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Abstract

In this paper we state the basic governing relationships betweenan imaging constel-
lation's motion in physical two dimensionalspaceand imaging objectives. Giventhis,
we introduce a classof spiral motions that satis es imaging objectivesand seeksim-
ple solutionsto the problem of motion designand cortrol of a formation for imaging
applications. Basedon the obsenations drawn from these simple cortrols, an opti-
mal cortrol problem is formulated for the proposedclassof spiral motions to achieve
minimum fuel consumption, while satisfying imaging constrairts.

1 Intro duction

The useof multiple spacecraftformationsin interferometric imaging sdhemeshas
gainedmuch interestin recen years. The advantagessud formationso er includethe
replacemen of large monolithic telescogesand superior angular resolution. Order-of-
magnitude advancesin optical angular resolutionvia long baselineinterferometry are
sougtt for various NASA missions,sud asthe Origins program, and high resolution
Earth imaging (Ref. [1, 2]).
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The dynamics and cortrol of spacecraftformations have been given consider-
able attention in the past. In thesestudies, investigators assumecertain prescribed
motions that satisfy someimaging objective and then seekto achieve thesemotions
via active cortrol. For example,in (Ref. [3]) the authors derive nonlinear and lin-
ear spacecraftrelative position dynamicsand dewelop a cortroller designframework
for linear cortrol of spacecraftrelative position dynamics with guararteed closed-
loop stability. In (Ref. [4]), the authors considerthe full nonlinear relative position
cortrol problem using a Lyapunov-based,nonlinear, adaptive cortrol law that guar-
antees global asymptotic corvergenceof the position tracking error in the presence
of unknown, constart, or slowly-varying spacecraftmassesgdisturbances,and gravity
forces.

The problemof rotating a satellite constellationusingan adaptive cortroller with
actuator saturation constrairts is discussedn (Ref. [5]). An experimertal study of
syndronized rotation of multiple autonomousspacecraftwith rule-basedcortrols is
preserted in (Ref. [6]). The authorsin (Ref. [7]) derive cortrol laws to syndironize
formation rotation as well asto cortrol its attitude. In (Ref. [8]), the problem of
rotating a constellationusingon/o thrusters while maintaining the relative distances
within a speci ed toleranceis addressed.Fuel related problems,sud as optimal fuel
consumptionduring a rotation maneu\er (Ref. [9]) or constellationreoriertation with
uniform fuel expenditure and consenration acrossthe constellation (Ref. [10]), have
alsobeenaddressed.

Natural orbital dynamics have also beenexploited for interferometric obsena-
tories (Ref. [11,12]). In (Ref. [13]), the authors designa cortroller for formation
keepingin circular orbit and in (Ref. [14]) for formation keepingduring a spiral
maneu\er while in orbit. In (Ref. [15]) the dynamics of spacecraftformation is con-
sideredunder the in uence of J, orbit perturbations, where .J, invariant orbits are
sough for the motion. In (Ref. [16]) the authors design cortrollers for formation
keepingusing meanorbit elemerts, asopposedto spacecraftpositions and velocities,
as the state of the system. Finally, GPS utilization for spacecraftconstellationsis
discussedn (Ref. [17, 18)) andin (Ref. [19, 20, 21]) the authors proposedecertralized
controllers for spacecraftformations.

The questionof which formation motionsyield satisfactoryimaging goalshasnot
beendiscussedin any of the above mertioned researtr with the exception of (Ref.
[12]). In this paper we presen a framework sud that spacecraftmotion planning
and cortroller design meet desiredimaging objectives. This paper is organizedas
follows. In Section2, we discussthe relationship betweenthe motion of a spacecraft
formation in physical two dimensional spaceand imaging objectives as described
by the modulation transfer function (MTF) in the two dimensionalplane of spatial
frequencies. In Section 3, we derive a classof spiral motions, similar to the ones
discussedn (Ref. [14]), that satisfy the imaging objectives. In Section4, we derive
the (constrained) equations of motion basedon the classof motions described in
Section 3. In section 5, we derive simple cortrollers that illustrate the concepts
discussedin previous sections. In Section 6, we discussthe results obtained when



the simple cortrollers are implemerted. Finally, we concludewith a discussionthat
summarizesour work and our future researt directions.

2 Imaging Requiremen ts

Interferometricimagingis performedby measuringthe mutual intensity (the two
point correlation (Ref. [22])) that resultsfrom the collection and subsequetinterfer-
enceof two electric eld measuremets of a target madeat two di erent obsenation
points. While moving relative to ead other, the satellites collect and transmit these
measuremets, which are later conbined at a certral node using preciseknowledge
of their locations and timing of data collection. A least squareserror estimate of the
image can be reconstructedgiven the mutual intensity measuremets, parametersof
the optical system,and the physical con guration of the obsenatory.

Let Z be the distance from the image plane to the obsenation plane. By the
term \picture frame" we denotethe extent of the intendedimageon the imageplane.
The picture frame has a diameter of length L. Pixelating the image plane into an
m x m grid, the sizeof ea pixel is L = L/m, and the resulting angular resolution
is 6, = L/z. Additionally, the angular extert of the desiredpicture frame is given by
0p = L/z, leadingto 6, = m#;.

To assesghe quality of the reconstructed image, the reconstructed image is
Fourier transformed into a two dimensional plane of spatial frequencies(the wave
number plane.) At any givenpoint onthe wave number plane,the modulation transfer
function (MTF) is de ned asthe ratio of the estimated intensity to the true image
intensity. For an interferometric imaging constellation, the MTF can be computed
given the measuremen history and correspnding relative position data betweenthe
light collecting spacecraft.In the wave number plane, a point with a zeroMTF value
implies that the systemis \blind" to the correspnding spatial frequency while a
large value of the MTF implies that the image signal can be restored at that wave
number via an inverseFourier transform (Ref. [1, 22 23]). The MTF, asa measure
of the imaging system'sperformance,is a function of both the optical systemand the
con guration of the obsenatory in physical space.The MTF is related to the motion
in physical spaceby (Ref. [1]):

z t

M(t, U) — dr iN:1 szlAAp 7 — ()ZI (T) ; >a (T)) ’ (1)
0

where N is the number of satellites in the formation, ¢ is the spatial wave number
vector, x; is the position vector of spacecraft: relative to a xed frame, )\ is the
wavelengthof interestand A\p(f) is the Fourier transform of the picture framefunction,
Ap(2), given by:

1 if Z falls within the desiredpicture frame

Ap(2) = 0 otherwise

(2)



In this paper we addressthe issueof motion designand cortrol for an interfer-
ometric obsenatory composedof two satellites that ensuresa non-zerovalue of the
MTF within a desiredregionin the wave number plane. We assumethat the system
is in free space;the only forcesacting on the system are the spacecraftthrusters.
Note that this is a reasonableanaloguefor a spacecraftat the libration point L,. For
example,in (Ref. [24]), the authors discussthe feasibility of nulling natural forces
and replacing them with \new" dynamics. One of the spacecraftis stationary and
located at the origin of an inertial referenceframe. Let R; = 0 and R, be the posi-
tion vectorsof the rst and secondsatellites, respectively. Thus R, alsodescribesthe
relative position vector betweenthe two satellites. Sincewe only considerthe motion
in a plane perpendicularto the line of sight of the obsenatory, let r be the projection
of R, onto sud plane.

Dimensions of featuresin the wave number plane are the reciprocals of the
correspnding dimensionsin the physical plane. Thus the resolution disc is a disc of
diameter ~ 1/6, and is the region wherewe desirethe MTF to have nonzerovalues
(or, equivalertly, wave number plane coverage.) The picture frameregionis a circular
disc of diameter ~ 1/6,. Therefore, the diameter of the resolution disc is m times
the diameter of the picture frame disc in the wave number plane (seeFigure (1).)
As the relative position vector, r, variesin the physical plane, the picture frame disc
movesin the wave number plane, whereits certer followsthe trajectory of the vectors
given by +r/)\, where X is the imaging wavelength of interest. Let ¥ = r/\. Eadc
satellite, by itself, will cortribute a discthat is certered at the origin with a diameter
of ~ 1/6,, and ead pair of satellites will cortribute two discs of diameter ~ 1/6,
located 180 degreesapart with a radius of ~ = L from the certer, wherer = |r|.
In polar coordinates, » and =~ de ne the radial position of the secondspacecraftin
the physical plane and the picture frame disc certers in the wave number plane,
respectively, and ¢ is the angular position of the spacecraftin the physical spaceand
the rst picture frame disc certer, while the secondpicture frame disc certer hasan
angular position of 6 + 7.

3 Motion Design for Wave Num ber Plane Cover-
age

Here we only considerthe motion of the secondspacecraft(the rst is xed at
the origin) and only one of the picture frame discs (while the secondwill have an
identical motion that is symmetric about the origin.) Thus, by (=~ 8) we imply the
polar coordinates of one picture frame disc certer. One way to ensurefull coverage
of the resolution discis to initialize the secondspacecraftsud that at ¢ = 0 we have
(~= ip,e = 0), make it follow a linear spiral as a function of ¢, and to imposethe

terminal condition that at ¢ = ¢ we have (~= (”;*:),9 = D) wheret is the
terminal time. This motion implies that the two picture frame discsare initialized

sudh that they lie outside the picture frame disc whosecerter is xed at the origin,
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Figure 1. Physical and Wave Number Plane Variables

and movesspirally outwardsttill they lie outside resolution disc.

Note that ~ = 0 is a singularity, which producespoor numerical results for
the motion near the origin, and thus we do not initialize the systemat this value.
Howeer, the discussionin Section2 implies that initializing the systemwith ~= 1/6,
resultsin someregionscloseto the origin of the wave number plane that will not be
covered (the shadedregionin Figure (2).) It will be shovn in simulation that this is
not necessarihftrue, and that the initial condition we imposesu ces for full coverage,
especially near the origin. Thus ~and # are constrainedto satisfy

o) = W—ép(“ 0), 0 c o,w 3)
This implies that
r(O(1)) = Wiep(w 0), 0 c o,@ (4)

The rst and secondtime derivativesof the constraint (4) alsoneedto be satis ed:

r= 20 Ve 04, (5)
7r9p
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and

r= ie, vt € [0, ], (6)
70
wherer_and » arethe rst and secondtime derivativesof r with respect to time.
Figure (2) shavs an exampleof the trajectory in the physical and wave number
planes for an object that is located at z = 15pc (1pc= 3.085x 103km), with a
picture frame that is L = 12 760km wide, with m = 17 pixels and, thus, a pixel
sizeof L = 7506km (i.e. this constellation maneuer is capable of detecting any
object whosesizeis greaterthan L.) Theseare the valuesthat are usedthroughout
this paper. Thesevaluescorrespnd to applications sud asJPL's Terrestrial Planet
Finder (TPF) andthey could alsobe adjusted for Earth imaging applications. In the
latter case,the maneuer spansa few meters only, as opposedto few thousandsof
kilometersasin the examplewe treat in this paper.

x10°

ey

Figure 2: Motion In The Physical(In Meters, Top) and Wave Number (Dimensionless,
Bottom) Planes



4 Equations of Motion with a Spiral Constrain t

In this section we derive the constrained equations of motion of the second
spacecraftrelative to the origin. After dividing throughout by the massof the second
spacecraftthe two degreeof freedomequationsof motion for the systemare descriked
in polar coordinates by

r— 12 = q, (7)
and
rf+ 2rl = qy, (8)

where a, is the radial componert of the thrust vector and «, is the tangertial com-
ponert of the thrust vector, both divided by the massof the spacecraft. Applying
the con guration constrairt in (4) to the systemof equations(7)-(8) resultsin the
following two dependent equationsthat describe the motion

0 — f(O) = ar, (9)
and

F(0)8+ 26 = &, (20)
where f() = m+ 0, &y = —2q, and & = —2q;. Note that thesetwo equationsare

equivalert. By solving for # in (9) and (10) and equating the resulting expressions,

one nds that the tangertial and radial componerts of the force-per-massvector are
related sud that 5 L

&= — f(O)+ — @+ .

' £(0) F0)"

By solving either (9) or (10) sudh that ¢ goesfrom 0to ™" we are guararteed

that the spacecraftwill have gonethrough oneertire \image" maneuwer and covered
the wave number plane.

(11)

5 Simple Controllers to Achieve Imaging Objec-
tiv es

In this sectionwe investigatethe performanceof v e controllers that aredesigned
to satisfy the spiral motion constraint. The two main performanceconsiderations
are image quality and fuel consumption. Image quality requiresfull coverageof the
resolutiondiscand the attainment of a desiredsignal-to-noiseratio. An imagequality
performancemeasurecan be expresseds:

zZ, Z
7= dt dv 1— R(@,1) (12)
0



where R is a \risk factor" and ( ,t) is the estimated signal-to-noiseratio of the
interferometric measuremendivided by the desiredsignal-to-noiseratio. Using Pois-
son statistics in a semi-classicaphoton arrival uctuation calculation (Section4.4.3
in (Ref. [25])), this can be shown to be proportional to the squareroot of the MTF
magnitude. Hence, is given by:

1 if aM1=2>1

(v.1)= aM'™2 otherwise ’

(13)
where « is proportional to the desiredsignal-to-noiseratio and M is computed from
Eq. (1). The largerthe risk factor, R, the more consenative the imaging performance
measurebecomes. Regionsin the wave number plane where is lessthan unity
correspnd to spatial frequenciesof the signal that do not satisfy the desiredsignal-
to-noiseratio. On the other hand, = 1 implies both coverageand achievemert of
the desiredsignal-to-noiseratio at the correspnding spatial frequency = 1 canbe
achievedif the relative speedsbetweenthe spacecraftin the constellationare lessthan
or equalto a certain threshold value, which we denoteby Vsyr. If the relative speed
betweenany two spacecraftin the constellationis larger than Vsyr in someregion of
the wave number plane, the desiredsignal-to-noiseratio is not attained there.

In Section2, we have assumedhat the areacoveredby the picture framediscis
being coveredin a uniform fashion. Howewer, the coverageit adieveshasa nonuni-
form distribution that resenbles a Gaussian. It can be shown that the width of
this distribution is determinedby the relative speedbetweenthe spacecraft. For low
speedsthe picture frame disc could even have a diameter that is slightly larger than
1/6,. For large speedsthe picture frame discwill have a distribution with an e ective
width that is smallerthan 1/6,. Thus, speedprimarily a ects signal-to-noiseratio
and the distribution of the signal within the picture frame disc as it movesin the
wave number plane.

The performancemeasureusedfor fuel consumptionis

Z,
U= at(t) + ai(t) dt. (14)
0
The two cost functions in (12) and (14) are the basis for evaluating the imaging
performanceand fuel consumption. The sum 7 = wZ + w-oU, wherew; (i = 1,2) are
weighting coe cien ts, could be usedasthe objective function for a nonlinear optimal
cortroller that optimizesboth fuel consumptionand imagequality, which our group is
currertly investigating. Next we considerbendmark problemsfor cortroller design.

Maneuver 1: Constant Speed Motion As mentioned above, it is desirableto
have a uniform signal-to-noiseratio over the ertire resolution disc regionin the wave
number plane. This can be achieved by setting the magnitude of the velocity to be:

r
2
V= rl + 1?2 = Vsnr, (15)



which is constart. Taking the derivative of this condition,
Pl vl 10 + pr= 0, (16)

substituting », r and » using (4)-(6) and rearrangingone getsthe closedloop di er-
ertial equation
10)

1+ X0
which will achieve full coverageof the wave number plane if it satis es the correct

boundary conditions. From Eq. (9), the radial componert of the cortrol thrust is
given by

(17)

- 2
o = —f(O)E 1+ 1+ 7°(0) (18)
Using this and Eq. (11), the tangertial componert, «; is thus
2
g o 1O
a = @2 2 1+ 12(0) (19)

Maneuver 2: Constant Tangential Velocity A simplied version of the sit-
uation consideredin the previous paragraphis to assumethat only the tangertial
componert of the velocity vector is constart; V; = rf.is constart. Taking the the
derivative of this condition,

rd+ rf = 0, (20)

substituting r, r and » using (4)-(6) and rearrangingone getsthe closedloop di er-
ertial equation

1
0= ———6 21
Q) &)
From Eg. (9), the radial componert of the cortrol thrust is given by
o = —62 f(0) + L (22)
f(0)

Using this and Eq. (11), the tangertial componen, «, is thus

at — 6—2 (23)

Maneuver 3: Constant Angular Rate Next, considerthe situation where & is
a constart. Thus # = 0, which implies that @ is a linear function of time. After
applying the boundary conditions, one obtains an explicit solution for 6

(m — 1)7Tt'

o(t) = 2

(24)



Sincer = —4, it is alsoconstart and » = 0. From Eq. (9), the radial componert of

the thrust vector is given by
a = —f(0)@. (25)

And from Equation (10), the tangertial componert of the thrust vector is given by

= 262, (26)

Maneuver 4: Zero Tangential Acceleration Considernot applying any tan-
gertial thrust; then &, = 0 and Eq. (11) implies that

2
&= — f(O)+ — 62 27
Finally, the closedloop di erential equationis
2
0= ——62 28
70 29)

5.1 Results

In the results we present here, Maneuwer (1) represeis the bendimark solution
to the problem. It is the solution that adchievesthe two imaging objectivessince(1)
it follows a linear spiral that completely coversthe desiredresolution disc and (2) it
movesat a constart speedthat is su cien t to attain the desiredsignal-to-noiseratio.
First we determinedthe value of Vsyr and setthe initial condition for Maneuvwer (1)
sud that the spacecrafthasan initial speedequalto Vsyr. This speedis guararteed
to be maintained by the additional speedconstrairt (15). We simulated the system
and determined the terminal time ¢ . Thus, for all other cases,we set the initial
conditions sud that ead individual maneu\er is completedat ¢t = ¢;. Finally, we
useEgs. (12) and (14) to ewaluate the performanceof all four motions. A reference
speed, Vsnr, that achievesthe desiredsignal-to-noiseratio is assumedto be 30m/s
and ¢ wasfound to be 17 days and 17 hours.

Figures (3)-(7) shaw the time ewlution of r, 8, V', a, and a, for all four maneu-
vers. Figures (8) and (9) shov how the function accunulates and how the image
formswith time for Maneuwers(1) and (4). Theserepresen the two interesting cases:
Maneuwer (1) is the bendhimark solution and Maneuver (4) shonvsthat by itself eval-
uated at the end of the maneu\er is not su cient to judge the quality of the nal
image. Maneuwer (2) producesresults almost identical to Maneuwer (1) and we will
only commen on the results for Maneuwer (3).

The image formation algorithm was deweloped by our group and has beenused
in this sectionto demonstratethe conceptspresened in this paper. The algorithm
assumesa given target planet, which includesplanet surfacedetails. It alsoassumes
a statistical model for noise. It simulatesthe motion of the spacecraft,computesthe
resulting function, and estimatesthe image.

10
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Figure 3: r(t) For Maneuwer (1) (Solid), Maneuwer (2) (Dash-Dotted), Maneuwer (3)
(Dotted) and Maneuwer (4) (Dashed)
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Figure 4: 6(t) For Maneuwer (1) (Solid), Maneuwer (2) (Dash-Dotted), Maneuwer (3)
(Dotted) and Maneuwer (4) (Dashed)

For Maneuwer (1), note that the speedis constart throughout the maneuwer (up-
per left chart in Figure (5).) Consequetly, weexpectauniform function throughout
the wave number plane (Figure (8)); the desiredsignal-to-noiseratio is attained ev-
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Time, days
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Figure 5. The Total Speed For Maneuwer (1) (Upper Left), Maneuwer (2) (Upper
Right), Maneuwer (3) (Lower Left) and Maneuwer (4) (Lower Right)

erywherein the plane. Howewer, for Maneuwer (4), we note that we start o with
a speedof 110m/s, which is larger than Vsyr. That is why near the certer of the
resolution disc (i.e. by the fth day) we can seesomepartial coverage,resulting in a
signal-to-noiseratio that is lower than the desired. We alsoexpect that for Maneuver
(4), the picture frame disc to be signi cantly narrower than the nominal value, 1/6,,.
Thus, at low frequenciesthe formation in Maneuwer (1) performs better than the
formation in Maneuwer (4).

On the other hand, asthe the spacecraftin Maneuwer (4) proceedsbeyond the
fth day, its speeddropsbelow Vsyr, thus, adiieving the desiredsignal-to-noiseratio.
Moreover, one should expect a wider picture frame disc signal distribution. Beyond
the fth day of the maneu\ers, both caseswill achieve equalimaging performancefor
all but the last 27 radians of the maneu\ers. During the last spiral revolution, the
spacecraftin Maneuwer (4) will have a wider picture frame discthan that of Maneuwer
(1) and will, thus, furnish bonus high frequencycoveragein the wave number plane.

Therefore, during one phaseof the maneu\ers the formation in Maneuwer (1)
has superior performancethan the formation in Maneuwer (4). During the second
phasethe reverseis true. Figure (10) is a surfaceplot of the di erence betweenthe

functions of Maneuwers (1) and (4). Computing the imaging performancemeasure

12



(12) one nds that Maneuwer (4) hasan overall smallerimaging performancemeasure
than Maneuwer (1) (Table (1).) This implies that the bonus coveragethe formation

in Maneuwer (4) adiievesat high frequenciesoutweighsthe de cient coverageat low

frequencies.If the imaging performanceis restricted to the resolution disc only, then

Maneuwer (1) will achieve better imaging performancethan Maneuwer (4) because
the latter leavesgapsat low frequencies.

x10° x10°
T T T T T T T T

10 1 o 4 6 1
Time, days Time, days

0.04 1 I 1 1 1 1 1 1
Time, days 0 2 4 6 8 10 12 14 16 18
Time, days

Figure 6: Radial Acceleration, a,, For Maneuwer (1) (Upper Left), Maneuwer (2)
(Upper Right), Maneuwer (3) (Lower Left) And Maneuwer (4) (Lower Right)

On the other hand, becausethe spacecraftin Maneuwer (4) is forcedto move at
a speedlower than that in Maneuwer (1), more fuel is required to slow it down than
that in Maneuwer (1). Indeed, Maneuwer (4) results in the least e cien t maneu\er
asfar asfuel consumptionis concernedbut it is the most e cient in terms of image
quality.

Table (1) shavs a summary of the performanceof all four maneuers. We note
that, asonemight expect, Maneuwers(1) and (2) perform almostequally. Both result
in intermediate image quality and fuel expenditure. Maneuwer (3) requiresthe least
amourt of fuel but with the poorest performance. The reversestatemert is true for
Maneuwer (4). Therefore, this result suggeststhat there exists a tradeo between
image quality and fuel expenditure.
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Figure 7. Tangerial Acceleration,a;, For Maneuwer (1) (Upper Left), Maneuwer (2)
(Upper Right), Maneuwer (3) (Lower Left) And Maneuwer (4) (Lower ight)

T, x10 | U, m/s
Maneuver (1) 5.14 0.53
Maneuwer (2) 5.13 0.55
Maneuwer (3) 6.27 0.46
Maneuwer (4) 4.62 15.02

Table 1: PerformanceMeasuresFor Maneuwers (1)-(4)

Note that the imaging performanceindex (12) is a function of the nal time, t;.
As t; isincreasedsu cien tly the aboveresult will change. For instance,in the limit as
t; approadiesin nit y, the partial coverage( < 1) that Maneuwer (4) leavesbehind
at low frequenciesrepreseis a honzeroconstart quartity which is being integrated
over an in nite time horizon. Thus, the resulting performanceindex will be in nite,
which meansthat Maneuwer (4) is infeasiblein the limit. For Maneuwer (1), on the
other hand, satisfying the critical speed threshold, Vsyr, ensuresthat for all past
coveragewe have = 1. Howewer, note that the integral computed up to any nite
point in time will be nonzerodueto the remaining uncoveredregion of the resolution
disc. Moreover, any maneuer that resultsin = 1 ewverywherein the resolution disc

14



with a nite imaging performanceindex in nite time, sud as Maneuwer (1), is also
expectedto do soin the limit ast; approadesin nit y. Thus we seethat in the limit
ast; approadesin nit y Maneuwer (1) will be feasiblewhereasmaneuver (4) will be
consideredinfeasible.

Finally, one may construct maneuwers by splitting the boundary value problem
in 6 into multiple boundary value problemswith di erent cortrols over ead segmeh
For example one can use the cortroller of Maneuwer (3) and then switch to the
cortroller of Maneuwer (4) whenthe spacecraft'sspeedcrosses30m/s. This conmbined
maneu\er's performanceis expectedto have a lower fuel costthan Maneuwer (4) but
better imaging performancesinceZ will be accurnulated over low speedsat both low
and high frequencies.

6 Optimal Control Problem

Based on the conclusionsdrawn from the above results, the main objectives are:
(1) achieve minimum fuel consumptionduring the maneu\er, (2) attain the desired
signal to noiseratio and (3) cover the whole wave number plane at the end of the
maneu\er. The third objective is achieved by the spiral constrairt in Eq. (4). The
secondobjective is achieved if we constrain the speedat which the spacecraftmoves
to a value not larger than Vsyr. Working with the constrained equationsonly, all
three objectivescanbe achievedif one nds a solution to the following optimal cortrol

problem: Minimize 7
tt

J= (o + a)dt, (29)
0
subject to the constrain:
4 = g,
(30)
To = f(l’l)l‘%"' Gy,

and initial conditions z;(0) = 0 and x5(0) = x4, Wherexz; = 6, 25 = €and xy is
xed. There is a terminal condition z,(t) = ™, while z,(t) is kept free. To
satisfy the imaging objective, the speedof the spacecraft,V’, should be constrained
sud that V' < Vsygr throughout the maneuwer. This and Eq. (4) imply that the

solution to the optimal cortrol problem should satify the inequality constrairt:

™ " <o, (31)

S(zr,@2) = 25 fAw)+ 1 — Vg DU

Note that the constrairt in Eq. (11) must be satis ed and, thus, a; is not a free
variable. If a solution exists, then that solution should achieve all three objects of
the mission.
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For this problem the Hamiltonian is given by:
H= &?+al+ Pioo+ Py f(ao)ws+ o + Py 2f(x1)ay f2(a) + 2 + 225 fA(2)+ 1 &
(32)
where P;, P, and P; are multipliers to be determined. For the above state-constrained
optimal cortrol problem, the rst order necessaryconditions ertail(Ref. [26)):

1

"= s ey 20 P2 s B2k Pyl L @)
B o= =2 fla)em + fH@1)+ 2 23 m + 2f(w1)ad — Pord
~Af(21)12Ps flz)2d+ o (34)
and
B = —4 )+ 2z fa)m + fA@)+ 2 25 — P —2Pyf(x1)7
—P; 6f(z1)as fA(x)+2 +2 fAz)+1 a (35)

Note that P; = Owhenewer S(zq,25) < 0. For S(z1,z3) = 0, Eg. (31) is di erentiated
as many times asrequired until the cortrol « appearsin the equation. Say that «;
appearsin the ¢** derivative: S(@ = 0. Then, S9(z,a,t) = 0 and Eq. (33) are used
to solvefor P;. Thus P5(t) is determinedif the state xz(t) and co-statesP;(t) (i = 1,2)
are known. From Eq. (33) and Eq. (11), @; must satisfy

1

= gy ey 2 @) @) vl o)+ 2 ol P 2P fie)+ 1

(36)

The transversality conditionsimply that P;(¢;) = p; isunknown and P,(¢;) = O.

This is a nonlinear optimal cortrol problemwith mixed boundary valuesfor the state

and costate variablesand a state inequality constraint. Numerical methods exist in
the literature to obtain the optimal path, if it exists (seefor example(Ref. [26])).

7 Conclusions

In this paper we have introduced some basic notions that relate the imaging
problem to the motion and cortroller design problem. Results shonv evidence of
a tradeo betweenimage quality and fuel expenditure. Basedon the obsenations
drawn from solutions to the problem, an optimal cortrol problem was formulated.
Currently, our researt: is focusedon computing the solution to this optimal cortrol
problem.
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