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Abstract

We propose a class of satellite constellations that can act as interferometric obser-
vatories in Low Earth Orbit (LEO), capable of forming high resolution images in
time scales of a few hours without the need for active control. First we discuss the
requirements to achieve these imaging goals. Next we define a class of constellations
that can achieve these goals in LEO. An optimization procedure is also defined that
supplies m pixels of resolution with a minimum number of satellites. For the example
considered, this procedure results in an observatory that is within 0-2 satellites from
a lower bound of y/m satellites. We introduce a linear imaging constellation and
formulate a concise 0-1 mathematical program, the solution of which is the solution
to optimal aperture configuration for full coverage of the wave number plane. Next,
we extend the LEO observatory to a general Earth orbit and relate the solution of
the (linear array) 0-1 program to that of the Earth orbiting constellation. We discuss
how the zonal J, effect can be utilized to scan the observatory across the celestial
sphere and, finally, we discuss some practical implementation issues.

1 Introduction to the Imaging Requirements

Interferometric imaging is performed by measuring the mutual intensity (the two
point correlation') that results from the collection and subsequent interference of two
electric field measurements of a target made at two different observation points. While
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moving relative to each other, the satellites collect and transmit these measurements,
which are later combined at a central node using precise knowledge of their locations
and timing of data collection. A least squares error estimate of the image can be
reconstructed given the mutual intensity measurements, parameters of the optical
system, and the physical configuration of the observatory. To assess the quality of
the reconstructed image, the reconstructed image is Fourier transformed into a two
dimensional plane of spatial frequencies (the wave number plane). At any given point
on the wave number plane, the modulation transfer function (MTF) is defined as the
ratio of the estimated intensity to the true image intensity. For an interferometric
imaging constellation the MTF can be computed given the measurement history and
corresponding relative position data among the light collecting spacecraft. In the wave
number plane, a point with a zero MTF value implies that the system is “blind” to
the corresponding sinusoidal pattern, while a large value of the MTF implies that the
image signal can be restored at that wave number via an inverse Fourier transform?2.
The MTF, as a measure of the imaging system’s performance, is a function of both
the optical system and the configuration of the observatory in physical space. In
this note we address the issue of designing the configuration of an interferometric
observatory that ensures a non-zero value of the MTF within a desired region in the
wave number plane.

For a general satellite constellation, denote the position vector of satellites ¢
and j by R; and Rj, respectively, 7,5 = 0,1,..., N — 1, where N is the number of
satellites. Let R;; = R; — R, be the relative position vector between satellites ¢ and
J and r;; be the projection of R;; onto a plane perpendicular to the line of sight of
the observatory. Let Z be the distance from the image plane to the observation plane.
Denote by the term “picture frame” the angular extent of the intended image on the
image plane. The picture frame has a diameter of length L. Pixelating the image
plane into an m x m grid, the size of each pixel is L = L/m, and the resulting angular
resolution is 0, = L/Z. Additionally, the angular extent of the desired picture frame
is given by 0, = L/z, leading to 6, = md,.

Dimensions of features in the wave number plane are the reciprocals of the
corresponding dimensions in the physical plane. Thus the resolution disc is a disc
of diameter 1/6, and is the region where we desire the MTF to have nonzero values
(henceforth, simply denoted by wave number plane coverage). The picture frame
region is a circular disc of diameter 1/6,. Therefore, the diameter of the resolution
disc is m times the diameter of the picture frame disc in the wave number plane (see
Figure (1)). As the relative position vector of two spacecraft varies in the physical
plane, the picture frame disc moves in the wave number plane, where its center follows
the trajectory of the vector given by =r;;/A, where X is the imaging wavelength
of interest. Each satellite, by itself, will contribute a disc that is centered at the
origin with a diameter of 1/6,, and each pair of satellites will contribute two discs of
diameter 1/6, located 180 degrees apart with a radius of TTJ from the center, where
rij = |r;;|. Define the minimum relative distance between satellites to be dpi, = A/6,.
To completely cover the resolution disc in the wave number plane it is sufficient to



have satellites distributed such that there exist pairs with relative distances d,,
2dmina cee 1(m — 1)dmin- Let dmax = l(m — 1)dmin-

’ 2 2

2 Circular Orbit Constellations

We propose a class of very long baseline constellations that achieves the requirement
that the wave number plane be completely covered. The satellite constellation is
placed on a circular arc that is a segment of a low Earth orbit and whose center is
located at the center of the Earth (see Figure (1)). The satellites are distributed such
that the second satellite is located at a distance of d,,;, from the first satellite, the
third at 2d,,;, from the first, the fourth at 3d,,;, from the first, and so on. Thus, a
constellation of N; satellites will have the N*" satellite located at a distance of (N —
1)dpin from the first. This distribution, defined as the “fundamental” constellation,
implies that there are m = 2N; — 1 pixels and ensures the complete coverage of the
wave number plane, once the constellation is rotated 180° (i.e. after half an orbit
period). Figure (1) shows the geometry of this configuration for Ny = 3 satellites
(m = 5 pixels). We nominally assume that the orbit plane is perpendicular to the
line of sight to the target.

To compute the precise locations of the satellites in the constellation, specify
wavelength of interest, A, and the desired angular extent of the picture frame 6, =
L/z. Given a number of satellites N #, or the number of pixels m, one then obtains
the corresponding angular resolution, ¢,, and knowledge of 8, enables us to compute
dmin and dyax. Throughout this note we use the following values: A = 10um, Z =
7.408 x 10km (~ 24 parsec from the Earth), L = 13 x 10%km r, = 7,200km and
min = 569.52km.

Let 2 and j be two orthogonal unit vectors in the orbit plane, the position vector
of the kth satellite, K =0,--- , Ny — 1, is
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where w is the orbit angular velocity of the nominal circular orbit

+

w=,]-= (2)

and r, is the orbit radius. The relative position vector from satellite [ to satellite k



is given by
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In the wave number plane the relative position vector is Ty, = r;/A, a vector
emanating from the origin with its tip at the center of the picture frame disc. Ignoring
orbit perturbations, the above satellite arrangement guarantees that each T, has a
constant magnitude (since they are distributed along the same circular orbit) , which
is given by

Flk:%;a ((z ) (k\/j \/: ) (4)

where | =1/(Ny —1), k=k/(N; —1) (I,k=0,1,2,..., Ny — 1) and o = %= Note
that 0 < ¢ < 1, where ¢ — 0 as either dy.. — 0 or r, — oo. The latter case
arises if the constellation is placed on an orbit with small curvature. As ¢ — 0 we
have T — dpin |k — | /\. 0 = 1 only when d,,x = 27, (i.e. when the constellation
spans 180°). On the other hand, note that for all Ny we have 0 < lA,/Af < 1 and that
variations in Ny do not induce variations on 7.

Note that all Tj;’s rotate at the same (constant) rate, w, and that this constel-
lation will sweep out the resolution disc in the wave number plane over half an orbit.
If the line of sight is tilted away from the orbit normal by an angle €, coverage of
the wave number plane will range from full resolution 6, to a minimum resolution of
6, - cose. Figure (1) shows the wave number plane coverage for Ny = 3. Note that
imaging in the opposite direction is possible by rotating the spacecraft 180° about
the radius vector.

For the above parameters, the observatory is performing 1.9461 x 1075 milli-
arcsec imaging at 10pum. Formation keeping and spacecraft pointing of a formation
having a maximum baseline of about 14,000km, with a 24pc target and under the
influence of Jy, drag and other perturbations is expected to be a difficult control
problem. This may require much tighter pointing requirements than the Hubble
Space Telescope. However, note that each aperture in our constellation will probably
not be as large as and will not involve as many flexible structures as the Hubble
Space Telescope. Moreover, note that since all the spacecraft lie on the same circular
orbit, they will all be subject to the same differential perturbations, whose short-term
effects are small. Still, these short-term effects can be accounted for by performing
accurate relative position measurements between the spacecraft -an issue that is not
specific to our observatory, but that is common to a typical interferometric formation.
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In summary, Section (1) describes the mapping of wave number plane filling
into the motion of N spacecraft in space. Section (2) proposes one way of achiev-
ing this mapping in a satisfactory manner. Given this mapping one can seek other
motions that achieve the imaging requirements in the wave number plane. Kong et.
al.* propose one such motion, where the linearized motion about a circular orbit is
considered (thus, Hill’'s equations). In their work, the spacecraft are relatively close
to each other, allowing for interstellar imaging applications only. Moreover, the imag-
ing region of their “interferometer is limited to only objects that are located in the
positive z and positive = directions in the Hill frame”*. In contrast, the observatory
we propose here provides high resolution imaging of targets that are several parsecs
away. More significantly, our observatory does not require any active thrusting to
keep the constellation in a near rigid formation.

3 Minimizing the number of satellites for a given
resolution

In the fundamental constellation, we define the “fundamental” baselines by T and
the “bonus” baselines by r;;, [ # 0. By themselves, the fundamental baselines guar-
antee complete coverage of the wave number plane over half an orbit period, and the
bonus baselines provide redundant coverage. For large ¢, there will be an excessive
number of multiple coverage areas, implying that the number of satellites can be
reduced with the resolution disc still being completely covered.

To carry out this minimization it is not necessary to consider the two dimensional
wave number plane, and is sufficient to consider the one dimensional wave number
space. Define a ray in the wave number plane parameterized by the radius k, €
[0, kmax], Where Koy = 1/(26,). Let the contribution of each pair of satellites (I, k)
to the image coverage be given by

— if b 7, — dmin 7 dmin
flk<k:r>:{1 e (5)

0 otherwise

for il = 0,...,N —1and k = I,...,N — 1. Next, define the function Q(k,) =
% ;\;1 i\/;l fie(k,) which is the superposition of all contributions. Figure (1)
shows @ for N = Ny = 3 (m = 5 pixels) and Figure (2) shows @ for Ny = 16
(m = 31). For the Ny =1, 2, 3 and 4 cases removing any satellite will immediately
cause a portion of the resolution disc to not be covered, thus the minimum number
of satellites for these cases is Nyin(m) = £(m + 1). For larger numbers of satellites
(i.e., larger number of pixels, m) this is not true.

Our current minimization problem is stated as: “Starting from a fundamental
constellation, with a corresponding fixed number of pixels m, maximize the number
of satellites that can be removed from the constellation under the constraint that
Q(k,) > 0 on the interval k, € [0, kmax].” The constraint ensures complete coverage
of the wave number line, meaning that each point on the line is covered by at least one
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Figure 1: (a) A three dimensional sketch of the imaging observatory (not to scale).
(b) Physical distribution in the orbit for Ny = 3 (not to scale). (c) @ curve for Ny =3
in the fundamental constellation. (d) Physical distribution in the wave number plane
for Ny =3, m =5 (not to scale).

satellite pair. Satellite arrangements that violate the lower bound are immediately
discarded as they will have “gaps” in the wave number line, which lead to spatial
frequencies that will not be covered.

To solve this problem, an algorithm was implemented that computes the @)
function for the fundamental constellation and all its subsets, found by removing one
satellite at a time, two at a time, and so forth. Satellite combinations that violate the
lower threshold are discarded and the remaining solutions with a minimum number
of satellites, Npyn(m), constitute the minimal set. Note that for a given m there may



be several different constellations with the same, minimum, number of satellites.
In a fundamental constellation of Ny satellites, there are up to

Ny

Z(]Zf)zsz—l (6)

k=1

trials that this algorithm may need to make, for large N, this is unreasonably large.
There are, however, numerous ways to speed up the computation by restricting the
space of trials considered, some of which have been used in our computations. This
algorithm has been implemented for m = 3,5,7,...,39, the results summarized in
Table (1). Figure (2) shows () for a fundamental constellation of Ny = 16 satellites
(m = 31 pixels) and a minimum of Ny,;,(31) = 8 satellites. The Ny, curve shown is
the one that maximizes the area under the () curve over all the 28 possible constel-
lations with 8 satellites, and is comprised of satellites 0,1,2,3,4,5,10 and 15. It is
important to note that the minimal sets may change with the factor o in Eq. (4).

A lower bound on the size of a constellation can be determined as follows. For
a constellation of N satellites, there are exactly

(g):%N(N—l)

baselines. Each baseline provides 2 pixels, plus one for the self pixels giving a total
of m = N(N — 1) + 1. Thus a lower bound on the number of satellites to cover m
pixels is given by:

Nlb = int+ |:% (1 + \/4m— 3) s

where int™ [z] is the smallest integer larger than or equal to x. A solution can have
no fewer than this number of satellites in the constellation without having gaps in
the wave number plane. Moreover, there may not exist solutions with Ny, = Np.
For example, for m = 15 the minimal solution has N,;, = 5, which is equal to the
lower bound. For m = 29 the minimal solution has N.;, = 7, which has one more
satellite than the lower bound of 6 (see Table(1)). For large m, the lower bound is
approximately int™ [/m].

4 The Linear Array and its Relation to Earth-
Orbiting Constellations

Assume now that we distribute the spacecraft on a linear segment instead of a circular
arc (see Figure (3)). There are two ways in which such a situation may rise. The
first situation is exemplified by a multi-aperture single spacecraft mission. With the
apertures arranged on a line, as opposed to a circular arc, we could still achieve full
wave number coverage by a simple 180° rotation of the spacecraft about an axis that is
along the line of sight. Since the solution we propose for the LEO observatory hinges
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Figure 2: Fundamental and minimal distributions (not to scale) and @) curves for m = 31.

Fundamental number Number of Minimum Number | Number of | Lower Bound
of satellites (Ny) Pixels m = 2Ny — 1 | of Satellites Ny, | Solutions Ny,
1 1 1 1 1
2 3 2 1 2
3 5 3 1 3
4 7 4 1 3
5 9 4 2 4
6 11 5 3 4
7 13 5 3 4
8 15 5 1 5
9 17 6 10 5
10 19 6 3 5
11 21 6 2 5
12 23 7 18 6
13 25 7 12 6
14 27 7 4 6
15 29 7 1 6
16 31 8 28 6
17 33 8 19 7
18 35 8 3 7
19 37 9 142 7
20 39 9 91 7

Table 1: Summary Of Results For A 7200 km Orbit, With d;“% =0.0791 And 6, = 1.75 x 10~

on the assumption that the apertures are rigidly connected and the whole constellation
performs a simple rotation about an axis passing through the Earth center, then the
concept design proposed above should apply for the linear aperture spacecraft as



well in a space-based short baseline interferometric mission. We may then want to
address the same question posed above: how to achieve maximum resolution with
the minimum number of satellites and without gaps on the wave number line? For
example, University of Michigan’s proposed EV3M?® imaging spacecraft is one where
all apertures are positioned linearly to maximize the achievable resolution of the
spacecraft with three apertures only (N; = 4 spacecraft, Ny, = 3 spacecraft and
m = 7 pixels), while fully covering the wave number plane.

Second, note that in the limit as ¢ — 0, an Earth-orbiting constellation may be
approximated, to first order, as a linear array constellation. Thus a solution of the
linear constellation will be the same as that for the Earth-orbiting constellation for
o sufficiently small (i.e. either dy,.x sufficiently small or r, sufficiently large). As will
be shown below, the optimization problem for the linear array can be expressed as a
0-1 mathematical program that can be solved using existing techniques. Techniques,
such as evolutionary programming, furnish solutions for high dimensional problems
with small computational time, as opposed to exhaustive search algorithms as the
one discussed above. This is an advantage in constellation design especially in the
case where the constellation contains a very large number of small-sized satellites,
where an exhaustive algorithm may take weeks of computation time even on the
fastest available computers. Below, the linear array constellation problem will be
formulated, solution techniques will be discussed and, in the following section, an
application of this solution for an Earth-orbiting array will be discussed.

| dmin | dmin | dmin | dmin | dmin | dmin | dmin |

Linear Array of Apertures

Figure 3: Linear Array Layout

In the “fundamental” arrangement of a linear array of apertures, the relative
distance between satellites [ and k& on the wave number line is given by:
dmin

T = k= 1] =5 (7)

In Section (2), we parameterized the wave number line by the actual wave number,
k. Instead, suppose we parameterize it by d’:ﬂ?ﬂ. Thus, for the linear constellation,
each satellite pair will contribute to a “wave number bin” [}y — 0.5, x 4 0.5] centered
at y, where Y = %

Let x; denote the state of each aperture: x; is 1 if it is selected as a member of
the constellation or 0 if not. So, x € BYs, where B = {0,1} and N; is the number of
satellites in the fundamental set. Note that for a particular choice of apertures, ¢’z
represents the total number of satellites for that particular choice of apertures, where
c is an Ny vector of 1’s.

Next, it can be shown that by(z) = 2" Tz, k = 1,..., Ny, is equal to the number

of contributions to interval number k, where the first interval is centered at the origin




and the Nyth interval is the outermost one and where I}, is a matrix of zeros except
for the (k — 1)st super diagonal. For example, if Ny = 5 and satellites 1, 2,4 are only
selected, then the total number of satellites is equal to [1 111 1]-[11010]" =3
satellites. Also, for this case b; = 3 contributions due to satellites 1, 2 and 4 each
paired with itself, by = 1 contributions due to the pairing of satellites 1 and 2, b3 = 1
contributions due to pairing of satellites 2 and 4, by = 1 contributions due to pairing
of satellites 1 and 4 and finally b5 = 0 due to no pairing of satellites which are 5d,;,
apart from each other:

(1 00007717
01000 1

by = (110100 0 1 0 0 0| =3,
00010 1
0000 1] (0]
[0 1 0 007717
00100 1

b, = [11010]|0 0 0 1 0 0| =1,
00001 1
000 000][0]
[0 01 007717
00010 1

by = [11010/{0 0 0 0 1 0| =1,
00000 1
0000 0] (0]
[0 0 01 O0]7[1]
00001 1

by = (110100 0 0 0 0 0| =1, and
00000 1
00 000][0]
[0 000 1] [1]
00000 1

bs = [11010]|/0 0 0 0 0O 0| =0.
00000 1
0000 0] (0]

Because b; = 0, z = [1 1 0 1 0] is not a solution to the problem.

Thus the set of designs with the minimum number of satellites that completely
cover the wave number line are all global solutions to the following minimization
problem:

min, ¢’z

st.bp(x) > 1, k=1,..., Ny (8)
x € BN,
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This problem is generally known in the literature as a combinatoric/integer 0-1
programme, usually with linear cost function and linear constraints®. The solution of
this problem requires the minimization of a linear cost function subject to a quadratic
constraint. General 0-1 programming techniques exist to solve the program in Eq.

(8).

4.1 Numerical Results

We first attempt to solve this problem by applying a thorough search algorithm as
discussed in previous Section (3). Figure (4) shows the number of feasible solutions
(top left), the number of minimal solutions (top right), Ny, (bottom left) and the
CPU time (using a 1.5GHz IBM platform) in hours (bottom right). The advantage
of this algorithm is that it gives complete information on all possible minimal solu-
tions (e.g. the configuration of spacecraft in each solution). The main drawback is
the computational time involved to obtain the results. For example, for Ny = 21
spacecraft there are 2.5 x 10° feasible solutions that all require evaluation of their Q
functions, consuming about 7 hours using the exact search algorithm.

x10°
3 T T T T 500

N
T

Number of Feasible Solutions
o
imber of Elements in Set of Minimal Solutions
R
8

N

CPU Time, hrs.
IS
T

| I | 1 | | .
) 5 10 15 20 25 0 5 10 15 20 25
N' N?

Figure 4: Exact Search Algorithm Results

To decrease the amount of CPU time, a statistical approach to solving the above
0-1 program is to utilize an evolutionary programming (EP) method. This is schemat-
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ically summarized in Figure (5). The results of applying this algorithm are shown
in Figure (6). We notice a tremendous amount of computation time savings. Using
this algorithm we can arrive at solutions in about 11 seconds for N; = 21 spacecraft.
Due to the random nature of the search algorithm of the EP method, we note that
we do not have full information regarding the total number of solutions available, the
size of the feasible set or the exact design of the constellation (i.e. we may only know
what Ny, is, but not the full set of solutions that achieves Ny, spacecraft).

Initialize >N Individuals »| Offspring Generation
Competition | Objective Function |_ N Parents
& Selection Evaluation and N offspring

Figure 5: An Evolutionary Programming Method

A closer look at the right hand plot in Figure (6) shows that we seem to be able
to get the correct solution up to Ny = 32. However, for Ny = 37 we notice a drop
in Ny Since it is not possible for a larger fundamental constellation (that achieves
higher resolution) to achieve a smaller Ny,;, than a smaller fundamental constellation,
then we know that the Ny, obtained using the EP algorithm for Ny = 37 is not
correct. This result casts larger doubt that the results obtained for N; > 37 will be
correct either, though we could be confident that results for values of Ny < 36 seem
to be plausible.

120 : : - T T 25

100

Figure 6: EP Algorithm Results

We observe that the algorithm performs poorly for higher values of Ny, though
it is much faster than the exact search algorithm. In general one would trade off
accuracy of solutions for speed in an EP algorithm. One may wish to improve the
results, though at the expense of longer computational time, by constricting the
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offspring generated to be ones that are visible in the first place. The results are
shown in Figure (7), where we observe that consistent results are obtained for values
of Ny < 23. For Ny = 23, the computation time is 1.8 hours versus 18 seconds for
the general EP algorithm and more than 7 hours for the thorough search algorithm.

Figure 7: Restricted EP Algorithm Results

4.2 The Linear Array and the Earth-Orbiting Observatory

Assume that we can find a distance preserving isometry, ¢, between the (curved)
Earth-orbiting and the linear array geometries discussed above. As mentioned above,
the significance of the linear problem is that we can readily solve this problem (as
stated in Eq. (8)) and then compute the corresponding solution on the curved one-
dimensional space through the inverse mapping ¢! (see Figure (9)). The main benefit
is that we can utilize techniques available in the literature for solving the 0-1 program
in Eq. (8) to compute the solution to an Earth-orbiting configuration. First, recall
the definition for an isometry and isometric spaces:

Definition 4.1 (Isometry and Isometric Spaces) Let M; and M, be two
topological spaces. An isometry ¢ : My — M is a one-to-one correspondence such
that d2(¢(x), ¢(y)) = di(x,y) for all x,y € My, where dy(-,-) and ds(-,-) are distance
functions on My and M,y, respectively. If there exists an isometry ¢ : My — My, then
M; and My are called isometric.

St being the circle in R? with radius r,, let Mo C S* denote the one-dimensional
space for a curved Earth-orbiting constellation and M; C R! be the one-dimensional
space, which is simply a line segment on R*, for the linear aperture constellation.

Let do(si, s) be the Euclidean distance in R? between satellites k and [ on Mg
and let dr(s;, s;) be the Euclidean distance in R! between satellites k and [ on M.
dc and dj, are given by

detons0) = 22 (<22_;;2>a)2+(zew_(/;o—)?_iw_(ia)?) )
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Figure 8: Relation between the Linear And Earth-Orbiting Constellations

where [ and k are as defined in Section (2), and
dL(Sl,Sk) = |k_l‘dmin/)\ (10)

Due to the way spacecraft are arranged in the fundamental configuration, Mo and
My, may not have an isometry. That is because if M¢ is simply unfolded onto My,
spacecraft nodes on My do not map onto spacecraft nodes on M. Though it is true
that the real line R! and the circle S* have the isometry ¢(t) = (r,sint,r,cost) :
R! — S!' c R? using a metric that measures distance along the curves, this is not
true in our case because the metric we must use for imaging is the direct shortest
distance between points in R? as opposed to a metric along S*.

For o # 0, points on M C S* are shifted when M is unfolded onto M. Despite
the fact that the total distance from the zeroth spacecraft to the (N — 1) spacecraft
is preserved and is equal to d,.y, distances between intermediate spacecraft are not.

It can be shown that:

~

21,
o0 j

E—
A

de (s, s1) = + 0 (0°) = dr(s1, s6) + O (°) .
Hence, we have:
iii%dc(sl,é‘k) = dL(Sl,Sk). (11)

In other words, dc(s;,sx) — drn(s;, sg) as the curvature of Mg or dy., approach
zero. Thus, to a first order approximation, distance is conserved under the isometry
¢(t) = (rosint,r,cost) and the solution to the linear array should be identical to
that of the curved array. In the next section we show results that indicate that for
sufficiently small o, the solution to the mathematical program in Eq. (8) is also a
solution to the Earth-orbiting constellation configuration. On the other hand, note
that since 0 < l k< 1, Ny will not have variational effects on the solution. Thus,
one only needs to take into consideration variations in ¢ when seeking solutions to
the Earth-orbiting constellation that are based on solutions to the linear array.

14



4.3 Numerical Results

In this section, we solve (8) using an exact search algorithm and compare the result
with those obtained for a curved constellation. The results show that the two solutions
indeed match, as predicted, for all values of o small and up to a critical value o*. For
o > o*, the solution to the Earth-orbiting constellation deviates from that obtained
for the linear array. For instance, for Ny = 9, the algorithm finds 8 minimal solutions
to the linear array, whereas for the curved constellation it finds only 6 for 0 = ¢* =
0.019. Figure (9) shows a plot for o* as a function of Ny for 5 < Ny < 10. Note that
for 1 < Ny < 4, there exists just a single minimum and, thus, ¢* is undefined there.
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Figure 9: ¢* For 5 < Ny <10

5 The Interferometric Observatory

The Earth-orbiting constellation configurations proposed above will completely cover
the wave number plane in half an orbit period, while imaging for several orbital
periods will result in improved image quality. Thus, over a short period (days at
most) an image can be formed. If we place the constellation in an inclined orbit, the
orbit plane will precess relative to inertial space due to Jy and the constellation will
scan across the celestial sphere at a constant rate, effectively repeating its coverage
after half a nodal period. The precession rate of the orbit plane is given by®

= 3 1% RgJQ
Q= ~91 /7’_2 2 cos(z),

where R, = 6378.14km is the Earth’s radius, Jy = 0.00108263 is the second zonal
harmonic of the Earth, u = 3.986005x 10°km? /s? is the Earth’s gravitational constant,

15



1 is the inclination, r, is the orbital radius, and the precession period of the node is
T = 2. For an 800km altitude orbit inclined at 45° to the equator, the precession
period is 77 days. For a constellation in a 45° or 135° inclination orbit, every point on
the celestial sphere can be imaged with a resolution ranging from @, to 6, /v/2 within
half a nodal period.

An important design consideration is the speed at which the picture frame disc
moves in the wave number plane, as this affects the image quality. The larger this
speed is, the poorer the image quality becomes. Given an upper bound on the wave-
plane velocity, U, and a desired angular resolution, 6,, this constrains the angular rate
at which the picture frame disc moves in the wave number plane, equal to the mean

motion of the orbit, w < %E@T. This bounds the desired orbit radius, r, > @& (52“)2.

Thus, the choice of orbit radius does not depend only on the desired baselines (de-
termined from the desired angular resolution), but also on the desired image quality.
Note that it is possible to trade a higher speed in the wave number plane (shorter
period) with additional observations, striking a balance between the two.

Other issues of concern are the signal detection, transmission and interference.
There are certain optical technologies that are assumed to exist for this proposed very
long baseline LEO observatory to be feasible. We assume that either a heterodyne or a
direct detection method is used. Heterodyne detection has the advantage of selecting
and detecting only the components of the wavefront of the source that are in phase
with the wavefront of a local laser oscillator?. Thus, heterodyne detection furnishes
phase information. On the other hand, direct detection, though less efficient as far as
signal to noise is concerned, is still feasible via spatial filtering with a glass fiber to
obtain a single geometric mode!®. Local heterodyne detection, however, has a major
advantage over direct detection Michelson interferometry. Direct detection requires
that the detected signal be divided into N — 1 equal parts, where N is the number of
satellites in the constellation, corresponding to N — 1 baselines. This results in the
reduction of the signal by a factor of N — 1. Each of the NV — 1 signals will possess a
reduced SNR. This is exacerbated due to the presence of large background noise and
the long distances over which the signals are transmitted from each spacecraft to a
combiner spacecraft. For wavelengths above ~ 4pum, heterodyne detection is likely
to be superior because of these problems with direct detection. It could be shown,
however, that below ~ 4um, direct detection will have better SNR properties than
heterodyne detection. For a 10um mission, such as the one proposed in this paper,
heterodyne detection is advantageous.

A technique different from heterodyne detection is also under investigation by
our group. This is Fourier Transform Spectral Interferometry for electric field recon-
struction in a separated spacecraft interferometric mission. Novel optical techniques
exist, such as Dual-Quadtrature Spectral Interferometry (DQSI) and Spectral Phase
Interferometry for Direct Electric Field Reconstruction (SPIDER), that aim at the
full characterization of an electric field, both temporally and spatially!!'*2. The goal
of such research, which has so far been developed for highly coherent sources and is
currently being developed for non-coherent sources, is to extract necessary informa-
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tion in digital form that allow for performing the interference process digitally on a
microchip. Once such digital information is available, these can be sent via communi-
cation links such as radio frequency signals to a central processing unit located on one
of the spacecraft for the mutual intensity computations and metrology measurements.
In light of technologies such as heterodyne detection or electric field reconstruction, a
very long baseline mission such as the one we propose in this paper should be feasible
as far as the optics are concerned.

A final remark is that JPL’s Terrestrial Planet Finder (TPF) technology is an
IR interferometer that currently does not involve baselines longer than 100m between
apertures. TPF may provide an angular resolution that is as small as 0.75 milli-
arcsec at 3um and 1000m baseline. This corresponds to single pixel detection of
a planet located 0.5AU from a sun-like star'®. The main aim of TPF is to detect
an earth-like planet by separating the planet from its parent star and capturing its
light on a single pixel. In contrast, the underlying aim of the proposed observatory
is to form a multi-pixel image of the disk of the planet. In consequence, the very
long baseline constellation, such as the example we use here, offers 1.9461 x 107°
milli-arcsec resolution at 10pum and a longest baseline of over 14,000km.

6 Conclusion

In this paper, the imaging objectives are stated and a class of constellations that can
achieve high resolution images in LEO was discussed. An optimization procedure is
also defined that supplies m pixels of resolution with a minimum number of satellites.
We introduced a linear imaging constellation and formulated a 0-1 mathematical
program, the solution of which is the solution to the optimal aperture configuration
for full coverage of the wave number plane. This, in turn, helps to numerically
solve the constellation design problem for a general Earth-orbiting constellation. We
discussed how the zonal J, effect can be utilized to scan the observatory across the
celestial sphere. Finally, we discussed some practical implementation issues. Future
research will study the behavior of similar constellations subject to more general
gravitational fields.
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