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Abstract

This paper investigates the design of spacecraft formation orbits traveling relative to a general trajectory.
To describe the motion we approximate the time-varying linear dynamics about the trajectory with a locally
time-invariant system and use linear orbit elements to describe the relative trajectories. We find sufficient
conditions under which the relative motion is stable and a controller can be designed. We consider the
problem of specifying the orientation of the fundamental orbits, which is equivalent to eigenvector place-
ment, and show how these modes can be combined to force the formation to fly in a range of orientations.
Applications of our approach to relative motion in rotating and non-rotating systems are given.

INTRODUCTION

A general control law to stabilize the relative motion about a general trajectory in a Hamiltonian system and
related methods of relative trajectory design are studied in this paper. Among the possible applications of this
work is formation flight about a halo orbit in the Hill three body problem, an unstable periodic orbit in the
vicinity of libration points in the Sun-Earth system. This work is motivated by potential future applications
of spacecraft formation flight for interferometric imaging of distant stellar systems. Flying formations of
spacecraft in the vicinity of �� halo orbits has been recognized as a feasible environment for this application.
Results of this study will contribute to the possible application of formation flight techniques in this unstable
environment.

The idea for using the center manifold of a halo orbit for formation flight was proposed in Ref. [�].
However, the utilization of the center manifold of an unstable orbit for formation flight is constrained by its
long frequency of relative motion and the difficulty in control and computation of the orbits. The current state
of the art for the computation and control of motion in an unstable halo orbit center manifold is reviewed in
Ref. [�, �] and indicates that highly precise computation must be made in order to keep the trajectory from
diverging. The technique we propose here eliminates both of these concerns, as we are able to generate
relative trajectories with shorter periods, and by stabilizing the relative motion relieve many of the concerns
about controlling and computing the relative motions over longer spans of time. Our current approach to
the design and control of formation flight trajectories should be distinguished from previous work, such as
that reported in Refs. [�–�], as those efforts focus on the control and design of formation flight in near-Earth
orbits.
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The current work in this paper is an extension of the work reported in Ref. [��] that investigated the
feasibility of the “local time” algorithm for the description of relative motion about a halo orbit. Here we
investigate the general rule from which different controllers are designed to stabilize the relative motion. We
also investigate different approaches to design relative trajectories for application to various space missions.
The goal of this analysis is to come up with a general control law which allows formation flight dynamics to be
arbitrarily assigned. The ultimate goal of this work is to develop efficient approaches to the implementation of
distributed interferometric imaging by relying on the motion of spacecraft relative to each other to cover the
necessary elements of the “image plane” that the imaging system is trying to reconstruct [�]. Our approach
will be used in conjunction with innovative interferometric imaging approaches that can relieve the tight
relative position control constraints that previous system concepts have had to deal with. Thus, by defining
the preferred planes of motion for our stabilized system we define the preferred imaging surfaces as a function
of time.

In detail, our paper covers the following items. First we find a condition under which the relative motion
about a general trajectory in a celestial system is stabilized. Then we apply our algorithm to the relative mo-
tions about a halo orbit in the Hill three body problem. The control law creates a linear, time varying system
about the periodic orbit, where all motion winds on tori about the periodic orbit. It can be shown that these
orbits are stable over both short and long periods of time, and that their winding number about the periodic
orbit can be controlled by the gain of the feedback law and can be made arbitrarily large. Then, in order
to better study the resulting dynamics of our stabilized system, we introduce a “short time” approximation,
which allows us to characterize relative motion with a simpler, time-invariant linear system. With this ap-
proximation, we also evaluate the control cost over a whole period and show that it is feasible. Finally, based
on the concept of “linear orbit elements” that relates the geometric description of relative motion along a pe-
riodic orbit to the eigenstructures of the dynamics matrix, we come up with several algorithms for trajectory
design. By studying the techniques of eigenstructure assignment we can better understand how our system
can be used for interferometric imaging applications.

MODEL OF SPACECRAFT MOTION

Equations of Motion

To deal with the formation flight of spacecraft, we can view it as a constellation of spacecrafts flying in
the vicinity of a spacecraft in the nominal trajectory in a specific celestial circumstance. Assume the triad
��� �� �	 are the coordinates in the body fixed frame of the first spacecraft, and this frame is rotating about
the � axis with rotation rate �. The force potential in this circumstance is defined as ��r 	. According to
dynamics we can write the equations of motion as:


r � �
���r	
�r

� 
r � � 
� � r � �� � 
r � � � �� � r	(1)

where r �
�
�� � �� � ���	. Assume � is constant. Eq. (1) can be expressed as:


�� �� 
� �
�


��
(2)


� � �� 
� �
�


��
(3)


� �
�


��
(4)


 � ��r	 �
�

�
����� � ��	(5)

Although Eqs. (2)–(4) are derived from dynamics in a body fixed frame in a specific circumstance, we
can view � as a free parameter and 
 as an arbitrary force potential so that all space missions satisfying
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these equations of motion can be analyzed. In fact, if � is taken to be zero, the above equations of motion
degenerate to those in an inertial frame.

The Hill Problem

A spacecraft’s trajectory in the vicinity of a Halo orbit in Sun-Earth system is highly unstable and non-
Keplerian. To compute the non-linear equations of motion, we use an approximation to the restricted three-
body problem, known as the Hill problem�. The three dimensional motion is governed by the equations of
motion which have the same structure as Eqs. (2)–(4), where the � axis points towards Earth from the Sun,
the � axis points normal to the Earth orbital plane and the � axis completes the triad. In this problem, � is the
rotation rate of the Earth’s orbit about the Sun and the force potential is taken as


 �
�

	
�
�

�
������ � ��	(6)

where � is the gravitational parameter of the Earth. The Lagrange equilibrium points have the coordinates
��� �

��� 	
���� �� �	 � in this system.

The Hill Equations have been numerically integrated with proper initial conditions to find a periodic halo
orbit, similar to the Genesis halo orbit during its main mission phase �. The period of this orbit is 179 days.
It has two pairs of stable oscillation modes, one with the same period as that of the rotating frame leading to
unity eigenvalues, with the other slightly longer leading to a pair of eigenvalues on the unit circle, and one
pair of characteristic exponents � � ��
��� � ������ (a characteristic time of 24.3 days), one of which
causes a hyperbolic instability.

Linearized Dynamics

To derive equations for relative motion between the spacecraft, we assume the second spacecraft is on a non-
periodic orbit in the vicinity of the first spacecraft. Assume the first spacecraft has a trajectory defined as
R���RÆ�VÆ	 with the property, R���� 	 � R��	, where � is the period. Naturally, the velocity,V���R Æ�VÆ	,
is also periodic. Similarly, we can define the position and velocity vectors for the second spacecraft by
r��� rÆ� vÆ	 and v��� r Æ� vÆ	. Since the second spacecraft is initially in the vicinity of the first spacecraft, linear
systems theory can be applied to describe their relative dynamics. We define X � �R�V�, x � �r � v�, and Æx
as the difference between them, then the dynamics of Æx can be approximated by:

Æx � x� X(7)

Æ 
x � ���	Æ�(8)

���	 �
��

��
(9)

���� � 	 � ���	(10)

where � is the dynamics function corresponding to Eqs. (2)-(4). The solution for relative motion can be
expressed as:

Æ� � ���� �Æ	Æ�Æ(11)

���� �Æ	 �
������Æ	

��Æ

(12)


���� �Æ	 � ���	���� �Æ	(13)

���	 �

�
� ����

�� ���

�
(14)

� �

�
� � � �
�� � �
� � �

�
�(15)

���Æ� �Æ	 � ����(16)
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where � is the state transition matrix (STM), and Æ�Æ is the initial offset from the first spacecraft, i.e., the
periodic orbit.

STABILIZING THE RELATIVE MOTION

In Ref. [9], the dynamics of long and short time spans for this relative motion are discussed more fully.
In Ref. [10], we see that the relative motion of the spacecraft over a short time span centered at � � can be
understood by analyzing the eigenvalues and eigenvectors of the matrix ��� �	. Therefore, in deriving our
control law we will use these “short-term” dynamics to guide our thinking.

The goal of our investigation is to stabilize relative motions in the sense of Lyapunov (not asymptotic
stability). According to Ref. [11], Lyapunov stability is defined as following:

An equilibrium point �� of the system 
� � ���	� is stable in the sense of Lyapunov if for any � � �, there
exists a value Æ���� �	 � � such that if ������	����� � Æ, then �����	����� � �, regardless of �, where � � ��

In celestial mechanics, the stabilized trajectory will consist of oscillatory motions about the nominal
trajectory, which in this context can be interpreted as motions in the center manifold. Now consider Eq. (8)
over a short time span centered at � � �� and expand it.

Æ��� � ���Æ�� � 
�����	Æ� � �(17)

A feedback controller can be designed as

�� � �
�	Æ�� � 
�
Æ�

� ��	Æ�� � ��
Æ�(18)

Then the equations of motion in the feedback system are

Æ��� � ���� � 
�		Æ�
� � �
�� � 
�
	Æ� � �(19)

Æ��� � �Æ�� � 
 Æ� � �(20)

If 
�	 and 
	
 are chosen skew symmetric and symmetric respectively, the Hamiltonian structure is main-
tained. Namely, � and 
 in Eq. (20) are skew symmetric and symmetric respectively. Moreover, if we can
find a condition under which relative motions are kept in the center manifolds, the controller can then be
obtained by simply subtracting the original Coriolis and force potential matrices from the desired ones. This
would increase our choice in future orbit design. Therefore, we are concentrating on finding the condition for
stability rather than proposing a specific control law.

Assume 
 in Eq. (20) is negative definite and consider a Lyapunov function ��Ær � Æ 
r	,

��Ær � Æ 
r	 � ��
�
Ær�
 Ær �

�

�
Æ 
r� Æ 
r(21)

Then ���	 � � and ��x	 � � if x �� �, where x � �Ær � Æ 
r	.


��Ær � Æ 
r	 � �Æ 
r�
 Ær � Æ 
r� Æ
r

� �Æ 
r�
 Ær � Æ 
r��Æ 
r � Æ 
r�
 Ær

� Æ 
r��Æ 
r

� �(22)

Since the requirement for Lyapunov stability is that the time derivative of the Lyapunov function is less than
or equal to zero, our linear system is proved stable in the sense of Lyapunov. Also, due to a Hamiltonian
structure, this result implies that our local time invariant system has all poles on the imaginary axis. Figures
1 and 2 provide two examples of the robustness of the controller developed from the sufficient condition.
The controlled trajectory remains stable after two halo orbit periods (about 1 year), while the uncontrolled
trajectory diverges after 66 days.
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Another important feature in the realizability of our control law is its cost. Here we define cost as the
integral of control acceleration over time. Assume the greatest oscillation frequency in the system is ��
�,
the total cost would be bounded as

���� �

� �

�

�����

�

� �

�
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���	�Æ����
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(23)

where �� 	 ��� is the 2-norm of a matrix which is usually defined as
�
��
����� 	, where ��
� denotes the

maximum eigenvalue of ��� . � is the state transition matrix, and

���� �	 �

�
��� ���

��� ���

�
(24)

Systems Without Coriolis Force

To simplify our analysis, we first consider a system where the Coriolis force is nulled out. To discuss the
stability of this system we take the free parameter, �, as zero, and, obviously, the same result is obtained.
That is, an inertial frame has the same sufficient condition for stability. Furthermore, this also implies that we
can make an “artificial inertial environment” by nulling out the natural Coriolis force and utilize properties
of inertial frame for formation flight. For example, if the force potential is controlled diagonal and negative
definite, the relative motions are just harmonic oscillations in three dimensional space. We are able to design
a general trajectory by combining these oscillations with particular initial conditions.

In addition to force potential control, we can compute the upper bound of cost in velocity term in Eq. (18)
to estimate the extra cost of this control.

�	� � �
�	Æ��
� ���Æ��

� ����Æ����

 ������Æ���

 �
������Æ��� �����(25)

where � is the ratio of highest mode frequency to the frame rotation rate. The cost is low enough to implement
using a low-thrust engine. The upper limit of the total cost is estimated in Eq. (23) and numerically simulated
in Figure �.

Systems With Coriolis Force

Given 
�	 zero or skew symmetric and 
���
�
 negative definite, Eq. (19) is proved stable. One example is
the feedback control law proposed in Ref. [9]. To implement this control at a given time � �, we evaluate the
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local eigenstructure of the matrix ����	, find the characteristic exponents of the hyperbolic motion ���� �	,
and find the eigenvectors that define the stable and unstable manifolds of this motion u����	, where the “�”
denotes the unstable manifold and “�” denotes the stable one. Then the applied control acceleration is:

�� � �����	��
�
	���	�	���	

�
� � 	���	�	���	

�
�

�
Æ�(26)

where � is the gain parameter and Æ� is the measured relative position vector, i.e., the offset between the
periodic orbit and the spacecraft at time ��. This control law maintains the structure of the problem, and
provides local and global stability if the gain constant � is chosen sufficiently large. In fact, as shown in
Figure �, after the control law in Eq. (26) was applied, the force potential becomes negative definite. The
upper limit of total cost is also estimated in Eq. (23) and numerically simulated in Figure 5. Figure � and
Figure � give two more examples about the stability and cost of this control law.

LINEAR ORBITAL ELEMENTS

Local dynamics formulation

Having found a sufficient condition under which the closed-loop system is stable, we now concern ourselves
with the dynamics of the controlled system. In previous sections, we approached the problem by cutting the
orbit into several pieces and treating each of segment as time invariant instead of considering the original
linearized time varying system over a whole period. If the time interval is sufficiently small, we can under-
stand our system by investigating the eigen-structure of each local �����	 (stabilized) matrix. For the case of a
completely stable map, there are three pairs of imaginary eigenvalues, known as the modes of the system. The
trajectory described by each mode forms an elliptical orbit relative to the nominal trajectory with the origin
of the frame at its the center. The actual trajectory is the linear combination of these three modes. Since �����	
is not constant over the whole orbit period, we cannot define one set of some constants describing the relative
motion over the entire orbit period. Instead, we define a secular set of “Linear Orbital Elements” to describe
the geometry of the trajectory.

Classical Orbital Elements

Among the six classical orbital elements defined in Astrodynamics, five of them are sufficient to completely
describe the size, shape and orientation of an orbit. The sixth element pinpoints the position of the satellite
along the orbit at a particular time. These elements are defined as follows ��: the semi-major axis a, the
eccentricity e, the inclination i, longitude of the ascending node �, the argument of periapsis �, and the
the mean anomaly M. In traditional astrodynamics the utilization of classical orbital elements provides us
with a set of coordinates that allow us to immediately understand the geometry of motion. The same idea
can be applied to our controlled trajectory as well, defining a set of geometrically meaningful elements that
can be used in the design of relative motion, as illustrated in Figure �. Thus we would like to develop a set
of elements, called “Linear Orbital Elements”, to describe the geometry of the controlled trajectory relative
to the periodic halo orbit, as shown in Figure �. Provided with proper assumptions, each mode generates a
slowly varying elliptical orbit relative to the halo orbit. However, there are some fundamental differences
between our case and elliptical orbits in two body problem:

1. The length of semi-major axis is not needed. Since these are linear motions, we don’t concern ourselves
with their amplitude. Hence, the semi-major axis  , and the eccentricity ! are replaced by the ratio of
major-axis to minor-axis � �"	 to describe the in-plane orbital shape.

2. The origin of this elliptic motion is located at the center of the ellipse instead of at its focus. As a result,
the argument of periapsis is replaced by the in-plane orientation of the major axis denoted by # (since
� represents frequency in this paper).
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3. The mean anomaly is not defined in the current application, but could be in future work.

Linear Orbital Elements

Assume the eigenvalue and eigenvector of ��� �	 are �$�� and 	� � %&� � %'�, where the subscription �
denotes each mode. The mathematic descriptions can be obtained by following usual procedures used in
Astrodynamics, and are listed as follows ��.

�(� �
%'� � %&�

�%'� � %&��
(27)

��� � �� � �(�(28)

�
 

"
	�� �

� �



��%&��� � �%'���	� � ��%&� 	 %'�	�

��


��%&��� � �%'���	� � ��%&� 	 %'�	�

(29)

)� � ������ �� 	 �(�(30)

�� � ������
���
���

(31)

#� � ������
r��*�	 	 ���
r��*�	 	 ���(32)

where ��� is the ascending node vector and ��� is its unit transverse vector, which can be obtained by the cross
product of �(� and ���.

Note that the above results are obtained for each mode � � �� �� �. The true trajectory is the linear
combination of all three modes. By understanding the behavior of each mode over an interval of time, we
can sketch out the whole picture of the trajectory. These elements are osculating elements in that they vary
slowly as a function of time. As we move through the halo orbit we are interested in observing the change in
these elements, as this defines how the relative motion of the formation will be modified over time. Moreover,
the mathematical formulae link the eigenvectors of the dynamic matrix with linear orbital elements, which
converts the geometric distribution into the problem of eigenstructure properties.

TRAJECTORY DESIGN

In the previous section we defined sequences of linear orbit elements to understand the geometry of motion.
Naturally, we are able to change the relative trajectories by adjusting those elements which are specified by
the eigenstructures of �����	 matrix. Thus, the design of relative motion is controlled by the matrix �����	.

It is well known that for a controllable system we can arbitrarily place its poles ��. However, the desired
closed-loop eigenvalues and eigenvectors may not be attainable at the same time since this is an overcon-
strained problem. This implies that closed-loop right eigenvectors cannot be assigned arbitrarily, and only
those that belong to the span of the corresponding allowable subspace can be assigned precisely �	. Most
people deal with this sort of problem with the technique of optimization, such as Ref. [��] and Ref. [15],
either output feedback or state feedback. This algorithm tries to “rotate” the subspace of eigenstructures such
that the weighting is minimum. With certain constraints the system must also satisfy, stability can then be
guaranteed.

It is indeed a very useful tool for a regular control problem which requires poles on negative real plane. In
our problem, however, these approaches are not applicable. Formation flight requires all closed-loop poles on
the imaginary axis. Optimization of eigenvector placement might move those poles onto the real axis which
would destabilized the formation dynamics. Therefore, we need to investigate other approaches to solve our
unique problem.
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Non-rotational System

To simplify the analysis we first consider a non-rotational system. By applying a controller to null out the
Coriolis force and to stabilize system, we obtain the following equation of motion.

Æ��� � 
 ��	Æ� � �(33)

Assume 
 ��	 is constant over a short time interval to derive the “instantaneous” motion. The characteristic
equation is

�!����� � 
 	 � �!��+	�!����� �  � 	�!��+
��	

� �!����� �  � 	

� ��� � �	�	��
� � �	�	��

� � �	�	

� �(34)

where + is the eigenvector matrix and  � is the diagonalized force potential. From linear theory, the force
potential can be written as 
 �+ �+

�� and the eigenvectors satisfy the equation:

���� � � 
 �
� � �(35)

Here we should note that the controlled 
 is negative definite so that �	� � �. Then we can solve for this
differential equation.

Æ���	 �

��
�
�

,�
� ����
�
��	���� -�	(36)

where 
� is the eigenvector for each mode; ,� and -� are determined by initial conditions. This equation
tells us that, for each mode, the relative trajectory performs linear harmonic oscillations along the direction
of eigenvectors with their associated eigenvalues as their frequencies. The real trajectory is just the linear
combination of all three modes. Moreover, all the eigenvectors are orthonormal to each other because 
 is
symmetric. That is, the eigenvector matrix + can be viewed as a rotation matrix. To generate a desired
trajectory, we can initially assemble diagonal 
 matrix. Then choose a proper frequency ratio and initial
conditions to generate a desired trajectory. Finally, apply frame rotation by pre- and post-multiplication by a
rotation matrix to obtain a specific orientation.

Figures �� and �� show an example of mode combinations where a circular and an “8”-shaped trajectory
are created. Having shown previously that the extra cost to eliminate Coriolis force is not very large, we have
considerable freedom to perform trajectory design in this way.

Rotational System – Algebraic Approach

To understand the relationship between eigenvalues and eigenvectors, we need to look back at Eq. (20) in a
3DOF system. Assume �$�� are a pair of eigenvalue and %&� � $%'� are their associating eigenvectors. If we
only apply a controller to the force potential, Eq. (20) can be expanded as

�
� ���� � !
�� ����$ � !
�� � !
��
����$ � !
�� ���� � !
�� � !
��

� !
�� � !
�� ���� � !
��

�
�
�
�  �� � $"��

 �� � $"��
 �� � $"��

�
� � �(37)

And the characteristic equation would be

�!������ � � ���$� � !
 	 � �(38)
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where %&� � � ���  ���  ��	, %'� � �"��� "��� "��	, ) � �� �� � denote the )th mode, and !
 denotes the normalized
controlled force potential with respect to the rotation rate � of the frame. Now we only consider one mode
and rewrite Eq. (37) as a function of !
�� .�

�������

 �  �  � � � �
"� "� "� � � �
�  � �  �  � �
� "� � "� "� �
� �  � �  �  �
� � "� � "� "�

�
�������

�
�������

!
��
!
��
!
��
!
��
!
��
!
��

�
�������

� ���

�
�������

 �
"�
 �
"�
 �
"�

�
�������
� ��

�
�������

�"�
 �
"�
� �
�
�

�
�������

(39)

Or in the form of ��
�� � 
����	, ) � �� �� �. Since all the three modes have to satisfy the same force

potential, Eq. (39) are valid for all the three modes. Let

� �

�
� ��

��

��

�
�(40)


 �

�
� 
�


�


�

�
�(41)

Then we can combine those three modes and write as � �� � 
���	, where � � ����	 and 
 � ��� . It is
an overconstraint simultaneous nonlinear equations with 6 unknowns and 18 equations. The solution exists if
and only if 
� ��	 � 
����. We should note that both � and 
 are functions of �, %& and %', and � in turn
is also a function of !�. Generally speaking, this problem is difficult to solve.

In a practical issue, we can pick a set of candidate eigenvectors and eigenvalues, and plug them into Eqs.
(38) and (39) to see if they satisfy both equations. Since we have more constraints if we consider all three
modes at the same time, one way to simplify the situation is to only specify one mode and let the other two
modes be free. Upon finding some candidate force potentials, we can then pick the negative definite ones so
that the stability is guaranteed.

Application to A Specific Case

The most specific case is to design a circular relative trajectory. As our design method above, we only consider
one mode here and pick the negative force potential at the end. From Eqs.(27) and (29), we can conclude
that %& � %' � �( and �%&� � �%'� � ��

�
� for a circular trajectory mode. Assume %& � �� �� � �� � �	�

�
�,

%' � ��"���"���"�	�
�
� and �( � �(�� (�� (�	, where � � and �"� denotes the unit vector components of %& and %'.

Then �( � ��%' � %&	. Accordingly,

�& � �(� �'

�

�
� (��"� � (��"�

(��"� � (��"�
(��"� � (��"�

�
�

�' � � � �(

�

�
� �(�� � � (�� �
�(�� � � (�� �
�(�� � � (�� �

�
�

Plug it into Eq. (39) and perform some algebraic manipulation to find two relations.�
� �� � ��(� � !
�� !
�� ���(� � !
��

!
�� �� � ��(� � !
�� ���(� � !
��
!
�� !
�� �� � !
��

�
� %& � �(42)

.%& � �(43)
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where

.�� � � !
��(� � !
��(�

.�� � ��� � !
��	(� � !
��(� � ��

.�� � ���� � !
��	(� � !
��(�

.�� � ���� � !
��	(� � !
��(� � ��

.�� � !
��(� � !
��(�

.�� � � !
��(� � ��� � !
��	(�

.�� � � !
��(� � ��� � !
��	(�

.�� � !
��(� � ��� � !
��	(�

.�� � � !
��(� � !
��(�

Note that %' also has to satisfy Eqs. (42) and (43). Since %& is perpendicular to %', the rank of Eqs. (42) and
(43) cannot be greater than one, and %& and %' must be located in the null space of both matrices.

Consider a specific case in which the off diagonal terms in !
 are all zero. Then Eqs. (42) and (43)
simplify to ������

�� � ��(� � !
�� � ���(�
� �� � ��(� � !
�� ���(�
� � �� � !
��

������ � �(44)

������
� ��� � !
��	(� � �� ���� � !
��	(�

���� � !
��	(� � �� � ��� � !
��	(�
��� � !
��	(� ���� � !
��	(� �

������ � �(45)

The expansion of Eq. (45) is

�(�(����
� � !
��	�� !
�� � !
��	 � �(46)

one of the possible solutions in Eq. (46) is � � � !
�� � �, which is consistent with Eq. (44). Since we
know the rank of Eqs. (44) and (45) are not greater than one, this is not a qualified solution. The other one
solution is !
�� � !
��, and, from Eq. (44) , we conclude that !
�� � !
�� � ���� � ��(�	. Therefore,
�' � ��� �� �	, �& � ��� �� �	 and �( � ��� �� �	. On the other hand, ��� � !
�� � �� � !
�� � ��. We find
that the characteristic equation, Eq. (38), is also satisfied. Moreover, Eqs. (44) and (45) both degenerate to
	 �� � � with these results. That shows the consistency in our derivation.

Rotational System – Geometric Approach

Augmented Matrix

Another approach to dealing with complex matrices is to form an augmented matrix in which the real part and
imaginary part are included. The matrix in Eq. (37) is complex and this approach can be applied. Assume
the eigenvectors are in the form 	 � %& � $ %'. Without loss of generality, we only take the “plus sign” into
consideration. Re-write Eq. (37) as

��� $�	�%&� $%'	 � �(47)

� � ���� � !


� � ����
where� is symmetric and � is skew symmetric. Thus, a linear equation of augmented real block matrices is
established.

�%&��%' � �(48)

�%' � �%& � �(49)
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Taking inner product of Eq. (48) with %& and Eq. (49) with %', we obtain,

%&��%& � %&��%'(50)
%'��%' � �%'��%&(51)

However, Eq. (50) and Eq. (51) can be expanded as %& ��%' � �%'��%& � ��/�, where /� is the third
component of %' � %&, the “linear angular momentum”, and is a scalar. If /� �� �, Eqs. (50) and (51) can be
reformed as

%&�
� �

��/�

�
�
%& � �(52)

%'�
� �

��/�

�
�
%' � �(53)

Geometric Interpretation

The geometric interpretation of an equation of the form 0 ��0 � � is an conoid in three dimensional
space, where 0 is a vector and � is an 3 by 3 matrix. The principle axes of this conoid lie along with the
eigenvectors of matrix �, and the size as well as the shape of this conoid is determined by the eigenvalues
of matrix �. The expansion of the quadratic equation 0 ��0 � � usually contains all combination of �, �
and �. However, with proper choice of bases, or coordinate rotation in the geometric viewpoint, we can get a
very neat expression. Assume ��, �� and �� are eigenvalues of �. Under a specific set of bases we obtain,

0��0 � ���
� � ���

� � ���
�

� ���

 �
� ��

"�
� ��

1�

� �(54)

where the choice of sign depends on the signs of �’s. The geometric shapes of Eq. (54) are classified into
seventeen groups ��. As a result, in our case,  � � ��/����

�
� � ��	, where ) denotes the )th mode of whole

system and $ denotes the $th eigenvalue of !
 . Similarly, "� and 1� has the same form but different values.
It’s obvious that Eq. (52) and Eq. (53) have similar structure. Moreover, since the force potential !
 is

symmetric, its eigenvector matrix can be chosen orthonormal. Assume + is the orthonormal eigenvector
matrix, so that +�� �+� and !
 �+ ��+

� , where  �� is the diagonalized force potential. Then,

�

��/�

� �
�

��/�

����� � !
 	

� +
	 �

��/�

����� �  �� 	


+�(55)

Eq. (55) shows that matrix� has the same eigenvector as !
 . That is, the conoid formed by matrix� has the
same orientation as that formed by !
 . Nevertheless, it has a different size and shape and is either an ellipsoid
or a hyperboloid. The shape and size are determined by the relationship between � and eigenvalues of !
 .

The above analysis tells us that both %& and %' must lie on the surface of the conoid. On the other hand, %&
and %' also form the orbital plane. Consequently, %& and %' must lie on the intersecting ellipse or hyperbola, as
depicted in Figure (12). This instead limits the choice of orientation of an orbital plane, which is consistent
with our previous conclusion. This idea may help us to analyze or design a trajectory from the viewpoint of
geometry.
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Application to A Specific Case

To design a trajectory by choosing eigenvectors, we must constrain %& and %' to lie on the intersecting curve of
a conoid and the desired orbital plane. One of the specific cases is to place the orbit plane on the one formed
by �� and ��, any two eigenvectors of the force potential. By choosing these eigenvectors, it may be possible
for us to orient the orbit plane in a specific attitude. Specifically, let

%& � &��� � &���
%' � '��� � '���

+ �
�
�� �� ��

�

�

�
� !�� !�� !��

!�� !�� !��
!�� !�� !��

�
�(56)

where M is the orthonormal eigenvector matrix of !�. Substitute into Eq. (48) and Eq. (49) and after a few
algebraic manipulations (Appendix I), we can show that the plane normal to the Z-axis is the only solution.
Actually, this result can also be obtained by directly solving for the equations of motion, which gives us a
more dynamical interpretation of this phenomenon.

First we can express the force potential in terms of its eigenvalues and eigenvectors.

� � ������
�
� � �����

�
� � �����

�
� �(57)

Assume the orbit plane lies on the ��-�� plane. The trajectory, ���	, can be written as the linear combination
of these two eigenvectors

���	 � 	���	�� � 	���	��


���	 � 
	���	�� � 
	���	��


���	 � 
	���	�� � 
	���	��

Plug into the equations of motion


���	 � ��� 
���	 � 
 ���	

Consider the Z-component to this equation,


	���	!�� � ��!��	���	


	���	!�� � ��!��	���	

Since �� � � and �� � �, if !�� and !�� are not zero, the solutions would be

	���	 � ,� ����
�
�����	

	���	 � ,� ����
�
�����	

However, these don’t satisfy the differential equations in the X and Y components because the Coriolis
force will slightly change the system frequency. So, we can’t find an oscillating frequency which makes the
trajectory remain on the ��-�� plane if we have Z component. Namely, the only possibility is that the orbit
remains on the XY plane.

CONCLUSIONS

In this paper we analyze the dynamics of motion relative to an unstable periodic orbit. We first consider
general equations of motion and try to find a sufficient condition under which the relative motions are stable.
Then, based on previous work on linear orbital elements, we develop different algorithms for trajectory
design. This work is being developed for future application to spacecraft-based interferometric imaging
located in the vicinity of the Earth-Sun �� libration point.
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APPENDIX I

Let ��, ��, �� be the orthonormal eigenvectors of !� matrix and ��, ��, �� be the corresponding eigenvalues.
Assume %& and %' are located on the plane formed by any two eigenvectors. Without loss of generality, the
��-�� plane is chosen. Then

%& � &��� � &���(58)
%' � '��� � '���(59)

� � ���� � !


� +����� �  �� 	+
�

�
	
���� � ��	���

�
� � ���� � ��	���

�
� � ���� � ��	���

�
�




Plug Eqs.(58) and (59) into Eqs.(48) and (49) to obtain

&����� � ��	�� � &����� � ��	�� � ���'��� � '���	(60)

'����� � ��	�� � '����� � ��	�� � ����&��� � &���	(61)

Consider the third components of Eqs. (60) and (61), we can conclude that

&����� � ��	!�� � &����� � ��	!�� � �

'����� � ��	!�� � '����� � ��	!�� � �

Or in matrix form �
&� &�
'� '�

� �
2
3

�
� �(62)

where 2 � ���� � ��	!�� and 3 � ���� � ��	!��. Since %& is not parallel to %', the matrix is full rank.
Therefore, �2 3�� � �. Moreover, due to the Coriolis term in the characteristic equation, the system eigen-
values, ���� , are not equal to the eigenvalues of force potential, � � . Hence, the only solution to Eq. (62) is
!�� � !�� � �, i.e., �� � ��� �� �	.
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Figure 1: A control law �� � �����5�5�� � 5�5
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�� with � � �� is applied ( Eq. (26)) Initial deviation is

�� ��� km in x-direction. This plot shows the stability in a nonlinear version.
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Figure 2: A desired force potential �
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	Æ�. Initial deviation is �� ��� km in x-direction. This plot shows the stability in a nonlinear version.
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Figure 8: An overall view of the formation flight of spacecraft and how “osculating” ellipses describe relative
linear trajectories.
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Figure 9: The definition of the “Linear Orbital Elements”.
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Figure 10: A relative circular trajectory is created in a non-Coriolis system. (a) Integrated in the original
non-linear equations about a halo orbit. (b) Same Orbit relative to the halo orbit in (a)
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Figure 11: A relative figure-“8” trajectory in a non-Coriolis system. (a) Integrated in the original non-linear
equations about a halo orbit. (b) Same Orbit relative to the halo orbit in (a)

Figure 12: The Geometric Approach and the relationship between eigenvectors and conoids. %& and %' denote
the real and imaginary part of an eigenvector in our controlled system, respectively.
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