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Periodic orbits from generating functions®

V.M. Guibout! and D.J. Scheeres *

Abstract

Periodic orbits are studied using generating functions that yield canonical trans-
formations induced by the phase flow as defined by the Hamilton-Jacobi theory.
By posing the problem as a two-point boundary value problem, we are able to
develop necessary and sufficient conditions for the existence of periodic orbits of
a given period, or going through a given point in space. These conditions reduce
the search for periodic orbits to either solving a set of implicit equations, which
can often be handled graphically, or to finding the roots of an equation of one
variable only. We present an algorithm that solves this problem locally in space
for any Hamiltonian dynamical environment. Specific examples of finding peri-
odic orbits in the vicinity of other periodic orbits and around the Libration points
in the three-body problem are studied.

Introduction

Periodic orbits have been widely studied over the last century and are still a topic of great inter-
est. Poincaré! already realized their importance for understanding the dynamics of non-integrable
Hamiltonian systems when he claimed that they are “the only opening through which we can try to
penetrate the stronghold”. Indeed, he conjectured that periodic orbits are dense on typical energy
surfaces. Though the Poincaré conjecture is not true for every system (e.g., for a product of har-
monic oscillator with incommensurate frequencies), many systems have the property predicted by
Poincaré. MacKay? provides conditions under which the Poincaré conjecture holds.

Many techniques have been developed to find periodic orbits. For instance, in the restricted
three-body problem one may use perturbation methods®. Such a method allows one to find families
of periodic orbits very efficiently, but does not provide a systematic procedure to find a periodic
orbit of either a given period or going through a given point. By using the generating functions
from the Hamilton-Jacobi theory, we can solve such a problem. Indeed, we can reduce the search
for periodic orbits to either solving a set of implicit equations, which can often be done graphically,
or to finding the roots of an equation of one variable only. The method we propose is independent
of the Hamiltonian system considered.

Nevertheless, this method is only suitable for systems for which the generating functions are
known, that is, for which we can solve the Hamilton-Jacobi equation. This equation is usually very
hard to solve. Some algorithms have been developed, but each of them has its own peculiarities* 6.

In this paper, we will be using the algorithm developed by Guibout and Scheeres®. It allows us to
compute the generating functions for any Hamiltonian system describing nonlinear relative motion
of particles moving in a Hamiltonian field. Hence, we will be able to study periodic orbits in the
vicinity of any trajectory, and will be focusing on periodic orbits in the vicinity of other periodic
orbits and around the Libration points in the three-body problem.
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Hamilton’s principle and Classical dynamics

Hamilton-Jacobi theory

In this section we provide the necessary background needed for our results from Hamilton-Jacobi
theory. For more details on generating functions, canonical transformations and Hamilton-Jacobi
theory we refer the reader to%12.

Let H be the Hamiltonian function of a Hamiltonian dynamical system with n degrees of freedom.
The equations of motion are given by Hamilton’s canonical equations:

o0H

1= 5 (1)
. 0H
p = _6'—11 (2)

Definition 0.1. (Canonical transformation*) A canonical transformation is a transformation in
phase space from one set of coordinates (g, p) to a new set (@, P) such that if Eqns. 1 and 2 hold,
then the following equations also hold:

0K

Q; = P, (3)
. 0K
P, = - 20, (4)

where K = K(Q, P,t) is the Hamiltonian of the dynamical system expressed as a function of the
new coordinates.

Definition 0.2. Given a canonical transformation which maps (g,p) into (@, P), we define four
kinds of generating functions:

1. The generating function of the first kind, F}(q, @, t), which satisfies:
OF;

= — t 5
p 94 (¢:Q:1) (5)
oF,
P = —— t 6
o (0.0 (©
2. The generating function of the second kind, Fs(q, P, t), which satisfies:
OF,
= —Z(q, Pt 7
p 94 (¢, P,t) (7)
OFy
= —(q,Pt
Q 5p (@1 (8)
3. The generating function of the third kind, F5(p, @,t), which satisfies:
OF3
= —— t 9
q o (p, Q,1) (9)
OF3
P = —— t 10
S 0.0 (10)
4. The generating function of the fourth kind, Fy(p, P,t), which satisfies:
OFy
= ——(p, Pt 11
q o (p, P,t) (11)
OFy
= —(p, Pt 12

*Authors disagree on the exact definition of a canonical transformation. Our definition differs from the one
of Arnold® but is in agreement with Abraham?, Goldstein® and Greenwood!®. Arnold’s definition considers the
canonical transformations as being a subclass of maps preserving Hamilton’s equations.



We now introduce the Legendre transformation which allows one to relate generating functions
with each other.

Theorem 0.1. (Legendre Transformation)

Fy(q, Pt) = Fi(q,Q,t) + Y _ PiQ; (13)

where the QQ’s are expressed as a function of the q’s and P’s using Fq. 6.

Equation 13 defines Fy as a function of F} implicitly, since we need to solve Eq. 6 for the P’s.
The Legendre transformation also applies to generating functions of the third and fourth kinds and

reads as follows:
Fi(q,Q,t) Zquz

Fy(p,Pt) = Fi(q.Q.t) — ZPQZ sz(h (14)

F3(pa Qvt)

We have chosen to express Fy, F5 and Fy as a function of Fj, but similar relations exist to express
F; as a function of F}.

To conclude, canonical transformations can be seen as transformations defining a change of
coordinates which preserves Hamilton’s equations, and generating functions as functions of 2n + 1
independent variables whose knowledge is sufficient to fully recover the canonical transformation. As
the four generating functions are associated to the same transformation, they can be derived from
each other. The transformation which maps one generating function to another is the Legendre
transformation.

In this paper, we only focus on one specific canonical transformation, the one induced by the
phase flow, mapping one system state to another, with time as a free parameter.

Proposition 0.2. The transformation of phase space induced by the phase flow is canonical®.

Let (¢,p) be a trajectory such that (¢(t = 0) = Q,p(t = 0) = P). Then, the transformation
induced by the phase flow maps the set of initial positions and momenta (Q,P) to the set of
positions and momenta at a later time, (g,p). For such a transformation, Fi(q, Q) is a function
of initial and current positions, F5(q, P) is a function of initial momentum and current position,
F5(p, Q) is a function of initial position and current momentum and Fy(p, P) is a function of initial
and current momenta. In addition, the generating functions for this canonical transformation verify
the Hamilton-Jacobi equation:

o

2 (4 @:t) + Hg, 94 (qu, ), t) = (15)
88: (¢, P,t) + H(q, aa (¢, P t),t) =0 (16)
a;} (p,Q.1) +H(—aai(p,Q t),p,t) =0 (17)
881*;4 (p, Pt) + H(— 86]; (p, P,t),p,t) =0 (18)

Hence, by choosing (@, P) as initial conditions, the Hamilton-Jacobi equation and F; describe the
phase flow as a boundary value problem. Given initial and final positions @ and ¢, we use equation 15
to solve for F, and subsequently Eqns. 5 and 6 to find the corresponding initial and final momenta.
In the same way, if ¢ and P are given, equation 16 together with 7 and 8 allow us to solve for the
corresponding initial position and final momentum. Hence, each generating function solves a specific
two-point boundary value problem.

To solve the Hamilton-Jacobi equation for the generating functions for the phase flow transfor-
mation, we need to specify initial or boundary values. At ¢ = 0, the current position and momentum



are the same as the initial position and momentum, therefore, the phase flow induces the identity
transformation. Such a transformation can be described by F» and F3 but not by F; and F;% %10,
To understand why F; and F; cannot describe the identity transformation, we must realize that
knowledge of @ and ¢ = @ is not sufficient to uniquely determine P and p = P. Thus, the boundary
value problem which consists of finding the initial and final momenta given the initial and final
positions is ill-posed at ¢t = 0, and F} and Fj are not well-defined functions at initial time. We say
that they develop singularities at the initial time. To bypass this problem we first solve Fy or Fj3
and then use the Legendre transformation to compute the values of F; or Fj at some later epoch in
order to integrate the Hamilton-Jacobi equation (Eqns. (15) and (18)). The singularity in F; and
F arises from a non-uniqueness of the boundary value problem, i.e., there are an infinite number of
solutions that satisfy ¢ = Q at t = t.

Finally, we mention that, in general, generating functions develop singularities at specific times.
It can be proven, however, that they cannot all be singular at the same time®(pp267)f. More details
on singularities can be found in® 1315, Global singularities again correspond to boundary value
problems that have a multiple or infinite number of solutions. In general, computation of an Fj
cannot be continued through a singularity, although the F; are well-defined on either side of the
singularity. This is the situation that occurs, for example, in solving Lambert’s problem over a
180° transfer, there are an infinite number of transfers that satisfy the boundary value problem all
occurring on different orbit planes.

In this previous section, we have presented theoretical results on Hamilton-Jacobi theory and
have emphasized how generating functions can be used to solve a two-point boundary value problem.
In the following, we focus on the study of periodic orbits. First, we pose the problem of finding
periodic orbits as a two-point boundary value problem. Second, using generating functions we solve
this problem by deriving both necessary and necessary and sufficient conditions for the solution.

Study of periodic orbits

Formulation as a two-point boundary value problem

The aim of this section is to transform the search for periodic orbits into the resolution of a
boundary value problem that can be handled with the theory outlined above.

For a periodic orbit of period T, both position and momentum take the same values at ¢ and at
t+ kT, k€ Z. In terms of initial conditions, this reads:

oT) = Q (19)
p(I) = P (20)

For a dynamical system with n degrees of freedom Eqns. 19 and 20 can be viewed as 2n equations
of 2n + 1 variables, the initial conditions (@, P) and the period T. To solve such a problem, for
each trial (Q, P,T) one needs to integrate the equation of motion and check if the 2n equations
are verified, and if not try again. On the other hand, Eqns. 19 and 20 can also be viewed as a
two-point boundary value problem. Suppose the initial momentum P and the position at time T,
q, are given, then Eqns. 19 and 20 define 2n equations with 2n + 1 variables, the initial position @,
the momentum at time 7', p, and the time period 7. Solutions to these equations characterize all
periodic orbits. Indeed, if (Q,p,T') satisfies equations 19 and 20, then the trajectory whose initial
conditions are (Q,P = p) is periodic with period T. In the next section we will see that such
a formulation yields a simpler set of equations when combined with the Hamilton-Jacobi theory.
However, whatever formulation we choose, Eqns. 19 and 20 define an under-determined system (2n
equations and 2n+ 1 variables) and thus we need to take at least one variable as a known parameter.
Depending on the variables we set, the problem we solve has different physical interpretations. In
this paper we focus on two which are of particular interest in astrodynamics:

T Actually, one can define 2" generating functions, Arnold proved that among them, one at least must be well-
defined. In practice, among the four generating functions we defined, one is always non-singular.



1. Search in time domain: Given a point in phase space, find all periodic orbits going through
this point. In this case, Eqns. 19 and 20 reduce to an over-determined system of 2n equations
with only one variable T

2. Search in phase space: Find all points which belong to a periodic orbit of given period T.
Eqns. 19 and 20 reduce to a system of 2n equations with 2n unknowns (g, p).

The use of generating functions

We have seen that finding periodic orbits is equivalent to solving a two-point boundary value
problem, and that boundary value problems can be handled using canonical transformations, gen-
erating functions and the Hamilton-Jacobi equation. Let us assemble these two topics in order to
build a new approach to the study of periodic orbits.

Generating function of the second kind

The generating function F5 allows us to solve a two-point boundary value problem for which the
initial momentum and the position at time 7" are given. The solution to this problem is then found
using Eqns. 7 and 8.

R,

= oy (¢, P,T) (21)
OF,

Q = phT) (22)

On the other hand, the boundary value problem is defined by equations 19 and 20. Combining
these four equations yields:

P = p(T)

0F,
= —(¢,P,T 23
S a.PT) (23)

o) = @Q

OF,
= —(¢,P,T 24
(. PT) (24)
Eqns. 23 and 24 are 2n equations with 2n + 1 variables. As pointed out before, this system of

equations is under-determined, hence we will focus on one of the two following problems:

1. Search in time domain:

Eqgns. 23 and 24 reduce to an over-determined system of 2n equations with only one variable
T. The 2n equations can be viewed as a vector equation

P22 P T))
Xo(T) = dg 0 =0 25
2( ) < - %(qv P7 T) ( )
Taking the norm of X5 yields:
0F, 9 oF, 5

Eq. 26 is an equation of one variable only, T. Suppose we have knowledge of F5, then we
can solve Eq. 26 graphically or using Newton iteration. However, the solution of equation 26
depends on the values of (¢ = @, P), that is, on position at time 7" and initial momentum. In
general, for an arbitrary choice of (g, P), there is no periodic orbit going through the point
(Q = ¢, P), and thus Eq. 26 does not have any solution. On the other hand, by the Poincaré
conjecture, we know that for almost every point in any n-dimensional subspace of the phase



space there exists at least one periodic orbit going through this point. This leads us to consider
another problem: Given either a point in position space or a point in the momentum space,
find all periodic orbits which go through this point. Eqns. 23 and 24 reduce to a system of 2n
equations with n + 1 variables, (¢, T) or (P,T) which can be solved using Newton iteration?
for instance.

2. Search in phase space:

Eqns. 23 and 24 reduce to a system of 2n equations with 2n variables, (g, P). Supposing we
have knowledge of F», then again we can use Newton iteration to solve these equations.

Generating function of the third kind

The generating function F3 allows us to solve a two-point boundary value problem for which
momentum at time 7' and initial position are given. This problem is very similar to the one solved
by F and hence yields a similar set of equations (the role played by ¢ and p are inverted). Combining
Eqns. 9 and 10 with Eqns. 19 and 20 yields:

p(I) = P
OF3
= —%(p,QyT) (27)
Q = q)
0F3
= —a—p(]%QaT) (28)

Eqns. 27 and 28 are 2n equations with 2n + 1 variables, (p,Q,T). We again focus on the two
following problems:
1. Search in time domain:

Eqgns. 27 and 28 reduce to an over-determined system of 2n equations with only one variable
T. The 2n equations can be viewed as a vector equation

(P ®.Q.T)Y
)= (Q ¥ %;(p,Q,T)> =Y (29
Taking the norm of X3 yields:
8F3 a1?3 _
\/(1'9+ %(PvQ,T))2+(Q+ a—P(p,Q,T))Q =0 (30)

Again we need to consider Eq. 30 as an equation of n 4 1 variables, (p,T) or (Q,T) that can
be solved using Newton iteration.
2. Search in phase space:

Eqns. 27 and 28 reduce to a system of 2n equations with 2n variables, (p, Q). If we have
knowledge of F3, then we can use Newton iteration to solve these equations.

Generating function of the first kind

Generating functions of second and third kinds provide 2n equations whose solutions characterize
periodic orbits (depending on the problem we consider, we find either the period of all periodic
orbits going through a given point or points which belong to periodic orbits of given period). In this

T There exist more sophisticated methods to find the solution to a set of equations with better convergence properties
than Newton’s iteration. We are either using the function FindRoot (based on Newton’s method and the secant
method) of Mathematica® or the Fortran code DNSQE based on a modification of the Powell hybrid method.



section we show that by using the generating functions F; or Fy, we are able to reduce the search for
periodic orbits to only n equations with at most n variables. However, instead of finding necessary
and sufficient conditions, such as Eqns. 23 and 24, we only find necessary conditions, i.e., solutions
to the equations we develop may not correspond to a periodic orbit.

The generating function F; allows us to solve a two-point boundary value problem for which
initial position and position at time 7" are given. The solution to this problem is found using Eqns.
5 and 6.

oFy

PSSy (¢,Q,T) (31)
8F1
P = 20 —(¢,Q,7) (32)

On the other hand, the boundary value problem is defined by equations 19 and 20. Hence,
combining these four equations yields:

P o= -S0=QQ7) (33)
_0R
W) = GHa=Q.Q.1) (34
That is, since p(T) = P:
OFy OF,
94 (Q*QQT)JF%( 1=Q,Q,T)=0 (35)

Eq. 35 defines n equations with n + 1 variables, (Q,T). Whereas solutions to Eqns. 33 and 34
characterize periodic orbits, i.e., Eqns. 33 and 34 are necessary and sufficient conditions to solve our
problem, Eq. 35 is only a necessary condition in that we may find solutions to equation 35 which
are not solutions to Eqns. 33 and 34. We will see an example of this when studying periodic orbits
in Hill’s problem. Hence, by using F; we only need to solve n equations instead of 2n, but we only
get necessary conditions; we need to verify, a posteriori, if the solutions found characterize periodic
orbits. Further, as pointed out before, Eq. 35 defines an under-determined system, and hence we
will focus on one of the two following problems:

1. Search in time domain: Given a point in the position space, find all periodic orbits going
through this point and their associated momentum. Eq. 35 defines n equations of a single
variable T'. Taking the norm of the left hand side yields:

(9F1 . a 1
15, 1= Q.@.T) + 55

Eq. 36 is a single equation of one variable that can be solved graphically. To find the corre-
sponding momentum, we can use either Eq. 7 or Eq. 8:

45 @=Q,Q,T)| = (36)

OF
9Q

Note that this problem is different from the previous one since we are looking for periodic
orbits going through a point in position space, not in phase space.

P=-—-=(=Q,Q,T) (37)

2. Search in position space: Find all periodic orbits of a given period. Eq. 35 reduces to a
system of n equations with n unknowns, ). For dynamical systems with n degrees of freedom
the solution may be represented on a n-dimensional plot. In practice, solving this problem
graphically is efficient only for systems with at most 2 degrees of freedom?, as we will see later.

§We use the function I'mplicitPlot of Mathematica®© which takes two equations with two variables and plots the
set of solution to these equations



For Hamiltonian systems with more than 2 degrees of freedom, we use Newton’s iteration or
an equivalent method. When a solution to Eq. 35 is obtained, then we use Eq. 5 or 6 to find
the corresponding momentum:

0F,

P=-55

(¢=Q,Q,T) (38)

Generating function of the fourth kind

As with Fy and F3, F; and F, are very similar. Fj allows us to solve a two-point boundary
value problem for which initial momentum and momentum at time 7" are given. The solution to this
problem is then found using Eqns. 11 and 12.

R
R
Q = 2P (40)

On the other hand, the boundary value problem is defined by equations 19 and 20. Hence,
combining these four equations yield:

OFy
dp

OF.
“Ap=PPT)+ ——(p=P,P,T)=0 (41)
oP
Eq. 41 defines n equations with n 4 1 variables, (@, T). These equations are necessary conditions
but not sufficient. Further, Eq. 41 defines an under-determined system of equations, and hence we
focus on one of the two following problems again:

1. Search in time domain: Given a point in the momentum space, find all periodic orbits going
through this point and the associated position. Eq. 41 defines n equations of a single variable
T. Taking the norm of the left hand side yields:

OF. OF.
15, ®= PP+ 55 =PPT)|=0 (42)
oP
As for Fy, Eq. 42 is a single equation with one variable that can be solved graphically. To find
the corresponding position, we can use either Eq. 11 or Eq. 12:

Q=g =rrm (43)

2. Search in momentum space:

Eq. 41 reduces to a system of n equations with n unknowns, p. We use Eq. 11 or Eq. 12 to
find the corresponding momentum:

— 8F4 —
Q=55 =P.PI) (44)

Using F, and F3, necessary and sufficient conditions for existence of periodic orbits have been
derived. They consist of 2n equations with 2n + 1 variables. On the other hand, using F; and F}
we found n equations with n 4+ 1 variables that define necessary but not sufficient conditions for
existence of periodic orbits. Moreover, solving these equations does not provide all the required
information, and we need Eqns. 5 and 6 (or Eqns. 11 and 12) to find the corresponding momentum
(position).



Examples

Using generating functions we are able to derive conditions for finding periodic orbits which
are numerically tractable in theory. In practice, since we need to have knowledge of the generating
functions to solve these conditions, a closed form solution of the Hamilton-Jacobi equation is required,
which may be hard to find. An algorithm developed by Guibout and Scheeres® finds closed form
solutions to the Hamilton-Jacobi equation, however this algorithm only converges for a certain class
of problem and thus we can apply the theory developed above only to these problems. In the next
sections, we summarize the specifics of this algorithm and then use it to find periodic orbits in the
three-body problem.

Properties of the algorithm

We briefly discuss the properties of the algorithm we use, as these provide the necessary back-
ground for the following. For more details on the algorithm, we refer the reader to®.

The algorithm developed by Guibout and Scheeres® solves the Hamilton-Jacobi equation for
the generating functions describing relative motion of a particle with respect to another one whose
trajectory (called the “nominal” trajectory) is known. Let (Ag, Ap) be the relative position and
relative momentum of the two particles. Then, the dynamics of the relative motion is Hamiltonian
with the Hamiltonian function Hj, given by the Taylor series expansion:

- Ag'ApI OHTH
Hy = Z T]' B opi (0, po,t) (45)
1,j =0
t4+5>2

where (go, po) is the position of the particle in phase space on the nominal trajectory. The coefficients
of the Taylor series i!—lj!%(qo7 po,t) are time varying quantities and are easily evaluated for any
Hamiltonian function with a defined trajectory.

Let us truncate the series Hj, in order to only keep finitely many terms. Suppose N terms are
kept, then we say that we describe the relative motion using an approximation of order N. Clearly,
the greater N is, the better the approximation of the nonlinear motion of a particle about the

nominal trajectory will be. The procedure of the algorithm is summarized as follows:
e Approximate the Hamiltonian describing the relative motion by truncation of high order terms.

e Assume the generating function is a polynomial in its spatial variables with time-dependent
coefficients (i.e., a truncated Taylor series expansion about the nominal trajectory).

e Transform the partial differential Hamilton-Jacobi equation into a system of ordinary differ-
ential equations for the coefficients of the generating function by balancing terms of the same
order in the Taylor series expansion.

e Solve the system of ordinary differential equations.

Solutions to the Hamilton-Jacobi equations are functions of either (Ag, AQ, t), (Aq, AP, t), (Ap, AQ, 1)
or (Ap, AP,t), i.e., they describe the relative motion. To recover the displaced trajectory we use the
knowledge of the nominal trajectory together with equations 5-12. Moreover, the solution found is
valid only locally in the spatial domain (in the vicinity of the nominal trajectory) and globally in
the time domain.

Let us now illustrate the theory developed above with some examples. First we analyze how our
conditions transform for linear systems, and then look at some more sophisticated problems such as
periodic orbits in the Hill’s three-body problem and in the restricted three-body problem.



Linear systems analysis

We consider a linear Hamiltonian system to be a system whose Hamiltonian function is quadratic
in position and momentum without any linear termY, i.e.,

wen0 =357 (700 i) ¥ @

where Hy, = Hg;, H,, and Hp, are symmetric and X = 4

For linear systems, the generating function Fj is also quadratic in its spatial variables without
any linear term?, i.e,

Lyr (Fit) Fa()
R0 =577 () 1) ¥ o

i i T i i ; q q D p
where Fiy = F3,", F}; and Fj, are symmetric and Y; = (Q)’ Y, = (P)’ Y; = (Q)’ Y = (P)
Then, Eqns. 35 and 41 transform into:

(F11(t) + Fyy (8) + Fiy(t) + Fyp(1)g = 0 (48)
(F11(8) + Foy (8) + Fiy(t) + Fyp()p = 0 (49)
and Eqns. 23, 24 and 27, 28 read:
Ffy  FL -1\, _
and 5 .
Fpy Fiy —1 _
(rir g )= oy

Eqns. 48, 49, 50 and 51 are linear matrix equations that can be solved using linear algebra tools.
These equations have a trivial solutions Y; = 0 which is not unique if the matrices on the left-hand
side are not full rank, i.e., if their determinant vanishes.

As an example, consider the following problem: Find the periods of all periodic orbits going
through a given point in position space using linearized equations of the dynamics about the Libration
point Lo in the Hill’s problem (more details on Hill’s problem are given in the appendix).

In Figure 1, we have plotted the determinant of (Fy(T) + Fy(T) + Fiy(T) + F35(T)) and in

2 2

Fig. 2 the determinant of (an ; Fl;;l) . Using Fy, we find !l that the determinant of (F};(T) +
217 22

F31(T) + F5(T) + F3,(T)) vanishes at T = 3.0330101 and that the rank of this matrix at T is 0.

These results are in agreement with linear systems theory: any point in the position space belongs

to a periodic orbit of period T'. Furthermore, T" is a very good approximation to the true period

T* = 3.0330193236451116 of the linear motion, the error being less than 3 - 10~*%.

2 2
The use of F, provides similar results. We find that at 72 = 3.03301387 the matrix (FI:“ s F;E;I)
217 22
has rank 2. This means that there exists a periodic orbit of period T2 going through any given point
which belongs to a 2-dimensional subspace of the phase space. In particular, every point of the

position space belongs to a periodic orbit of period T2.

91f the Hamiltonian function has linear terms, we can remove them by changing coordinates.
Husing Newton iteration

10



Nonlinear systems

In this section, we apply our method to some non-linear systems. As mentioned above, using F}
or Fy allows us to reduce the search for periodic orbits to solving n equations only, the counterpart
being that we need to verify, a posteriori, if the solutions found are periodic orbits. For dynamical
systems with 2 degrees of freedom this can be done graphically, for that reason we have chosen
to illustrate our method using F; and not Fs or F3, which would have lead to more computations
(solving 2n equations) and which would not have allowed graphical resolution. Moreover, due to
the limitations of our algorithm, we limit our study to periodic orbits that go through points in
the phase space which belong to the domain where our solution to the Hamilton-Jacobi equation is
well-defined.

The first example we address is the study of periodic orbits around the Libration point Lo in
Hill’s three-body problem. First, we solve the Hamilton-Jacobi equation for the generating function
Fy up to order 5, that is we use an approximation of order 5 of the dynamics. For the present study,
such an approximation is sufficient since generating functions predict the non-linear dynamics with
an error of 107° in normalized units in the spatial domain of interest** (i.e., an approximation of
the dynamics of order 5 predicts the position of a particle within 10~° units , about 70km for the
Sun-Earth-spacecraft system, if the particle is within 0.01 units, about 21, 000km, of the Libration
point).

We will be considering the following two problems:

1. Search in time domain: Given a point in the spatial domain, @ = (0.01,0), find the periods
of all periodic orbits'™ going through this point and the corresponding momentum. To solve
such a problem, we use equation 36:

||@ + @
dq oQ

where @ = (0.01,0). In figure 3 we have plotted the left-hand side of Eq. 52 as a function of
time. We observe that there may exist a periodic orbit of period T" = 3.03353 going through
@ = (0.01,0). In order to check if we have found a periodic orbit, we use Eq. 6 to obtain the
corresponding initial momentum and we generate the trajectory using Hamilton’s equation.
We find the initial momentum to be P = (0,—0.0573157) which generates a periodic orbit of
the correct period.

(=0, Q.7) (¢=@Q,Q,T)=0 (52)

2. Search in position space: Another problem is to find all periodic orbits of a given period
T = 3.0345. To solve this problem we use Eq. 35 which defines 2 equations with 2 unknowns
that can be solved graphically. In Figure 4 we plot solutions to each of these 2 equations
and then superimpose them to find their intersection. The intersection is the set of solutions
to Eq. 35, that is, the set of points that may belong to periodic orbits of period 7. We
observe that the intersection is composed of a circle and two points whose coordinates are
(gz,qy) = (—0.0603795, £0.187281). We check if the circle is a periodic orbit and if the two
points are equilibrium points and find that the circle is a periodic orbit of period T, whereas
the points are not equilibrium points.

By plotting the intersection for different periods 7', we generate a map of a family of periodic
orbits around the Libration point. In Figure 5 we represent the solutions to Eq. 35 for
t =3.033 4+ 0.0005n ,n € {1---10}. For ¢ = 3.033, the intersection only contains the origin,
which is why there are only 9 periodic orbits shown around the origin.

The second problem we address is the search for periodic orbits in the vicinity of a given periodic
orbit (see Figure 6) of period T* = 3.568576 going through the point (1.2,0) in the circular restricted

** Actually the spatial domain in which the solution we find is valid is closely connected to the time domain of study.
For every time, there exists a domain of validity which shrinks as we approach a singularity in time. In the following,
we will study periodic orbits around the Libration point Lo, whose periods are about 3. F} is singular at 3.1938, and
therefore the domain of validity is fairly small.

TtWe cannot find all the periodic orbits in general because some of them may have large momentum, so that the
point in the phase space does not belong to the domain where our solution is valid.
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three-body problem with x = 3.03590999999 - 10~5. Now we solve the generating functions up to
order 4 and look for periodic orbits. We emphasize the following two problems:

1. Search in time domain: Given a point in the position space (1.21,0.01), find the periods of all
periodic orbits going through this point. In figure 7 we plot the left hand side of Eq. 36. We
notice the existence of two periodic orbits with respective period T and 27T where T = 3.5727,
these are candidate periods for periodic orbits. We use Eq. 6 to compute the associated initial
momentum and verify that there are periodic orbits going through the point (1.21,0.01) with
that period.

2. Search in position space: Find all periodic orbits of a given period, T = 3.6. To solve this
problem we use Eq. 35, which defines two equations with two variables. In figure 8 we have
plotted the set of solutions to each of these equations and their superposition. The intersection
of the two sets of solutions represent the set of solutions to Eq. 35 and is an arc of circle. In
the domain of convergence of our generating function we find a set of intersections that defines
a periodic orbit. We verify using Eqns. 6 that the intersection corresponds to a periodic orbit
(see figure 9). We note that our method does not recover the entire periodic orbit, because it
does not lie in the domain of convergence. Indeed, we should have found an almost circular
trajectory close to the nominal one, that is of radius larger than 1.2 that corresponds to relative
position as large as 2.4. Nonetheless, the set of intersections we find is enough to recover the
whole trajectory using Eq. 6 and Hamilton’s equations.

Conclusions

This paper derives a novel application of Hamilton-Jacobi theory to find periodic orbits. We pose
the problem of finding periodic orbits as a two-point boundary value problem that can be solved
using generating functions, canonical transformations and the Hamilton-Jacobi equation. Through
a few examples, we show that the method proposed is numerically tractable once the generating
functions are known, and that it can capture the nonlinear dynamics of relative motion. In future
work, we plan to develop an algorithm that solves the Hamilton-Jacobi equation in three dimensions
in order to recover Halo orbits and bifurcations. Finally, if we use the relative position of a particle
with respect to the nominal trajectory instead of its “true” position, then we will be able to find
periodic orbits relative to the nominal trajectory. Such a modification of our method should have
applications to formation flight and also to the study of stability of periodic orbits.

Appendix I: The circular restricted three-body problem and
the Hill’s problem

The circular restricted three-body problem is a three-body problem where the second body is in
circular orbit about the first one and the third body has negligable mass'®. The coordinate system is
centered at the center of mass of the two bodies with mass and the Hamiltonian function describing
the dynamics of the third body is:

1—p P

- (53)
(¢z + 1)* + ¢ \/(qa: —1+p)?+gq;

1
H(Qz>Qy7pz7py): §(pi+p§)+mey_q:vpy_ \/
where ¢, = x, ¢y = ¥y, p» = ¢ —y and p, = ¥ + . Equations of motion for the third body can be
found using Eqns. 1 and 2:

T+ pu y z—1+p
(@ + 02+ P2 M ((qo — 1+ )2 + 2P
Y —u Y
(@ + 1)+ 0% " (g2 — 1+ ) +q5)%?

(54)

-2 = z—(1-p)

j+2& = y—(1-p) (55)
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There are five equilibrium points for this system that are called Libration points. Lo is the one
whose coordinates are (1.0100701985928262, 0) for a value of u = 3.03590999999 - 10 6.

If the first body has a larger mass than the second one we can expand the equations of motion

about g = 0. Then, shifting the coordinate system so that its center is the second body yields Hill’s
formulation of the three-body problem. The equations are motion are:

T—2y = 3 + 3z (56)
42 = — 3 (57)
(58)
where r? = 22 + 2.
The Lagrangian then reads:
. 1.5 .9 1 3 4 . .
L(g, 4, t) = 5(4z + 4y) + ——=+ 545 — (d2qy — 4y 4x) (59)
2 2 2 2
4z + 4
Hence,
oL
P = =
’ 94y
= qz — Qy (60)
0L
= Qy + qx (61)
From Eqns. 59, 60 and 61 we obtain the Hamiltonian function H:
H(Q7p) = plQaL +py4y —L
1 1
= S0 +p)) + (ayps — @upy) — ———= + 5(q; — 203 (62)
2 /g2 + g2 2
qa; qy

There are two equilibrium points for this system that are called libration points. Their coordi-

nates are Li(~ (3)'°,0) and Lo((3)'"*.0)

3
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Figure 1: Determinant of the matrix defined in Eq. 48
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Figure 2: Determinant of the matrix defined in Eq. 50
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Figure 3: Plot of ||‘98—I;1(q =Q,Q,T7)+ %—g(q =Q,Q,T)| where Q = (0.01,0)
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Figure 4: Periodic orbits for the nonlinear motion about a Libration point
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Figure 5: Periodic orbits for the nonlinear motion about a Libration point
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Figure 6: Nominal trajectory of a periodic orbit in the restricted three-body problem with period
T = 3.568576
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Figure 7: Periodic orbits in the vicinity of a circular orbit in the restricted three-body problem
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Figure 8: Periodic orbits in the vicinity of a circular orbit in the restricted three-body problem
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Figure 9: Periodic orbit of period 3.6 in the restricted three-body problem obtained using generating

functions
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