
AAS 03-172

FORMA TION PATH PLANNING FOR
OPTIMAL FUEL AND IMA GE QUALITY FOR
A CLASS OF INTERFER OMETRIC IMA GING

MISSIONS

I. I. Hussein1, D. J. Scheeres2, D. C. Hyland3

The University of Michigan

Ann Arbor, MI 48109-2140

February 11, 2003

Abstract

In this paper we state the basicgoverning relationshipsbetweenan imaging constel-
lation's motion in physical two dimensionalspaceand imagingobjectives. Given this,
we introducea classof spiral motions that satis�es imaging objectivesand seeksim-
ple solutions to the problem of motion designand control of a formation for imaging
applications. Basedon the observations drawn from thesesimple controls, an opti-
mal control problem is formulated for the proposedclassof spiral motions to achieve
minimum fuel consumption,while satisfying imaging constraints.

1 In tro duction

The useof multiple spacecraftformations in interferometric imagingschemeshas
gainedmuch interest in recent years. The advantagessuch formationso�er includethe
replacement of largemonolithic telescopesand superior angular resolution. Order-of-
magnitudeadvancesin optical angular resolution via long baselineinterferometry are
sought for various NASA missions,such as the Origins program, and high resolution
Earth imaging (Ref. [1, 2]).
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The dynamics and control of spacecraftformations have been given consider-
able attention in the past. In thesestudies, investigatorsassumecertain prescribed
motions that satisfy someimaging objective and then seekto achieve thesemotions
via active control. For example, in (Ref. [3]) the authors derive nonlinear and lin-
ear spacecraftrelative position dynamicsand develop a controller designframework
for linear control of spacecraft relative position dynamics with guaranteed closed-
loop stabilit y. In (Ref. [4]), the authors considerthe full nonlinear relative position
control problem using a Lyapunov-based,nonlinear, adaptive control law that guar-
anteesglobal asymptotic convergenceof the position tracking error in the presence
of unknown, constant, or slowly-varying spacecraftmasses,disturbances,and gravit y
forces.

The problemof rotating a satellite constellationusingan adaptivecontroller with
actuator saturation constraints is discussedin (Ref. [5]). An experimental study of
synchronized rotation of multiple autonomousspacecraftwith rule-basedcontrols is
presented in (Ref. [6]). The authors in (Ref. [7]) derive control laws to synchronize
formation rotation as well as to control its attitude. In (Ref. [8]), the problem of
rotating a constellationusingon/o� thrusters while maintaining the relativedistances
within a speci�ed toleranceis addressed.Fuel related problems,such asoptimal fuel
consumptionduring a rotation maneuver (Ref. [9]) or constellationreorientation with
uniform fuel expenditure and conservation acrossthe constellation (Ref. [10]), have
alsobeenaddressed.

Natural orbital dynamics have also beenexploited for interferometric observa-
tories (Ref. [11, 12]). In (Ref. [13]), the authors designa controller for formation
keeping in circular orbit and in (Ref. [14]) for formation keeping during a spiral
maneuver while in orbit. In (Ref. [15]) the dynamicsof spacecraftformation is con-
sideredunder the in
uence of J2 orbit perturbations, where J2 invariant orbits are
sought for the motion. In (Ref. [16]) the authors design controllers for formation
keepingusing meanorbit elements, asopposedto spacecraftpositionsand velocities,
as the state of the system. Finally, GPS utilization for spacecraftconstellations is
discussedin (Ref. [17, 18]) and in (Ref. [19, 20, 21]) the authorsproposedecentralized
controllers for spacecraftformations.

The questionof which formation motionsyield satisfactoryimaginggoalshasnot
been discussedin any of the above mentioned research with the exception of (Ref.
[12]). In this paper we present a framework such that spacecraftmotion planning
and controller design meet desired imaging objectives. This paper is organizedas
follows. In Section2, we discussthe relationship betweenthe motion of a spacecraft
formation in physical two dimensional spaceand imaging objectives as described
by the modulation transfer function (MTF) in the two dimensionalplane of spatial
frequencies. In Section 3, we derive a classof spiral motions, similar to the ones
discussedin (Ref. [14]), that satisfy the imaging objectives. In Section4, we derive
the (constrained) equations of motion basedon the class of motions described in
Section 3. In section 5, we derive simple controllers that illustrate the concepts
discussedin previous sections. In Section 6, we discussthe results obtained when
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the simple controllers are implemented. Finally, we concludewith a discussionthat
summarizesour work and our future research directions.

2 Imaging Requiremen ts

Interferometric imaging is performedby measuringthe mutual intensity (the two
point correlation (Ref. [22])) that results from the collection and subsequent interfer-
enceof two electric �eld measurements of a target madeat two di�eren t observation
points. While moving relative to each other, the satellites collect and transmit these
measurements, which are later combined at a central node using preciseknowledge
of their locations and timing of data collection. A least squareserror estimateof the
imagecan be reconstructedgiven the mutual intensity measurements, parametersof
the optical system,and the physical con�guration of the observatory.

Let z be the distance from the image plane to the observation plane. By the
term \picture frame" we denotethe extent of the intendedimageon the imageplane.
The picture frame has a diameter of length L. Pixelating the image plane into an
m × m grid, the sizeof each pixel is L = L/m, and the resulting angular resolution
is θr = L/z. Additionally , the angular extent of the desiredpicture frame is given by
θp = L/z, leading to θp = mθr .

To assessthe quality of the reconstructed image, the reconstructed image is
Fourier transformed into a two dimensional plane of spatial frequencies(the wave
number plane.) At any givenpoint on the wavenumber plane,the modulation transfer
function (MTF) is de�ned as the ratio of the estimated intensity to the true image
intensity. For an interferometric imaging constellation, the MTF can be computed
given the measurement history and corresponding relative position data betweenthe
light collecting spacecraft.In the wave number plane,a point with a zeroMTF value
implies that the system is \blind" to the corresponding spatial frequency, while a
large value of the MTF implies that the image signal can be restored at that wave
number via an inverseFourier transform (Ref. [1, 22, 23]). The MTF, as a measure
of the imaging system'sperformance,is a function of both the optical systemand the
con�guration of the observatory in physical space.The MTF is related to the motion
in physical spaceby (Ref. [1]):

M (t, ~v) =
Z t

0

dτ � N
i=1�

N
j =1Âp

�
~v −

(~χi (τ ) − ~χj (τ ))
λ

�
, (1)

where N is the number of satellites in the formation, ~v is the spatial wave number
vector, ~χi is the position vector of spacecrafti relative to a �xed frame, λ is the
wavelengthof interestand Âp(~ζ) is the Fourier transform of the picture framefunction,
Ap(~z), given by:

Ap(~z) =
�

1 if ~z falls within the desiredpicture frame
0 otherwise

. (2)

3



In this paper we addressthe issueof motion designand control for an interfer-
ometric observatory composedof two satellites that ensuresa non-zerovalue of the
MTF within a desiredregion in the wave number plane. We assumethat the system
is in free space;the only forcesacting on the system are the spacecraftthrusters.
Note that this is a reasonableanaloguefor a spacecraftat the libration point L2. For
example, in (Ref. [24]), the authors discussthe feasibility of nulling natural forces
and replacing them with \new" dynamics. One of the spacecraftis stationary and
located at the origin of an inertial referenceframe. Let R1 ≡ 0 and R2 be the posi-
tion vectorsof the �rst and secondsatellites,respectively. ThusR2 alsodescribesthe
relative position vector betweenthe two satellites. Sincewe only considerthe motion
in a planeperpendicular to the line of sight of the observatory, let r be the projection
of R2 onto such plane.

Dimensions of features in the wave number plane are the reciprocals of the
corresponding dimensionsin the physical plane. Thus the resolution disc is a disc of
diameter ' 1/θr and is the region wherewe desirethe MTF to have nonzerovalues
(or, equivalently, wave number planecoverage.)The picture frameregionis a circular
disc of diameter ' 1/θp. Therefore, the diameter of the resolution disc is m times
the diameter of the picture frame disc in the wave number plane (seeFigure (1).)
As the relative position vector, r, varies in the physical plane, the picture frame disc
movesin the wave number plane,whereits center follows the tra jectory of the vectors
given by ±r/λ, where λ is the imaging wavelength of interest. Let r̃ = r/λ. Each
satellite, by itself, will contribute a disc that is centered at the origin with a diameter
of ' 1/θp, and each pair of satellites will contribute two discs of diameter ' 1/θp

located 180 degreesapart with a radius of ~r = r
� from the center, where r = |r|.

In polar coordinates, r and ~r de�ne the radial position of the secondspacecraftin
the physical plane and the picture frame disc centers in the wave number plane,
respectively, and θ is the angular position of the spacecraftin the physical spaceand
the �rst picture frame disc center, while the secondpicture frame disc center has an
angular position of θ + π.

3 Motion Design for Wave Num ber Plane Cover-
age

Here we only considerthe motion of the secondspacecraft(the �rst is �xed at
the origin) and only one of the picture frame discs (while the secondwill have an
identical motion that is symmetric about the origin.) Thus, by (~r, θ) we imply the
polar coordinates of one picture frame disc center. One way to ensurefull coverage
of the resolution disc is to initialize the secondspacecraftsuch that at t = 0 we have
(~r = 1

� p
, θ = 0), make it follow a linear spiral as a function of θ, and to imposethe

terminal condition that at t = tf we have (~r = (m+1)
2� p

, θ = (m� 1)�
2

), where tf is the
terminal time. This motion implies that the two picture frame discsare initialized
such that they lie outside the picture frame disc whosecenter is �xed at the origin,
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Figure 1: Physical and Wave Number Plane Variables

and movesspirally outwards till they lie outside resolution disc.
Note that ~r = 0 is a singularity, which produces poor numerical results for

the motion near the origin, and thus we do not initialize the system at this value.
However, the discussionin Section2 implies that initializing the systemwith ~r = 1/θp

results in someregionscloseto the origin of the wave number plane that will not be
covered(the shadedregion in Figure (2).) It will be shown in simulation that this is
not necessarilytrue, and that the initial condition we imposesu�ces for full coverage,
especially near the origin. Thus ~r and θ are constrainedto satisfy

~r(θ(t)) =
1

πθp
(π + θ) , θ ∈

�
0,

(m − 1)π
2

�
. (3)

This implies that

r(θ(t)) =
λ

πθp
(π + θ) , θ ∈

�
0,

(m − 1)π
2

�
. (4)

The �rst and secondtime derivativesof the constraint (4) alsoneedto be satis�ed:

_r =
λ

πθp

_θ, ∀t ∈ [0, tf ] , (5)
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and

•r =
λ

πθp

•θ, ∀t ∈ [0, tf ] , (6)

where _r and •r are the �rst and secondtime derivativesof r with respect to time.
Figure (2) shows an exampleof the tra jectory in the physical and wave number

planes for an object that is located at z = 15pc (1pc= 3.085× 1013km), with a
picture frame that is L = 12, 760km wide, with m = 17 pixels and, thus, a pixel
size of L = 750.6km (i.e. this constellation maneuver is capableof detecting any
object whosesizeis greater than L.) Theseare the valuesthat are usedthroughout
this paper. Thesevaluescorrespond to applications such as JPL's Terrestrial Planet
Finder (TPF) and they could alsobe adjusted for Earth imaging applications. In the
latter case,the maneuver spansa few meters only, as opposedto few thousandsof
kilometers as in the examplewe treat in this paper.
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4 Equations of Motion with a Spiral Constrain t

In this section we derive the constrained equations of motion of the second
spacecraftrelative to the origin. After dividing throughout by the massof the second
spacecraft,the two degreeof freedomequationsof motion for the systemaredescribed
in polar coordinatesby

•r − r _θ2 = ar , (7)

and

r •θ + 2_r _θ = at , (8)

wherear is the radial component of the thrust vector and at is the tangential com-
ponent of the thrust vector, both divided by the massof the spacecraft. Applying
the con�guration constraint in (4) to the system of equations(7)-(8) results in the
following two dependent equationsthat describe the motion

•θ − f (θ) _θ2 = ~ar , (9)

and

f (θ) •θ + 2_θ2 = ~at , (10)

where f (θ) = π + θ, ~ar = � � p

� ar and ~at = � � p

� at . Note that thesetwo equationsare
equivalent. By solving for •θ in (9) and (10) and equating the resulting expressions,
one �nds that the tangential and radial components of the force-per-massvector are
related such that

~ar = −

�
f (θ) +

2
f (θ)

�
_θ2 +

1
f (θ)

~at . (11)

By solvingeither (9) or (10) such that θ goesfrom 0 to (m� 1)�
2

we areguaranteed
that the spacecraftwill have gonethrough oneentire \image" maneuver and covered
the wave number plane.

5 Simple Con trollers to Ac hiev e Imaging Ob jec-
tiv es

In this sectionweinvestigatethe performanceof �v econtrollers that aredesigned
to satisfy the spiral motion constraint. The two main performanceconsiderations
are imagequality and fuel consumption. Image quality requiresfull coverageof the
resolutiondiscand the attainment of a desiredsignal-to-noiseratio. An imagequality
performancemeasurecan be expressedas:

I =
Z t f

0

dt

Z
d~v

�
1− � R (~v, t)

�
, (12)
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where R is a \risk factor" and �( ~v, t) is the estimated signal-to-noiseratio of the
interferometric measurement divided by the desiredsignal-to-noiseratio. Using Pois-
son statistics in a semi-classicalphoton arrival 
uctuation calculation (Section 4.4.3
in (Ref. [25])), this can be shown to be proportional to the squareroot of the MTF
magnitude. Hence,� is given by:

�( ~v, t) =
�

1 if αM 1=2 ≥ 1
αM1=2 otherwise

, (13)

whereα is proportional to the desiredsignal-to-noiseratio and M is computed from
Eq. (1). The larger the risk factor, R, the moreconservative the imagingperformance
measurebecomes. Regions in the wave number plane where � is less than unity
correspond to spatial frequenciesof the signal that do not satisfy the desiredsignal-
to-noiseratio. On the other hand, � = 1 implies both coverageand achievement of
the desiredsignal-to-noiseratio at the corresponding spatial frequency. � = 1 can be
achieved if the relativespeedsbetweenthe spacecraftin the constellationare lessthan
or equal to a certain threshold value, which we denoteby VSN R . If the relative speed
betweenany two spacecraftin the constellation is larger than VSN R in someregionof
the wave number plane, the desiredsignal-to-noiseratio is not attained there.

In Section2, we have assumedthat the areacoveredby the picture frame disc is
being covered in a uniform fashion. However, the coverageit achieveshas a nonuni-
form distribution that resembles a Gaussian. It can be shown that the width of
this distribution is determinedby the relative speedbetweenthe spacecraft.For low
speedsthe picture frame disc could even have a diameter that is slightly larger than
1/θp. For largespeedsthe picture frame discwill have a distribution with an e�ectiv e
width that is smaller than 1/θp. Thus, speedprimarily a�ects signal-to-noiseratio
and the distribution of the signal within the picture frame disc as it moves in the
wave number plane.

The performancemeasureusedfor fuel consumptionis

U =
Z t f

0

�
a2

r (t) + a2
t (t)

�
dt. (14)

The two cost functions in (12) and (14) are the basis for evaluating the imaging
performanceand fuel consumption. The sumJ = w1I + w2U , wherewi (i = 1, 2) are
weighting coe�cien ts, could be usedasthe objective function for a nonlinear optimal
controller that optimizesboth fuel consumptionand imagequality, which our group is
currently investigating. Next we considerbenchmark problemsfor controller design.

Maneuver 1: Constant Speed Motion As mentioned above, it is desirableto
have a uniform signal-to-noiseratio over the entire resolution disc region in the wave
number plane. This can be achieved by setting the magnitude of the velocity to be:

V =

r �
r _θ

� 2

+ _r2 = VSN R , (15)
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which is constant. Taking the derivative of this condition,

r _θ
�

_r _θ + r •θ
�

+ _r•r = 0, (16)

substituting r, _r and •r using (4)-(6) and rearrangingone gets the closedloop di�er-
ential equation

•θ = −
f (θ)

1 + f 2(θ)
_θ2, (17)

which will achieve full coverageof the wave number plane if it satis�es the correct
boundary conditions. From Eq. (9), the radial component of the control thrust is
given by

~ar = −f (θ) _θ2

�
1 +

1
1 + f 2(θ)

�
. (18)

Using this and Eq. (11), the tangential component, ~at is thus

~at = _θ2

�
2−

f 2(θ)
1 + f 2(θ)

�
. (19)

Maneuver 2: Constant Tangential Velocity A simpli�ed version of the sit-
uation consideredin the previous paragraph is to assumethat only the tangential
component of the velocity vector is constant; Vt = r _θ is constant. Taking the the
derivative of this condition,

_r _θ + r •θ = 0, (20)

substituting r, _r and •r using (4)-(6) and rearrangingone gets the closedloop di�er-
ential equation

•θ = −
1

f (θ)
_θ2. (21)

From Eq. (9), the radial component of the control thrust is given by

~ar = − _θ2

�
f (θ) +

1
f (θ)

�
. (22)

Using this and Eq. (11), the tangential component, ~at , is thus

~at = _θ2. (23)

Maneuver 3: Constant Angular Rate Next, considerthe situation where _θ is
a constant. Thus •θ = 0, which implies that θ is a linear function of time. After
applying the boundary conditions, oneobtains an explicit solution for θ

θ(t) =
(m − 1)π

2tf
t. (24)
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Since _r = �
� � p

_θ, it is alsoconstant and •r = 0. From Eq. (9), the radial component of
the thrust vector is given by

~ar = −f (θ) _θ2. (25)

And from Equation (10), the tangential component of the thrust vector is given by

~at = 2_θ2. (26)

Maneuver 4: Zero Tangential Acceleration Consider not applying any tan-
gential thrust; then ~at = 0 and Eq. (11) implies that

~ar = −

�
f (θ) +

2
f (θ)

�
_θ2. (27)

Finally, the closedloop di�eren tial equation is

•θ = −
2

f (θ)
_θ2. (28)

5.1 Results

In the results we present here,Maneuver (1) represents the benchmark solution
to the problem. It is the solution that achievesthe two imaging objectivessince(1)
it follows a linear spiral that completely covers the desiredresolution disc and (2) it
movesat a constant speedthat is su�cien t to attain the desiredsignal-to-noiseratio.
First we determinedthe value of VSN R and set the initial condition for Maneuver (1)
such that the spacecrafthasan initial speedequal to VSN R . This speedis guaranteed
to be maintained by the additional speedconstraint (15). We simulated the system
and determined the terminal time tf . Thus, for all other cases,we set the initial
conditions such that each individual maneuver is completedat t = tf . Finally, we
useEqs. (12) and (14) to evaluate the performanceof all four motions. A reference
speed,VSN R , that achieves the desiredsignal-to-noiseratio is assumedto be 30m/s
and tf was found to be 17 days and 17 hours.

Figures(3)-(7) show the time evolution of r, θ, V , ar and at for all four maneu-
vers. Figures (8) and (9) show how the � function accumulates and how the image
formswith time for Maneuvers(1) and (4). Theserepresent the two interestingcases:
Maneuver (1) is the benchmark solution and Maneuver (4) showsthat � by itself eval-
uated at the end of the maneuver is not su�cien t to judge the quality of the �nal
image. Maneuver (2) producesresults almost identical to Maneuver (1) and we will
only comment on the results for Maneuver (3).

The imageformation algorithm was developed by our group and hasbeenused
in this section to demonstratethe conceptspresented in this paper. The algorithm
assumesa given target planet, which includesplanet surfacedetails. It alsoassumes
a statistical model for noise. It simulates the motion of the spacecraft,computesthe
resulting � function, and estimatesthe image.
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Figure 3: r(t) For Maneuver (1) (Solid), Maneuver (2) (Dash-Dotted), Maneuver (3)
(Dotted) and Maneuver (4) (Dashed)
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Figure 4: θ(t) For Maneuver (1) (Solid), Maneuver (2) (Dash-Dotted), Maneuver (3)
(Dotted) and Maneuver (4) (Dashed)

For Maneuver (1), note that the speedis constant throughout the maneuver (up-
per left chart in Figure (5).) Consequently, weexpect a uniform � function throughout
the wave number plane (Figure (8)); the desiredsignal-to-noiseratio is attained ev-
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Figure 5: The Total Speed For Maneuver (1) (Upper Left), Maneuver (2) (Upper
Right), Maneuver (3) (Lower Left) and Maneuver (4) (Lower Right)

erywhere in the plane. However, for Maneuver (4), we note that we start o� with
a speedof 110m/s, which is larger than VSN R . That is why near the center of the
resolution disc (i.e. by the �fth day) we can seesomepartial coverage,resulting in a
signal-to-noiseratio that is lower than the desired.We alsoexpect that for Maneuver
(4), the picture frame disc to be signi�cantly narrower than the nominal value, 1/θp.
Thus, at low frequenciesthe formation in Maneuver (1) performs better than the
formation in Maneuver (4).

On the other hand, as the the spacecraftin Maneuver (4) proceedsbeyond the
�fth day, its speeddropsbelow VSN R , thus,achieving the desiredsignal-to-noiseratio.
Moreover, one should expect a wider picture frame disc signal distribution. Beyond
the �fth day of the maneuvers,both caseswill achieve equal imaging performancefor
all but the last 2π radians of the maneuvers. During the last spiral revolution, the
spacecraftin Maneuver (4) will havea wider picture framediscthan that of Maneuver
(1) and will, thus, furnish bonus high frequencycoveragein the wave number plane.

Therefore, during one phaseof the maneuvers the formation in Maneuver (1)
has superior performancethan the formation in Maneuver (4). During the second
phasethe reverseis true. Figure (10) is a surfaceplot of the di�erence betweenthe
� functions of Maneuvers (1) and (4). Computing the imaging performancemeasure
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(12) one�nds that Maneuver (4) hasan overall smaller imagingperformancemeasure
than Maneuver (1) (Table (1).) This implies that the bonus coveragethe formation
in Maneuver (4) achievesat high frequenciesoutweighsthe de�cient coverageat low
frequencies.If the imaging performanceis restricted to the resolution disc only, then
Maneuver (1) will achieve better imaging performancethan Maneuver (4) because
the latter leavesgapsat low frequencies.
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Figure 6: Radial Acceleration, ar , For Maneuver (1) (Upper Left), Maneuver (2)
(Upper Right), Maneuver (3) (Lower Left) And Maneuver (4) (Lower Right)

On the other hand, becausethe spacecraftin Maneuver (4) is forcedto move at
a speedlower than that in Maneuver (1), more fuel is required to slow it down than
that in Maneuver (1). Indeed, Maneuver (4) results in the least e�cien t maneuver
as far as fuel consumptionis concernedbut it is the most e�cien t in terms of image
quality.

Table (1) shows a summary of the performanceof all four maneuvers. We note
that, asonemight expect, Maneuvers(1) and (2) perform almost equally. Both result
in intermediate imagequality and fuel expenditure. Maneuver (3) requiresthe least
amount of fuel but with the poorest performance. The reversestatement is true for
Maneuver (4). Therefore, this result suggeststhat there exists a tradeo� between
imagequality and fuel expenditure.
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Figure 7: Tangential Acceleration,at , For Maneuver (1) (Upper Left), Maneuver (2)
(Upper Right), Maneuver (3) (Lower Left) And Maneuver (4) (Lower ight)

I, ×109 U , m/s
Maneuver (1) 5.14 0.53
Maneuver (2) 5.13 0.55
Maneuver (3) 6.27 0.46
Maneuver (4) 4.62 15.02

Table 1: PerformanceMeasuresFor Maneuvers (1)-(4)

Note that the imaging performanceindex (12) is a function of the �nal time, tf .
As tf is increasedsu�cien tly the aboveresult will change.For instance,in the limit as
tf approachesin�nit y, the partial coverage(� < 1) that Maneuver (4) leavesbehind
at low frequenciesrepresents a nonzeroconstant quantit y which is being integrated
over an in�nite time horizon. Thus, the resulting performanceindex will be in�nite,
which meansthat Maneuver (4) is infeasiblein the limit. For Maneuver (1), on the
other hand, satisfying the critical speed threshold, VSN R , ensuresthat for all past
coveragewe have � = 1. However, note that the integral computed up to any �nite
point in time will be nonzerodue to the remaining uncoveredregionof the resolution
disc. Moreover, any maneuver that results in � = 1 everywherein the resolution disc
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with a �nite imaging performanceindex in �nite time, such as Maneuver (1), is also
expectedto do so in the limit as tf approachesin�nit y. Thus we seethat in the limit
as tf approachesin�nit y Maneuver (1) will be feasiblewhereasmaneuver (4) will be
consideredinfeasible.

Finally, onemay construct maneuvers by splitting the boundary value problem
in θ into multiple boundary valueproblemswith di�eren t controls over each segment.
For example one can use the controller of Maneuver (3) and then switch to the
controller of Maneuver (4) whenthe spacecraft'sspeedcrosses30m/s. This combined
maneuver's performanceis expectedto have a lower fuel cost than Maneuver (4) but
better imaging performancesinceI will be accumulated over low speedsat both low
and high frequencies.

6 Optimal Con trol Problem

Based on the conclusionsdrawn from the above results, the main objectives are:
(1) achieve minimum fuel consumption during the maneuver, (2) attain the desired
signal to noise ratio and (3) cover the whole wave number plane at the end of the
maneuver. The third objective is achieved by the spiral constraint in Eq. (4). The
secondobjective is achieved if we constrain the speedat which the spacecraftmoves
to a value not larger than VSN R . Working with the constrainedequationsonly, all
three objectivescanbeachievedif one�nds a solution to the following optimal control
problem: Minimize

J =
Z t f

0

(~a2
r + ~a2

t )dt, (29)

subject to the constraint:

_x1 = x2,

(30)

_x2 = f (x1)x2
2 + ~ar ,

and initial conditions x1(0) = 0 and x2(0) = x2i , where x1 = θ, x2 = _θ and x2i is
�xed. There is a terminal condition x1(tf ) = (m� 1)�

2
, while x2(tf ) is kept free. To

satisfy the imaging objective, the speedof the spacecraft,V , should be constrained
such that V ≤ VSN R throughout the maneuver. This and Eq. (4) imply that the
solution to the optimal control problem should satify the inequality constraint:

S(x1, x2) = x2
2

�
f 2(x1) + 1

�
− V 2

SN R

�
πθp

λ

� 2

≤ 0. (31)

Note that the constraint in Eq. (11) must be satis�ed and, thus, at is not a free
variable. If a solution exists, then that solution should achieve all three objects of
the mission.
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For this problem the Hamiltonian is given by:

H = ~a2
r + ~a2

t + P1x2+ P2

�
f (x2)x2

2 + ~ar
�
+ P3

�
2f (x1)x3

2

�
f 2(x1) + 2

�
+ 2x2

�
f 2(x1) + 1

�
~ar

�
,

(32)
whereP1, P2 and P3 aremultipliers to bedetermined. For the abovestate-constrained
optimal control problem, the �rst order necessaryconditions entail(Ref. [26]):

~ar = −
1

2(1 + f 2(x1))

�
2f (x1)

�
f 2(x1) + 2

�
x2

2 + P2 + 2P3x2

�
f 2(x1) + 1

��
, (33)

_P1 = −2
�
f (x1)~ar +

�
f 2(x1) + 2

�
x2

2

� �
~ar + 2f (x1)x2

2

�
− P2x

2
2

−4f (x1)x2P3

�
f (x1)x2

2 + ~ar
�
, (34)

and

_P2 = −4
�
f 2(x1) + 2

�
x2

�
f (x1)~ar +

�
f 2(x1) + 2

�
x2

2

�
− P1 − 2P2f (x1)x2

−P3

�
6f (x1)x2

2

�
f 2(x1) + 2

�
+ 2

�
f 2(x1) + 1

�
~ar

�
, (35)

Note that P3 = 0 whenever S(x1, x2) < 0. For S(x1, x2) = 0, Eq. (31) is di�eren tiated
as many times as required until the control ~ar appearsin the equation. Say that ~ar

appearsin the qth derivative: S(q) = 0. Then, S(q)(x, ~ar , t) = 0 and Eq. (33) are used
to solve for P3. ThusP3(t) is determinedif the state x(t) and co-statesPi (t) (i = 1, 2)
are known. From Eq. (33) and Eq. (11), ~at must satisfy

~at =
1

2(1 + f 2(x1))

�
2

�
f 2(x1) − f (x1) + 1

� �
f 2(x1) + 2

�
x2

2 + P2 − 2P3x2

�
f 2(x1) + 1

��
.

(36)
The transversality conditions imply that P1(tf ) = p1 is unknown and P2(tf ) = 0.

This is a nonlinearoptimal control problem with mixed boundary valuesfor the state
and costatevariablesand a state inequality constraint. Numerical methods exist in
the literature to obtain the optimal path, if it exists (seefor example(Ref. [26])).

7 Conclusions

In this paper we have introduced somebasic notions that relate the imaging
problem to the motion and controller design problem. Results show evidenceof
a tradeo� between image quality and fuel expenditure. Basedon the observations
drawn from solutions to the problem, an optimal control problem was formulated.
Currently, our research is focusedon computing the solution to this optimal control
problem.
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