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Abstract

Given a system and performance index to be minimized, we present a general approach to evaluating
optimal feedback control laws for this system that can be easily modified to satisfy different types of
boundary conditions. This work rests on recent observations that, for a class of optimal control prob-
lems, the optimal cost function that satisfies the Hamilton-Jacobi-Bellman (HJB) equation is a generating
function for a class of canonical transformations of the Hamiltonian system defined by the necessary con-
ditions for optimality. This result allows us to circumvent the final time singularity in the HIB equation
for a class of finite time problems and thus to analytically construct a nonlinear optimal feedback control
and cost function. Furthermore, once this optimal feedback control is found for a given set of boundary
conditions, our methodology allows us to obtain the feedback control for a different set of boundary con-
ditions only using a series of algebraic manipulations, partial differentiations, and solutions of implicit
algebraic equations. This methodology provides an advantage over the conventional method based on
dynamic programming, which requires one to solve the HIB PDE repetitively for each type of boundary
condition.
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1 Introduction

For a general nonlinear system with arbitrary performance criteria, optimal state feedback control laws can
be derived from the solution to the Hamilton-Jacobi-Bellman (HJB) equation. The HJIB equation does not
have closed-form solutions in general, thus much research has been performed to find practical approaches
for obtaining sub-optimal feedback controls.

Based on the time duration of interest, optimal control formulations can be classified as infinite horizon
regulator or finite-horizon targeting probletnsin the former case, the time variable does not explicitly
appear in the optimal feedback control. Due to this simplification, many algorithms have been proposed and
tested (See Durbeck[1], Lukes[2], Huang et al[3], Beard et al[4], Cloutier[5], Tsiotras et al[6], Curtis et al[7],
Beeler et al[8], etc.).

In the finite horizon targeting problem, the optimal feedback control is an explicit function of both spatial
and time variables in general. Due to this difficulty, relatively few results exist in the literature, some of
them can be found in Burghart[9], Garrard et al[10], Saridis et al[11], Fax et al [12]. All the methodologies
discussed in these papers are applicable to both finite and infinite horizon problems in theory, however only
Fax et al[12] treats examples of finite horizon problems and considers the case where the terminal condition
is fixed to a point (hard constraint problem). In spite of the limited applicability of their method due to
underlying assumptions, they did not provide the solution to the problem they considered. All this implies
that the finite horizon problem is more difficult to solve than the infinite horizon problem due to the explicit
dependence of the HIB equation on time. Furthermore, when the final condition is completely specified and
there is no control constraint, the optimal control law becomes singular at the final time, which adds to the
problem difficulty.

Independent of these results, there have been studies which have taken advantage of the theory of canon-
ical transformations for Hamiltonian systems in an optimal control context[13, 14, 15]. These studies were
very limited, however, and only considered the control of Hamiltonian systems during periods of null control
and did not take full advantage of the Hamiltonian nature of the necessary conditions.

Recently Park and Scheeres[16] studied the optimal feedback control problem in the context of Hamil-
tonian dynamical systems. They observed that the optimal cost function for hard constraint problems is
a generating function for a class of canonical transformations, which allowed them to devise a systematic
methodology to evaluate the optimal feedback control and cost function. This approach was applied to a
nonlinear optimal rendezvous problem in a central gravity field and was able to demonstrate the superiority
of their method.

This work is an extension of these previous results and considers a wider range of optimal feedback con-
trol problems with various types of boundary conditions. We show that our method can be applied to the

IAlternatively, the infinite horizon problem can be viewed as a special case of finite horizon problem by forcing the final time to
be infinite.



optimal control of a given system with a different type of boundary conditions. Furthermore, by exploiting
fundamental links between generating functions, we present an algorithm to evaluating optimal feedback
controls for different types of boundary conditions without solving the HIB equation repetitively. We first
formulate the optimal feedback control problem and introduce the sufficient and necessary conditions for
optimality (section 2). After a short introduction to Hamiltonian dynamical systems and canonical transfor-
mations, the core discussion of how to employ these results to obtain optimal feedback control for a variety
of boundary conditions follows (section 3). Then we propose a systematic numerical implementation based
on series approximation, and justify our approach by applying it to a linear quadratic example (section 4).
More extensive applications to the optimal control of nonlinear orbital maneuvers in a central gravity field
follows (section 5).

2 Problem Statement

Consider the minimization of a general performance index for an arbitrary initial point
Z,,

J(x,t) = @(x(t),tf) + : L(x(1),u(t),T)dT

subject to the following system with final time constraints
X(t) =F(x(t),u(t),t) , W(x(ts),tr) =0.

Herexc 0", t € O, uec O™ andy € OP=", We assume that there exist no constraints on state and control
trajectories. Our objective is to evaluate the optimal trajectory satisfying the final time constraints and to find
the optimal feedback control for an arbitrary initial pojmtt) € 02,

We consider two representative problem formulations, which are characterized by the types of terminal
boundary conditions:

e Hard Constraint Problem (HCP) Terminal boundary condition for states is pre-specified a to a fixed
pointinO".
e Soft Constraint Problem (SCP)Terminal boundary condition for states is not pre-specified but indi-

rectly affected by the final time performance indgXx;t).

Given the problem statement, the optimal trajectory and associated optimal control are determined by the
following sufficient and necessary conditions.

2|n this documentx represents the initial state as well as the time history of the state, as,do®dt stands for the initial time as
well as the general time variable for an interval of interest. This is conventional in the context of classical optimal feedback control

theory.
3This classification is just for simplicity of arguments. It does not imply that the applicability of our approach is confined to these

two kinds of boundary conditions. There exists some mixed type of boundary conditions, which are specified by terminal hyper
plane. Later we will discuss, briefly, how to manipulate them.



Sufficient Conditions for Optimality
We first define the HamiltoniaH as

H(x,A,u,t) = L(x,u,t) +ATF (x,u,t) 1)
According to the classical derivation from dynamic programming[17][18], if

1. In the domain considered fdx,t), the Hamiltonian has a unique minimizer with respeat such that

u=argminH xa—J ut
- gLT 7aX77

2. J(x,t) is sufficiently smooth (or analytic) and satisfies the Hamilton-Jacobi-Bellman (HJB) equation
with the given boundary condition

0J . 0J
_ = — H -~
i (%,t) min (x, aX,u,t)
Jx(te).tr) = @x(tr),tr) on W(x(ts),tr) =0
thend is the optimal cost and is the corresponding optimal feedback control law.
For both of our formulations classified above, the HIB equation is the same nonlinear first order partial

differential equation (PDE) for the spatial variableand the time variable The mathematical expressions
for the boundary conditions, however, become distinct from each other:

e HCP:@(x(t),tr) =0 , W(x(t),tr) =X(tr) —Xxs. The pair(x(t¢),ts) is given a priori.
e SCP:(x(tf),tf) does not exist ang(x(ts),ts) € O. The pair(x(tf),ts), in contrast to HCP, is not
given a priori but is indirectly constrained by minimiziggx(ts ), ts).
Necessary Conditions for Optimality

Now re-consider the Hamiltonian (1) defined above. The standard derivation from the variational calculus
and Pontryagin’s principle provides the well-known 1st order necessary conditions[17]:

X = H)\(X,)\,U,t) (2)
A= —Hx(xAut) (3)
u = argmﬁinH(x,)\,LT,t) (4)

where) is the costate. Substituting (4) into (1)- (3) yields

Hx,A\t) = L(xt)+ATF(xt) (5)
X = Hy(x\t) (6)
A = —Hd(xAt) )
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which is a Hamiltonian canonical system for states and costates.

Evaluating the optimal trajectory corresponds to solving this system of ordinary differential equations
(ODEs) satisfying the given boundary conditions. For HCP, the initial stgtesd terminal states; are
given and the initial costatég and terminal costates: are to be determined. For SCP, the initial states are
given whereas terminal states, initial costates, and terminal costates are to be determined. Note however that
the well-known transversality condition for this case applies[17]:

A(ts) = 0@(x(tr),ts)/0x(ts) (8)

and relates the terminal states and costates and provides an additional boundary condition fot.tB&8€P
we need to solve this system of ODEs with split boundary conditions, the optimal control problem is again
reduced to a two point boundary value problem (TPBVP).

Our alternative approach to solving the optimal control problem evaluates the optimal trajectory and the
associated optimal feedback control using properties of Hamiltonian dynamical systems. The core procedural
scheme we use employs the theory of canonical transformations to solve the TPBVP, which is elucidated in
the next section.

3 Boundary Value Problems in Hamiltonian Systems

This section introduces the application of canonical transformation theory to solve boundary value problems
in Hamiltonian systems. A more detailed description of this theory can be found in Guibout and Scheeres[19].
For a general review of Hamiltonian Dynamical systems see Greenwood [20].

Hamiltonian Systems and Canonical Transformations

Suppose we have a system whose equations of motion can be represented by Hamilton’s canonical form

4 | _ %ppmt)
) | | e
where
e H=H(q(t), p(t),t) is the Hamiltonian of the system,

e q(t) =[0u(t) () --- gn(t)]" is the generalized coordinate vector,

e p(t) = [pa(t) p2(t) --- pn(t)]T is the generalized momentum vector conjugate(to.

40ther than HCP and SCP, if there exists terminal hyper plaixét;),ts) € OP<", then we have more general type of termi-
nal boundary conditions where terminal states are partially determined and the transversality conditions relates the undetermined
terminal states with terminal costates. Refer to [17] in detail.



In our application we restrict ourselves to canonical transformations with time as independent parameter, i.e.,
solutions to the given dynamical system.
Consider a transformation betwegm p,t) and(Q, P, T) defined by
Q(T) = Q(q(t), p(t),t, T) 9)
P(T) = P(q(t),p(t),t,T). (10)

If the transformation is canonical, there exists a new HamiltoKianK (Q(T),P(T), T) such that the equa-
- OK(QPT)
: IK(QPT
P _T
We note that for this class of transformatidfs= H(Q(T),P(T),T), however we retain thK notation for

tions of motion have the form:

convenience in the following. In order to reld&teandH recall Hamilton’s principle
Z t
ol =& Ldt=0 (11)

to
where the Lagrangiah is defined a.(q,g,t) = p'q—H(q, p,t).
Then, by application of Hamilton’s principle (11) for the old and new coordinates, we find that the La-
grangians differ by at most the total time derivative of an arbitrary fundtion
. : dF

P'4-H(Qpt) =PTQ-KQPT)+ (12)
The functionF is called agenerating functiomnd depends on the old and new states and times4ne-2
variables). Using th2n relations from (9) and (10), we see tlrats reduced to a function @&+ 2 variables.
Assume thaF is dependent upon old states and new states. Then the generating function can have one

of the classical forms:

Fl(quat)T)v FZ(qvpataT)7 F3(paQ)t7T)a F4(p’P7t7T)

If, for instance g andQ are independent variables, thenshould be used.

When treating the transformations as solutions we generally choose the (Qa®sto be the initial
conditions at timeT, which are constants of motion and hence have a constant Hamiltkn{amich is
equivalent to setting = 0). Treatingt as the independent variable and expanding the total time derivative
of the generating function in (12), we can find the standard results for each generating function:[20]

aFl(q7 Q:taT)

= T (13)
aFl(q7Q7t7T)
P o= ST (14)

ot



0F>(q,Pt,T)

I (16)
_ 0R(q,PLT)
Q = — o a7)
d Pt,T
__0R(p,Qt,T)
q = SRR (19)
_ 0R(p,Qt,T)
P = SRS (20)
0 t,T
0 = H(q,p,t)+F3(pb?”) (21)
o aF4(p?P7t7T)
Q = R 23)
aF4(p7Pat7T)

0 = H(g,p,t)+ P (24)

The generating functions satisfy a partial differential equation found by substitutipgrigd.5)and (18),
and forgin (21) and (24):

OF1(q,Qt,T) Q,t,T oy <q7 OF( q Q,t,T J) 0
6F2(q,P,t,T h <q7 Ry q,P,t,T ,t) 0
(pa(tg,t,T o[ |0,Q,LT ’p7t> _
ORy(P.PLT) | <_6F<thT> 1)-0
ot op

which are usually referred to as the Hamilton-Jacobi (HJ) equation.
A crucial property of the generating functions related to a given transformation is that they are linked to
each other via Legendre transformations, which can be represented by the following identities:

FZ(q7P7t7T) = Fl(quvth)+PTQ (25)



Fs(p,Qt,T) = Fi(q,Q,t,T)—p'q (26)
Fa(p,Pt,T) = F(q,Pt,T)—p'q (27)

Given an analytical solution to any generating function, it is then possible to evaluate the analytical form of
any other generating function as long as some unigueness conditions are satisfied[19].

Solving Boundary Value Problems with Generating Functions

The choice of the appropriate generating function depends on the type of boundary condition of TPBVP. For
the hard constraint problem (HCH,(X, Xo,t,to) is the appropriate choice as we know the initial and terminal
states. Indeed if we can firie], we can directly evaluate the initial and final costates from (13)->(14)

aFl aFl(Xfax())tfvtO)

Moo= % (28)
0x t=tf X=X aXf

N = -0 TR AR 29)
Xo t=ts X=Xs Xo

Furthermore since any time< t; can be the initial time, the equation (29) should hold for arbitrary initial
conditionsx = x(t) andA = A(t):
aFl(Xf,X,tf,t)
0X '
Substitution of (30) into (4) yields the optimal feedback control for the hard constraint problem:
F _
u=argminH (x,—a 1<Xf’x’tf’t),u,t)
u 0x

For the soft constraint problem (SCP), a similar argument suggestBsiAako, t,to) is the appropriate

A= (30)

generating function. However, now note that we h&8aeunknown boundary condition&,Xs,At) and
2n corresponding necessary conditions (19)- (20). In order to determine the unknown boundary conditions
completely, we also need to consider thieansversality conditions (8). We therefore have

0F3 OF3(At,%o,tf,t0)
OA t=ts X=Xt a)\f
) OF3(At, %o, tf
o — _ais _0R( faXo f,%0) (32)
XO t=tf X=X XO
o 0Q(X,tf)
)\f - aXf (33)

Introducing (33) into (31) and solving for the terminal states yigkdas a function of pre-specified variables
(X07tf 7t0)

Xt = Xt (Xo,tf,to). (34)

5The 1st order necessary condition for optimality can be mapped into the notation of a Hamiltonian system by making the
identifications:x = g andA = p.



Now substituting (34) into (32)-(33) results in

Ao = Ao(xotf,to) (35)
At = At(Xo,tf,to) (36)
Note that we have determined all the unknown boundary conditions using (34)-(36) as the solutions of a set

of implicit equations. Finally, a similar procedure leads to the optimal feedback control for tffe SCP

aFS()\f(X7tf7t)7X7tf7t) — >
_ Ut
0x

As is shown, once the appropriate generating function has been found, the unknown boundary conditions

u=arg mu_in H <x,

are simply evaluated by a series of partial differentiations and algebraic manipulations without solving a
differential equation. Furthermore the evaluation of the initial costegesiables us to develop the optimal
trajectory by simple forward integration.

Note that we do not need to solve the HJ PDE twice for Hatand Fs. In fact, given one kind of
generating function enables us to evaluate the rest of the generating functions via the Legendre transforma-
tions (25)-(27). This observation is at the heart of our application and provides a substantial advantage over
the classical dynamic programming approach. Unlike the dynamic programming approach, we can initially
choose any one kind of generating function which may be easier to solve than others. Then without solving
the HJ PDE repetitively, a series of partial differentiations, algebraic manipulations, and solutions of implicit
functions, provides the other generating functions, which ultimately yields the optimal feedback control for
the relevant optimal control formulations. For example, if we have comgritedxo, t,tp), we can directly
find F3(A,Xo,t,tp) from (13) and (26). Indeed, we have

_ aFl(XaaX)?vtatO) (37)
Fs(A\,%o,t,to) = Fi(XXo,t,t0) —ATx (38)

Assuming the unigueness of inversion for the terminal state€37), we can expressas a function of the
initial states and terminal costates,\):

X = X(Xo, A, t,t0)
Then, introducing this to (38) yields; as a function of the desired variables:
F3()\>X07t7t0) = Fl(X(X07)\7t7t0)7X0at7t0) _)\TX(X07)\7tat0)

The next section is dedicated to the numerical implementation of our method based on these favorable
properties.

8For the terminal constraint given by a hyper plape(ts),tf) = 0 in OP<", we will have mixed terminal conditions for both
states and costates in general. In this case, a more generalized kind of generating function is required, which would mix all 4 kinds
of variables (initial and terminal states and costates).



4  Solution of Optimal Feedback Control Problem via Generating Functions

We have shown that the generating functions can be used to evaluate the optimal trajectory and optimal
feedback controls. This result suggests that the optimal feedback control problem can be considered as a part
of more comprehensive field of canonical transformations for Hamiltonian dynamical systems.

Now in order to solve optimal feedback control problems for different types of boundary conditions, we
need to solve the HJ PDE at least and at most once for one kind of generating function. This requires, at
the least, that the functional form of the generating function be specified at some epoch. Now recall that
for our canonical transformation the old and new coordinates are equaltwh&n and thus the generating
function solution to the HJ equation must define an identity transformation=at. F; and F; cannot
generate such a transformation since the initial and final positions are equal and not independeht at
On the other hands, andF; are well defined at = T and generates the identity transformafiomdeed,

F2(x, Ao, t = to,to) = X" Ao generates the identity transformation
0 0
Xo = al;z =X, A= a—iz =A

Also similar arguments hold fdfs(A, xo,t = to,tg) = —xg)\. Therefore, given the Hamiltonian of a system,

0-

we can solve the HJ equation fiér or F3 from the initial time and then evaluate the rest of the others through
the Legendre transformations at a later time. In [19] this fact is used to derive a specific solution algorithm
for a class of problems where:

1. the systenx = F(x(t),u(t),t) is analytic and has a zero equilibrium, iE(x=0,u=0,t) =0
2. the integrand of the cost functidrix(t), u(t),t) is analytic

In this approach we expand the Hamiltonidrand the generating functios as Taylor series in their
spatial arguments about the zero condition, and these expansions can be made to arbitrarily High order
Then, using the HJ equation, we find a series of ODEs for the coefficients of the series expaniim
solve these equations fBg, using our initial boundary conditions to generate initial conditions for the ODEs.
Then we use the Legendre transformations and inversion of series to compute the coeffidigaisd®.

See [19] for a complete description of this solution method.

"Note that this identity transformation is invariant and does not depend on the boundary conditions.
8SinceFs; also defines the identity transformatiort at T and we are interested B andFs, it is more effective to first evaluate

F; instead ofF,. For the example and application in this document, however, we first corsidémnce we have already developed
it for previous use. This again suggests the advantage of our approach since olitaamiads from F, by algebraic manipulations

of polynomial is easier than solving HJ PDE for them twice.
9n case a singularity occurs for a generating function at some epoch, we need to solve for another generating function which

is not singular at the same epoch. In this case, we can use the Legendre transformation and inversion of series to compute the
coefficients of the latter from the former, and use these to initiate the ODEs that define the latter generating function. However, it
turns out that there do not exist any singularities for our special Hamiltonian dynamical systems except the fundamental singularities
in F, andF4 when the initial time coincides with the final time. See [19] for a complete description of this solution method.

10



Example: Specialization to Linear Quadratic Terminal Controller

As an introduction to this approach, we first analyze the well-known linear quadratic terminal controller, as
we can explicitly detail the solution procedure. For the accepted paper we will instead focus on the non-linear
example given in the next example.

Consider minimization of the following performance index
VA t
f

J(xo,to):%xT(tf)Qfx(tf)Jr% t [XT (1)Q(t)x(t) +uT (t)R(t)u(t)] dt

subject to the linear system with initial and terminal conditions
X(t) = ADX(1) + B)ut)  X(to) =% . Mx(t;)—B=0. (39)
The mathematical expression for the terminal condition varies by problem formulation:
e HCP : Qf = Onxn, M = lnxn, B = X¢ wherex; is assumed to be known.
e SCP: M = Onxn, B = 0nx1, Which implies that the terminal boundary condition is not pre-specified.

The Hamiltonian and the corresponding necessary conditions are independent of boundary conditions and

are given by
HOOAL L) = %(XTQX+UTRU)+)\T(AX+BU) (40)
A= —Qx—A"A (41)
u = —RIB"A (42)

Substituting (42) into (39), (40), and (41) thus eliminating the control variabl@e have the following
Hamiltonian dynamical system:

T

1 AT
oA =3 [ ;\( (Ag\ —BR!BT [ ;\( ] @)
[ X ] A —BRBT [ X ]
Tl = (44)
A -Q AT A

As previously suggested, we first evaluBtéx, Ao, t,to). The quadratic form of the Hamiltonian (43) enables
us to express; also in quadratic form:

T
e\ } X Fux(t;to) FX)\O('[;'[()) X
(X, Ao, ttg) = 5 [ Ao ] [ Furltito) P (o) ] [ Ao ] (45)

11



Recalling (16)

5[ m ]|

we can express the Hamiltonian as a functio®oh):

T
X | F AT I 0 X
-1 w9 (46)
2| Ao 0 Fx A —BR1BT Fe Fay Ao
Introduction of (45) and (46) into the HJ PDE (18) yields
Q AT

L 2 i
0= . . + )
)\0 F}\ox F}\o)\o 0 F}\ox Fxx Fx}\o )\0

whose sub-matrix components provide the following set of matrix ODEBgt; to), Fa\, (t;t0) = FATOx(t;to),
andRg (t;to):

A —-BRBT

0 = PFu+Q+FuA+ATFy—FuBR "B F
0 = Fa,+ATFa, — FuBR B Fy, (47)
0 = P~ FPoBR B Ry,

Also, the corresponding initial conditions are derived from the identity transformdtiéaAo,t = to;to) =
T
X' Ao, as

Fx(to;to) = Onxn
Fao (to;to) = lnxn (48)
F}\o)\o (t0|t0) = On><n~

Now we can solve the ODEs (47) with the initial conditions (48), which finally evaluatdy (45). With
these results at hand, we now consider for HCP and SCP separately.

Hard Constraint Problem

In order to solve the HCP, recall the Legendre transformation (25)
Fl(xfa)(O?tf’tO) = FZ(Xfa)\OatfatO) _X-IO—)\O
T
X Fux(ts,t Fao, (tf,t X
_ % f xx(tf;to)  Fay(tr,to) C (49)
Ao F)\ox(tf7t0) F)\o)\o(tfvto) Ao
With the aid of (17)

ey
= 67)\0 = F)\oXXf + F)\o)\o)\()y

12



equation (49) becomes after some algebraic manipulations
T
-1 1
Fa(xt, X0, t,to) = % [ X ] [ (o= kaloFonoFon)(thto) <FonF}ng)(tf,to) ] [ Xt ] .
X0 (F)\o)\oF)\OX) (tf7t0) _(F)\O)\o)(tf ,to) Xo
Then from the corresponding necessary condition (29), we have
)\O = FA;;\-O (tf ’to) (XO - F)\()X(tf atO)Xf )

This relation determines the initial costates as a function of the initial and terminal states, which are known
by assumption. Hence the optimal trajectory can be obtained by simple forward integration of (44) from the
initial time. Furthermore, since this relation holds for any initial timets, we have

A1) = Fyi, (t, D) (X(1) — Fgx(tr, 1)x1).

Finally from (42) we can evaluate the optimal control in feedback form for hard constraint formulation:
u(t) = —R()BT (t)Fy iy (b1, 1) (X(t) — Fagx(tr, t)xy)
Note that we have evaluated the optimal feedback control not by solving HIB PDE directly, but by manipu-
lating the Legendre transformations algebraically.
The Figure 1-2 below compares the results from our method based on generating functions with the exact
solution provided by [17]. Here the specific numerical data are

0 1 0 1 0
A: 7B: 1 7Q:02><27R:|2><27X0: 7Xf: 0 7t0:07tf:2n

-1 0 1

It is obvious that both results coincide with each other.

Soft Constraint Problem

In order to solve the SCP, we again do not resort to HIB PDE, but start from the appropriate Legendre
transformation and derive the unknown boundary conditions and optimal feedback control algebraically.
From the relation (26), we have

F3()\f7X07tf7t0) = F]_(Xf,xo,tf,to)—x-ll:)\f
T
- 1[Xf ] [ (B FaFipg o) (1:10) - (RagFigs, ) (110 ] [Xf ] — xIA¢(50)
2| % (Frk Fagx) (t1,%0) (Rl (o)

Similarly as in HCP, with the aid of (13)

0F 1 -1
Aeo = ox (Foc =g Fygag Prox) Xt 4 FagFigi o

= Xf - (FXX - I:X)\o F}\;;\'O F)\0X>71)\f - (F}\o)\o FXX(:)LFXX - F}\oX)ilxoa

13
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equation (50) becomes after some algebraic manipulations

T
F3()\f,xo,tf,t0):% [ At ] [ Mi(tf,to) T2(ts,to) ] [)\f ]

X0 M5 (tr,to) Ta(te,to) | | %o
where
M = —(F«—Fa, F{O)%o Faox)
r2 = (F)\o)\o FXXngx - F)\OX) 1
s = _FA;)%O - (F)\o)\o FX;(%FXXF)\;)%F)\O)\O - F)\o)\orl

Then from the corresponding necessary conditions and transvarsality condition (31)-(33), the initial costates
Ao can be obtained as a function of the initial statgsvhich are given by assumption:

Ao = (T3 (tr,t0)Qr (I +T1(tr,to)Qr) T a(ts,to) — Ia(ts,t0))Xo

Hence the optimal trajectory can be obtained by simple forward integration of (44) from the initial time.
Finally similar arguments, as in HCP, leads to the optimal control in feedback form for soft constraint formu-
lation:

u(t) = —R ()BT (t)(F 2 (tr,)Qs (1 + M 1(tr,1)Qr) T a(ts,t) — Ma(ts, t))X(t)

The Figure 3—4 below compares the results from our method with the classical solution by Ricatti Equation[17].
All the numerical data are the same as those of HCP excep@that 10 andxs is not given in advance.
It is obvious that both results coincide with each other. Also we see that if the final time Wgightarge
enough, the solution of SCP recovers that of HCP.
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Figure 4: Phase Plane and Control History (Soft Constraint Problem)

5 Application to Nonlinear Optimal Maneuvers in a Central Gravity Field

We apply this specific algorithm to the following problem: consider minimizing

1%
J== u (tu(t)dt
2 1
subject to the system dynamics
5(1 X3
X | X4
X3 24— (14+x1) (3-1) +u
R —23—X (5 —1)+u |
wherer = /(x1+ 1)2+ 2. This system represents the planar motion of a particle in a central gravity field,

expressed in a rotating coordinate frame. The origin of this frame corresponds to a circular orbit, the coor-
dinates(x1, X2, X3, X4) represent radial displacement, tangential displacement, radial velocity, and tangential
velocity deviations from the circular orbit, arfds, uy) represent the radial and tangential control input, re-
spectively®. Expanded as a polynomial series about the zero equilibrium pginb x3 x4 =[0 0 0 07,

the system can be re-written as

X1 X3

X

o |- N (51)
X3 3+ 24— BE+LBG+ -+

X4 —2X3+ 3X1Xo 4 -+ Up

10see Scheeres, Park, and Guibout[21] for a more detailed review and derivation of this problem
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Pontryagin’s principle (or simply the optimality conditibly = 0) provides the well-known Lawden’s primer

up || —A3
MR i

If we introduce (52) into the Hamiltonian, it becomes a function of states and costates only:

vector optimal control strategy[22]

1
—é(u§+u§) +A1X3+A2Xa

)\3(3X1+2X4—3X%+ 1.5X§+-~-) (53)

H

+ o+

)\4(—2X3 + 3y Xo + - - )

while the costate equations are

A i —3N\3+6x1A3 — 3XA4+ - -

A 33— XA+ -

.2 _ 2A3 1Aa+ (54)
A3 —A+2Ng- -

}\4 —Ap—2A3---

Now (51)—(54) constitute the Hamiltonian canonical system to which our approach has been applied. In our
implementation of the method we expafdF;, F», andFs to the third order using Matlab.

Figures 5-6 show the state and control trajectories of hard constraint problem for an arbitrarily chosen
boundary condition and time interval chosen as

X(tp=0)=1[0.2 02 01 01" , x(ty=1)=[0 00 Q0"

For the control histories, the solid line, dashed line, and dotted line indicate the solution of the nonlinear
TPBVP using a shooting method (which is our reference “true” solution), a linear systems solution, and the
3rd order analytical solution described here, respectively. For the state trajectories, each line represents the
application of each control history to the original nonlinear system. It is clear that the 3rd order control is a
better approximation than the linear control and is close to the true solution. By introducing additional higher
order terms in the system dynamics, we can approximate the original system to as high a degree as desired.

Finally given theF, andF; solutions computed for the HCP, we can use the Legendre transformation to
find F3 and complete the solution process for the SCP. Figures 7—8 show the state and control trajectories
of soft constraint problem for the same numerical data excepixthiatnot given in advance and that the
terminal performance weigl@; = diag(10,0,10,10). The difference between trajectories by application of
the linear controller and the 3rd order controller is even more apparent.
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6 Conclusion

We have introduced a new approach for finding the optimal feedback control for different types of boundary
conditions. Then we have applied our approach to two extreme cases of boundary conditions (hard constraint
problem and soft constraint problem). Our method is advantageous over the classical dynamical program-
ming approach in that 1) we do not need to solve the HJ-type PDE repetitively for different types of boundary
conditions and 2) the final time singularity for hard constraint problem can be circumvented to evaluate the
optimal feedback control and cost function. All this implies that the optimal feedback control problem can
be included within the more fundamental problem of canonical transformations for Hamiltonian systems.

Our future research will be directed toward 1) the application of this approach to more general types of
boundary conditions 2) more systematic and efficient numerical implementation of our approach. We will
also explore the group properties of Hamiltonian systems to search for additional advantages of our approach.
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