can be verified that the optimal cost (14) and (18) satis ]
the sufficient condition characterized by the HIB equatiorb'pii

oJ oJ the solution to the associated HJ equation
1+ —x9—|=—| =0, J(J:f,tf):(),
3%1 8x2 8F1 aFl
thus it is indeed the optimal solution. ot +H (x’ oz ’t) =0

Here we observe that this procedure consists of tw?

steps: first it employs the necessary conditions to derive th 0 solve the HJ equation for a generating function requires,

candidate optimal control and the corresponding optiméj}? the least, that the functional form of the generating

trajectory, and then it checks the sufficient condition byunCtlon be specified at some epdchiturns out that for our

introducing this candidate solution into the HIB equation.cano.nICaI transformation we cannot defiaeriori such a
functional form forF} at any epoch, whereas we can for the

On the other hand, it is extremely difficult to solve therelated generating functiof,. Recall that for our canonical

HJB partial differential equation (PDE) directly. In fact, . )
) ) . o ; transformation the old and new coordinates are equal when
observing the stationarity of the Hamiltonian with respect to

time, we know tha@J/at =0. Then’ we split _the cas_e into 2Refer to [4], [5], and [11] for more detailed description of the solution
0J/0xs > 0 and9J/dxzo < 0, which results in two linear of HJ equations along with their boundary conditions.



t = tg. Using the associated state-costate relationsFigr be obtained by the Legendre transformation, directly giving
we can show thaf(z, \g,t = to,t0) = o7 \¢ generates us the optimal cost and the corresponding optimal control

this identity transformation logic by Theorem 2.2.
OF, OF, It remains to evaluate/; when there is a switching
To = D =T , = or Ao- in control logic. Consider first the case af = —1 —
+1. If we integrate the system fon = —1 with the

Therefore, given the Hamiltonian of a system, we can SOIVi?\itial condition andu = +1 with the terminal condition

the HJ equation forf; from the initial time am_j then separately, we can obtain the optimal trajectories (15)-(16).
evaluate theF; through the Legendre transformations [9]’Forcing continuity at the switching time,, we have the

[10], [11]: coordinatesz, zos):
Fy=F, — Cﬂg)\o (19) 2 2
w10t x1y | T — Tof
Now consider the HJ equation fd¥, instead ofFy: Tis = B 1
OF, i (x, 8F2,t —0 - \/4(;v10—m1f)+2(x%0+m§f)
ot ox Tog = — 5

From the stationarity of Hamiltonian and the transversalit . . .
condition (12), we see thatF, /ot = 0, which results in Yhen, integrating system (10) frory to t, yields

OF OF:
1+ 721:2 1921 9 , Fa(z, Mo, t =to,to) = 1 10 + T2A20 \/4(3'}10 — xlf) + 2(1‘%0 + ng)
ox1 Oxa _
) ) ts =to + 20 +
We split the case int@F,/dzs > 0 and 0F;/dxs < 0. 2
Then, the HJ equation becomes Also noting that the total elapsed time is simply the addition
OF OF of both elapsed times before and after the switching time,
T2 = . we havé.
(9.131 63:2
Noting that the PDE is linear, we can solve it by the method 7 —to = lr20 —zas| +[w2y — 2

of characteristics:
dCEl - dxg . d)\l() - d)\l() @

(w20 + z2f) + 4 /4(w10 — z15) + 2() + rgf)

2z FL 0 0 -1 Now note that we have two constraints: 1)(t,) = 0
A= o Frr=q from the switching condition and 2){(t;) = 0 from the
(%22 = d—;f =z +ird = transversality condition. Introducing these conditions into
= —ého —0 = Ao = constant (11) determines:; andc;:
—dXog = 0 = Mgy = constant 2
1 o =
= Fy=+x,+ f:': (.1‘1 + 5.%%, Ao, /\20) \/4(35‘10 —x1f + 2(.(8%0 + l'gf)
. . . . 2(t
where f+ is an arbitrary function of the given arguments. g = 1+ (to + 720)
Now introducing the initial boundary condition yields \/4(;510 —x1f + 2023 + ng)
_ 1 2
w1010 +@20420 = E220 + f (mw * 23620”\10”\20) Then the state-costate relations oy yield
1
= fF (9310 + 52730, A10, >\20> = x10A10 + T20A20 F 220 \ OF,
0 = - =
wherez ;o andxyo are constants. Hencé} is %xlo
I
Fy = £(za — 220) + z10A10 + Z20A20 Ao = T w0 —atete
With the aid of the Legendre transformation (19), we obtain M = 0F, ~
F in the case where no switching occurs: ’ Ox1y
F tr, T A 0F tr+
= — . = = —C C
1(xf,$0, fo ) :F(IQO -r2f) 2f ang 1 >

It is seen that/ = —F7 is equivalent to (14) in the previous

section.
It is in the indi d fd .. h 3In fact, for the minimum time problem we do not necessarily evaluate
tis In the indirect procedure o etermm'd@l where Fy for the switching case since the elapsed titpe— g itself is the

the advantage of our method lies. Unlike the HIB equatiotost function. Once we find the optimal cost function, we can directly

for the optimal cost. the HJ equation fdt, always has ¢€valuate the optimal control from the optimal cost function. However, we
ivial b d ’ diti defined by the id .. still derive how to findF; for the switching case since it is useful for other
a non-trivial boundary condition define y the | em"tyformulations where the cost function to be minimized is not the terminal

transformation, which helps us solve fék. Then F; can time.



Integrating with respect to each dependent variablalso the optimality condition is

10,1 ¢, T20, T2r) Sequentially yields
(210, Z1f, T20, T2f) S€Q Yy H,=)\TB=0 21)

_ 2 2 . . ... . . .
Py = —(220 +a2f) = \/4(x10 —@1f) +2(z3 + 23¢) Note that the optimality condition yields a singular arc; it
_ does not contain the control variables and does not provide
(u = -1 — +1) AL , .
the control law in itself. In order to derive an ex%ressmn for
the control variable, we take time derivatives &f, until
the control variable appears:

Also, similar arguments lead tf; for u = +1 — —1:

= —_ _ _ 2 2
Fy = +(x20 + 2y) \/ 4(z10 — z1yp) +2(23 + 23;) diHu:)'\TB:():}i()\TA+$TQ)B:0 22)
(u - +1 - _1) dt2 \T T
—Hy=-A"AB—-iTQB =0
It can be easily seen that the cost function for the switching dt? ’ QT -
case is equivalent to (18). = (\A+27QAB~ (a"AT +u"BT)QB =0

All these results serve as an explicit example of the fact = = *(BTQBTII_?T[(QA — ATQ)z — ATATYN],
that our previous results on the relation between the optimal it BTQB is nonsingular (23)

C?St futncron arld t.hfl %\elzneratlpg:rl;lntctlon hol? reigg;dless (20), (21), and (22) represedin+1 equations which define
:)hecon'rngh%oniorr?':noﬁlo '?;O gl%le b; e\g’e ev:(l)??he to(r) the locus of possible singular arcs in tBe-dimensional
switching ' gic solely based dn W (ix, A) space. (23) is the linear feedback control law that

simple cases of no switching. Our methodology is a stan ne obtains on a singular arc. The Kelley condition [7]

alone technique of solving optimal control problems, which
satisfies both necessary and sufficient conditions. P [ 2 ( 9 H)T

Finally, we statef, for completeness: —— | —= | — =BTQB >0
y 2 P ou | a2 \ ou @B =

+xof + x10A10 + T20A20 F 720 , (u = F1)
is satisfied since we assume tldatis positive semidefinite.

Fa(zp, Ao t) = ¢ £22)—2xz0F1 z2 A
! 72[)%1020; Faxar +x15 10 F 72"2 107 ] ) ) ] ]
(u=F1 — %1) B. Evaluation of Optimal Solution by Generating Function

Herez1o andzso can be considered as free variables, which . Introdéj%ng tth? feegbag_k _ctontrol {aw into |(tjhe Hamilto-
are independent of; and \y. It can be easily verified that nian an € state and adjoint equations yields

Fy and F; are linked via the Legendre transformation. o o— %.TTQI_'_)\T[A_ B(BTQB)"'BT(QA — ATQ)
IV. APPLICATION TO SINGULAR OPTIMAL CONTROL ATB(BTQB)~1BT AT AT )
PROBLEM ¢ = [A-BBTQB)'BT(QA-ATQ)
As a second illustration, we consider a generic problem +[B(BTQB) 'BTATAT + AAB(BTQB)~'BT|)
in singular control. Here we again show that the solution A = —Qz—[AT —(QA-ATQ)TB(BTQB)~'BT)|A

satisfying all the necessary conditions for singular control o - . )
can be found by first solving a different HJ equation with €onsidering the conditiod/,, = 0 and #,, = 0 simultane-
non-trivial boundary conditions and then transforming t@Usly; we have

the F generating function. The general sufficient condition BT 0

for a singular control problem has not been found. { BT AT ] A= { _BTQ } z

A. Problem Formulation Assuming the pre-multiplied matrixB AB]T are square

Consider minimizing a quadratic cost function (that is,2m = n) and invertible, we have
]_ T ]. tf T T -1
_ = . . - B 0
J =g (t)Qsa(ts) + 3 /to z* (£)Q(t)z(t)dt A= [ BT AT } [ _BTQ }x =Kz (24)

subject to the linear system with initial condition Introducing (24) into (23) yields the singular optimal strat-

&t =Ax+ Bu, x(ty) =z egy:
Here@,Qs, A € **", and B € R"*™. We assume that u=—(BT'QB)'BT[(QA - ATQ) — AT AT K]z,
Qs andQ(t) are positive semidefinite and that the terminal it BTQB is nonsingular (25)

time ¢y is fixed. If we define the pre-Hamiltonian as
1 Now inI orderf to study tgehrelation betyveefn the singular
7o LT T optimal cost function and thé} generating function, we
H 9" Qz + A" (Az + Bu), (20) firstblevaluategg(x,)\o,t;hto),has in re?ular optimal é:%%';r:ol
: : o oblems. Observing that the Hamiltonian is quadratig,
then the costate equations and transversality conditions agém be expressed as a quadratic form:

respectively, from the 1st order necessary conditions

) . 1 T Faa(t,to)  Fuxg(t to)
A=—-Qz—ATX, Aty) = Qya(ty) Fal@, do,tito) = 5[ Xo } [ F/\om(tvfo) Fonxo(taEO) } [ »o }



Under the assumption of analyticity of the cost function
and the system, we can expand the Hamiltonian as a Taylor
series in the states and adjoints. Then, this procedure can
be generalized and applied to a nonlinear system with
(possibly) non-quadratic performance index by expanding
the generating functions in Taylor series form. For a more
detailed description of such higher order problems, we refer

} to Park and Scheeres [5] and Guibout and Scheeres [11].

The quadratic Hamiltonian in matrix form is

r T

S J15]

T 0

L A } [ A-B(BTQB) 'BT(QA - ATQ)
[A— B(BTQB)"'BT(QA — ATQ)|"

B(BTQB) 'BTATAT + AAB(BTQB)~'BT

1 T I
2 Ao 0 F)\om

where the following relation has been used:

OF: T

Hyo
Hyy

Hyx

H
Hy\

Nl= =

3]
IE

I 0
:I Fry FmAO
V. CONCLUSION
We have studied the application of Hamiltonian dynam-
_ 92 ical system theory to the optimal control problem. We
ox have shown that our proposed method can be extended to

Finally introducing the above quadratic expression to thg1ore general problems with coptrol constraints and.sin_gular
Ham_ift/on_Jacobi equation faf, and considering each sub- Optimal control problems. In spite of these generalizations,
matrix component, we have the following matrix differentiala fundamental relation still holds between the optimal cost

equations forF,.. (t, to), Fix, (t, to), and Fx,x, (¢, to) function and theF;, generating function. Then, employing
Fow + Haw + FooHxg + Hox Foo + Foo Hyx Fao this relation, we have investigated some novel solution pro-
Faxg + HoxFaxg + Foo HaxFax, cedures. For the problem with control constraints, our pro-
cedure provided the optimal solution satisfying both neces-
sary and sufficient conditions for optimality simultaneously.
with initial conditions derived from the identity transfor- For the singular optimal control problem, it reproduces the
mation Fy(z, Ao, t = to;to) = x7 Ao: solution from traditional methods satisfying both the 1st
order necessary conditions and the generalized Legendre-
Faa(toto) =05 Frxo(to,to) = I, Fyo, (fo, o) =0 Clebsche condition. Though we consider a specific system
We can now evaluaté; from the Legendre transformation, for each application, our results imply that our solution

A

Fxono + Frgz HaxFung

along with the relatiol\ = Kz — \g = Kxy:

R = Fy —a:g/\o

1 1
E:CTFM + 2T Fyyg Kao + zOT(EKTFAOAOK — K)o

From the state-costate relations B, we have (1]
OF:
a>\()

Introducing A = Kz or \o = Kz, we can rearrange this [3!
equation forz:

x = F/\_Oi(I*FAOAOK)l'O [4]

where the relevant matrices are assumed to be invertible.
Finally introducing this into (26) yield$ as a function of
initial ‘condition only: [5]

I

1 _
= ExoT[(I*KTFxo/\U)F !

Ao

FMF;;I(I — Faxgao K) -
+2(I — KT Fygag) K + (KT Fagrg K — 2K)]zo

Again from Theorem 2.2, we havé = —F}, and is the
same as the (candidate) optimal cost from the traditional”]
method [8]. 8]
So far we have demonstrated how to solve the linear
guadratic singular optimal control problem by using gener-[
ating functions. Deriving the singular optimal control logic|1]
from the optimality condition and its auxiliary conditions, [11]
we determine the quadratic Hamiltonian for states and
costates. Noting that it is difficult to solve the HJ equation
for Fy directly, we solve forF, and convert it intoF; via
the Legendre transformation. Then by 2.2, we determine the
(candidate) optimal cost function.

procedure can be applied to more general optimal control
problems with control constraints and singular intervals.
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